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ÏÎÁÓÄÎÂÀ ÑÊIÍ×ÅÍÍÎÃÎ ÃIÁÐÈÄÍÎÃÎ IÍÒÅÃÐÀËÜÍÎÃÎ
ÏÅÐÅÒÂÎÐÅÍÍß ÏÐÈ ÍÀßÂÍÎÑÒI ÑÏÅÊÒÐÀËÜÍÎÃÎ ÏÀÐÀÌÅÒÐÓ Â

ÊÐÀÉÎÂÈÕ ÓÌÎÂÀÕ ÒÀ ÓÌÎÂÀÕ ÑÏÐßÆÅÍÍß
Â ðîáîòi ïîáóäîâàíi âëàñíi åëåìåíòè äëÿ ëiíiéíîãî äèôåðåíöiàëüíîãî îïåðàòîðà 2-ãî

ïîðÿäêó ñàìîñïðÿæåíîãî òèïó ç êóñêîâî-îäíîðiäíèìè êîåôiöi¹íòàìè íà ñåãìåíòi ç n òî÷êàìè
ñïðÿæåííÿ ó âèïàäêó, êîëè ñïåêòðàëüíèé ïàðàìåòð áåðå ó÷àñòü i â óìîâàõ ñïðÿæåííÿ.

In this paper the own elements for linear di�erential operator of the second order of
selfconjugate type with partial-homogeneous coe�cients is constructed in the segment with n
conjugate points in the case if spectral parameter takes part in the conjugate conditions.

Ñêiíi÷åíi ãiáðèäíi iíòåãðàëüíi ïåðåòâîðå-
ííÿ, ïîðîäæåíi äèôåðåíöiàëüíèìè ðiâíÿí-
íÿìè äðóãîãî ïîðÿäêó, çàïðîâàäæåíi â ðî-
áîòi [1]. Â äàíié ñòàòòi ìè ïîäà¹ìî ¨õ óçà-
ãàëüíåííÿ íà âèïàäîê, êîëè ñïåêòðàëüíèé
ïàðàìåòð ñïåöiàëüíèì ÷èíîì âõîäèòü â êðà-
éîâi óìîâè òà óìîâè ñïðÿæåííÿ. Íàÿâíiñòü
òàêèõ iíòåãðàëüíèõ ïåðåòâîðåíü äà¹ ìîæëè-
âiñòü îäåðæàòè iíòåãðàëüíå çîáðàæåííÿ òî-
÷íîãî àíàëiòè÷íîãî ðîçâ'ÿçêó äîñòàòíüî øè-
ðîêîãî êëàñó çàäà÷ êâàçiñòàòèêè é äèíàìiêè
äëÿ îáëàñòåé ç ì'ÿêèìè ìåæàìè.

Çàäà÷à Øòóðìà-Ëióâiëëÿ íà
êóñêîâî-îäíîðiäíîìó ñåãìåíòi çi ñïå-
êòðàëüíèì ïàðàìåòðîì â êðàéîâèõ
óìîâàõ òà óìîâàõ ñïðÿæåííÿ. Ðîçãëÿ-
íåìî çàäà÷ó ïîáóäîâè íà ìíîæèíi

In = {x : x ∈
n+1⋃
m=1

(am−1, am); a0 ≡ a, an+1 ≡ b}

îáìåæåíîãî íåíóëüîâîãî ðîçâ'ÿçêó ñåïàðà-
òíî¨ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü

L[u] ≡
n+1∑
m=1

θ(x− am−1)θ(am − x)×

×(Lm + b2
mρm(x))um(x) = 0 (1)

çà êðàéîâèìè óìîâàìè
(
α̃0

11d/dx + β̃0
11

)
u1

∣∣∣
x=a

= 0,

(
α̃n+1

22 d/dx + β̃n+1
22

)
un+1

∣∣∣
x=b

= 0 (2)

òà óìîâàìè ñïðÿæåííÿ
[(

α̃m
j1d/dx + β̃m

j1

)
um−

−
(
α̃m

j2d/dx + β̃m
j2

)
um+1

]∣∣∣∣∣
x=am

= 0;

j = 1, 2,m = 1, n. (3)

Ó ðiâíîñòÿõ (1) � (3) bm =
√

λ2 + k2
ma−1

m ,
k2

m ≥ 0, λ � ÷èñëîâèé (ñïåêòðàëüíèé) ïàðà-
ìåòð, Lm = d/dx(pm(x)d/dx)−qm(x), am > 0,
ôóíêöi¨ pm(x), qm(x), ρm(x) � äiéñíi ôóí-
êöi¨ äiéñíî¨ çìiííî¨, α̃m

jk = αm
jk − b2

mδm
jk, β̃m

jk =

βm
jk− b2

mγm
jk, αm

jk ≥ 0, βm
jk ≥ 0, δm

jk ≥ 0, γm
jk ≥ 0,

j = 1, 2, m = 0, n, k = 1, 2. Áóäåìî ââàæàòè,
ùî d/dxpm(x), qm(x), ρm(x) íåïåðåðâíi íà ií-
òåðâàëi (am−1, am) ôóíêöi¨; pm(x) ≥ p0 > 0,
ρm(x) ≥ ρ0 > 0.

Ðîçãëÿíåìî êâàäðàòíi ìàòðèöi:

A11,k =

[
αk

11 βk
11

αk
21 βk

21

]
, A12,k =

[
δk
11 γk

11

δk
21 γk

21

]
.

A21,k =

[
αk

12 βk
12

αk
22 βk

22

]
, A22,k =

[
δk
12 γk

12

δk
22 γk

22

]
.

Ââåäåìî äî ðîçãëÿäó ÷èñëà cij,k =

− det Aij,k, ci1,j1,k
ij;mn � âèçíà÷íèê ðîçìiðó 2× 2,
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ïåðøèé ñòîâïåöü â ÿêîìó i1 âçÿòèé iç ìà-
òðèöi Aij,k, à äðóãèé ñòîâïåöü j1 � iç ìàòðèöi
Amn,k:

c11,k
11,12 =

∣∣∣∣
αk

11 δk
11

αk
21 δk

21

∣∣∣∣ = αk
11δ

k
21 − αk

21δ
k
11,

c11,k
11,21 =

∣∣∣∣
αk

11 αk
12

αk
21 αk

22

∣∣∣∣ = αk
11α

k
22 − αk

21α
k
12.

c22,k
11,21 =

∣∣∣∣
βk

11 βk
12

βk
21 βk

22

∣∣∣∣ = βk
11β

k
22 − βk

21β
k
12,

c22,k
21,22 = βk

12γ
k
22 − βk

22δ
k
12.

