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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ

ÏÐÎ ÄÅßÊI ÂËÀÑÒÈÂÎÑÒI ÐÎÇÂ'ßÇÊÓ ÌIØÀÍÎ� ÇÀÄÀ×I ÄËß
ÍÅËIÍIÉÍÎÃÎ 2b-ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß

Çíàéäåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ íåëi-
íiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ïîõiäíîþ ïåðøîãî ïîðÿäêó çà ÷àñîâîþ çìiííîþ.

Conditions of the existence and uniqueness of the generalized solution of the mixed problem
are obtained for the non-linear di�erential equation with the derivative of the �rst order on time
variable.

Ó 1960 ðîöi Ñ. Ä. Åéäåëüìàí [1] ðîçãëÿ-
íóâ óçàãàëüíåííÿ ïàðàáîëi÷íèõ çà Ïåòðîâ-
ñüêèì ñèñòåì, ââiøè òåðìií "~2b−ïàðàáîëi÷íi
ñèñòåìè". Ó öèõ ñèñòåìàõ äèôåðåíöiþâàííþ
çà ðiçíèìè ïðîñòîðîâèìè çìiííèìè ïðèïè-
ñóþòü ðiçíó âàãó ïî âiäíîøåííþ äî äèôå-
ðåíöiþâàííÿ çà çìiííîþ t. Áóëî ðîçðîáëåíî
òåîðiþ çàäà÷i Êîøi äëÿ ëiíiéíèõ ñèñòåì âêà-
çàíîãî òèïó (äèâ. ïðàöi [2 � 11]).

Ìåòà öi¹¨ ïðàöi � äîñëiäèòè ìiøàíó çàäà-
÷ó äëÿ íåëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ ç ïîõiäíîþ ïåðøîãî ïîðÿäêó çà ÷àñîâîþ
çìiííîþ, â ÿêîìó çà ãðóïîþ ïðîñòîðîâèõ
çìiííèõ ïðèñóòíié äèôåðåíöiàëüíèé îïåðà-
òîð ÷åòâåðòîãî ïîðÿäêó, i çà âñiìà ïðîñòîðî-
âèìè çìiííèìè � äðóãîãî ïîðÿäêó. Çîêðåìà,
îäåðæàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi óçà-
ãàëüíåíîãî ðîçâ'ÿçêó ó âèïàäêó îáìåæåíî¨
îáëàñòi çà ïðîñòîðîâèìè çìiííèìè i âñòàíîâ-
ëåíî ïîâåäiíêó ðîçâ'ÿçêó ïðè t → +∞.

Íåõàé Ωx � îáìåæåíà îáëàñòü â Rk ç ðåãó-
ëÿðíîþ ìåæåþ ∂Ωx [12, ñ. 45], Ωy � îáìåæå-
íà îáëàñòü â Rm ç ðåãóëÿðíîþ ìåæåþ ∂Ωy ,
Ω = Ωx×Ωy; Q = Ω×(0,∞); S = ∂Ω×(0,∞),
QT = Ω × (0, T ), T > 0; x = (x1, . . . , xk),
y = (y1, . . . , ym), z = (x, y), k + m = n,

Dα
x =

∂|α|

∂xα1
1 . . . ∂xαk

k

, |α| = α1 + · · ·+ αk,

Dβ
z =

∂|β|

∂zβ1

1 . . . ∂zβm
n

, |α| = α1 + · · ·+ αm,

Dj
xu � âåêòîð âñiõ ïîõiäíèõ ïîðÿäêó j (j =

1, 2) çà çìiííèìè x, Dzu � âåêòîð âñiõ ïîõi-
äíèõ çà çìiííèìè z.

