
ÓÄÊ 517.5
c© 2006 ð. Ì.Ì. Äîëèíþê, Î.Á. Ñêàñêiâ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÏÐÎ ÏÐÀÂÈËÜÍÅ ÇÐÎÑÒÀÍÍß ÄÅßÊÈÕ ÄÎÄÀÒÍÈÕ
ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐßÄIÂ

Îòðèìàíî óìîâè ïðàâèëüíîãî çðîñòàííÿ ëîãàðèôìiâ ìàêñèìàëüíîãî ÷ëåíà i ñóìè äîäà-
òíîãî ôóíêöiîíàëüíîãî ðÿäó, ùî ¹ óçàãàëüíåííÿì ðÿäó Òåéëîðà-Äiðiõëå.

We establish conditions for regular growth of logarithms of the maximal term and the sum of
a positive functional series which is a generalization of Taylor-Dirichlet series.

10. Âñòóï. Ïîâiëüíî çìiííîþ ôóíêöi¹þ
âñëiä çà [1] íàçèâàòèìåìî êîæíó äîäàòíó âè-
ìiðíó íà [0; +∞) ôóíêöiþ l, äëÿ ÿêî¨ l(2x) =
(1+o(1))l(x) (x → +∞). Êëàñ òàêèõ ôóíêöié
ïîçíà÷èìî ÷åðåç L.

×åðåç L+ ïîçíà÷àòèìåìî êëàñ íåñòðîãî
çðîñòàþ÷èõ äî +∞ ôóíêöié l ∈ L.

Íåõàé òàêîæ Lρ � êëàñ ïðàâèëüíî çðî-
ñòàþ÷èõ ôóíêöié ïîðÿäêó ρ ∈ (0; +∞), òîá-
òî äîäàòíèõ íåñïàäíèõ ôóíêöié l òàêèõ, ùî
l(x) = xρα(x), α ∈ L.

Ó ñòàòòÿõ [2�4] âñòàíîâëþþòüñÿ óìîâè
íàëåæíîñòi äî êëàñiâ L+ i Lρ ðiçíèõ õà-
ðàêòåðèñòèê öiëèõ ôóíêöié. Ó öié ñòàòòi
âñòàíîâèìî óìîâè íàëåæíîñòi äî âêàçàíèõ
êëàñiâ äåÿêèõ õàðàêòåðèñòèê äîäàòíèõ ôóí-
êöié, çîáðàæóâàíèõ äëÿ âñiõ x > 0 ðÿäàìè
âèãëÿäó

F (x) =
+∞∑
n=0

Fnexλn+τ(x)βn , Fn > 0 (n > 0),

(1)
äå λ = {λn : n > 0} ⊂ R+, β = {βn : n >
0} ⊂ R+, τ(x) � íåñïàäíà íåïåðåðâíî äè-
ôåðåíöiéîâíà íà [0; +∞) ôóíêöiÿ òàêà, ùî
τ(0) = 0.

Êëàñ ôóíêöié âèãëÿäó (1) ïîçíà÷èìî ÷å-
ðåç S(λ, β, τ).

Çàçíà÷èìî (äèâ. [5�6] ), ùî äîñëiäæåí-
íÿ àñèìïòîòè÷íèõ âëàñòèâîñòåé öiëèõ ôóí-
êöié, çîáðàæóâàíèõ ðÿäàìè Òåéëîðà, Äiði-
õëå, Òåéëîðà-Äiðiõëå, äåÿêèìè iíòåðïîëÿ-
öiéíèìè ðÿäàìè ìîæíà çâåñòè äî ïîäiáíî¨
çàäà÷i äëÿ ðÿäiâ âèãëÿäó (1).

20. Ïîâiëüíå çðîñòàííÿ. Äëÿ F ∈
S(λ, β, τ) i x > 0 ïîçíà÷èìî

µ(x, F ) = max{Fne
xλn+τ(x)βn : n > 0},

à ÷åðåç ν(x) = ν(x, F ) êîæíå ç òèõ n,
ùî Fnexλn+τ(x)βn = µ(x, F ). Íàäàëi ν(x) =
ν(x, F ) çà ïîòðåáè äëÿ âñiõ x âèçíà÷àòèìå-
òüñÿ îäíîçíà÷íî.

Íå ñêëàäíî ïåðåêîíàòèñü, ùî ÿêùî
sup{n : Fn > 0} = +∞ i F ∈ L+ àáî
ln µ(·, F ) ∈ L+, òî λn ≡ 0 (n > 0). Òîìó ðÿä
(1) ó òàêèõ âèïàäêàõ ïåðåïèñó¹òüñÿ ó âèãëÿ-
äi

F (x) =
+∞∑
n=0

Fne
τ(x)βn , (2)

äå β = {βn : > 0} � ïîñëiäîâíiñòü ïîïàð-
íî ðiçíèõ íåâiä'¹ìíèõ ÷èñåë, à çðîñòàþ÷à äî
+∞ ôóíêöiÿ τ(x) òàêà, ùî

lim
x→+∞

ln+ τ(x)

ln x
= 0. (3)

Ïðè öüîìó ôóíêöiÿ ln µ(x, F ) îïóêëà âiä-
íîñíî ôóíêöi¨ τ(x) (òîáòî, ôóíêöiÿ ϕ(t) =
ln µ(τ−1(t), F ) � îïóêëà, äå τ−1 � ôóíêöiÿ,
îáåðíåíà äî ôóíêöi¨ τ) i ó âèïàäêó, êîëè
sup{βn : Fn 6= 0} = +∞, î÷åâèäíî, ùî
τ(x) = o(ln µ(x, F )) (x → +∞).

Íå çìåíøóþ÷è çàãàëüíîñòi, ââàæàòèìå-
ìî, ùî ln µ(0, F ) = 0. Îñòàííÿ óìîâà çàáåç-
ïå÷ó¹ íåñïàäàííÿ ÷àñòêè ln µ(x, F )/τ(x).