Âèìàãà¹ìî âèêîíàííÿ óìîâ íà êîåôiöi¹í-
òè:

c11,k · c21,k > 0, c12,k = 0, c22,k = 0;

c12,k
11,12 = c21,k

11,12.

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì êðàéîâî¨ çà-
äà÷i (1) � (3) íàçâåìî âåêòîð-ôóíêöiþ
V (x, β) = {V1(x, β); V2(x, β); . . . ; Vn+1(x, β)}
ç òàêèìè âëàñòèâîñòÿìè: 1) ôóíêöi¨ Vj(x, β)
çàäîâîëüíÿþòü îäíîðiäíå ðiâíÿííÿ

(Lm + b2
m)Vm(x, β) = 0, x ∈ [am−1, am) (4)

òà óìîâè ñïðÿæåííÿ (3); 2) ñïðàâäæóþòüñÿ
êðàéîâi óìîâè

(
α̃0

11d/dx + β̃0
11

)
V1(x, β)

∣∣∣
x=a0

= 0,

(
α̃n+1

22 d/dx + β̃n+1
22

)
Vn+1(x, β)

∣∣∣
x=b

= 0. (5)

Âèäiëèìî ç ðiâíÿííÿ (1) ãiáðèäíèé äèôå-
ðåíöiàëüíèé îïåðàòîð (ÃÄÎ)

M =
n+1∑
m=1

θ(x− am−1)θ(am − x))Lm. (6)

Îçíà÷åííÿ 2. Îáëàñòþ âèçíà÷åííÿ
ÃÄÎ M íàçâåìî ìíîæèíó G âåêòîð-
ôóíêöié g(x) = {g1(x); g2(x); . . . ; gn+1(x)},
ÿêi çàäîâîëüíÿþòü óìîâè: 1) âåêòîð-
ôóíêöiÿ f(x) = {L1[g1(x)]; L2[g2(x)]; . . .
Ln[gn(x)]; Ln+1[gn+1(x)]} íåïåðåðâíà íà ìíî-
æèíi In; 2) ôóíêöi¨ gj(x) çàäîâîëüíÿþòü
óìîâè ñïðÿæåííÿ (3) òà êðàéîâi óìîâè (2).

Äëÿ åëåìåíòiâ u(x) ∈ G òà v(x) ∈ G âè-
çíà÷èìî ñêàëÿðíèé äîáóòîê

(u(x), v(x)) =

b∫

a

u(x)v(x)σ(x) ≡

≡
n+1∑
i=1

ai∫

ai−1

ui(x)vi(x)σidx, (7)

äå ÷èñëà σi > 0 ïiäëÿãàþòü âèçíà÷åííþ.
Òåîðåìà 1. ßêùî u(x) ∈ G, v(x) ∈ G,

òî ñïðàâäæó¹òüñÿ áàçîâà òîòîæíiñòü

[u′k(x)vk(x)− uk(x)v′k(x)]x=ak
=

=
c21,k

c11,k

[u′k+1(x)vk+1(x)− uk+1(x)v′k+1(x)]x=ak
.

(8)
Äîâåäåííÿ. Ïðèéìåìî ïîçíà÷åííÿ:

ãm
11 = α̃m

11α̃
m
22 − α̃m

21α̃
m
12, ãm

12 = α̃m
11β̃

m
22 − α̃m

21β̃
m
12,

ãm
21 = β̃m

11α̃
m
22 − β̃m

21α̃
m
12, ãm

22 = β̃m
11β̃

m
22 − β̃m

21β̃
m
12.

Çàïèøåìî äëÿ u(x) óìîâè ñïðÿæåííÿ:

α̃m
11u

′
m(am) + β̃m

11um(am) =

= α̃m
12u

′
m+1(am) + β̃m

12um+1(am),

α̃m
21u

′
m(am) + β̃m

21um(am) =

= α̃m
22u

′
m+1(am) + β̃m

22um+1(am). (9)

Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (9)

dm = α̃m
11β̃

m
21 − α̃m

21β̃
m
11 =

= (αm
11 − b2

mδm
11)(β

m
21 − b2

mγm
21)−

−(αm
21 − b2

mδm
21)(β

m
11 − b2

mγm
11) =

= αm
11β

m
21 − αm

21β
m
11 + b2

m[−αm
11γ

m
21 − δm

11β
m
21+

+αm
21γ

m
11 + βm

11δ
m
21] + b4

m(δm
11γ

m
21 − δm

21γ
m
11) =

= −c11,m + b2
m(−c12,m

11,12 + c21,m
11,12) + b4

mc12,m =

= −c11,m 6= 0.

Çà ïðàâèëàìè Êðàìåðà ìà¹ìî ñïiââiäíî-
øåííÿ:

um(am) = −c−1
11,m(ãm

11u
′
m+1(am)+ãm

12um+1(am)),

106 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 314-315. Ìàòåìàòèêà.



u′m(am) = c−1
11,m(ãm

21u
′
m+1(am) + ãm

22um+1(am)).
(10)

Òàêi æ ðiâíîñòi ìàþòü ìiñöå äëÿ êîìïî-
íåíò vm(x) âåêòîð-ôóíêöi¨ v(x) ∈ G:

vm(am) = −c−1
11,m(ãm

11v
′
m+1(am)+ ãm

12vm+1(am)),

v′m(am) = c−1
11,m(ãm

21v
′
m+1(am) + ãm

22vm+1(am)).
(11)

Iç ðiâíîñòåé (10), (11) áåçïîñåðåäíüî îäåð-
æó¹ìî:

u′m(am)vm(am)− um(am)v′m(am) =

= c−2
11,m(ãm

11ã
m
22 − ãm

12ã
m
21)[u

′
m+1(am)vm+1(am)−

−um+1(am)v′m+1(am)]. (12)

