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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I. Ôðàíêà, Ëüâiâ

ÐÎÇÂ'ßÇÍIÑÒÜ ÎÁÅÐÍÅÍÎ� ÇÀÄÀ×I ÄËß ÂÈÐÎÄÆÅÍÎÃÎ
ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß Â ÎÁËÀÑÒI Ç ÂIËÜÍÎÞ ÌÅÆÅÞ

Âñòàíîâëåíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ çàëåæíîãî
âiä ÷àñó êîåôiöi¹íòà ïðè ñòàðøié ïîõiäíié ó ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi ç âiëüíîþ
ìåæåþ. Ïðèïóñêà¹òüñÿ, ùî íåâiäîìèé êîåôiöi¹íò ïðÿìó¹ äî íóëÿ ïðè t → 0 ÿê ñòåïåíåâà
ôóíêöiÿ tβ , 0 < β < 1.

There were established conditions of existence and uniqueness of a solution of inverse problem
for parabolic equation with unknown time-dependent coe�cient at the higher-order derivative in
a free boundary domain. It was assumed that unknown coe�cient vanishes at initial moment as a
power tβ , 0 < β < 1.

Ó ðîáîòi äîñëiäæåíî îáåðíåíó çàäà÷ó âè-
çíà÷åííÿ êîåôiöi¹íòà ïðè ñòàðøié ïîõiäíié
ó ñëàáêîâèðîäæåíîìó ïàðàáîëi÷íîìó ðiâ-
íÿííi â îáëàñòi ç âiëüíîþ ìåæåþ. Âêàçàíà
çàäà÷à ïî¹äíó¹ äâà òèïè çàäà÷: îáåðíåíó
çàäà÷ó ç âèðîäæåííÿì òà çàäà÷ó ç âiëüíîþ
ìåæåþ, ïðèêëàäîì ÿêî¨ ¹ çàäà÷à Ñòåôàíà
[1]. Êîæåí ç öèõ òèïiâ çàäà÷ äîñëiäæóâàâñÿ
ðàíiøå. Òàê, îáåðíåíó çàäà÷ó ç âèðîäæåí-
íÿì äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ âèâ÷åíî â
[2], à äëÿ ðiâíÿíü åëiïòè÷íîãî òà ãiïåðáî-
ëi÷íîãî òèïiâ � â [3, 4] âiäïîâiäíî. Çàäà÷à
ç âiëüíîþ ìåæåþ ç iíòåãðàëüíîþ óìîâîþ
ïåðåâèçíà÷åííÿ äîñëiäæåíà â [5], à ç óìîâîþ
Ñòåôàíà, ùî çàäàíà i â äàíié ðîáîòi, � â [6].

1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi
ΩT = {(x, t) : 0 < x < h(t), 0 < t < T}
äå h(t) � íåâiäîìà ôóíêöiÿ, ðîçãëÿäà¹ìî
îáåðíåíó çàäà÷ó âèçíà÷åííÿ êîåôiöi¹íòà
a(t) > 0, t ∈ (0, T ] â ðiâíÿííi

ut = a(t)uxx + b(x, t)ux + c(x, t)u +

+f(x, t), (x, t) ∈ ΩT , (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = ϕ(x), 0 ≤ x ≤ h(0), (2)

êðàéîâèìè óìîâàìè

u(0, t) = µ1(t), u(h(t), t) = µ2(t), t ∈ [0, T ] (3)

òà óìîâàìè ïåðåâèçíà÷åííÿ

a(t)ux(0, t) = µ3(t), 0 ≤ t ≤ T, (4)

h′(t) = −ux(h(t), t) + µ4(t), 0 ≤ t ≤ T, (5)

äå h0 = h(0) > 0 � çàäàíå ÷èñëî.
Çàìiíîþ çìiííèõ y =

x

h(t)
, t = t, çâåäåìî

çàäà÷ó (1)-(5) äî îáåðíåíî¨ âiäíîñíî íåâiäî-
ìèõ (a(t), h(t), v(y, t)), äå v(y, t) = u(yh(t), t),
â îáëàñòi çi ñòàëèìè ìåæàìè QT =
= {(y, t) : 0 < y < 1, 0 < t < T} :

vt =
a(t)

h2(t)
vyy +

b(yh(t), t) + yh′(t)
h(t)

vy +

+c(yh(t), t)v + f(yh(t), t), (6)

v(y, 0) = ϕ(yh(0)), 0 ≤ y ≤ 1, (7)

v(0, t) = µ1(t), v(1, t) = µ2(t), 0 ≤ t ≤ T, (8)

a(t)

h(t)
vy(0, t) = µ3(t), 0 ≤ t ≤ T, (9)

h′(t) = −vy(1, t)

h(t)
+ µ4(t), 0 ≤ t ≤ T. (10)