Âiäçíà÷èìî òàêîæ, ùî äëÿ ôóíêöi¨ F
âèãëÿäó (2) íåîáõiäíîþ óìîâîþ ïîâiëüíî-
ãî çðîñòàííÿ ln µ(x, F ) ¹ ïîâiëüíå çðîñòàí-
íÿ ôóíêöi¨ τ(x). Ñïðàâäi, íåõàé ln µ(x, F ) =
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ln Fν(x) + τ(x)βν(x), òîäi ç îçíà÷åííÿ ìà-
êñèìàëüíîãî ÷ëåíà ìà¹ìî ln µ(2x, F ) >
ln Fν(x) + τ(2x)βν(x). Òîìó, âðàõîâóþ÷è, ùî
ln Fν(x) 6 0 äëÿ âñiõ äîñèòü âåëèêèõ x, ïðè
x → +∞ ìà¹ìî

ln µ(2x, F )

ln µ(x, F )
> ln Fν(x) + τ(2x)βν(x)

ln Fν(x) + τ(x)βν(x)

=

= 1 +
(τ(2x)− τ(x))βν(x)

ln Fν(x) + τ(x)βν(x)

> τ(2x)

τ(x)
> 1,

çâiäêè âèïëèâà¹ ïîòðiáíèé âèñíîâîê, à òà-
êîæ, çîêðåìà, ùî âèêîíó¹òüñÿ (3). Äîáðå
âiäîìî, ùî äîñòàòíüîþ óìîâîþ ïîâiëüíîãî
çðîñòàííÿ äèôåðåíöiéîâíî¨ ôóíêöi¨ τ ¹ óìî-
âà xτ ′(x)/τ(x) → 0 (x → +∞). Íàäàëi ó öüî-
ìó ïiäðîçäiëi ââàæàòèìåìî, ùî τ(x) ↗ +∞
(x → +∞) i âèêîíó¹òüñÿ óìîâà

x
τ ′(x)

τ(x)
↘ 0 (x → +∞) (4)

Çàçíà÷èìî, ùî ñïiââiäíîøåííÿ (3) âèïëèâà¹
ç óìîâè xτ ′(x) = o(x) (x → +∞), à òèì ïà÷å
ç óìîâè (4).

Ìiðêóþ÷è òåïåð ïîäiáíî, ÿê â [3, 4], âñòà-
íîâèìî óìîâè ïîâiëüíîãî çðîñòàííÿ ëîãàðè-
ôìà ìàêñèìàëüíîãî ÷ëåíà µ(x, F ) ðÿäó (2).

Ïðèïóñòèìî ñïî÷àòêó, ùî iñíó¹ ïîñëiäîâ-
íiñòü κn ↑ +∞ (n → +∞) òàêà, ùî

µ(x, F ) = Fn exp{τ(x)βn} (5)

äëÿ âñiõ x ∈ [κn;κn+1]. Íå ñêëàäíî çàóâàæè-
òè, ùî òîäi ïðè n → +∞
τ(κn) = ln(Fn−1/Fn)/(βn − βn−1) ↑ +∞. (6)

Ó öüîìó âèïàäêó (ln µ(x, F ))′ = τ ′(x)βn äëÿ
âñiõ x ∈ (κn;κn+1) i âñiõ n > 0.

Âðàõîâóþ÷è, ùî äîñòàòíüîþ óìîâîþ äëÿ
òîãî, ùîá ln µ(·, F ) ∈ L+ ¹ óìîâà

x
(ln µ(x, F ))′

ln µ(x, F )
→ 0 (x → +∞,

x /∈ {κn : n > 0} ≡ κ),

äîñèòü ïåðåâiðèòè, ÷è
τ ′(x)βn

ln µ(x, F )
· x → 0 (x → +∞, x /∈ κ). (7)

Îòæå, çà óìîâè (4) äëÿ x ∈ (κn;κn+1) îòðè-
ìó¹ìî

x
τ ′(x)βn

ln µ(x, F )
= βn

xτ ′(x)

τ(x)

τ(x)

ln µ(x, F )
6

6 βn
κnτ

′(κn)

ln µ(κn, F )
.

Çâiäñè îòðèìó¹ìî, ùî äîñòàòíüîþ óìîâîþ
äëÿ ñïðàâåäëèâîñòi (7) ¹ óìîâà

βnκnτ ′(κn)

ln Fn + βnτ(κn)
→ 0 (n → +∞). (8)

Ç iíøîãî áîêó, çà óìîâè (5) ìà¹ìî, ùî
ln µ(x, F ) =

∫ x

0
βν(t)dt, ν(t) îäíîçíà÷íî âè-

çíà÷åíà äëÿ âñiõ t /∈ κ i îòæå, ÿêùî â òî-
÷êàõ ïîñëiäîâíîñòi κ âèáðàòè ÿê çâè÷àéíî
ν(t) = max{n : Fne

τ(t)βn = µ(t, F )}, òî çðî-
çóìiëî, ùî βν(x) ↗ (x → +∞) (òîáòî, ïîñëi-
äîâíiñòü β � çðîñòàþ÷à).

ßêùî òåïåð äîäàòêîâî ïðèïóñòèòè, ùî
âèêîíó¹òüñÿ óìîâà

lim inf
x→+∞

τ ′(2x)

τ ′(x)
> q > 0, (9)

òî, îñêiëüêè ç ïîâiëüíîãî çðîñòàííÿ
ln µ(x, F ) äëÿ âñiõ äîñèòü âåëèêèõ x îòðèìó-
¹ìî ln µ(2x, F ) 6 2 ln µ(x, F ), ïðè x → +∞
ìà¹ìî

ln
ln µ(2x)

ln µ(x, F )
=

∫ 2x

x

βν(t)
τ(t)

ln µ(t, F )

tτ ′(t)
τ(t)

dt

t
>

> βν(x)
τ(2x)

ln µ(2x, F )

2xτ ′(2x)

τ(2x)
ln 2 >

> qβν(x)
xτ ′(x)

ln µ(x, F )
ln 2.

Çàëèøà¹òüñÿ âèáðàòè x = κn.
Ïiäáèâàþ÷è ïiäñóìîê ïðîâåäåíèõ âèùå

ìiðêóâàíü, âiäçíà÷èìî, ùî ìè äîâåëè íàñòó-
ïíi òâåðäæåííÿ.

Ëåìà 1. 1) Iñíó¹ ïîñëiäîâíiñòü κn ↑ +∞
(n → +∞) òàêà, ùî äëÿ âñiõ x ∈ [κn;κn+1]
âèêîíó¹òüñÿ ðiâíiñòü (5) òîäi i ëèøå òîäi,
êîëè ïîñëiäîâíiñòü β çðîñòàþ÷à i âèêîíó¹-
òüñÿ óìîâà (6).
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2) ßêùî ïîñëiäîâíiñòü β íåñïàäíà i âèêî-
íóþòüñÿ óìîâè (6), (4), òî äëÿ òîãî, ùîá
ln µ(·, F ) ∈ L+ äîñòàòíüî, à ó âèïàäêó, êî-
ëè âèêîíó¹òüñÿ óìîâà (9) i íåîáõiäíî, ùîá
âèêîíóâàëàñü óìîâà (8).