Â ñèëó óìîâ íà êîåôiöi¹íòè

ãm
11ã

m
22 − ãm

12ã
m
21 = (α̃m

11α̃
m
22 − α̃m

21α̃
m
12)(β̃

m
11β̃

m
22−

−β̃m
21β̃

m
12)−(α̃m

11β̃
m
22−α̃m

21β̃
m
12)(β̃

m
11α̃

m
22−β̃m

21α̃
m
12) =

= −α̃m
11α̃

m
22β̃

m
21β̃

m
12−α̃m

21α̃
m
12β̃

m
11β̃

m
22+α̃m

11β̃
m
22α̃

m
12β̃

m
21+

+α̃m
21α̃

m
22β̃

m
11β̃

m
12 = −α̃m

11β̃
m
21(α̃

m
22β̃

m
12 − α̃m

12β̃
m
22)+

+α̃m
21β̃

m
11(α̃

m
22β̃

m
12 − α̃m

12β̃
m
22) = c21,mc11,m

Ðiâíiñòü (12) ïðè m = k íàáóâà¹ âèãëÿäó
(8).

Òåîðåìà 2. ßêùî âèêîíàíi óìîâè íà êî-
åôiöi¹íòè, òî ÃÄÎ M ñàìîñïðÿæåíèé.

Äîâåäåííÿ. Íåõàé u(x) ∈ G òà v(x) ∈ G.
Ðîçãëÿíåìî ñêàëÿðíèé äîáóòîê

I = (M[u], v(x)) =
n+1∑
m=1

am∫

am−1

Lm[um]·vm(x)σmdx.

Ïðîiíòåãðó¹ìî äâi÷i ÷àñòèíàìè ïiä çíà-
êîì iíòåãðàëiâ:

I =
n+1∑
m=1

σm[pm(x)(u′m(x)vm(x)−

−um(x)v′m(x))]am
am−1

+ (u, M[v]) = (u, M[v])+

+σn+1pn+1(b)[u
′
n+1(b)vn+1(b)−un+1(b)v

′
n+1(b)]−

−σ1p1(a)[u′1(a)v1(a)− u1(a)v′1(a)]+

+
n∑

j=1

{σjpj(aj)[u
′
j(aj)vj(aj)− uj(aj)v

′
j(aj)]−

−σj+1pj+1(aj)[u
′
j+1(aj)vj+1(aj)−

−uj+1(aj)v
′
j+1(aj)]}. (13)

ßêùî αn+1
22 = 0, òî, ïîêëàâøè βn+1

22 = 1,
ìà¹ìî:

u′n+1(b)vn+1(b)− un+1(b)v
′
n+1(b) =

= u′n+1(b) · 0 + 0 · v′n+1(b) = 0.

ßêùî αn+1
22 6= 0, òî

u′n+1(b)vn+1(b)− un+1(b)v
′
n+1(b) =

=
1

αn+1
22

[αn+1
22 u′n+1(b) + βn+1

22 un+1(b)]vn+1(b)−

−βn+1
22

αn+1
22

un+1(b)vn+1(b)− un+1(b)v
′
n+1(b) =

= (αn+1
22 )−1 · 0 · vn+1(b)− (αn+1

22 )−1un+1(b)×
×[αn+1

22 v′n+1(b) + βn+1
22 vn+1(b)] = 0.

Àíàëîãi÷íi ìiðêóâàííÿ ïîêàçóþòü, ùî
u′1(a)v1(a)− u1(a)v′1(a) = 0.

Â ñèëó áàçîâî¨ òîòîæíîñòi (8)

σjpj(aj)[u
′
j(aj)vj(aj)− uj(aj)v

′
j(aj)] =

= σjpj(aj)
c21,j

c11,j

[u′j+1(aj)vj+1(aj)−

−v′j+1(aj)uj+1(aj)].

Âíàñëiäîê öüîãî ìà¹ìî ñóìó:
n∑

j=1

[σjpj(aj)
c21,j

c11,j

− σj+1pj+1(aj)]×

×[u′j+1(aj)vj+1(aj)− uj+1(aj)v
′
j+1(aj)].

Çâiäñè âèïëèâà¹ ðiâíiñòü

σjpj(aj)
c21,j

c11,j

− σj+1pj+1(aj) = 0, j = 1, n.

ßêùî ïîêëàñòè σn+1pn+1(an) = 1, òî ìà¹-
ìî ðåêóðåíòíi ñïiââiäíîøåííÿ

σn+1 =
1

pn+1(an)
, σj =

n∏
m=j

c11,m

c21,m

pm+1(am)

pm+1(am+1)
×

× pn+1(an+1)

pj(aj)pn+1(an)
, j = 1, n. (14)
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Ïðè òàêîìó âèáîði ÷èñåë σ1, σ2, . . . , σn,
σn+1 ðiâíiñòü (13) íàáóâà¹ âèãëÿäó:

(M[u], v(x)) = (u, M[v(x)]).

Çíà÷èòü, îïåðàòîð M ñàìîñïðÿæåíèé.
Îòæå, éîãî ñïåêòð äiéñíèé [2].

Âèñíîâîê. Äëÿ òîãî, ùîá ÃÄÎ M áóâ ñà-
ìîñïðÿæåíèì, íåîáõiäíî é äîñèòü, ùîá ÷è-
ñëà σj âèçíà÷àëèñÿ iç ðåêóðåíòíèõ ñïiââiä-
íîøåíü (13).

Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ
ðiâíÿííÿ

[Lm + b2
mρm(x)]um(x) = 0, m = 1, n + 1

(15)
óòâîðþþòü ðåãóëÿðíi ôóíêöi¨ u1m(x, bm) òà
u2m(x, bm) [3].

Çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (10) ¹
ôóíêöiÿ

Vm(x, λ) = Amu1m(x, bm) + Bmu2m(x, bm),

m = 1, n + 1. (16)

Âèçíà÷èìî ôóíêöi¨

Um1
ik,s(am, bm(λ)) = (α̃m

ikd/dx+β̃m
ik)u1s(x, bm)

∣∣∣
x=am

,

Um2
ik,s(am, bm(λ)) = (α̃m

ikd/dx+β̃m
ik)u2s(x, bm)

∣∣∣
x=am

.

