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ÏÐÎ ÀÏÐÎÊÑÈÌÀÖIÞ ÑÈÑÒÅÌ ËIÍIÉÍÈÕ
ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ

Äëÿ îäíîãî êëàñó ëiíiéíèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü ïîáóäîâàíî i îáãðóí-
òîâàíî ñõåìó àïðîêñèìàöi¨¨ ïîñëiäîâíiñòþ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

The approximation scheme of initial problem for one class of linear di�erential-functional
equations by sequence systems of ordinary di�erential equations is investigated.

Âñòóï. Íàáëèæåíà çàìiíà ëiíiéíèõ
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ñèñòå-
ìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
âèâ÷àëàñü âïåðøå Ì.Ì. Êðàñîâñüêèì [1]
ïðè ðîçâ'ÿçóâàííi çàäà÷i ïðî ïîáóäîâó
îïòèìàëüíîãî ðåãóëÿòîðà ó ñèñòåìàõ iç
çàïiçíåííÿì. Îáãðóíòóâàííÿ íàáëèæåíî¨
çàìiíè íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
iç çàïiçíåííÿì ó ïðîñòîðàõ äèôåðåíöiéîâ-
íèõ òà ëiïøèöåâèõ ôóíêöié äîñëiäæåíî Þ.
Ì. Ð¹ïiíèì [2]. Òîìó íàçèâàòèìåìî àëãî-
ðèòì àïðîêñèìàöi¨ ðiâíÿíü iç çàïiçíåííÿì,
çàïðîïîíîâàíèé ó ïðàöÿõ [1, 2], ñõåìîþ
àïðîêñèìàöi¨ Êðàñîâñüêîãî-Ð¹ïiíà.

Ó çàãàëüíîìó âèïàäêó ðîçâ'ÿçîê ïî-
÷àòêîâî¨ çàäà÷i ðiâíÿííÿ iç çàïiçíåííÿì
¹ òiëüêè íåïåðåðâíîþ ôóíêöi¹þ. Àíà-
ëiç òî÷íîñòi àïðîêñèìàöi¨ äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü â öüîìó âèïàäêó ïðîâå-
äåíèé â ïðàöÿõ [3,4]. Âiäçíà÷èìî, ùî àïðî-
êñèìàöiÿ äîñëiäæóâàëàñü íà ñêií÷åííîìó ií-
òåðâàëi i òî÷íiñòü íàáëèæåííÿ äîñÿãà¹òüñÿ
çà ðàõóíîê ïiäâèùåííÿ ðîçìiðíîñòi àïðîêñè-
ìóþ÷î¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü.

Ó äàíié ðîáîòi ïîáóäîâàíà ñõåìà
àïðîêñèìàöi¨ ëiíiéíèõ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü ïîñëiäîâíiñòþ
ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü.

1. Ïîñòàíîâêà çàäà÷i. Íåõàé Rn �
n-âèìiðíèé åâêëiäiâ ïðîñòið ç äåÿêîþ âå-
êòîðíîþ íîðìîþ | · |, C = C([α, β], Rn)�
ïðîñòið íåïåðåðâíèõ ôóíêöié, ùî âiäîáðà-

æàþòü [α, β] â Rn ç íîðìîþ

||ϕ|| = sup
α6θ6β

|ϕ(θ)|, ϕ ∈ C.

Äëÿ äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨ x(s),
âèçíà÷åíî¨ íà [t0−τ, T ], T, τ > 0 i äîâiëüíîãî
ôiêñîâàíîãî t ∈ [t0, T ], ïîçíà÷àòèìåìî ÷åðåç
xt [5] ôóíêöiþ

xt(θ) = x(t + θ), θ ∈ [−τ, 0].

Íåõàé f(t, ϕ) ∈ Rn � ôóíêöiÿ, ùî âèçíà-
÷åíà äëÿ âñiõ ϕ ∈ C, t ∈ [t0,∞). Ïîçíà÷à-
þ÷è dx(t)

dt
ïðàâîñòîðîííþ ïîõiäíó ôóíêöi¨

x(s) ïðè s = t, ðîçãëÿíåìî äèôåðåíöiàëüíî-
ôóíêöiîíàëüíå ðiâíÿííÿ

dx

dt
= f(t, xt). (1)

Îçíà÷åííÿ [5]. Ôóíêöiþ x(t) íàçè-
âàòèìåìî ðîçâ'ÿçêîì ðiâíÿííÿ (1) ç ïî÷à-
òêîâîþ ôóíêöi¹þ ϕ ∈ C â òî÷öi t = t0,
ÿêùî iñíó¹ òàêå T > 0, ùî 1) xt ∈ C ïðè
t ∈ [t0, t0 + T ]; 2) xt0 = ϕ; 3) xt çàäîâîëüíÿ¹
ðiâíÿííÿ (1) ïðè t ∈ [t0, t0 + T ].

Óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó
ïî÷àòêîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (1) âèâ÷à-
ëèñü â ïðàöÿõ [5-7]. Çîêðåìà, ÿêùî f(t, ϕ)
âèçíà÷åíà i íåïåðåðâíà äëÿ âñiõ t ∈ R, ϕ ∈ C
i ãëîáàëüíî ëiïøèöåâà ïî ϕ, òîäi iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê ðiâíÿííÿ (1) ç ïî÷àòêîâîþ
ôóíêöi¹þ ϕ â òî÷öi t = t0, ÿêèé âèçíà÷åíèé
íà íåñêií÷åííîìó iíòåðâàëi [t0 − τ,∞).
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Ðîçãëÿíåìî ëiíiéíå äèôåðåíöiàëüíî-
ôóíêöiîíàëüíå ðiâíÿííÿ

dx

dt
= L(t, xt), xt0 = ϕ, ϕ ∈ C[−τ, 0], (2)

äå L(t, ϕ)�ëiíiéíèé ïî ϕ ôóíêöiîíàë, ÿêèé
ìîæíà ïðåäñòàâèòè ó âèãëÿäi iíòåãðàëà
Ñòiëüòü¹ñà

L(t, ϕ) =

0∫

−τ

dη(t, θ)ϕ(θ),

η(t, θ)�n× n ìàòðèöÿ, åëåìåíòè ÿêî¨ ¹ ôóí-
êöiÿìè îáìåæåíî¨ âàðiàöi¨ ïî θ äëÿ êîæíîãî
t i íåïåðåðâíèìè ïî t îäíîñòàéíî âiäíîñíî θ.

Ñåðåä ëiíiéíèõ ñèñòåì (2) íàé÷àñòiøå ó
çàñòîñóâàííÿõ çóñòði÷à¹òüñÿ ñèñòåìà

x′(t) =

p∑

k=0

Ak(t)x(t− τk) +

+

0∫

−τ

D(t, θ)x(t + θ)dθ, (3)

x(t) = ϕ(t), t ∈ [t0 − τ, t0],

äå Ak(t), k = 0, p � n × n íåïåðåðâíi ìà-
òðè÷íi ôóíêöi¨, D(t, θ) � n × n ìàòðè÷íà
ôóíêöiÿ, êîìïîíåíòè ÿêî¨ dij(t, θ) � íåïå-
ðåðâíi çà ñóêóïíiñòþ çìiííèõ ôóíêöi¨ íà
[t0, T ]× [−τ, 0], 0 = τ0 < τ1 < . . . < τp = τ .

Ìåòîþ äàíî¨ ðîáîòè ¹ ïîøèðåííÿ ñõåìè
àïðîêñèìàöi¨ äèôåðåíöiàëüíî-ðiçíèöåâèõ
ðiâíÿíü Êðàñîâñüêîãî-Ð¹ïiíà [2-4] íà âèïà-
äîê ïî÷àòêîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíîãî ðiâíÿííÿ (3).

2. Ñõåìà àïðîêñèìàöi¨. Íåõàé m, p ∈
N . Ðiâíÿííþ (3) ïîñòàâèìî ó âiäïîâiäíiñòü
ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü

dz0(t)

dt
=

p∑
i=0

Ak(t)zli(t)+

+
m

τ

m−1∑
i=0

D(t,−τ(m− k)

m
)zm−i(t),

dzj

dt
=

m

τ
(zj−1(t)− zj(t)), (4)

j = 1, m, t ∈ [t0, T ],

ç ïî÷àòêîâèìè óìîâàìè

zj(t0) = ϕ

(
t0 − τj

m

)
, j = 0,m, (5)

äå iíäåêñè lj îäíîçíà÷íî âèçíà÷àþòüñÿ íå-
ðiâíîñòÿìè

t0 − τ(lj + 1)

m
< t0 − τj 6 t0 − τ lj

m
. (6)

Äðóãèé äîäàíîê ó ïåðøîìó ðiâíÿííi (4)
îäåðæàíèé â ðåçóëüòàòi çàìiíè iíòåãðàëà çà
ôîðìóëîþ ëiâèõ ïðÿìîêóòíèêiâ ç êðîêîì
h =

τ

m
.