Â îáëàñòi Q ðîçãëÿíåìî ðiâíÿííÿ

ut +
∑

|α|=2

Dα
x

(
aα(z, t, u,D1

xu,D2
xu)

)−

−
∑

|β|=1

Dβ
z (bβ(z, t, u, Dzu)) +

+c(z, t, u) = f(z, t) (1)

ç ïî÷àòêîâîþ óìîâîþ

u(z, 0) = u0(z), z ∈ Ω (2)

i êðàéîâèìè óìîâàìè

u|S = 0,
∂u

∂ν

∣∣∣∣
∂Ωx×Ωy×(0,∞)

= 0, (3)

äå ν � âåêòîð çîâíiøíüî¨ íîðìàëi.
Ïðèéìåìî ïîçíà÷åííÿ

|Dj
xu|p =


∑

|α|=j

|Dα
xu|p




1/p

,

j = 1, 2, p ∈ (1, +∞),

|Dzu|q =


∑

|β|=1

|Dβ
z u|q




1/q

,

q ∈ (1, +∞).

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè:
(A) : ôóíêöi¨ aα(·, ·, ξ, η, ζ) âèìiðíi â

Q äëÿ âñiõ (ξ, η, ζ) ∈ R1+k+N(k), äå N(k) �
äîâæèíà âåêòîðà ζα ïðè |α| = 2; ôóíêöi¨
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aα(z, t, ·, ·, ·) íåïåðåðâíi â R1+k+N(k) ìàéæå
äëÿ âñiõ (z, t) ∈ Q, |α| = 2; ìàéæå äëÿ âñiõ
(z, t) ∈ Q i äëÿ âñiõ (ξ, η, ζ) ∈ R1+k+N(k) ïðà-
âèëüíi íåðiâíîñòi
∑

|α|=2

(aα(z, t, ξ, η, ζ)− aα(z, t, ξ̃, η̃, ζ̃))(ζα − ζ̃α) >

> A0

∑

|α|=2

|ζα − ζ̃α|p,

ñòàëà A0 > 0 ïðè p ∈ [2, +∞) i A0 = 0 ïðè
p ∈ (1, 2),

∑

|α|=2

aα(z, t, ξ, η, ζ)ζα > Â0

∑

|α|=2

|ζα|p

ïðè p ∈ (1, 2), ñòàëà Â0 > 0,

|aα(z, t, ξ, η, ζ)| 6 A1

∑

|σ|=2

|ζσ|p−1, |α| = 2,

äå ñòàëà A1 > 0.

(B) : ôóíêöi¨ bβ(·, ·, ξ, η) âèìiðíi â Q
äëÿ âñiõ (ξ, η) ∈ R1+m, ôóíêöi¨ bβ(z, t, ·, ·)
íåïåðåðâíi â R1+m ìàéæå äëÿ âñiõ (z, t) ∈
Q, |β| = 1; ìàéæå äëÿ âñiõ (z, t) ∈ Q i äëÿ
âñiõ (ξ, η) ∈ R1+m ïðàâèëüíi íåðiâíîñòi

∑

|β|=1

(bβ(z, t, ξ, η)− bβ(z, t, ξ̃, η̃))(ηβ − η̃β) >

> B0

∑

|β|=1

|ηβ − η̃β|q,

ñòàëà B0 > 0 ïðè q ∈ [2, +∞) i B0 = 0 ïðè
q ∈ (1, 2),

∑

|β|=1

bβ(z, t, ξ, η)ηβ > B̂0

∑

|β|=1

|ζβ|q

ïðè q ∈ (1, 2), ñòàëà B̂0 > 0,

|bβ(z, t, ξ, η)| 6 B1

∑

|σ|=2

|ζσ|q−1, |β| = 1,

äå ñòàëà B1 > 0.

(C) : ôóíêöiÿ c(·, ·, ξ) âèìiðíà â Q äëÿ
âñiõ ξ ∈ R, ôóíêöiÿ c(z, t, ·) íåïåðåðâíà â R
ìàéæå äëÿ âñiõ (z, t) ∈ Q; ìàéæå äëÿ âñiõ

(z, t) ∈ Q i äëÿ âñiõ ξ ∈ R ïðàâèëüíi íåðiâ-
íîñòi

(c(z, t, ξ)− c(z, t, ξ̃))(ξ − ξ̃) > c0|ξ − ξ̃|r,
äå ñòàëà c0 > 0 ïðè r ∈ [2, +∞) i c0 = 0 ïðè
r ∈ (1, 2),

|c(z, t, ξ)| 6 c1|ξ|r−1, äå c1 > 0.