Êðàéîâi óìîâè (2) òà óìîâè ñïðÿæåííÿ
(3) äëÿ âèçíà÷åííÿ (2n + 2) íåâiäîìèõ Am,
Bm (m = 1, n + 1) äàþòü àëãåáðà¨÷íó ñèñòå-
ìó ç (2n + 2) ðiâíÿíü:

U01
11,1(a, b1(λ))A1 + U02

11,1(a, b1(λ))B1 = 0,

k = 1, 2,m = 1, n,

Um1
j1,m(am, bm)Am + Um2

j1,m(am, bm)Bm−
−Um1

j2,m+1(am, bm+1)Am+1−
−Um2

j2,m+1(am, bm+1)Bm+1 = 0, (17)

Un+1,1
22,n+1(b, bn+1)An+1+Un+1,2

22,n+1(b, bn+1)Bn+1 = 0.

Äëÿ òîãî, ùîá àëãåáðà¨÷íà ñèñòåìà (12)
ìàëà íåíóëüîâi ðîçâ'ÿçêè, íåîáõiäíî é äî-
ñèòü, ùîá ¨¨ âèçíà÷íèê áóâ ðiâíèé íóëþ [4]:

∆n(λ) = 0. (18)

Îñêiëüêè ïàðàìåòð λ âõîäèòü â ñèñòåìó
(1) àíàëiòè÷íî, òî ôóíäàìåíòàëüíà ñèñòåìà
ðîçâ'ÿçêiâ

{u1m(x, λ); u2(x, λ)}n+1
m=1

¹ öiëèìè ôóíêöiÿìè öüîãî ïàðàìåòðà íà
ïëîùèíi λ. Òîäi ôóíêöi¨ Umj

ik,s(am, λ) òåæ ¹
öiëèìè àíàëiòè÷íèìè ôóíêöiÿìè ïàðàìåòðà
λ. Òîìó ∆n(λ) � öiëà àíàëiòè÷íà ôóíêöiÿ
ïàðàìåòðà λ. Îñêiëüêè ∆n(λ) 6= 0, òî çãi-
äíî òåîðåìè ïðî íóëi àíàëiòè÷íî¨ ôóíêöi¨
[3], êîðåíi òðàíñöåíäåíòíîãî ðiâíÿííÿ (13)
¹ içîëüîâàíèìè òî÷êàìè íà ïëîùèíi λ. Îò-
æå, ìíîæèíà âëàñíèõ ÷èñåë êðàéîâî¨ çàäà÷i
(1) � (3) íå áiëüøå, íiæ çëi÷åííà, é íå ìà¹
æîäíî¨ ñêií÷åííî¨ ãðàíè÷íî¨ òî÷êè íà ïëî-
ùèíi λ. Iíøèìè ñëîâàìè, òî÷êîþ çãóùåííÿ
íóëiâ òðàíñöåíäåíòíîãî ðiâíÿííÿ (13) ¹ íå-
ñêií÷åííî âiääàëåíà òî÷êà.

Âèñíîâîê. Âëàñíi ÷èñëà îïåðàòîðà L
äiéñíi é óòâîðþþòü äèñêðåòíó ìíîæèíó.

Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

Ψm
ij (am, bm, bm+1) = Umi

12,m+1(am, bm+1)×

×Umj
21,m(am, bm)−Umj

11,m(am, bm)Umi
22,m+1(am, bm+1),

k
(0)
1 (a0, λ) = U01

11,1(a, b1),

k
(0)
2 (a0, λ) = U02

11,1(a, b1), a0 = a,

k
(1)
j (a0, a1, b1, b2) = k

(0)
1 (a0, λ)Ψ1

j2(a1, b1, b2)−
−k0

2(a0, λ)Ψ1
j1(a1, b1, b2), j = 1, 2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

k
(p)
j (a0, a1, . . . , ap; b1, b2, . . . , bp+1) =

= k
(p−1)
1 (a0, a1, . . . , ap−1; b1, b2, . . . , bp)×

×Ψp
j2(ap, bp, bp+1)−

−k
(p−1)
2 (a0, a1, . . . , ap−1; b1, b2, . . . , bp)×
×Ψp

j1(ap, bp, bp+1), p = 1, n.

Äëÿ çíàõîäæåííÿ âëàñíèõ ÷èñåë ÃÄÎ M
ìà¹ìî ðåêóðåíòíi ñïiââiäíîøåííÿ:

∆n(λ) ≡ Un+1,2
22,n+1(an+1, bn+1)k

(n)
1 (a0, a1, . . . , an;

b1, b2, . . . , bn, bn+1)− Un+1,1
22,n+1(an+1, bn+1)×
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×k
(n)
2 (a0, a1, . . . , an; b1, b2, . . . , bn, bn+1) = 0.

(19)

Êîðiíü λj (bmj =
√

λ2
j + b2

m) ðiâíÿííÿ (19)
ïiäñòàâèìî â àëãåáðà¨÷íó ñèñòåìó (17) é âiä-
êèíåìî îñòàíí¹ ðiâíÿííÿ âíàñëiäîê ëiíiéíî¨
çàëåæíîñòi. Ïîêëàäåìî A1 = A0U

02
11,1(a0, b1j),

B1 = −A0U
01
11,1(a0, b1j), äå âåëè÷èíà A0 ïiäëÿ-

ãà¹ âèçíà÷åííþ. Ïåðøå ðiâíÿííÿ ñòà¹ òîòî-
æíiñòþ, à ðåøòà óòâîðþþòü ïîïàðíî ñåïà-
ðàòíó ñèñòåìó:

Um1
i2,m+1(am, bm+1,j)Am+1+

+Um2
i2,m+1(am, bm+1,j)Bm+1 = Um1

i1,m(am, bmj)Am+

+Um2
i1,m(am, bmj)Bm, m = 1, n, i = 1, 2. (20)

Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (20)

∆m+1(λj) ≡ Um1
12,m+1(am, bm+1,j)×

×Um2
22,m+1(am, bm+1,j)−

−Um1
22,m+1(am, bm+1,j)U

m2
12,m+1(am, bm+1,j) =

= c21,mW [u1,m+1(x, bm+1,j), u2,m+1(x, bm+1,j)] ≡
≡ c21,mδm+1(λj) 6= 0. (21)

Îòæå, àëãåáðà¨÷íà ñèñòåìè (20) ìà¹ ¹äè-
íèé ðîçâ'ÿçîê. Çãiäíî ïðàâèë Êðàìåðà çíà-
õîäèìî:

A2 =
A0

c21,1δ2(λj)
k

(1)
2 (a0, a1, b1j, b2j),

B2 = − A0

c21,1δ2(λj)
k

(1)
1 (a0, a1, b1j, b2j),

A3 =
A0

∆2(λj)∆3(λj)
k

(2)
2 (a0, a1, a2; b1j, b2j, b3j),

B3 = − A0

∆2(λj)∆3(λj)
k

(2)
1 (a0, a1, a2; b1j, b2j, b3j),

. . . . . . . . . . . . . . . . . . . . . . . . . . .