Äîâåäåìî òåïåð òàêå òâåðäæåííÿ.
Ëåìà 2. Íåõàé ôóíêöiÿ τ(x) çàäîâîëü-

íÿ¹ óìîâó (4). ßêùî iñíó¹ ïîñëiäîâíiñòü
κnk

↑ +∞ (k → +∞) òàêà, ùî µ(x, F ) =
Fnk

eτ(x)βnk äëÿ âñiõ x ∈ [κnk
;κnk+1

] i âñiõ k >
1, òî äëÿ òîãî, ùîá ln µ(·, F ) ∈ L+ äîñòà-
òíüî, à ó âèïàäêó, êîëè âèêîíó¹òüñÿ óìîâà
(9) i íåîáõiäíî, ùîá âèêîíóâàëàñü óìîâà

βnk
κnk

τ ′(κnk
)

ln Fnk
+ βnk

τ(κnk
)
→ 0 (k → +∞). (10)

Äîâåäåííÿ. Ïîçíà÷èìî F ∗
k = Fnk

, β∗k =
βnk

, κ∗k = κnk
i µ∗(x) = max{F ∗

k eτ(x)β∗k : k >
1}. Òîäi çàñòîñîâóþ÷è òâåðäæåííÿ 1, îòðè-
ìà¹ìî ïîòðiáíèé âèñíîâîê.

Çàñòîñîâóþ÷è ñõåìó äîâåäåííÿ òåîðåìè 1
[8, c.844], îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 3. Íåõàé ôóíêöiÿ τ(x) ↗ +∞
(x → +∞). Ïðèïóñòèìî, ùî (Fn) âïîðÿä-
êîâàíà çà íåçðîñòàííÿì, òîáòî Fn ↘ 0
(n → +∞). ßêùî F ∈ S(0, β, τ) i âèêîíó-
¹òüñÿ óìîâà

θ = lim sup
n→+∞

βn ln n

− ln Fn

< +∞, (11)

òî ïðè x → +∞ âèêîíó¹òüñÿ ñïiââiäíîøå-
ííÿ

ln F (x) = (1 + o(1)) ln µ(x, F ). (12)

Äîâåäåííÿ. Ïðèïóñòèìî ñïî÷àòêó, ùî

sup{βn : Fn 6= 0} = β < +∞. (13)

Òîäi äëÿ êîæíîãî ε > 0 iñíó¹ m1 = m1(ε)
òàêå, ùî äëÿ âñiõ äîñèòü âåëèêèõ x

ln Fm1 + (β − ε)τ(x) 6 ln Fm1 + τ(x)βm1 6

6 ln Fν(x) + τ(x)βν(x) 6 βτ(x).

Òîìó,

ln µ(x, F ) = (β + o(1))τ(x) (x → +∞). (14)

Ç iíøîãî áîêó

µ(x, F ) 6 F (x) =
+∞∑
n=0

Fneτ(x)βn 6

6 eβτ(x)

+∞∑
n=0

Fneτ(0)βn = F (0)eβτ(x),

çâiäêè çà äîïîìîãîþ (14) îòðèìó¹ìî, ùî
ln F (x) = (β + o(1))τ(x) (x → +∞) i, îòæå,
âèêîíó¹òüñÿ (12).

Âiäçíà÷èìî, ùî ó âèïàäêó, êîëè F ∈
S(0, β, τ), τ(x) ↗ +∞ (x → +∞) i âèêîíó¹-
òüñÿ óìîâà (13), ôóíêöi¨ ln F (x), ln µ(x, F ) i
τ(x) îäíî÷àñíî ¹ ïîâiëüíî çðîñòàþ÷èìè.

Ïðèïóñòèìî òåïåð, ùî sup{βn : Fn 6=
0} = +∞. Ó âiäïîâiäíîñòi ç äîâåäåíèì, íå
çìåíøóþ÷è çàãàëüíîñòi ìîæíà ââàæàòè, ùî
βn > 2θ (n > 0). Ñïðàâäi, íåõàé

F (x) =
∑

βn<2θ

Fneτ(x)βn +
∑

βn>2θ

Fne
τ(x)βn =

= F1(x) + F2(x).

Çà äîâåäåíèì, ln F1(x) = (1 +
o(1)) ln µ(x, F1) = (β∗ + o(1))τ(x) (x → +∞),
äå β∗ = sup{βn : βn < 2θ, Fn 6= 0}.
Àëå, τ(x) = o(ln µ(x, F2)) (x → +∞),
òîìó µ(x, F ) = µ(x, F2) i ln F (x) =
(1 + o(1)) ln F2(x) (x → +∞).

Îòæå, ââàæà¹ìî, ùî βn > 2θ (n > 0). Òîäi
ç óìîâè (11) âèïëèâà¹, ùî

lim sup
n→+∞

ln n

ln(1/Fn)
6 1

2
. (15)

Çàóâàæèìî òåïåð, ùî ç íåîáõiäíî¨ óìîâè çái-
æíîñòi ðÿäó (1) âèïëèâà¹, ùî
1/βn ln(1/Fn) → +∞ (n → +∞). Âèáåðåìî
òåïåð ôóíêöiþ ψ(t) → +∞ ç óìîâè

ψ(ln
1

Fn

) =
1

βn

ln
1

Fn

(n > 1). (16)

Ïîäiáíî äî òîãî, ÿê öå ðîáèëîñü â [8], ïî-
çíà÷èìî ÷åðåç N = N(x) íàéìåíøå ç òèõ
k ∈ N, ùî äëÿ âñiõ n > k âèêîíó¹òüñÿ íåðiâ-
íiñòü

ψ(ln
1

Fn

) > 6τ(x). (17)
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Çàóâàæèìî, ùî çâiäñè çà óìîâîþ (15) âèïëè-
âà¹

1

θ + 1
ln(N(x)− 1) <

1

βN−1

ln
1

FN−1

=

= ψ(ln
1

FN−1

) < 6τ(x),

òîáòî, ïðè x → +∞
ln N(x) < 6(θ + 2)τ(x). (18)

Äàëi, çà óìîâîþ âèáîðó (16) i íåðiâíîñòÿìè
(17), (15) ïðè x → +∞ îòðèìó¹ìî

µ(x, F ) 6 F (x) =

N(x)−1∑
n=0

Fne
τ(x)βn+

+
+∞∑

n=N(x)

exp{−βnψ(ln
1

Fn

) + τ(x)βn} 6

6 N(x)µ(x, F ) +
+∞∑

n=N(x)

exp{−5

6
ln

1

Fn

}

6 N(x)µ(x, F ) +
+∞∑

n=N(x)

exp{−5

4
ln n} 6

6 2N(x)µ(x, F ),

ïîçàÿê, çà íåðiâíiñòþ (15) ln(1/Fn) > 3/2
äëÿ âñiõ äîñèòü ââåëèêèõ n, à òàêîæ N(x) →
+∞ (x → +∞) çà îçíà÷åííÿì N(x). Çâiäñè,
çà íåðiâíiñòþ (18), âðàõîâóþ÷è, ùî τ(x) =
o(ln µ(x, F )) (x → +∞), îòðèìà¹ìî ñïiââiä-
íîøåííÿ (12). Ëåìó 3 äîâåäåíî.