(F) : f(x, t) =
∑
|α|=2

Dα
xfα(z, t) +

∑
|β|61

(−1)|β|Dβ
z gβ(z, t), äå fα ∈ Lp′(QT ), |α| =

2, gβ ∈ Lq′(QT ), |β| = 1, g0 ∈ Lr′0(QT ),
1

p
+

1

p′
= 1,

1

q
+

1

q′
= 1,

1

r0

+
1

r′0
= 1, r0 =

min{2, r}.
(U) : u0 ∈ L2(Ω).
Ââåäåìî ïðîñòîðè

V 1
0 (Ω) = W 1,q

0 (Ω) ∩ L2(Ω),

V 2
0 (Ω) = Lp(Ωy; L

p(W 2,p
0 (Ωx))) ∩ L2(Ω).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
(A), (B), (C), (F), (U). Òîäi iñíó¹ ¹äèíèé
ðîçâ'ÿçîê u çàäà÷i (1) � (3) ó ñåíñi ðîçïî-
äiëiâ òàêèé, ùî u ∈ L∞((0, T ); L2(Ω)), u ∈
Lp((0, T ); V 2

0 (Ω))∩Lq((0, T ); V 1
0 (Ω))∩Lr0(QT )

äëÿ äîâiëüíîãî T > 0.
Êðiì òîãî, ÿêùî p > 2 i q > 2n

n+2
, òî

u ∈ C([0, T ]; L2(Ω)).

Äîâåäåííÿ. Íåõàé ìà¹ìî äîâiëüíå T > 0.
Ðîçãëÿíåìî îïåðàòîðè

A0(u) = c(·, ·, u),

A1(u) = −
∑

|β|=1

Dβ
z (bβ(·, ·, u, Dzu)),

A2(u) =
∑

|α|=2

Dα
x (aα(·, ·, u,D1

xu,D2
xu)).

Íà ïiäñòàâi óìîâ (A), (B), (C) î÷åâèäíî, ùî

A0 : Lr0(QT ) → Lr′0(QT ),

A1 : V 1
0 (Ω) → (V 1

0 (Ω))∗,

A2 : V 2
0 (Ω) → (V 2

0 (Ω))∗
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äëÿ ìàéæå âñiõ t ∈ (0, T ), äå ∗ ïîçíà÷åíî
ñïðÿæåíèé ïðîñòið. Çàçíà÷èìî, ùî ïðîñòið
V (Ω) = V 2

0 (Ω) ∩ V 1
0 (Ω) ∩ Lr0(Ω) ñåïàðàáåëü-

íèé i ùiëüíî âêëàäåíèé â L2(Ω). Òîìó

V (Ω) ⊂ L2(Ω) ⊂ V ∗(Ω)

i, êðiì òîãî,

V 2
0 (Ω) ⊂ L2(Ω) ⊂ (V 2

0 (Ω))∗,

V 1
0 (Ω) ⊂ L2(Ω) ⊂ (V 1

0 (Ω))∗,

Lr0(Ω) ⊂ L2(Ω) ⊂ Lr′0(Ω).

