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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi

ÇÀÑÒÎÑÓÂÀÍÍß ÌÅÒÎÄÓ ÓÑÅÐÅÄÍÅÍÍß ÄÎ ÄÎÑËIÄÆÅÍÍß
ÏÅÐIÎÄÈ×ÍÈÕ ÐÎÇÂ'ßÇÊIÂ ÒÀ ÑÒIÉÊÎÑÒI
ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÐIÇÍÈÖÅÂÈÕ ÐIÂÍßÍÜ

Ðîçãëÿäà¹òüñÿ ïåðiîäè÷íà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü. Ìåòîä óñåðåäíåííÿ çàñòî-
ñîâó¹òüñÿ äî âèâ÷åííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ çáóðåíî¨ ãàìiëüòîíîâî¨ ñèñòåìè, êîíñåðâàòèâíî¨
ñèñòåìè ç ìàëèì çàïiçíåííÿì òà ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè. Îäåðæàíî çëi÷åííó ïîñëiäîâ-
íiñòü ïåðiîäè÷íèõ ðîçâ'ÿçêiâ äëÿ äåÿêîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó. Äîñëiäæåíî ñòiéêiñòü
ëiíiéíî¨ ñèñòåìè.

The periodic system of di�erential equations is considered. The averaging method is applied
for studying of periodic solutions for perturbed hamiltonian system, conservative system with
small delay and singularly perturbed system. The countable sequence of periodic solutions for
some equation of second order is obtained. The stability of linear system has been investigated.

1. Ðîçãëÿíåìî ðiâíÿííÿ

d2x

dt2
+ f(x) = εF

(
t, x,

dx

dt

)
, (1)

äå F (t + T, x, y) = F (t, x, y), ôóíêöi¨ f òà
F òðè÷i íåïåðåðâíî äèôåðåíöiéîâíi çà âñiìà
àðãóìåíòàìè.

Íåõàé ðiâíÿííÿ
d2x

dt2
+ f(x) = 0 (2)

ìà¹ ïåðiîäè÷íèé ðîçâ'ÿçîê

x = z(ψ, a), z(ψ + 2π, a) = z(ψ, a),

ψ = w(a)t + ϕ. (3)

Äîñëiäæåííþ ðiâíÿííÿ (1) ïðè-
ñâÿ÷åíî ïðàöi Ì.Ì.Áîãîëþáîâà,
Þ.Î.Ìèòðîïîëüñüêîãî [1], I.Ã.Ìàëêiíà
[2], À.Ì.Ñàìîéëåíêà [9] òà ií. Äî òàêèõ
ðiâíÿíü ìîæíà çàñòîñóâàòè êðèòåðié Ìåëü-
íèêîâà, ÿêèé âñòàíîâëþ¹ óìîâè iñíóâàííÿ
ãîìîêëiíi÷íèõ òî÷îê òà ðîçùåïëåííÿ ñå-
ïàðàòðèñ [3]. Ó öié ñòàòòi çà äîïîìîãîþ
ìåòîäó óñåðåäíåííÿ [1] âñòàíîâëåíî iñíóâà-
ííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1).
Öi ðåçóëüòàòè çàñòîñîâàíî äî ðiâíÿíü iç
çàïiçíåííÿì. Ðîçãëÿíóòî ïðèêëàä, â ÿêî-
ìó ñïîñòåðiãà¹òüñÿ çëi÷åííà ïîñëiäîâíiñòü

áiôóðêàöié ïåðiîäè÷íèõ ðîçâ'ÿçêiâ. Ìåòîä
óñåðåäíåííÿ çàñòîñîâàíî òàêîæ äî äîñëi-
äæåííÿ ñòiéêîñòi ñèñòåì iç çàïiçíåííÿì.