Çàóâàæåííÿ 1. Âèãëÿäà¹ íà òå, ùî
òâåðäæåííÿ ëåìè 3 ðiâíîñèëüíå äî äîñòà-
òíîñòi ó òåîðåìi 1 [8] ç ϕ(x) = x, ïðîòå
íàì öüîãî íå âäàëîñü âñòàíîâèòè.

Âiäçíà÷èìî, ùî ó òåîðåìi 1 [8] ðîçãëÿäà-
þòüñÿ öiëi ðÿäè Äiðiõëå (τ(x) = x ó íàøîìó
âèïàäêó) ç íåâiä'¹ìíèìè ïîêàçíèêàìè òàêè-
ìè, ùî sup{βn : n > 0} = +∞ i êîåôiöi¹í-
òàìè, ùî çàäîâîëüíÿþòü óìîâó

βn 6 ln(1/Fn)/ ln ψ(ln(1/Fn)) (n > n1),
(19)

äå ψ � äåÿêà äîäàòíà íåïåðåðâíà çðîñòà-
þ÷à äî +∞ íà [0; +∞) ôóíêöiÿ òàêà, ùî
t/ψ(t) ↑ +∞ (t → +∞). Ç íàâåäåíîãî âè-
ùå äîâåäåííÿ ëåìè 3, çîêðåìà âèäíî, ùî
ó äîñòàòíîñòi òåîðåìè 1 [8] (ç ϕ(x) = x)
âiä âèìîãè, ùîá â óìîâi (19) âèêîíóâàëîñü
t/ψ(t) ↑ +∞, ψ(t) ↑ +∞ (t → +∞), à òà-
êîæ âiä àïðiîðíèõ óìîâ ln n = O(ln(1/Fn))
(n → +∞) i sup{βn : n > 0} = +∞ ìî-
æíà âiäìîâèòèñü. Ïðè öüîìó ñëiä çàëèøèòè
ëèøå óìîâè ψ(t) → +∞ (t → +∞), (19) i
ln n = O(ψ(ln(1/Fn))) (n → +∞).

Ç ëåì 2 i 3 âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé äëÿ íåïåðåðâíî
äèôåðåíöiéîâíî¨ ôóíêöi¨ τ(x) ↗ +∞ (x →
+∞) âèêîíó¹òüñÿ óìîâà (4), à äëÿ ôóí-
êöi¨ F ∈ S(0, β, τ) âèêîíó¹òüñÿ óìîâà (11).
ßêùî iñíó¹ ïîñëiäîâíiñòü κnk

↑ +∞ (k →
+∞) òàêà, ùî µ(x, F ) = Fnk

exp{τ(x)βnk
}

äëÿ âñiõ x ∈ [κnk
;κnk+1

] i âñiõ k > 1, òî íà-
ñòóïíi òâåðäæåííÿ ðiâíîñèëüíi:

à) ln µ(·, F ) ∈ L+;
á) ln F ∈ L+;
â) âèêîíó¹òüñÿ óìîâà (10).

Íàñòóïíå òâåðäæåííÿ äîçâîëÿ¹ âèäiëèòè
ïðîñòó óìîâó, ùî çàáåçïå÷ó¹ iñíóâàííÿ ïî-
ñëiäîâíîñòi (κnk

) ç ïîòðiáíîþ âëàñòèâiñòþ.
Ñôîðìóëþ¹ìî ¨¨ äëÿ êëàñó öiëèõ äîäàòíèõ
ðÿäiâ Äiðiõëå S(β) ≡ S(0, β, τ), τ(x) = x.

Ëåìà 4. Íåõàé F ∈ S(β). ßêùî

(∀n > 0) : βn < sup{βj : Fj > 0, j > 0},
(20)

òî ν(x, F ) ↗ +∞ i βν(x,F ) ↗ (x → +∞).

Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi
ââàæà¹ìî, ùî Fn ↘ 0 (n → +∞). Çàóâàæè-
ìî, ùî äëÿ ôiêñîâàíèõ t ∈ R, {k, ν} ⊂ Z+,
íåðiâíiñòü

Fke
tβk 6 Fνe

tβν (21)
âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè äëÿ σ =
−1/t, µn = ln(1/Fn), bn = eβn âèêîíó¹òüñÿ
íåðiâíiñòü

bke
σµk 6 bνe

σµν , (22)
ïîçàÿê (bne

σµn)x = Fnetβn . Íåõàé F∗(σ) =∑+∞
n=0 bneσµn äëÿ σ < 0.
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Çàóâàæèìî, ùî bn < sup{bj : j > 0} i
µn ↗ +∞ (n → +∞) äëÿ êîæíîãî σ < 0.
Êðiì öüîãî, îñêiëüêè 1/βn ln(1/Fn) → +∞
(n → +∞), òî bne

σµn → 0 (n → +∞).
Äàëi, ìiðêóþ÷è ïîäiáíî, ÿê i ïðè äîâåäåí-

íi ëåìè 2 [9, c.121], îòðèìó¹ìî, ùî ν∗(σ) =
max{n > 0 : bneσµn = µ(σ, F∗)} → +∞
(σ → −0). À, îñêiëüêè íåðiâíîñòi (21) i (22)
ðiâíîñèëüíi, òî ν(t, F ) = ν∗(−1/t) → +∞
(t → +∞).

Ëåìó 4 äîâåäåíî.
Ç òåîðåìè 1 çà äîïîìîãîþ ëåìè 4 îòðè-

ìó¹ìî íàñòóïíå òâåðäæåííÿ.
Íàñëiäîê 1. Íåõàé äëÿ ïîñëiäîâíîñòi

β = (βn) âèêîíó¹òüñÿ óìîâà (20), ôóíêöiÿ τ
òàêà, ÿê ó òåîðåìi 1, F ∈ S(0, β, τ) i âèêî-
íó¹òüñÿ óìîâà (11). Íàñòóïíi òâåðäæåííÿ
ðiâíîñèëüíi:

à) ln µ(·, F ) ∈ L+;
á) ln F ∈ L+;
â) äëÿ ïîñëiäîâíîñòi (κnk

) òî÷îê ñòðèá-
êà öåíòðàëüíîãî iíäåêñó ν(x, F ) âèêîíó¹-
òüñÿ óìîâà (10).

Çàóâàæåííÿ 2. Ïîâòîðþþ÷è íà-
âåäåíi âèùå ìiðêóâàííÿ, íå ñêëàäíî âñòà-
íîâèòè, ùî ó âèïàäêó, êîëè ϕ � äîäàòíà
íåñïàäíà äèôåðåíöiéîâíà ôóíêöiÿ òàêà, ùî
ϕ′(t)
ϕ(t)

t ↘ (t → +∞), à ôóíêöiÿ τ òàêà, ÿê
ó òåîðåìi 1, òî ó âèïàäêó, êîëè iñíó¹ ïî-
ñëiäîâíiñòü (κnk

) ↑ +∞ (k → +∞) òà-
êà, ùî (∀x ∈ [κnk

;κnk+1
]) : µ(x, F ) =

Fnk
exp{τ(x)βnk

}, äîñòàòíüîþ óìîâîþ äëÿ
òîãî, ùîá ϕ(ln µ(·, F )) ∈ L+, ¹ óìîâà

ϕ′(ln Fnk
+ τ(κnk

)βnk
)

ϕ(ln Fnk
+ τ(κnk

)βnk
)
τ ′(κnk

)κnk
βnk

→ 0

(k → +∞).