Am+1 =
A0

m+1∏
i=2

∆i(λj)

k
(m)
2 (a0, a1, a2, . . . , am;

b1j, b2j, . . . , bm+1,j),m = 1, n,

Bm+1 = − A0

m+1∏
i=2

c21,i−1∆i(λj)

×

k
(m)
1 (a0, a1, a2, . . . , am; b1j, b2j, . . . , bm+1,j).

Ïîêëàäåìî A0 =
n+1∏
i=2

∆i(λj) ≡
n+1∏
i=2

c21,i−1δi(λj). Îäåðæó¹ìî:

Vm+1(x, λj) = Am+1u1,m+1(x, bm+1,j)+

+Bm+1u2,m+1(x, bm+1,j) =

=
[ n+1∏

i=m+2

c21,i−1δi(λj)
]
{k(m)

2 (a1, a1, . . . , am;

b1j, b2j, . . . , bm+1,j)u1,m+1(x, bm+1,j)−
−k

(m)
1 (a1, a1, . . . , am; b1j, b2j, . . . , bm+1,j)×

×u2,m+1(x, bm+1,j)}; m = 0, n− 1, (22)

Vn+1(x, λj) = k
(n)
2 (a1, a1, . . . , an;

b1j, b2j, . . . , bn+1,j)u1,n+1(x, bn+1,j)−
−k

(n)
1 (a1, a1, . . . , an; b1j, b2j, . . . , bn+1,j)×

×u2,n+1(x, bn+1,j).

Çà âiäîìèìè Vm(x, λj) (m = 1, n + 1) ñòà¹
âiäîìîþ âëàñíà âåêòîð-ôóíêöiÿ V (x, λj), ùî
âiäïîâiäà¹ âëàñíîìó ÷èñëó λj:

V (x, λj) =
n+1∑
m=1

θ(x−am−1)θ(am−x)Vm(x, λj).

(23)
Îá÷èñëèìî êâàäðàò íîðìè âëàñíî¨ ôóí-

êöi¨ V (x, λj).
Äëÿ λi 6= λj ðîçãëÿíåìî Vm(x, λi) òà

Vm(x, λj). Çà ïîáóäîâîþ ôóíêöiÿ Vm(x, λi)
çàäîâîëüíÿ¹ ðiâíÿííÿ

[Lm + a−2
m (λ2

i + k2
m)ρm(x)]Vm(x, λi) = 0, (24)

à ôóíêöiÿ Vm(x, λj) çàäîâîëüíÿ¹ ðiâíÿííÿ

[Lm + a−2
m (λ2

j + k2
m)ρm(x)]Vm(x, λj) = 0. (25)

Ðiâíÿííÿ (24) ïîìíîæèìî íà ôóíêöiþ
Vm(x, λj), à ðiâíÿííÿ (25) ïîìíîæèìî íà
ôóíêöiþ Vm(x, λi) é âiäíiìåìî âiä ïåðøîãî
äðóãå:

Vm(x, λj)Lm[Vm(x, λi)]−Vm(x, λi)Lm[Vm(x, λj)]+
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+[b2
m(λi)− b2

m(λj)]Vm(x, λi)Vm(x, λj) = 0.

Îäåðæàíó ðiâíiñòü ïåðåïèøåìî òàê:

[b2
m(λi)− b2

m(λj)]Vm(x, λi)Vm(x, λj)ρm(x) =

=
d

dx
{pm(x)[Vm(x, λi)

dVm(x, λj)

dx
−

−Vm(x, λj)
dVm(x, λi)

dx
]}. (26)

Ðiâíiñòü (26) ïîìíîæèìî íà σmdx òà ïðî-
iíòåãðó¹ìî ïî x âiä x = am−1 äî x = am:

am∫

am−1

Vm(x, λi)Vm(x, λj)σmρm(x)dx =

=
σmpm(x)

b2
m(λi)− b2

m(λj)
[Vm(x, λi)

dVm(x, λj)

dx
−

−Vm(x, λj)
dVm(x, λi)

dx
]
∣∣∣
am

am−1

.

Ïðîñóìó¹ìî ïî m âiä m = 1 äî m = n+1:
b∫

a

V (x, λi)V (x, λj)σ(x)ρ(x)dx =

=
n+1∑
m=1

σmpm(x)

b2
m(λi)− b2

m(λj)
[Vm(x, λi)

dVm(x, λj)

dx
−

−Vm(x, λj)
dVm(x, λi)

dx
]
∣∣∣
am

am−1

. (27)

Ïðàâó ÷àñòèíó ðiâíîñòi (27) çîáðàçèìî ó
òàêîìó âèãëÿäi:

Rn = −a2
n+1σn+1pn+1(an+1)

λ2
i − λ2

j

×

×[−Vn+1(an+1,λi
)V ′

n+1(an+1,λj
)+Vn+1(an+1,λj

)×

×V ′
n+1(an+1,λi

)] +
n∑

s=1

{
a2

sσsps(as)

λ2
i − λ2

j

[Vs(as, λi)×

×V ′
s (as, λj)− Vs(as, λj)V

′
s (as, λi)]−

−a2
s+1σs+1ps+1(as)

λ2
i − λ2

j

[Vs+1(as, λi)V
′
s+1(as, λj)−

−Vs+1(as, λj)V
′
s+1(as, λi)]

}
−

−a2
1σ1p1(a0)

λ2
i − λ2

j

[−V1(a0, λi)V
′
1(a0, λj)+

+V1(a0, λj)V
′
1(a0, λi)]. (28)