Çðîáèìî â ðiâíÿííi (1) çàìiíó

x = z(ψ, a),
dx

dt
= w(a)z′ψ(ψ, a). (4)

Âðàõóâàâøè ñïiââiäíîøåííÿ w2(a)z′′ψ2 +

f(z) = 0, ðiâíÿííÿ (1) çâåäåìî äî ñòàíäàð-
òíî¨ ôîðìè

da

dt
=

ε

D(a)
F (t, z, wz′ψ)z′ψ,

dψ

dt
= w(a)− ε

D(a)
F (t, z, wz′ψ)z′a, (5)

äå D(a) = −wz′az
′′
ψ2 + z′ψ(wz′ψ)′a.

Ðîçãëÿíåìî ðåçîíàíñíèé âèïàäîê. Íåõàé
2π

w(a)
= mT , äå m � íàòóðàëüíå ÷èñëî,

D(a) 6= 0, w(a) 6= 0. Iç äðóãîãî ðiâíÿííÿ ñè-
ñòåìè (5) çíàéäåìî ψ = w(a)t + ϕ + O(ε),
ïiäñòàâèìî â ïåðøå ðiâíÿííÿ i óñåðåäíèìî
éîãî çà ÷àñîì t. Òîäi îäåðæèìî ðiâíÿííÿ

da1

dt
=

ε

D(a1)
Φ(a1), (6)

äå Φ(a) =
1

mT

mT∫

0

F (t, z, wz′ψ)z′ψdt.
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Íåõàé Φ(a) = 0, Φ′(a)D(a)−D′(a)Φ(a) 6=
0. Òîäi çãiäíî ç äðóãîþ òåîðåìîþ Áîãîëþ-
áîâà ïðî óñåðåäíåííÿ íà íåñêií÷åííîìó ií-
òåðâàëi iñíó¹ ïåðiîäè÷íèé ðîçâ'ÿçîê ðiâíÿí-
íÿ (1).

2. ßê ïðèêëàä ðîçãëÿíåìî ðiâíÿííÿ

d2x

dt2
+ x3 − x + εδ

dx

dt
+ εβx2dx

dt
−

−εγx cos(Ω(t + t0)) = 0. (7)

Ðîçâ'ÿçîê ðiâíÿííÿ (7) ïðè ε = 0 ìîæíà
îäåðæàòè iç ðîçêëàäó åëiïòè÷íî¨ ôóíêöi¨ â
ðÿä Ôóð'¹ [4, ñ. 47] àáî çâåäåííÿì ðiâíÿííÿ
(7) äî íîðìàëüíî¨ ôîðìè

x = z(ψ, q) =

√
2

2− k2
dn t1 =

2π

K

√
2

2− k2
×

×
[

1

4
+

∞∑
n=1

qn

1 + q2n
cos nψ

]
,

äå ψ =
πt1
K

, t1 =
t√

2− k2
, q = exp

(
−πK′

K

)
,

k � ìîäóëü åëiïòè÷íî¨ ôóíêöi¨, K - ïîâíèé
åëiïòè÷íèé iíòåãðàë. Óìîâà ðåçîíàíñó íàáó-
äå âèãëÿäó 2K

√
2− k2 =

2mπ

Ω
.

Çâiâøè ðiâíÿííÿ (7) äî ñòàíäàðòíî¨ ôîð-
ìè i óñåðåäíþþ÷è, îäåðæèìî ðiâíÿííÿ âè-
ãëÿäó (6), äå

2πΦ(q) = −δF1(q)− βF2(q) + γF3(q),

F1(q) =

2K
√

2−k2∫

0

(x′(t))2dt,

F2(q) =

2K
√

2−k2∫

0

x2(t)(x′(t))2dt,

F3(q) =

2K
√

2−k2∫

0

x(τ)x′(τ) cos(Ωτ + Ωt0)dτ.

Äëÿ îá÷èñëåííÿ F1(q) ðîçãëÿíåìî íå-
ïîâíèé åëiïòè÷íèé iíòåãðàë äðóãîãî ðîäó
E(t) =

t∫
0

dn2xdx. Òîäi E(t+2K) = E(t)+2E,

äå E � ïîâíèé åëiïòè÷íèé iíòåãðàë äðóãîãî
ðîäó. Çâiäñè âèïëèâà¹, ùî

2E =

2K∫

0

dn2xdx.