Íàì íå âäàëîñü âñòàíîâèòè íåîáõiäíiñòü
öi¹¨ óìîâè. Âèñëîâèìî ïðèïóùåííÿ, ùî äëÿ
äåÿêèõ ôóíêöié F i ϕ öå íå òàê.

30. Ïðàâèëüíå çðîñòàííÿ. Â [7] íàâå-
äåíî íàñòóïíå òâåðäæåííÿ, ùî âñòàíîâëþ¹-
òüñÿ áåçïîñåðåäíüîþ ïåðåâiðêîþ.

Ëåìà 5. ([7, ëåìà 1]). Íåõàé F ∈
S(λ, β, τ). Öåíòðàëüíèé iíäåêñ ν(x, F ) ¹ íå-

ñïàäíîþ ôóíêöi¹þ, ÿê òiëüêè âèêîíó¹òüñÿ
ïðèíàéìíi îäíà ç íàñòóïíèõ óìîâ:

à) ôóíêöiÿ τ(x) � íåñïàäíà i ïîñëiäîâíî-
ñòi λ = (λn), β = (βn) � íåñïàäíi;

á) ôóíêöiÿ τ(x) � äèôåðåíöiéîâíà, 0 6
τ ′(x) 6 1 (x > 0), ïîñëiäîâíîñòi λ = (λn)
� íåñïàäíà, α = (λn + βn) � çðîñòàþ÷à;

â) ôóíêöiÿ τ(x) � äèôåðåíöiéîâ-
íà, τ ′(x) > 1 (x > 0), ïîñëiäîâíîñòi
α = (λn + βn) � çðîñòàþ÷à, β = (βn) �
íåñïàäíà.

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹-
ìîñü òàêîæ ó ñïðàâåäëèâîñòi íàñòóïíîãî
òâåðäæåííÿ.

Ëåìà 6. Íåõàé F ∈ S(λ, β, τ). ßêùî
iñíó¹ ïîñëiäîâíiñòü ïîïàðíî íåïåðåòèííèõ
iíòåðâàëiâ In = (an; bn), ∪+∞

n=1In = [x0; +∞)
i äëÿ êîæíîãî j iñíó¹ nj òàêå, ùî (∀x ∈
Ij) : µ(x, F ) = Fnj

exp{xλnj
+ τ(x)βnj

}, òî
äëÿ âñiõ x > x0 ïðàâèëüíà ðiâíiñòü

ln µ(x, F ) = ln µ(x0, F ) +

∫ x

x0

λν(t)dt+

+

∫ x

x0

βν(t)dτ(t). (23)

Âëàñíå, ó âèïàäêó íåïåðåðâíî¨ äèôåðåí-
öiéîâíîñòi ôóíêöi¨ τ(x) ç (23) îòðèìó¹ìî, ùî
äëÿ âñiõ x ∈ ∪+∞

n=1In iñíó¹ ¹äèíå ν(x, F ) i

(ln µ(x, F ))′ = λν(x,F ) + τ ′(x)βν(x,F ).

Ç ëåìè 6 òàêîæ âèïëèâà¹, ùî (∀x > x0) :
ν(x, F ) < +∞.

Äîâåäåìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 7. Íåõàé ρ > 1, τ(x) � íåïåðåðâíî
äèôåðåíöiéîâíà ôóíêöiÿ òàêà, ùî τ ′(x) ↗
àáî τ ′(x) ↘ i x2τ ′(x) ↗ (x → +∞), à òàêîæ
ïîñëiäîâíîñòi λ = (λn), β = (βn) òàêi, ùî
ν(x, F ) ↗ (x → +∞) i ñïðàâäæó¹òüñÿ ðiâ-
íiñòü (23). Òîäi íàñòóïíi òâåðäæåííÿ ðiâ-
íîñèëüíi:

1) ln µ(·, F ) ∈ Lρ;
2) ψ(x)/ ln µ(x, F ) → ρ (x → +∞), äå

ψ(x) = x(λν(x) + τ ′(x)βν(x));
3) ψ ∈ Lρ.
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Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó iìïëiêà-
öiþ 3) =⇒ 2). Îñêiëüêè äëÿ äîâiëüíî¨ äî-
äàòíî¨ ïîâiëüíî çìiííî¨ ôóíêöi¨ ψ0 âèêîíó¹-
òüñÿ∫ r

0

xρ−1ψ0(x)dx ∼ rρ

ρ
ψ0(r) (r → +∞),

à ç óìîâè 3) âèïëèâà¹, ùî ψ(x) = xρψ0(x),
äå ψ0 � ïîâiëüíî çìiííà ôóíêöiÿ, òî

ψ(r)

ln µ(r, F )
∼ rρψ0(r)∫ r

0
xρ−1ψ0(x)dx

∼ ρ (r → +∞),

ïðè öüîìó ìè ñêîðèñòàëèñü ðiâíiñòþ (23).
Äîâåäåìî òåïåð, ùî 2) =⇒ 1). Ç ðiâíîñòi

(23) çà äîïîìîãîþ 2) îòðèìó¹ìî, ùî

ln µ(x, F ) ∼
∫ x

x0

ψ(t)

t
dt ∼ ρ

∫ x

x0

ln µ(t, F )

t
dt ≡

≡ ρxρψ1(x) (x → +∞). (24)
Îñêiëüêè ôóíêöiÿ ψ1 íåïåðåðâíî äèôåðåí-
öiéîâíà ïðè x > x0, òî äîñèòü ïåðåâiðèòè,
÷è xψ′1(x)/ψ1(x) → 0 (x → +∞). Âèêîðè-
ñòîâóþ÷è ñïiââiäíîøåííÿ (24), ïðè x → +∞
îòðèìó¹ìî

x
ψ′1(x)

ψ1(x)
=

ln µ(x, F )∫ x

x0

ln µ(t,F )
t

dt
− ρ = o(1).

Çàëèøà¹òüñÿ äîâåñòè, ùî 1) =⇒ 3). Çà-
óâàæèìî, ùî çà óìîâè 2), ìà¹ìî 1) ⇐⇒ 3).
Òîìó äîñèòü ïåðåâiðèòè, ÷è ç 1) âèïëèâà¹ 2).