Çãiäíî ç óìîâàìè (A), (B) , (C) îïåðà-
òîðè Ai (i = 0, 1, 2) ìîíîòîííi (ðiâíîìiðíî
çà çìiííîþ t). Îòæå, ïîíÿòòÿ äåìiíåïåðåðâ-
íîñòi [12, ñ. 20] i ñåìiíåïåðåðâíîñòi [13, ñ.
166] çáiãàþòüñÿ [12, ñ. 85]. Îñêiëüêè aα(|α| =
2), bβ(|β| = 1) i çàäîâîëüíÿþòü óìîâè ëåìè
2.2 [12, ñ. 57], òî îïåðàòîðè Ai(i = 0, 1, 2) äå-
ìiíåïåðåðâíi (ðiâíîìiðíî çà t.) Êðiì òîãî, íà
ïiäñòàâi óìîâ (A), (B), (C) ïðàâèëüíi îöiíêè

‖A0(u)‖
Lr′0 (Ω)

6 µ0‖u‖r0−1
Lr0 (Ω)∗ ,

‖A1(u)‖(V 1
0 (Ω))∗ 6 µ0‖u‖q−1

V 1
0 (Ω)

,

‖A2(u)‖(V 2
0 (Ω))∗ 6 µ0‖u‖p−1

V 2
0 (Ω)

äëÿ äîâiëüíèõ u ∈ V (Ω) ðiâíîìiðíî çà t.
Ââåäåìî ïiâíîðìó [·]q íà ïðîñòîði V 1

0 (Ω)
çà ôîðìóëîþ

[u]q =




∫

Ω

|Dzu|qq dz




1/q

.

(Ó âèïàäêó q > 2n

n + 2
çãiäíî ç íåðiâíiñòþ

Ôðiäðiõñà [12, ñ. 50] i òåîðåìîþ âêëàäåííÿ
Ñîáîë¹âà [12, ñ. 47] öÿ ôîðìóëà âèçíà÷à¹
íîðìó íà V 1

0 (Ω)), ïiâíîðìó [·]p íà ïðîñòîði
V 2

0 (Ω) çà ôîðìóëîþ

[u]p =




∫

Ω

|D2
xu|pp dt




1/p

.

(Ó âèïàäêó p > 2 çãiäíî ç íåðiâíiñòþ Ôðiäði-
õñà i òåîðåìîþ Ôóáiíi öÿ ôîðìóëà âèçíà÷à¹
íîðìó íà V 2

0 (Ω)).

Î÷åâèäíî, ùî [u]q+‖u‖L2(Ω) âèçíà÷à¹ íîð-
ìó â V 1

0 (Ω), à [u]p+‖u‖L2(Ω) � íîðìó â V 2
0 (Ω).

Êðiì òîãî, íà ïiäñòàâi óìîâ (A) i (B)
〈A1(u), u〉1 > b1[u]qq,

〈A2(u), u〉2 > a1[u]pp

ðiâíîìiðíî çà t, äå ÷åðåç 〈·, ·〉i ïîçíà÷åíî ñêà-
ëÿðíèé äîáóòîê ìiæ ïðîñòîðàìè (V i

0 (Ω))∗ i
V i

0 (Ω) (i = 1, 2) âiäïîâiäíî, à b1 = B0 ïðè
q > 2, b1 = B̂0 ïðè q ∈ (1, 2), a1 = A0 ïðè
p > 2 i a1 = Â0 ïðè p ∈ (1, 2).

Êðiì òîãî, íà ïiäñòàâi óìîâè (C)
〈A0(u), u〉 > c0‖u‖r

r

ðiâíîìiðíî çà t ïðè r > 2.
Îòæå, âèêîíóþòüñÿ âñi óìîâè Çàóâàæåí-

íÿ 1.13 [13, c. 180], çãiäíî ç ÿêèì iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê u â ñåíñi ðîçïîäiëiâ çàäà÷i (1)�
(3) òàêèé, ùî u ∈ L∞((0, T ); L2(Ω)), u ∈
Lp((0, T ); V 2

0 (Ω))∩Lq((0, T ); V 1
0 (Ω))∩Lr0(QT ).

Òîäi
ut = −A2(u)− A1(u)− A0(u) + f ∈

∈Lp′((0, T ); (V 2
0 (Ω))∗)+Lq′((0, T ); (V 1

0 (Ω))∗)+

+Lr′0(QT ).