Ïîçíà÷èìî dn t = d i âèêîðèñòà¹ìî ôîðìóëè
äëÿ ïîõiäíèõ ôóíêöi¨ dn t. Òîäi îäåðæèìî

dE(t)

dt
= d2,

d2E(t)

dt2
= 2dd′,

d3E(t)

dt3
= 2(d′)2 + 2dd′′ = 2(1− d2)(d2 − k′2)+

+2d2(1− 2d2 + k′2),
2K∫

0

d3E(t)

dt3
dt =

d2E(t)

dt2

∣∣∣∣∣

2K

0

= 0,

äå k′ � äîïîâíþâàëüíèé ìîäóëü. Ç îñòàííiõ
ðiâíîñòåé âèïëèâà¹, ùî

2K∫

0

d4dt =

2K∫

0

[
2

3
d2 +

2

3
d2k′2 − 1

3
k′2

]
dt =

=
4

3
E(1 + k′2)− 2

3
Kk′2.

Îòæå, F1(q) = 2(2− k2)−3/2

2K∫

0

(d2− d4− k′2 +

d2k′2)dt =
4

3
[(2− k2)E − 2k′2K](2− k2)−3/2.

Äëÿ îá÷èñëåííÿ F2(q) ñïî÷àòêó äâi÷i ïðî-
äèôåðåíöiþ¹ìî ôóíêöiþ d4 = dn4t:

(d4)′ = 4d3d′, (d4)′′ = 12d2d′2 + 4d3d′′ =

= 16(2− k2)d4 − 12k′2d2 − 20d6.

Âèêîðèñòîâóþ÷è ðiâíiñòü
2K∫

0

(d4)′′dt = 0,

îäåðæèìî
2K∫

0

d6dt =

2K∫

0

[
4

5
(2− k2)d4 − 3

5
k′2d2

]
dt =

=
1

15
[E(16k4 + 46k′2) + 8Kk′2(k2 − 2)].
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Çâiäñè çíàõîäèìî

F2(q) = 4(2−k2)−
5
2

2K∫

0

(d4−d6+d4k′2−d2k′2)dt =

=
8

15
[2(k′2 + k4)E + (k2− 2)k′2K](2− k2)−5/2.

Äëÿ îá÷èñëåííÿ F3(q) âèêîðèñòà¹ìî ôîð-
ìóëè

cos

(
mπ

K
x + Ωt0

)
= cos

(
mπx

K

)
cos(Ωt0)−

− sin

(
mπx

K

)
sin(Ωt0),

dn x(dn x)′ = − π3

K3

∞∑
m=1

m2qm

1− q2m
sin

(
mπx

K

)
.

Òîäi

F3(q) =
2

2− k2

2K∫

0

dn x(dn x)′×

× cos(Ω
√

2− k2x + Ωt0)dx =

=
2

2− k2

2K∫

0

dn x(dn x)′ cos

(
mπ

K
x+Ωt0

)
dx =

=
2π3m2qm sin(Ωt0)

(2− k2)K3(1− q2m)

2K∫

0

sin2 mπx

K
dx =

=
2π3m2qm sin(Ωt0)

(2− k2)K2(1− q2m)
=

2Ω2πqm

1− q2m
sin(Ωt0),

îñêiëüêè Ω2 =
m2π2

K2(2− k2)
.

Â ðiâíÿííi (7) ïðè çìiíi ìîäóëÿ k âiä 0 äî
1 ìîæíà òàê âèáðàòè ïàðàìåòðè δ, β, γ, ùî
äëÿ m, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà, áóäå
âèêîíóâàòèñÿ ðiâíiñòü Φ(q) = 0 i iñíóâàòèìå
çëi÷åííà ïîñëiäîâíiñòü áiôóðêàöié ïåðiîäè-
÷íèõ ðîçâ'ÿçêiâ [5].