Ñïðàâäi, íåõàé c > 1, x > 0. Îñêiëüêè
ln µ(cx, F ) > ln Fν(cx)+cxλν(cx)+τ(cx)βν(cx) >
ln Fν(x)+cxλν(x)+τ(cx)βν(x), òî ç îäíîãî áîêó

ln µ(cx, F )− ln µ(x, F ) >
> (c− 1)xλν(x) + (τ(cx)− τ(x))βν(x), (25)

à ç iíøîãî áîêó
ln µ(x, F )− ln µ(x/c, F ) 6

6 (1−1/c)xλν(x) +(τ(x)− τ(x/c))βν(x). (26)
ßêùî òåïåð ïðèïóñòèòè, ùî âèêîíó¹òüñÿ
óìîâà τ ′(x) ↗, òî τ(cx)−τ(x) > (c−1)xτ ′(x),
τ(x)− τ(x/c) 6 (1− 1/c)xτ ′(x) i, òîìó, ç íå-
ðiâíîñòåé (25), (26) îòðèìó¹ìî

c

c− 1

(
1− ln µ(x/c, F )

ln µ(x, F )

)
6 ψ(x)

ln µ(x, F )
6

1

c− 1

( ln µ(cx, F )

ln µ(x, F )
− 1

)
. (27)

Ïîçàÿê ln µ(·, F ) ∈ Lρ, òî ln µ(cx, F ) ∼
cρ ln µ(x, F ) (x → +∞), òîìó ç íåðiâíîñòåé
(27) îòðèìó¹ìî

cρ − 1

(c− 1)cρ−1
6 lim inf

x→+∞
ψ(x)

ln µ(x, F )
6

6 lim sup
x→+∞

ψ(x)

ln µ(x, F )
6 cρ − 1

(c− 1)
.

Ñïðÿìîâóþ÷è c → 1 + 0, çâiäñè îòðèìó¹ìî
2), à îòæå, ó âiäïîâiäíîñòi iç çðîáëåíèì âèùå
çàóâàæåííÿì, i 3).

Ó âèïàäêó, êîëè âèêîíó¹òüñÿ óìîâà
τ ′(x) ↘, ìiðêó¹ìî ïîäiáíî. Ñïðàâäi, òîäi
çà äîïîìîãîþ óìîâè x2τ ′(x) ↗ îòðèìó¹-
ìî, ùî τ(cx) − τ(x) > (c − 1)xτ ′(cx) >
((c − 1)/c2)xτ ′(x), τ(x) − τ(x/c) 6 (1 −
1/c)xτ ′(x/c) 6 c2(1 − 1/c)xτ ′(x) i, òîìó çà
äîïîìîãîþ íåðiâíîñòåé (25), (26) îòðèìó¹ìî

ln µ(cx, F )− ln µ(x, F ) >

> (c− 1)

c2
(c2xλν(x)+xτ ′(x)βν(x)) > (c− 1)

c2
ψ(x)

à òàêîæ

ln µ(x, F )− ln µ(x/c, F ) 6

6 c2(1− 1/c)((1/c2)xλν(x) + xτ ′(x)βν(x) 6
6 c(c− 1)ψ(x).

Çâiäñè, çàìiñòü (27) îòðèìó¹ìî

1

c(c− 1)

(
1− ln µ(x/c, F )

ln µ(x, F )

)
6 ψ(x)

ln µ(x, F )
6

6 c2

c− 1

( ln µ(cx, F )

ln µ(x, F )
− 1

)
.

Íå ñêëàäíî çðîçóìiòè, ùî çàâåðøó¹ äîâåäå-
ííÿ ìiðêóâàííÿ ïðîâåäåíå âèùå. Ëåìó 7 äî-
âåäåíî.

Íàñòóïíà ëåìà ¹ àíàëîãîì ëåìè 3 äëÿ
êëàñó S(λ, β, τ).

Ëåìà 8. Íåõàé äëÿ ôóíêöi¨ τ(x) âè-
êîíóþòüñÿ óìîâè τ(x) ↗ +∞, τ(x) 6 x
(x → +∞). Ïðèïóñòèìî, ùî sup{λn : n >
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0} = +∞, à (Fn) âïîðÿäêîâàíà çà íåçðîñòà-
ííÿì, òîáòî Fn ↘ 0 (n → +∞). ßêùî
F ∈ S(λ, β, τ) i âèêîíó¹òüñÿ óìîâà

θ = lim sup
n→+∞

(λn + βn) ln n

− ln Fn

< +∞, (28)

òî ïðè x → +∞ âèêîíó¹òüñÿ ñïiââiäíîøå-
ííÿ (12).

Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi,
ââàæà¹ìî Fn 6 1 (n > 0). Ç óìîâè sup{λn :
Fn 6= 0} = +∞ åëåìåíòàðíî îòðèìó¹ìî, ùî
x + τ(x) = o(ln µ(x, F )) (x → +∞). Ìiðêó-
þ÷è, ÿê ó äîâåäåííi ëåìè 3, ïåðåêîíó¹ìîñü,
ùî, íå çìåíøóþ÷è çàãàëüíîñòi ìîæíà ââà-
æàòè âèêîíàíîþ óìîâó λn +βn > 2θ (n > 0).
Ñïðàâäi, ÿêùî

F (x) =
∑

λn+βn<2θ

Fne
xλn+τ(x)βn+

+
∑

λn+βn>2θ

Fnexλn+τ(x)βn = F1(x) + F2(x),

òî íå ñêëàäíî çðîçóìiòè, ùî ln F1(x) =
O(x) = o(ln µ(x, F2)) (x → +∞), òî-
ìó µ(x, F ) = µ(x, F2) i ln F (x) = (1 +
o(1)) ln F2(x) (x → +∞).

Îòæå, ââàæà¹ìî, ùî λn +βn > 2θ (n > 0).
Òîäi ç óìîâè (28) âèïëèâà¹, ùî âèêîíó¹-
òüñÿ (15). Çàóâàæèìî òåïåð, ùî ç íåîáõi-
äíî¨ óìîâè çáiæíîñòi ðÿäó (1) âèïëèâà¹, ùî
1/(λn + βn) ln(1/Fn) → +∞ (n → +∞). Âè-
áåðåìî òåïåð ôóíêöiþ ψ(t) → +∞ ç óìîâè

ψ(ln
1

Fn

) =
1

λn + βn

ln
1

Fn

(n > 1). (29)

Ïîäiáíî äî òîãî, ÿê öå ðîáèëîñü â [8], ïî-
çíà÷èìî ÷åðåç N = N(x) íàéìåíøå ç òèõ
k ∈ N, ùî äëÿ âñiõ n > k âèêîíó¹òüñÿ íåðiâ-
íiñòü

ψ(ln
1

Fn

) > 6
xλn + βnτ(x)

λn + βn

. (30)

Òàêå N iñíó¹, ïîçàÿê, ïðàâà ÷àñòèíà íåðiâ-
íîñòi (30) íå ïåðåâèùó¹ 6(x + τ(x)). Ç íåðiâ-
íîñòi (30) çà óìîâîþ (15) îòðèìó¹ìî