Ôóíêöi¨ Vm(x, λ) çàäîâîëüíÿþòü óìîâè
ñïðÿæåííÿ. Â ñèëó ðiâíîñòåé (10) ìà¹ìî
ñïiââiäíîøåííÿ:

Vs(as, λi) = −c−1
11,s[ã

s
11(λi)V

′
s+1(as, λi)+

+ãs
12(λi)Vs+1(as, λi)],

V ′
s (as, λi) = c−1

11,s[ã
s
21(λi)V

′
s+1(as, λi)+

+ãs
22(λi)Vs+1(as, λi)],

Vs(as, λj) = −c−1
11,s[ã

s
11(λj)V

′
s+1(as, λj)+

+ãs
12(λj)Vs+1(as, λj)],

V ′
s (as, λj) = c−1

11,s[ã
s
21(λj)V

′
s+1(as, λj)+

+ãs
22(λj)Vs+1(as, λj)]. (29)

Íà îñíîâi ðiâíîñòåé (29) áåçïîñåðåäíiìè
ïiäðàõóíêàìè çíàõîäèìî:

α̃s
11(qsj)β̃

s
11(qsi)− α̃s

11(qsi)β̃
s
11(qsj) =

= (qsj − qsi)RC11,s
11,12,

α̃s
21(qsi)β̃

s
11(qsj)− α̃s

11(qsj)β̃
s
21(qsi) =

= c11,s +R C12,s
11,12qsi −R C21,s

11,12qsj,

α̃s
21(qsj)β̃

s
11(qsi)− α̃s

11(qsi)β̃
s
21(qsj) =

= c11,s +R C12,s
11,12qsj −R C21,s

11,12qsi,

α̃s
21(qsj)β̃

s
21(qsi)− α̃s

21(qsi)β̃
s
21(qsj) =

= (qsj − qsi)RC22,s
11,12 (30)

Áóêâà R îçíà÷à¹, ùî áåðóòüñÿ åëåìåíòè
iç ðÿäêiâ: Rc11

11,12 = αs
11γ

s
11 − βs

11δ
s
11 � âèçíà-

÷íèê äðóãîãî ïîðÿäêó, â ÿêîìó ïåðøèé ðÿ-
äîê óòâîðþþòü åëåìåíòè ïåðøîãî ðÿäêà ìà-
òðèöi A11,s, à äðóãèé ðÿäîê � åëåìåíòè ïåð-
øîãî ðÿäêà ìàòðèöi A12,s, . . . .

Çàóâàæèìî, ùî iç ðiâíîñòi C12,s
11,12 = C21,s

11,12

îäðàçó âèïëèâà¹ ðiâíiñòü RC12,s
11,12 =R C21,s

11,12.
Ðîçãëÿíåìî âèðàç

Is ≡ Vs(as, λi)V
′
s (as, λj)− Vs(as, λj)V

′
s (as, λi).

(31)
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Â ñèëó ñïiââiäíîøåíü (29) ìà¹ìî:

Is =
1

c2
11,s

{[ãs
11(λj)ã

s
21(λi)− ãs

11(λi)ã
s
21(λj)]×

×V ′
s+1(as, λi)V

′
s+1(as, λj) + [ãs

12(λj)ã
s
22(λi)−

−ãs
12(λi)ã

s
22(λj)]Vs+1(as, λi)Vs+1(as, λj)+

+[ãs
11(λj)ã

s
22(λi)− ãs

12(λi)ã
s
21(λj)]V

′
s+1(as, λj)×

×Vs+1(as, λi)−[ãs
11(λi)ã

s
22(λj)−ãs

21(λi)ã
s
12(λj)]×

×V ′
s+1(as, λi)Vs+1(as, λj)}.

Íà îñíîâi ðiâíîñòåé (25) âñòàíîâëþ¹ìî:
1)

ãs
11(λj)ã

s
21(λi)− ãs

11(λi)ã
s
21(λj) = (qsj − qsi)×

×{α̃s
22(qsi)α̃

s
22(qsj)RC11,s

11,12 + α̃s
12(qsi)α̃

s
12(qsj)×

×RC22,s
11,12 −R C12,s

11,12[α̃
s
12(qsi)α̃

s
22(qsj) + α̃s

12(qsj)×
×α̃s

22(qsj)]− c11,sC
11,s
21,22},

2)

ãs
11(λj)ã

s
22(λi)− ãs

12(λi)ã
s
22(λj) = (qsj − qsi)×

×{β̃s
22(qsi)β̃

s
22(qsj)RC11,s

11,12 + β̃s
12(qsi)β̃

s
12(qsj)×

×RC22,s
11,12 −R C12,s

11,12[β̃
s
12(qsi)β̃

s
22(qsj) + β̃s

12(qsj)×
×β̃s

22(qsi)]− c11,sC
11,s
21,22}, (33)

3)

ãs
11(λj)ã

s
22(λi)− ãs

12(λi)ã
s
21(λj) = (qsj − qsi)×

×{α̃s
22(qsj)β̃

s
22(qsi)RC11,s

11,12 + α̃s
12(qsj)β̃

s
12(qsi)×

×RC22,s
11,12 −R C12,s

11,12[β̃
s
12(qsi)α̃

s
22(qsj) + α̃s

12(qsj)×
×β̃s

22(qsi)]− c11,sC
12,s
21,22}+ c11,sc21,s,

4)

ãs
11(λi)ã

s
22(λj)− ãs

21(λi)ã
s
12(λj) = −(qsj − qsi)×

×{α̃s
22(qsi)β̃

s
22(qsj)RC11,s

11,12 + α̃s
12(qsi)β̃

s
12(qsj)×

×RC22,s
11,12 −R C12,s

11,12[α̃
s
22(qsi)β̃

s
12(qsj) + α̃s

12(qsi)×
×β̃s

22(qsj)]− c11,sC
12,s
21,22}+ c11,sc21,s.