Çâiäñè çîêðåìà âèïëèâà¹, ùî
ut ∈ Lp0((0, T ); (V (Ω))∗),

äå p0 = min{p′, q′, r′0}. Îòæå, íà ïiäñòàâi ëå-
ìè 1.2 [13, c. 20] u ∈ C([0, T ]; (V (Ω))∗). Êðiì
òîãî, ÿêùî p > 2, q > 2n

n + 2
, òî íà ïiäñòàâi

òåîðåìè 1.17 [12, c. 177] u ∈ C([0, T ]; L2(Ω)),
îñêiëüêè ó öüîìó âèïàäêó

V (Ω) ⊂ L2(Ω) ⊂ V ∗(Ω)

ùiëüíî i íåïåðåðâíî. Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 1. Ó âèïàäêó p > 2, q > 2n

n + 2
,

ÿê âèïëèâà¹ ç òåîðåìè 1.17 [12, c. 177] äëÿ
ðîçâ'ÿçêó u çàäà÷i (1)�(3) ïðàâèëüíà ôîðìó-
ëà iíòåãðóâàííÿ ÷àñòèíàìè

2

t2∫

t1

〈ut, u〉 dt =

∫

Ωt2

|u|2 dz −
∫

Ωt1

|u|2 dz,
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äå Ωτ = Q ∩ {t = τ}, t1, t2 ∈ [0,∞).

Ïîçíà÷èìî

w(t) =

∫

Ωt

|u|2 dz,

äå u � ðîçâ'ÿçîê â ñåíñi ðîçïîäiëiâ çàäà÷i (1)�
(3). Êîðèñòóþ÷èñü iäåÿìè ïðàöi [14], äîâåäå-
ìî äåÿêi âëàñòèâîñòi ðîçâ'ÿçêiâ çàäà÷i (1)�
(3).

Òåîðåìà 2. Íåõàé p > 2, q > 2, f(z, t) ≡
0. Òîäi

w(t) 6 ([w(0)]−
q−2
2 + µ1R

−θ0t)−
2

q−2 6

6 µ2

(
Rθ

t

) 2
q−2

, (4)

äå ñòàëà µ1 çàëåæàòü âiä q, n, B0, R � ðà-
äióñ íàéìåíøî¨ êóëi, ÿêà ìiñòèòü îáëàñòü
Ω, θ0 =

qn + 2(q − n)

2
.

Äîâåäåííÿ. Çãiäíî iç çàóâàæåííÿì 1

1

2

∫

Ωt2

|u|2 dz − 1

2

∫

Ωt1

|u|2 dz+

+

t2∫

t1

∫

Ωt

[∑

|α|=2

aα(z, t, u, D1
xu,D2

xu)Dα
xu+

+
∑

|β|=1

bβ(z, t, u,Dzu)Dβ
z u+

+c(z, t, u)u

]
dz dt =

= 0, ∀t1, t2, t1 < t2. (5)

Îòæå,

w′(t) = −
∫

Ωt

[∑

|α|=2

aα(z, t, u, D1
xu,D2

xu)Dα
xu+

+
∑

|β|=1

bβ(z, t, u,Dzu)Dβ
z u+

+c(z, t, u)u

]
dz ≡ g(t),

ìàéæå äëÿ âñiõ t ∈ (0,∞). Îñêiëüêè íà ïiä-

ñòàâi óìîâ (A), (B), (C)

g(t) > B0

∫

Ωt

|Dzu|qq dz,

òî ç (4) âèïëèâà¹ íåðiâíiñòü

w′(t) + 2B0

∫

Ωt

|Dzu|qq dz 6 0 (6)

ìàéæå äëÿ âñiõ t ∈ (0,∞). Çãiäíî ç íåðiâíi-
ñòþ Ãàëüÿðäî-Íiðåíáåðãà [15, ò. 7.1]

‖D2
zu‖q

W 1,q
0 (Ω)