1

θ + 1
ln(N(x)− 1) <

1

λN−1 + βN−1

ln
1

FN−1

=

= ψ(ln
1

FN−1

) < 6
xλN−1 + βN−1τ(x)

λN−1 + βN−1

<

< 6(x + τ(x)),

òîáòî, ïðè x → +∞
ln N(x) < 6(θ + 2)(x + τ(x)). (31)

Äàëi, çà óìîâîþ âèáîðó (29) i íåðiâíîñòÿìè
(30), (15) ïðè x → +∞ îòðèìó¹ìî

µ(x, F ) 6 F (x) =

N(x)−1∑
n=0

Fnexλn+τ(x)βn+

+
+∞∑

n=N(x)

e−(λn+βn)ψ(ln 1/Fn)+xλn+τ(x)βn 6

6 N(x)µ(x, F ) +
+∞∑

n=N(x)

exp{−5

6
ln

1

Fn

} 6

6 N(x)µ(x, F ) + +
+∞∑

n=N(x)

exp{−5

4
ln n} 6

6 2N(x)µ(x, F ),

ïîçàÿê, çà íåðiâíiñòþ (15) ln(1/Fn) > 3/2
äëÿ âñiõ äîñèòü âåëèêèõ n, à òàêîæ N(x) →
+∞ (x → +∞) çà âèçíà÷åííÿì N(x). Çâiä-
ñè, çà íåðiâíiñòþ (31) âðàõîâóþ÷è, ùî x +
τ(x) = o(ln µ(x, F )) (x → +∞), îòðèìà¹ìî
ñïiââiäíîøåííÿ (12). Ëåìó 8 äîâåäåíî.

Íàñòóïíå òâåðäæåííÿ ¹ î÷åâèäíèì íà-
ñëiäêîì ç ëåì 7 i 8.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè
ëåìè 7 i F ∈ S(λ, β, τ). ßêùî âèêîíó¹òüñÿ
óìîâà (28), òî óìîâà ln F ∈ Lρ i òâåðäæå-
ííÿ à)�â) ëåìè 7 åêâiâàëåòíi.

Íàñëiäêîì íàøîãî ðîçãëÿäó ó äàíîìó
ïóíêòi ¹ òàêèé àíàëîã òåîðåìè 1 ç [4] äëÿ
êëàñó S(λ, β, τ), ó ÿêîìó âêàçàíî íåîáõiäíi i
äîñòàòíi óìîâè äëÿ òîãî, ùîá ln µ(·, F ) ∈ Lρ

(à, îòæå, çà óìîâè (28) i äëÿ òîãî, ùîá ln F ∈
Lρ).

Òåîðåìà 3. Íåõàé ρ > 1, ôóíêöiÿ
τ(x) íåïåðåðâíî äèôåðåíöiéîâíà i τ ′(x) ↘,
x2τ ′(x) ↗ (x → +∞), 0 6 τ ′(x) 6 1
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(x > 0), ïîñëiäîâíîñòi λ = (λn) � íåñïà-
äíà äî +∞, α = (λn + βn) � çðîñòàþ-
÷à äî +∞. ßêùî F ∈ S(λ, β, τ), òî äëÿ
òîãî, ùîá ln µ(·, F ) ∈ Lρ íåîáõiäíî, à ó
âèïàäêó, êîëè iñíó¹ äîäàòíà íåçðîñòàþ÷à
ôóíêöiÿ l(x) òàêà, ùî x/ ln µ(x, F ) ∼ l(x)
(x → +∞), i äîñòàòíüî, ùîá iñíóâàëà òàêà
çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (κnk

), ùî
µ(x, F ) = Fnk

exp{xλnk
+ τ(x)βnk

} äëÿ âñiõ
x ∈ [κnk

;κnk+1
] i âñiõ k > 1, à òàêîæ ïðè

k → +∞ âèêîíóâàëèñü óìîâè:
κnk

(λnk
+ τ ′(κnk

)βnk
)

ln Fnk
+ κnk

λnk
+ τ(κnk

)βnk

→ ρ, (32)

κnk+1
(λnk

+ τ ′(κnk+1
)βnk

)

ln Fnk
+ κnk+1

λnk
+ τ(κnk+1

)βnk

→ ρ. (33)

Çàóâàæèìî, ùî ó âèïàäêó, êîëè
ln µ(·, F ) ∈ Lρ, ρ > 1, íåçðîñòàþ÷à ôóíêöiÿ
l(x) òàêà, ùî x/ ln µ(x, F ) ∼ l(x) (x → +∞),
çàâæäè iñíó¹.

Äîâåäåííÿ òåîðåìè 3. Ç îãëÿäó íà ëå-
ìè 6, 7, à òàêîæ ï. á) ëåìè 5, äëÿ âñòà-
íîâëåííÿ íåîáõiäíîñòi äîñèòü ïåðåâiðèòè, ÷è
ç òîãî, ùî ψ(x)/ ln µ(x, F ) → ρ (x →
+∞), äå ψ(x) = x(λν(x) + τ ′(x)βν(x)), âè-
ïëèâàþòü óìîâè (32), (33). Çà ëåìîþ 5 öåí-
òðàëüíèé iíäåêñ ν(x, F ) ↗ +∞ (x → +∞),
òîìó iñíó¹ ïîñëiäîâíiñòü κnk

↑ +∞ òàêà,
ùî ν(x, F ) = nk äëÿ âñiõ x ∈ (κnk

;κnk+1
),

à îòæå µ(x, F ) = Fnk
exp{xλnk

+ τ(x)βnk
}

äëÿ âñiõ x ∈ [κnk
;κnk+1

]. ßêùî òåïåð â
ï. 2) ëåìè 7 âèáðàòè ñïî÷àòêó x = κnk

,
à ïîòiì ñïðÿìóâàòè x → (κnk+1

− 0), òî
îòðèìà¹ìî âiäïîâiäíî (32) i (33), ïîçàÿê
ln Fnk

+ κnk+1
λnk

+ τ(κnk+1
)βnk

= ln Fnk+1
+

κnk+1
λnk+1

+ τ(κnk+1
)βnk+1

= ln µ(κnk+1
, F ).