Ïiäñòàíîâêà ðiâíîñòåé (32) ó âèðàç (31)
äà¹:

c2
11,sI = (qsj−qsi){[RC11,s

11,12Z
s
22(as, λj)Z

s
22(as, λi)+

+RC22,s
11,12Z

s
12(as, λj)Z

s
12(as, λi)−R C12,s

11,12×
×[Zs

12(as, λi)Z
s
22(as, λj)+Zs

12(as, λj)Z
s
22(as, λi)]−

−c11,s[C
11
21,22V

′
s+1(as, λi)V

′
s+1(as, λj) + C12

21,22×
×(V ′

s+1(as, λj)Vs+1(as, λi) + Vs+1(as, λj)×
×V ′

s+1(as, λi))+C22
21,22Vs+1(as, λi)Vs+1(as, λj)]}+

+c11,sc21,s[V
′
s+1(as, λj)Vs+1(as, λi)−

−V ′
s+1(as, λi)V

′
s+1(as, λj)]. (34)

Ó ðiâíîñòi (34) áåðóòü ó÷àñòü ôóíêöi¨

Zs
m2(as, λj) = α̃s

m2(qsj)V
′
s+1(as, λj)+

+β̃s
m2(qsj)Vs+1(as, λj), m = 1, 2,

Zs
m2(as, λi) = α̃s

m2(qsi)V
′
s+1(as, λi)+

+β̃s
m2(qsi)Vs+1(as, λi).

Îñêiëüêè

RC11,s
11,12RC12,s

11,22 −R C12,s
11,12RC21,s

11,22 =

= c11,sc12,s = c11,s · 0 = 0,

C11,s
21,22C

22,s
21,22 − C12,s

21,22C
21,s
21,22 =

= c21,sc22,s = c21,s · 0 = 0,

òà RC12,s
11,12 =R C21,s

11,12 i C12,s
21,22 = C12,s

21,22, òî ìà¹ìî
ðiâíîñòi:

RC11,s
11,12RC22,s

11,22 = (RC12,s
11,12)

2,

C11,s
21,22C

22,s
21,22 = (C12,s

21,22)
2.

Âèðàç I íàáóâà¹ âèãëÿäó:

c2
11,sI = (qsj

− qsi){[
√

RC11,s
11,12Z

s
22(as, λj)−

−
√

RC22,s
11,12Z

s
12(as, λj)][

√
RC11,s

11,12Z
s
22(as, λi)

−
√

RC22,s
11,12Z

s
12(as, λi)]−c11,s[(

√
C11,s

21,22V
′
s+1(as, λj)+

+
√

C22,s
21,22Vs+1(as, λj)(

√
C11,s

21,22V
′
s+1(as, λi)+

+
√

C22,s
21,22Vs+1(as, λi)))]}+ c11,s · c21,s×

×[V ′
s+1(as, λj)Vs+1(as, λi)− V ′

s+1(as, λi)×
×Vs+1(as, λj)]. (35)
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Âíàñëiäîê âèáîðó ÷èñåë σs

a2
sσsps(as) · c21,s

c11,s

− a2
s+1σs+1ps+1(as) = 0.

Îñêiëüêè qsj − qsi = λ2
j + k2

s − (λ2
i + k2

s) =

λ2
j − λ2

i , òî ñóìà, ÿêà áåðå ó÷àñòü ó âèðàçi
(23), íàáóâà¹ âèãëÿäó:

R1 ≡ −
n∑

s=1

a2
sσsps(as)c

2
11,s{[

√
RC11,s

11,12Z
s
22(as, λj)−

−
√

RC22,s
11,12Z

s
12(as, λj)]×

×[
√

RC11,s
11,12Z

s
22(as, λi)−

√
RC22,s

11,12Z
s
12(as, λi)]+

+c11,s[(

√
C

11,s

21,22V
′
s+1(as, λj) +

√
C

12,s

21,22×

×Vs+1(as, λj)(

√
C

11,s

21,22V
′
s+1(as, λi)+

+

√
C

12,s

21,22Vs+1(as, λi)))]} ≡ −R∗
n(λi, λj),

C
11,s

21,22 = −C11,s
21,22 = αs

22δ
s
12 − αs

12δ
s
22 ≥ 0,

C
22,s

21,22 = βs
22γ

s
12 − βs

12γ
s
22 ≥ 0.

Ðîçãëÿíåìî âèðàç

[α0
11V

′
1(a0, λi) + β0

11V1(a0, λi)]×
×[δ0

11V
′
1(a0, λj) + γ0

11V1(a0, λj)]−
−[α0

11V
′
1(a0, λj) + β0

11V1(a0, λj)]×
×[δ0

11V
′
1(a0, λi) + γ0

11V1(a0, λj)] =

= (α0
11γ

0
11 − β0

11δ
0
11)×

×[V1(a0, λj)V
′
1(a0, λi)− V1(a0, λi)V

′
1(a0, λj)].

(37)
Iç êðàéîâî¨ óìîâè â òî÷öi a0 ìà¹ìî ðiâíî-

ñòi:
α0

11V
′
1(a0, λi) + β0

11V1(a0, λi) =

= q1i[δ
0
11V

′
1(a0, λi) + γ0

11V1(a0, λi)],

α0
11V

′
1(a0, λj) + β0

11V1(a0, λj) =

= q1j[δ
0
11V

′
1(a0, λj) + γ0

11V1(a0, λj)]. (38)

Iç (37) âíàñëiäîê ñïiââiäíîøåíü (38) çíà-
õîäèìî:

V1(a0, λj)V
′
1(a0, λi)− V1(a0, λi)V

′
1(a0, λj) =

=
q1i − q1j

α0
11γ

0
11 − β0

11δ
0
11

×

×[δ0
11V

′
1(a0, λi) + γ0

11V1(a0, λi)]×
×[δ0

11V
′
1(a0, λj) + γ0

11V1(a0, λj)].

Àíàëîãi÷íî çíàõîäèìî:

Vn+1(an+1, λj)V
′
n+1(an+1, λi)−

−Vn+1(an+1, λi)V
′
n+1(an+1, λj) =

=
qn+1,i − qn+1,j

αn+1
22 γn+1

22 − βn+1
22 δn+1

22

×

×[δn+1
22 V ′

n+1(an+1, λi) + γn+1
22 Vn+1(an+1, λi)]×

×[δn+1
22 V ′

1(an+1, λj) + γn+1
22 Vn+1(an+1, λj)].