> β0R
(θ−1)q

2θ ‖u‖q
L2(Ω)

äëÿ ìàéæå âñiõ t ∈ (0,∞), äå θ =
qn

2(qn− n + q)
, à ñòàëà β0 çàëåæèòü òiëüêè

âiä n, q. Îòæå, ç (6) îäåðæó¹ìî

w′(t) + 2B0β0R
(θ−1)q

2θ [w(t)]
q
2 6 0. (7)

Ðîçâ'ÿçàâøè íåðiâíiñòü (6), ìàòèìåìî îöií-
êó (4). Òåîðåìó äîâåäåíî.

Òåîðåìà 3. Íåõàé p > 2,
2n

n + 2
6 q < 2. Òî-

äi u(z, t) = 0 ìàéæå äëÿ âñiõ (z, t) ∈ Q\Qt0 ,

äå t0 = µ3[w(0)]
2−q
2 , à ñòàëà µ3 çàëåæèòü

âiä B0, n, q, Ω.

Äîâåäåííÿ. Âèêîðèñòàâøè òåîðåìó âêëà-
äåííÿ Ñîáîë¹âà [12, ñ. 47], îäåðæèìî îöiíêó

‖u‖W 1,q
0 (Ω) > µ4‖u‖L2(Ω)

äëÿ ìàéæå âñiõ t ∈ (0,∞), äå ñòàëà µ4 çà-
ëåæèòü âiä n, q, Ω. Îòæå, ç (6) âèïëèâà¹
íåðiâíiñòü

w′(t) + B0µ4[w(t)]
q
2 6 0.

Çâiäñè,

[w(t)]
2−q
2 6 −B0µ4(2− q)

2
t + [w(0)]

2−q
2 .

Îñêiëüêè w(t) > 0 ìàéæå äëÿ âñiõ t ∈ (0,∞),
òî ç îñòàííüî¨ íåðiâíîñòi îäåðæó¹ìî, ùî
w(t) = 0 äëÿ âñiõ t > t0, µ3 =

2

B0µ4(2− q)
.

Òåîðåìó äîâåäåíî.
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Çàóâàæåííÿ 2. Àíàëîãi÷íî äî òåîðåìè 1
ìîæíà äîâåñòè iñíóâàííÿ ðîçâ'ÿçêó u â ñåíñi
ðîçïîäiëiâ çàäà÷i (2), (3) äëÿ ðiâíÿííÿ

ut +
∑

|α|=|β|=2

Dα
x

(
aαβ(z, t)Dβ

xu)
)

+

+
∑

|α|62

aα(z, t)Dα
xu−

−
∑

|α|=|β|=1

Dα
y

(
bαβ(z, t)Dβ

y u
)

+

+
∑

|β|=1

bβ(z, t)Dβ
y u + c(z, t, u) = f(z, t),

ÿêùî âèêîíóþòüñÿ óìîâè (Ñ), (F) ïðè p =
2, q = 2 i, êðiì òîãî, aαβ(|α| = |β| =
2), aα(|α| 6 2), bαβ(|α| = |β| = 1), bβ(|β| =
1) ∈ L∞(Q) äëÿ ìàéæå âñiõ (z, t) ∈ Q,

∑

|α|=|β|=2

aαβ(z, t)ζαζβ > A0

∑

|α|=2

|ζα|2,

A0 > 0, ∀ζα ∈ RN(k),

∑

|α|=|β|=1

bαβ(z, t)ηαηβ > B0

∑

|β|=1

|ηβ|2,

B0 > 0 ∀ηβ ∈ Rm.

Çîêðåìà, òîäi

u ∈ C([0, T ]; L2(Ω))∩
∩L2((0, T ); L2(Ωy; H

2
0 (Ωx)))∩

∩L2((0, T ); L2(Ωx ×H1
0 (Ωy))) ∩ Lr0(QT )

äëÿ äîâiëüíîãî T > 0.
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