3. Äîñëiäèìî ïåðiîäè÷íi êîëèâàííÿ â ðiâ-
íÿííi [6]

d2x(t)

dt2
+ F (x(t), x(t− ε)) = 0, (8)

äå ε � ìàëèé äîäàòíèé ïàðàìåòð.
Ïîçíà÷èìî

f(x) = F (x, x), g(x) =
∂F (x, y)

∂y

∣∣∣∣∣
y=x

.

Òîäi

F (x(t), x(t− ε)) = F (x(t), x(t)− ε
dx(t)

dt
+

+O(ε2)) = f(x(t))− εg(x(t))
dx(t)

dt
+ O(ε2).

Ïiäñòàâëÿþ÷è â ðiâíÿííÿ (8), îäåðæèìî

d2x

dt2
+ f(x) = εg(x)

dx

dt
+ O(ε2). (9)

Öå ðiâíÿííÿ ç òî÷íiñòþ äî O(ε2) çâîäèòüñÿ
äî âèãëÿäó (1). Íåõàé ðiâíÿííÿ (2) ìà¹ ïåði-
îäè÷íèé ðîçâ'ÿçîê (3). Çðîáèâøè â ðiâíÿííi
(9) çàìiíó (4), îäåðæèìî ñèñòåìó

da

dt
=

ε

D(a)
g(z)w(a)(z′ψ)2,

dψ

dt
= w(a)− ε

D(a)
g(z)w(a)z′ψz′a.

Ïîäiëèâøè â öié ñèñòåìi ïåðøå ðiâíÿííÿ íà
äðóãå, îäåðæèìî

da

dψ
=

ε

D(a)
g(z)(z′ψ)2 + O(ε2). (10)

Ïîñòàâèìî ó âiäïîâiäíiñòü ðiâíÿííþ (10)
óñåðåäíåíå ðiâíÿííÿ

da1

dt
= εG(a1),

äå
G(a) =

Φ(a)

D(a)
,

Φ(a) =
1

2π

2π∫

0

g(z(ψ, a))(z′ψ(ψ, a))2dψ.

Òåîðåìà 1. Íåõàé F � òðè÷i íåïåðåðâíî
äèôåðåíöiéîâíà ôóíêöiÿ â îáëàñòi (α, β) ×
(α, β), α < β. Ïðèïóñòèìî, ùî ðiâíÿííÿ
(2) ìà¹ ïåðiîäè÷íèé ðîçâ'ÿçîê (3) äëÿ a, ùî
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íàëåæàòü äåÿêîìó îêîëó çíà÷åííÿ a, ïðè-
÷îìó z(w(a)t + ϕ, a) ∈ (α, β) äëÿ äîâiëüíèõ
çíà÷åíü t òà ϕ. ßêùî D(a) 6= 0, w(a) 6= 0,
Φ(a) = 0, G′(a) 6= 0, òî ðiâíÿííÿ (8) ìà¹
öèêë ç ïåðiîäîì, áëèçüêèì äî 2π/w(a). Öåé
öèêë áóäå ñòiéêèì, ÿêùî G′(a) < 0 i íå-
ñòiéêèì, ÿêùî G′(a) > 0.

Äëÿ äîâåäåííÿ äîñèòü çàñòîñóâàòè äî ðiâ-
íÿííÿ (10) äðóãó òåîðåìó Áîãîëþáîâà ïðî
óñåðåäíåííÿ íà íåñêií÷åííîìó iíòåðâàëi [1].