Äëÿ âñòàíîâëåííÿ äîñòàòíîñòi óìîâ (32)
i (33) çà óìîâàìè l(x) ↘ i τ ′(x) ↘ äëÿ x ∈
[κnk

;κnk+1
) ïðè k → +∞ îòðèìó¹ìî

ψ(x)

ln µ(x, F )
= (1 + o(1))l(x)(λnk

+ τ ′(x)βnk
) 6

6 (1 + o(1))l(κnk
)(λnk

+ τ ′(κnk
)βnk

) =

= (1 + o(1))
ψ(κnk

)

ln Fnk
+ κnk

λnk
+ τ(κnk

)βnk

=

= ρ + o(1),

à ç iíøîãî áîêó

ψ(x)

ln µ(x, F )
= (1 + o(1))l(x)(λnk

+ τ ′(x)βnk
) >

> (1 + o(1))l(κnk+1
)(λnk

+ τ ′(κnk+1
)βnk

) =

= (1+o(1))
κnk+1

(λnk
+ τ ′(κnk+1

)βnk
)

ln Fnk
+ κnk+1

λnk
+ τ(κnk+1

)βnk

=

= ρ + o(1),

ïðè öüîìó ìè çíîâó ñêîðèñòàëèñü ðiâíi-
ñòþ ln µ(κnk+1

, F ) = ln Fnk
+ κnk+1

λnk
+

τ(κnk+1
)βnk

. Òåîðåìó 3 äîâåäåíî.
Âèáèðàþ÷è τ(x) ≡ ln x (x > e) i τ(x) ≡

x/e (0 6 x 6 e), ç îòðèìàíèõ âèùå òâåð-
äæåíü îäåðæó¹ìî òàêèé íàñëiäîê äëÿ äîäà-
òíèõ ðÿäiâ Òåéëîðà-Äiðiõëå..

Íàñëiäîê 2. Íåõàé ôóíêöiÿ F çî-
áðàæà¹òüñÿ çáiæíèì äëÿ âñiõ x > e ðÿäîì
âèãëÿäó

F (x) =
+∞∑
n=0

Fnxβnexλn , Fn > 0 (n > 0),

äå ïîñëiäîâíîñòi λ = (λn) � íåñïàäíà äî +∞,
à α = (λn+βn) � çðîñòàþ÷à äî +∞ òàêi, ùî
βn = O(λn) (n → +∞) . ßêùî ρ > 1 i âè-
êîíó¹òüñÿ óìîâà (28), òî íàñòóïíi òâåð-
äæåííÿ ðiâíîñèëüíi:

1) ln µ(·, F ) ∈ Lρ;
2) ψ(x)/ ln µ(x, F ) → ρ (x → +∞), äå

ψ(x) = xλν(x) + βν(x);
3) ψ ∈ Lρ;
4) ln F ∈ Lρ;
5) iñíó¹ òàêà çðîñòàþ÷à äî +∞ ïîñëi-

äîâíiñòü (κnk
), ùî µ(x, F ) = Fnk

exp{xλnk
+

τ(x)βnk
} äëÿ âñiõ x ∈ [κnk

;κnk+1
] i âñiõ k >

1, à òàêîæ ïðè k → +∞ âèêîíóþòüñÿ óìî-
âè:

κnk+1
∼ κnk

κnk
λnk

+ βnk

ln Fnk
+ κnk

λnk
+ lnκnk

βnk

→ ρ, (34)

κnk+1
λnk

+ βnk

ln Fnk
+ κnk+1

λnk
+ lnκnk+1

βnk

→ ρ. (35)
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Äîâåäåííÿ íàñëiäêó 2. Íå çìåíøóþ÷è çà-
ãàëüíîñòi ìiðêóâàíü, ââàæà¹ìî, ùî
µ(0, F ) = 1. Ïîðiâíÿííÿ ôîðìóëþâàííÿ íà-
ñëiäêó 2 ç íàâåäåíèìè âèùå òâåðäæåííÿìè
ïîêàçó¹, ùî äëÿ òîãî, ùîá ìîæíà áóëî ââà-
æàòè òâåðäæåííÿ íàñëiäêó öiëêîì äîâåäå-
íèì, äîñèòü äîâåñòè, ùî 1) ⇐⇒ 5).

Äîâåäåìî ñïî÷àòêó, ùî 1) =⇒ 5). Çà òåî-
ðåìîþ 3 óìîâè (34) i (35) âèïëèâàþòü ç óìî-
âè 1). Çàóâàæèìî, ùî óìîâè (34) i (35) ìî-
æíà ïåðåïèñàòè ó âèãëÿäi

(κnk
λnk

+ βnk
)/ ln µ(κnk

, F ) → ρ,

(κnk+1
λnk

+ βnk
)/ ln µ(κnk+1

, F ) → ρ,

âiäïîâiäíî. Çâiäñè, ñêîðèñòàâøèñü óìîâîþ
βn = O(λn) (n → +∞), ïðè k → +∞ îòðè-
ìó¹ìî

(κnk+1
/ln µ(κnk+1

, F )) ∼ (κnk
/ln µ(κnk

, F )).

Çàóâàæèìî òåïåð, ùî ó âèïàäêó, êîëè âè-
êîíó¹òüñÿ 1), iñíó¹ äèôåðåíöiéîâíà ôóí-
êöiÿ l(x) òàêà, ùî ln µ(x, F ) ∼ xρl(x) i
xl′(x)/l(x) → 0 (x → +∞). Òîäi, î÷åâèäíî,
ùî xεl(x) ↑ (x → +∞) äëÿ êîæíîãî ε > 0.
Âèáèðàþ÷è òåïåð ε ∈ (0; ρ − 1), îñòàòî÷íî
ïðè k → +∞ îòðèìó¹ìî

1 6
(
κnk+1

κnk

)ρ−1−ε

6
(
κnk+1

κnk

)ρ−1 l(κnk+1
)

l(κnk
)

=

= (1 + o(1))
κnk

ln µ(κnk+1
, F )

κnk+1
ln µ(κnk

, F )
= (1 + o(1)),

çâiäêè ìà¹ìî κnk+1
∼ κnk

(k → +∞).
Äîâåäåìî òåïåð, ùî 5) =⇒ 1). Çà ëåìîþ

7 äëÿ öüîãî äîñèòü äîâåñòè, ùî âèêîíó¹òüñÿ
2). Äëÿ x ∈ [κnk

;κnk+1
) ïðè k → +∞ îòðè-

ìó¹ìî
ψ(x)

ln µ(x, F )
6 κnk+1

λnk
+ βnk

ln µ(κnk
, F )

=

= (1+ o(1))
(κnk+1

λnk
+ βnk

)

ln µ(κnk+1
, F )

κnk+1

κnk

= ρ+ o(1),

à ç iíøîãî áîêó
ψ(x)

ln µ(x, F )
> κnk

λnk
+ βnk

ln µ(κnk+1
, F )

=

= (1 + o(1))
(κnk

λnk
+ βnk

)

ln µ(κnk
, F )

κnk

κnk+1

= ρ + o(1).

Ïðè öüîìó ìè çíîâó ñêîðèñòàëèñü ðiâíî-
ñòÿìè ln µ(κnk+1

, F ) = ln Fnk
+ κnk+1

λnk
+

lnκnk+1
βnk

, ln µ(κnk
, F ) = ln Fnk

+ κnk
λnk

+
lnκnk

βnk
.

Íàñëiäîê 2 äîâåäåíî.
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