Áóäåìî ãîâîðèòè, ùî ñèñòåìà çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü (4) àïðîêñèìó¹ ñè-
ñòåìó äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâ-
íÿíü (3), ÿêùî áóäóòü âèêîíóâàòèñü ñïiââiä-
íîøåííÿ

||x(t− τj

m
)− zj(t)|| → 0, j = 0,m, t ∈ [t0, T ]

ïðè m →∞,

äå || · || � íîðìà â ïðîñòîði Rn.
3. Äîñëiäæåííÿ ñõåìè àïðîêñèìàöi¨.

Äîñëiäèìî ïèòàííÿ ïðî áëèçêiñòü ðîçâ'ÿç-
êiâ ïî÷àòêîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (3) òà
ðîçâ'ÿçêiâ çàäà÷i Êîøi (4)-(5).

Ðîçãëÿíåìî çîáðàæåííÿ zj (t) = z
(1)
j (t) +

+z
(2)
j (t), äå z

(1)
j (t) òà z

(2)
j (t) � ðîçâ'ÿçêè òà-

êèõ çàäà÷ Êîøi
τ

m
z′(1)

1 (t) + z
(1)
1 (t) = x (t) ,

τ

m
z′(1)

j (t) + z
(1)
j (t) = z

(1)
j−1 (t) , (7)

j = 2,m, t ∈ [t0, T ],

z
(1)
j (t0) = x

(
t0 − jτ

m

)
, j = 1,m,

τ

m
z′(2)

1 (t) + z
(2)
1 (t) = z0 (t)− x (t) ,

τ

m
z′(2)

j (t) + z
(2)
j (t) = z

(2)
j−1 (t) , (8)

j = 2,m, t ∈ [t0, T ],

z
(2)
j (t0) = 0, j = 1,m.
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Îöiíèìî ðiçíèöi ||zj (t)− x

(
t− jτ

m

)
||,

j = 1,m, âðàõîâóþ÷è ñòðóêòóðó ñèñòåì (7)-
(8) òà íåðiâíiñòü

||zj (t)− x

(
t− jτ

m

)
|| 6

6 ||z(1)
j (t)− x

(
t− jτ

m

)
||+ ||z(2)

j (t) ||. (9)

Âðàõîâóþ÷è ïîçíà÷åííÿ zj(t) =
(zj1(t), ..., zjn(t)), x(t) = (x1(t), ..., xn(t)),
ïðåäñòàâèìî zij(t) i = 1,m, j = 1, n ó
âèãëÿäi ñóìè z

(1)
ij (t)+ z

(2)(t)
ij , äå z

(1)
ij (t) i z

(2)
ij (t)

¹ ðîçâ'ÿçêàìè òàêèõ çàäà÷ Êîøi

τ

m

dz
(1)
1j (t)

dt
+ z

(1)
1j (t) = xj(t),

τ

m

dz
(1)
ij (t)

dt
+ z

(1)
ij (t) = z

(1)
i−1,j(t), (10)

i = 2,m, j = 1, n,

z
(1)
ij (t0) = xj(t0 − iτ

m
), (11)

i = 1,m, j = 1, n.

τ

m

dz
(2)
1j (t)

dt
+ z

(2)
1j (t) = zi0(t)− xj(t),

τ

m

dz
(2)
ij (t)

dt
+ z

(2)
ij (t) = z

(2)
i−1,j(t), (12)

i = 2,m, j = 1, n,

z
(2)
ij (t0) = 0, (13)

i = 1,m, j = 1, n.

Òîäi, àíàëîãi÷íî ÿê â [3, 4], ìîæíà ïîêà-
çàòè, ùî ñïðàâäæóþòüñÿ íåðiâíîñòi

Nj(t) 6 β(
τ

m
) + N0(t), j = 1,m, t ∈ [t0, T ],(14)

äå Nj(t) = max
t06s6t

n∑
i=1

|xi(s− τj

m
)− zji(s)|,

j = 0,m, β(
τ

m
) = nKω(

τ

m
), K > 0, ω(

τ

m
) =

max
j

ω(xj,
τ

m
), ω(xj,

τ

m
) � ìîäóëü íåïåðåðâ-

íîñòi ôóíêöi¨ xj(t) íà [t0 − τ, T ]. .
Äëÿ îöiíêè ðiçíèöi ||x(t) − z0(t)||, ïðåä-

ñòàâèìî ðiâíÿííÿ (3) òà (4) â åêâiâàëåíòíié

iíòåãðàëüíié ôîðìi

x(t) = ϕ(t0) +

t∫

t0

p∑

k=0

Ak(t)x(t− τk)dt +

+

t∫

t0

m−1∑
i=0

−τ+(i+1) τ
m∫

−τ+i τ
m

D(t, θ)x(t + θ)dθdt, (15)

z0(t) = ϕ(t0) +

t∫

t0

p∑

k=0

Ak(t)zlk(t)dt +

+

t∫

t0

m−1∑
i=0

−τ+(i+1) τ
m∫

−τ+i τ
m

D(t,−τ(m− i)

m
)zm−i(t)dθdt.