Íà îñíîâi îá÷èñëåíèõ ñïiââiäíîøåíü âè-
ðàç (28) íàáóâà¹ âèãëÿäó:

Rn = − a2
n+1σn+1pn+1(an+1)

αn+1
22 γn+1

22 − βn+1
22 δn+1

22

×

×Zn+1
22 (an+1, λi)Z

n+1
22 (an+1, λj)−

−R∗
n(λi, λj)− a2

1σ1p1(a0)

β0
11δ

0
11 − α0

11γ
0
11

×

×Z0
11(a0, λ0)Z

0
11(a0, λj) ≡ −θn(λi, λj),

Z0
11(a0, λ) = δ0

11V
′
1(a0, λ) + γ0

11V1(a0, λ),

Zn+1
22 (an+1, λ) = δn+1

22 V ′
n+1(an+1, λ)+

+γn
22Vn+1(an+1, λ).

Ìè ââàæà¹ìî, ùî (αn+1
22 γn+1

22 −βn+1
22 δn+1

22 ) ≡
qn+1 > 0, (β0

11δ
0
11 − α0

11γ
0
11) ≡ q0 > 0.

Ïîâåðòàþ÷èñü äî ðiâíîñòåé (22), ìà¹ìî:
b∫

a

V (x, λi)V (x, λj)σ(x)ρ(x)dx+θn(λi, λj) = 0.

(40)
Ðiâíiñòü (40) ïðè λi 6= λj îçíà÷à¹, ùî ñè-

ñòåìà âëàñíèõ âåêòîð-ôóíêöié {V (x, λj)}∞j=1

óçàãàëüíåíî îðòîãîíàëüíà.
Ëiâà ÷àñòèíà ðiâíîñòi (40) ïðè λi =

λj âèçíà÷à¹ êâàäðàò íîðìè âëàñíî¨ âåêòîð-
ôóíêöi¨

‖V (x, λj)‖2
1 =

b∫

a

[V (x, λj)]
2σ(x)ρ(x)dx+
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+θn(λj, λj). (41)

Ó ðiâíîñòi (41) ôóíêöiÿ

θn(λj, λj) =
a2

n+1σn+1pn+1(an+1)

αn+1
22 γn+1

22 − βn+1
22 δn+1

22

×

×[Zn+1
22 (an+1, λj)]

2 +
n∑

s=1

a2
sσsps(as)×

×c−2
11,s{[

√
RC11,s

11,12Z
s
22(as, λj)−

√
RC22,s

11,12×

×Zs
12(as, λj)]

2 + c11,s[

√
C

11,s

21,22V
′
s+1(as, λj)+

+

√
C

22,s

21,22Vs+1(as, λj)]
2}+

a2
1σ1p1(a0)

β0
11δ

0
11 − α0

11γ
0
11

×

×[Z0
11(a0, λj)]

2. (42)

Íàÿâíiñòü âàãîâî¨ ôóíêöi¨ σ(x), ñïå-
êòðàëüíî¨ âåêòîð-ôóíêöi¨ V (x, λj) òà ¨¨ êâà-
äðàòó íîðìè ‖V (r, λj)‖2

1 äà¹ ìîæëèâiñòü âè-
çíà÷èòè ïðÿìå Hn é îáåðíåíå H−1

n ñêií÷åí-
íå ãiáðèäíå iíòåãðàëüíå ïåðåòâîðåííÿ, ïî-
ðîäæåíå ñïåêòðàëüíîþ çàäà÷åþ Øòóðìà-
Ëióâiëëÿ (1) � (3):

Hn[g(x)] =

b∫

a

g(x)V (x, λj)σ(x)dx ≡ g̃j =

=
n+1∑
m=1

am∫

am−1

gm(x)Vm(x, λj)σmpm(x)dx, (43)

H−1
n [g̃j] =

∞∑
j=1

g̃j
V (x, λj)

‖V (x, λj)‖2
1

≡ g(x). (44)

Ìàòåìàòè÷íèì îáãðóíòóâàííÿì ïðàâèë
(42), (43) ¹ òâåðäæåííÿ.

Òåîðåìà 3 (ïðî äèñêðåòíèé ñïåêòð).
Êîðåíi òðàíñöåíäåíòíîãî ðiâíÿííÿ
∆n(λ) = 0 ñêëàäàþòü äèñêðåòíèé ñïåêòð:
äiéñíi, ðiçíi, ñèìåòðè÷íi âiäíîñíî λ = 0, íà
äîäàòíié ïiââiñi λ > 0 óòâîðþþòü ìîíî-
òîííî çðîñòàþ÷ó ÷èñëîâó ïîñëiäîâíiñòü ç
¹äèíîþ ãðàíè÷íîþ òî÷êîþ λ = ∞.

Òåîðåìà 4 (ïðî äèñêðåòíó ôóí-
êöiþ). Ñèñòåìà {V (x, λj)}∞j=1 âëàñíèõ

âåêòîð-ôóíêöié ãiáðèäíîãî äèôåðåíöiàëüíî-
ãî îïåðàòîðà L óçàãàëüíåíî îðòîãîíàëüíà,
ïîâíà òà çàìêíåíà.

Òåîðåìà 5 (ïðî çîáðàæåííÿ ðÿäîì
Ôóð'¹). Áóäü-ÿêà âåêòîð-ôóíêöiÿ g(x) ∈ G
çîáðàæà¹òüñÿ àáñîëþòíî é ðiâíîìiðíî çái-
æíèì íà ìíîæèíi En ðÿäîì Ôóð'¹ çà ñè-
ñòåìîþ {V (x, λj)}∞j=1:

g(x) =
∞∑

j=1

b∫

a

g(ξ)V (ξ, λj)σ(ξ)dξ
V (x, λj)

‖V (x, λj)‖2
1

.

(45)
Ðÿä Ôóð'¹ (45) i âèçíà÷à¹ îïåðàòîðè iíòå-

ãðàëüíîãî ïåðåòâîðåííÿ Hn òà H−1
n .

Äîâåäåííÿ ñôîðìóëüîâàíèõ òâåðäæåíü
é çàñòîñóâàííÿ çàïðîâàäæåíîãî ãiáðèäíîãî
ñêií÷åííîãî iíòåãðàëüíîãî ïåðåòâîðåííÿ äî
ðîçâ'ÿçàííÿ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè íå-
îäíîðiäíèõ ñòðóêòóð àâòîðè ïîäàäóòü â ií-
øèõ ðîáîòàõ.
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