4. Ðîçãëÿíåìî ñèíãóëÿðíî çáóðåíó ñèñòå-
ìó

dx

dt
= z,

dz

dt
= f(x(t), y(t), y(t− ε∆))+

+εh(t, x(t), y(t), y(t− ε∆)),

ε
dy

dt
= G(x(t), y(t), y(t− ε∆))+

+εP (t, x(t), y(t), y(t− ε∆)), (11)

äå ε � ìàëèé äîäàòíèé ïàðàìåòð, ∆ � ôiêñî-
âàíå äîäàòíå ÷èñëî, x ∈ R, z ∈ R, y ∈ Rn,
ôóíêöi¨ h(t, x, y, z), P (t, x, y, z) ìàþòü ïåðiîä
2π âiäíîñíî t. Íåõàé f(0, 0, 0) = G(0, 0, 0) =
0; äëÿ âñiõ x ∈ R ðiâíÿííÿ G(x, y, y) = 0
ìà¹ içîëüîâàíèé ðîçâ'ÿçîê y = ϕ(x), ïðè÷î-
ìó ϕ(0) = 0, à ôóíêöiÿ ϕ(x) òà ¨¨ ïîõiäíi
ïî x äî òðåòüîãî ïîðÿäêó âêëþ÷íî ðiâíîìið-
íî íåïåðåðâíi i îáìåæåíi; ôóíêöi¨ f(x, y, z),
h(t, x, y, z), G(x, y, z), P (t, x, y, z) i ¨õ ÷àñòèí-
íi ïîõiäíi ïî t, x, y, z äî òðåòüîãî ïîðÿäêó
âêëþ÷íî ðiâíîìiðíî íåïåðåðâíi i îáìåæåíi
ïðè t ∈ R, x ∈ R, |y−ϕ(x)| ≤ ρ, |z −ϕ(x)| ≤
ρ. Ëiíåàðèçóþ÷è ôóíêöiþ G(x, y, z) â òî÷öi
y = ϕ(x), z = ϕ(x) âiäíîñíî y, z, îäåðæèìî
G(x, y + ϕ(x), z + ϕ(x)) = B1(x)y + B2(x)z +
G1(x, y, z), äå G1(x, y, z) = O(|y|2 + |z|2) ïðè
|y|+ |z| → 0. Íåõàé âñi êîðåíi õàðàêòåðèñòè-
÷íîãî ðiâíÿííÿ (B1(x) + B2(x) exp(−λ∆) −
λE) = 0 ëåæàòü ó ïiâïëîùèíi Re λ ≤ −2α <
0.

Àíàëîãi÷íî äî [7, 8] iíòåãðàëüíèé ìíîãî-
âèä ñèñòåìè (11) áóäåìî øóêàòè ó âèãëÿäi
y(t) = ϕ(x(t)) + εΨ(t, x(t), z(t)) + O(ε2), äå
Ψ(t, x, z) � ôóíêöiÿ, ÿêó ìè âèçíà÷èìî ïi-
çíiøå. Òîäi

y(t + θ) = ϕ(x(t + θ)) + εΨ(t, x, z) + O(ε2) =

= ϕ(x + θ
dx

dt
) + εΨ(t, x, z) + O(ε2) =

= ϕ(x) + θz
dϕ(x)

dx
+ εΨ(t, x, z) + O(ε2).

Çâiäñè

y(t−ε∆) = ϕ(x)−ε∆z
dϕ

dx
+εΨ(t, x, z)+O(ε2).

Òîìó

G(x, y(t), y(t− ε∆)) = G(x, ϕ(x) + εΨ(t, x, z),

ϕ(x)− ε∆z
dϕ

dx
+ εΨ(t, x, z)) = ε(B1(x)+

+B2(x))Ψ(t, x, z)− ε∆B2(x)z
dϕ

dx
+ O(ε2).

Êðiì òîãî, dy

dt
= z

dϕ

dx
+ O(ε). Ïiäñòàâëÿþ÷è

çíàéäåíi âèðàçè â ñèñòåìó (11) i çáåðiãàþ÷è
òiëüêè ÷ëåíè ïîðÿäêó ε, îäåðæèìî

εz
dϕ

dz
= ε(B1(x) + B2(x))Ψ(t, x, z)−

−ε∆B2(x)z
dϕ

dx
+ εP (t, x, ϕ(x), ϕ(x)),

çâiäêè

Ψ(t, x, z) = (B1(x) + B2(x))−1×

×
[
z
dϕ

dx
(E + ∆B2(x))− P (t, x, ϕ(x), ϕ(x))

]
.