(16)

Ïîçíà÷èìî KA = max
k=0,p

max
t
||Ak(t)||, KD =

max
t,θ

||D(t, θ)||, Kz = max
t
||zi(t)||,

ω1(
τ

m
) = n max

i,j
ω(dij,

τ

m
), ω(dij,

τ

m
) � ìî-

äóëü íåïåðåðâíîñòi ôóíêöié dij(t, θ), t ∈
[t0, T ], θ ∈ [−τ, 0], i, j = 1, n. Iç ðiâíîñòåé
(15),(16), âðàõîâóþ÷è âëàñòèâîñòi ìàòðèöü
Ak(t),
k = 0, p, D(t, θ) òà íåðiâíîñòi (14), ìà¹ìî

||x(t)− z0(t)|| 6

6
p∑

k=0

||Ak(t)||
t∫

t0

||x(s− τk)− zlk(s)||ds+

+

t∫

t0

m−1∑
i=0

−τ+(i+1) τ
m∫

−τ+i τ
m

||D(s, θ)x(s + θ)−

−D(s,−τ(m− i)

m
)zm−i(s))||dθdt 6

6
p∑

k=0

KA

t∫

t0

(nKω(
τ

m
) + N0(s) + nω(

τ

m
))ds+

+

t∫

t0

m−1∑
i=0

−τ+(i+1) τ
m∫

−τ+i τ
m

||D(s, θ)(x(s + θ)−

−zm−i(s)) + (D(s, θ)−
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−D(s,−τ(m− i)

m
))zm−i(s))||dθds 6

6
p∑

k=0

KA

t∫

t0

(N0(s) + n(K + 1)ω(
τ

m
))ds+

+

t∫

t0

m−1∑
i=0

−τ+(i+1) τ
m∫

−τ+i τ
m

(||D(s, θ)||(||x(s + θ)−

−x(s− τ + i
τ

m
)||+ ||x(s− τ + i

τ

m
)−

−zm−i(s)||) + ||D(s, θ)−

−D(s,−τ(m− i)

m
)||||zm−i(s)||)dθds 6

6
p∑

k=0

KA

t∫

t0

(N0(s) + n(K + 1)ω(
τ

m
))ds+

+

t∫

t0

m−1∑
i=0

−τ+(i+1) τ
m∫

−τ+i τ
m

(KD(nω(
τ

m
)+

+nKω(
τ

m
) + N0(s)) + Kzω1(

τ

m
))dθds 6

6
p∑

k=0

KA

t∫

t0

(N0(s) + n(K + 1)ω(
τ

m
))ds+

+

t∫

t0

(τKD(n(K + 1)ω(
τ

m
) + N0(s))+

+Kzω1(
τ

m
))ds 6 (T − t0)[n(K + 1)×

×((p + 1)KA + τKD)ω(
τ

m
) + Kzω1(

τ

m
)]+

+

T∫

t0

((p + 1)KA + τKD)N0(s)ds, t ∈ [t0, T ].

Ñêîðèñòàâøèñü òåïåð íåðiâíiñòþ Ãðîíóî-
ëà, ìà¹ìî:

N0(t) 6 (T − t0)[n(K + 1)((p + 1)KA+ (17)

+τKD)ω( τ
m

) + Kzω1(
τ
m

)]e(T−t0)((p+1)KA+τKD).

Îñêiëüêè lim
m→∞

ω(
τ

m
) = 0 òà lim

m→∞
ω1(

τ

m
) =

0, òî iç ñïiââiäíîøåííÿ (17) âèïëèâà¹, ùî
ðîçâ'ÿçêè çàäà÷i Êîøi (4) � (5) àïðîêñè-
ìóþòü ðîçâ'ÿçêè ïî÷àòêîâî¨ çàäà÷i (3) ïðè
m →∞.

Ñôîðìóëþ¹ìî îäåðæàíèé ðåçóëüòàò ó âè-
ãëÿäi òåîðåìè.

Òåîðåìà. ßêùî Ak(t), k = 0, p, D(t, θ) �
íåïåðåðâíi ìàòðè÷íi ôóíêöi¨ ïðè t ∈ [t0, T ],
θ ∈ [−τ, 0], òîäi äëÿ ðîçâ'ÿçêiâ ïî÷àòêîâî¨
çàäà÷i (3) òà ðîçâ'ÿçêiâ çàäà÷i Êîøi (4)-(5)
ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ

||x(t− τj

m
)− zj(t)|| → 0, j = 0,m, t ∈ [t0, T ]

ïðè m →∞.
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