Ïîçíà÷èìî η(t, x, z) = Ψ(t, x, z) − ∆z
dϕ

dx
.

Òîäi ðiâíÿííÿ íà ìíîãîâèäi ñèñòåìè (11) íà-
áóäóòü âèãëÿäó
dx

dt
= z,

dz

dt
= f(x, ϕ(x) + εΨ(t, x, z), ϕ(x)+

+εη(t, x, z)) + εh(t, x, ϕ(x), ϕ(x)) + O(ε2).
(12)

Ïiäñòàâëÿþ÷è z = dx/dt ó äðóãå ðiâíÿí-
íÿ ñèñòåìè (12), îäåðæèìî ðiâíÿííÿ äðóãîãî
ïîðÿäêó, ÿêå ç òî÷íiñòþ äî O(ε2) çâîäèòüñÿ
äî ðiâíÿííÿ âèãëÿäó (1). Öå äîçâîëèòü çíà-
õîäèòè ïåðiîäè÷íi ðîçâ'ÿçêè ñèñòåìè (11).

5. Ðîçãëÿíåìî ñèñòåìó

x′ = εF (t)x(t− h + g(t)), (13)
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äå ε � ìàëèé äîäàòíèé ïàðàìåòð, x ∈ Rp,

|g(t)| ≤ h, F (t) =
n∑

m=1

(Ameibmt + Ame−ibmt),

g(t) =
n∑

m=1

(αmeibmt + αme−ibmt), bm � äiéñíi

äîäàòíi ðiçíi ÷èñëà, αm ∈ C, Am � ìàòðèöi ç
êîìïëåêñíèìè åëåìåíòàìè.

Ó ñèñòåìi (13) çðîáèìî çàìiíó x(t) =
ξ(t) + εF̃ (t)ξ(t), äå

F̃ (t) =
n∑

m=1

(
1

ibm

Ameibmt − 1

ibm

Ame−ibmt

)
.

Òîäi x(t−h+g(t)) = ξ+(g(t)−h)ξ′+εF̃ (t−h+
g(t))ξ +O(ε2) = ξ + εF̃ (t−h+ g(t))ξ +O(ε2),
îñêiëüêè ξ′ = O(ε2).

Ïiäñòàâëÿþ÷è öåé âèðàç â ñèñòåìó (13),
îäåðæèìî

ξ′ + εF (t)ξ + εF̃ (t)ξ′ = εF (t)ξ + ε2F (t)×
×F̃ (t− h + g(t))ξ + O(ε3),

àáî
ξ′ = ε2F (t)F̃ (t− h + g(t))ξ + O(ε3). (14)

Ó ñèñòåìi (14) ìîæíà ùå ðàç çàñòîñóâàòè ìå-
òîä óñåðåäíåííÿ [9] i îäåðæàòè óñåðåäíåíó
ñèñòåìó ξ′ = ε2Bξ, äå

B = lim
T→∞

1

T

T∫

0

F (t)F̃ (t− h + g(t))dt.

ßêùî g(t) = 0, òî

F (t)F̃ (t− h) =
n∑

k=1

n∑
m=1

(Ake
ibkt + Ake

−ibkt)×

×
(

1

ibm

Ameibm(t−h) − 1

ibm

Ame−ibm(t−h)

)
.

Òîìó â öüîìó âèïàäêó

B = −
n∑

m=1

1

bm

sin(bmh)(AmAm + AmAm).

Òåîðåìà 2. ßêùî âñi âëàñíi çíà÷åííÿ
ìàòðèöi B ìàþòü âiä'¹ìíi äiéñíi ÷àñòè-
íè, òî ñèñòåìà (13) àñèìïòîòè÷íî ñòié-
êà, à ÿêùî iñíó¹ âëàñíå çíà÷åííÿ ìàòðèöi B

ç äîäàòíîþ äiéñíîþ ÷àñòèíîþ, òî ñèñòåìà
(13) íåñòiéêà.

Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç òåîðåìè
Õåéëà ïðî óñåðåäíåííÿ [10]. ßêùî iñíóþòü
âëàñíi çíà÷åííÿ ìàòðèöi B ç íóëüîâîþ òà äî-
äàòíîþ äiéñíèìè ÷àñòèíàìè, òî òðåáà âèêî-
ðèñòàòè ñõåìó äîâåäåííÿ òåîðåìè ïðî ñòié-
êiñòü çà ïåðøèì íàáëèæåííÿì.

6. Ðîçãëÿíåìî ñèñòåìó ñëàáêî çâ'ÿçàíèõ
îñöèëÿòîðiâ iç çàïiçíåííÿì

y′′ + L2y + εP (t)y(t− h + g(t)) = 0, (15)

äå ε � ìàëèé äîäàòíèé ïàðàìåòð, y =
(y1, . . . , yq)

T , L2 = diag{λ2
1, . . . , λ

2
q}, λs > 0,

λk 6= λs, k 6= s, h > 0, |g(t)| ≤ h; P (t) �
ìàòðèöÿ ç åëåìåíòàìè

Pjs(t) =
n∑

m=1

(bjsmeiamt + bjsme−iamt),

bjsm ∈ C, am > 0, (16)

à ôóíêöiÿ g(t) ìà¹ òàêèé âèãëÿä, ÿê ó ñèñòå-
ìi (13).

Ó ïðàöi [8] äîñëiäæåíî ñòiéêiñòü ñèñòåìè
(15), ÿêùî g(t) = 0.

Ñèñòåìó (15) ïåðåïèøåìî ó âèãëÿäi

y′′j = −λ2
jyj − ε

q∑
s=1

Pjs(t)ys(t− h + g(t)).

Ïîçíà÷èìî zj = y′j/λj, òîäi îäåðæèìî ñèñòå-
ìó

y′j = λjzj,

z′j = −λjyj − ε

λj

q∑
s=1

Pjs(t)ys(t− h + g(t)).

Ïåðåéäåìî äî êîìïëåêñíèõ çìiííèõ uj =
yj + izj, òîäi

u′j = −iλjuj − εi

2λj

q∑
s=1

Pjs(t)(us(t−h + g(t))+

+us(t− h + g(t))).

Çðîáèâøè çàìiíó uj = xj exp(−iλjt),
îäåðæèìî ñèñòåìó â ñòàíäàðòíié ôîðìi

x′ = εF (t)x(t− h + g(t))+
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+εG(t)x(t− h + g(t)), (17)

äå x = (x1, . . . , xq)
T , F (t) òà G(t) � ìàòðèöi ç

åëåìåíòàìè

Fjs(t) = − i

2λj

Pjs(t)e
i(λj−λs)teiλs(h−g(t)),

Gjs(t) = − i

2λj

Pjs(t)e
i(λj+λs)teiλs(g(t)−h), (18)

âiäïîâiäíî.
Ïiäñòàâëÿþ÷è (16) ó (18), îäåðæèìî

Fjs(t) = − i

2λj

eiλs(h−g(t))

n∑
m=1

(bjsm×

×ei(λj−λs+am)t + bjsmei(λj−λs−am)t),

Gjs(t) = − i

2λj

eiλs(g(t)−h)

n∑
m=1

(bjsm×

×ei(λj+λs+am)t + bjsmei(λj+λs−am)t).

ßêùî g(t) 6= 0, òî àíàëîãi÷íî äîñëiäæåí-
íþ ñòiéêîñòi â ðîáîòi [8] ìîæíà çàñòîñóâàòè
ìåòîä óñåðåäíåííÿ, àëå ïðè öüîìó ñêëàäíi-
øå çíàõîäÿòüñÿ êîåôiöi¹íòè óñåðåäíåíî¨ ñè-
ñòåìè.
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