2. Òåîðåìà iñíóâàííÿ. Ïðèïóñòèìî,
ùî âèêîíóþòüñÿ óìîâè:
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A1) µi ∈ C1[0, T ], µi(t) > 0, t ∈ [0, T ],
i = 1, 2, b, c, f ∈ C([0,∞) × [0, T ]), f(x, t) ≥
≥ 0, (x, t) ∈ [0,∞) × [0, T ], µi ∈ C[0, T ],
i = 3, 4, µ4(t) > 0, t ∈ [0, T ], µ3(t) > 0,
t ∈ (0, T ], ∃ lim

t→+0
µ3(t)t

−β = M > 0;

A2) ϕ ∈ C1[0, h0], ϕ′(x) > 0, x ∈ [0, h0],
b, c, f ∈ Hα,0([0, H1] × [0, T ]), α ∈ (0, 1), äå
÷èñëî H1 áóäå âèçíà÷åíî íèæ÷å;

A3) ϕ(0) = µ1(0), ϕ(h0) = µ2(0).
Òîäi ìîæíà âêàçàòè òàêå ÷èñëî
T0 : 0 < T0 ≤ T , ÿêå âèçíà÷à¹òüñÿ
âèõiäíèìè äàíèìè, ùî iñíó¹ ðîçâ'ÿçîê
(a, h, v) ∈ C[0, T0] × C1[0, T0] × C2,1(QT0) ∩
∩C1,0(QT0

) çàäà÷i (6)-(10) òàêèé, ùî
h(t) > 0, t ∈ [0, T ], a(t) > 0, t ∈ (0, T ]
òà iñíó¹ ñêií÷åííà ãðàíèöÿ lim

t→+0
a(t)×

×t−β > 0.
Äîâåäåííÿ. Çàìiíèìî çàäà÷ó (6)-(10) åêâi-

âàëåíòíîþ ñèñòåìîþ ðiâíÿíü. Ïîçíà÷èâøè
ω(y, t) = vy(y, t), ç óìîâè (10) ìà¹ìî

h′(t) = −ω(1, t)

h(t)
+ µ4(t), t ∈ [0, T ]. (11)

Ïðèïóñòèìî òèì÷àñîâî, ùî ôóíêöi¨ a(t) > 0,
t ∈ (0, T ], h(t) > 0, t ∈ [0, T ] âiäîìi. Òîäi
ïðÿìà çàäà÷à (6)-(8) åêâiâàëåíòíà íàñòóïíié
ñèñòåìi iíòåãðàëüíèõ ðiâíÿíü:

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)×

×
((

b(ηh(τ), τ)h(τ)− ηω(1, τ)

h2(τ)
+

+
ηµ4(τ))

h(τ)

)
ω(η, τ) + c(ηh(τ), τ)×

×v(η, τ)

)
dηdτ, (y, t) ∈ QT , (12)

ω(y, t) = v0y(y, t) +

t∫

0

1∫

0

G1y(y, t, η, τ)×

×
((

b(ηh(τ), τ)h(τ)− ηω(1, τ)

h2(τ)
+

+
ηµ4(τ))

h(τ)

)
ω(η, τ) + c(ηh(τ), τ)×

×v(η, τ)

)
dηdτ, (y, t) ∈ QT , (13)

äå v0(y, t) � ðîç'ÿçîê ðiâíÿííÿ

vt =
a(t)

h2(t)
vyy + f(yh(t), t), (14)

ÿêèé çàäîâîëüíÿ¹ óìîâè (7), (8). Âií ìà¹ íà-
ñòóïíèé âèãëÿä:

v0(y, t) =

1∫

0

G1(y, t, η, 0) ϕ(ηh0)dη+

+

t∫

0

G1η(y, t, 0, τ)
a(τ)

h2(τ)
µ1(τ) dτ −

t∫

0

a(τ)

h2(τ)
×

×G1η(y, t, 1, τ)µ2(τ)dτ +

t∫

0

1∫

0

G1(y, t, η, τ)×

×f(ηh(τ), τ)dηdτ. (15)

Ïðîäèôåðåíöiþâàâøè (15), çíàõîäèìî

v0y(y, t) = h0

1∫

0

G2(y, t, η, 0) ϕ′(ηh0)dη−

−
t∫

0

G2(y, t, 0, τ) µ′1(τ) dτ +

t∫

0

G2(y, t, 1, τ)×

×µ′2(τ) dτ +

t∫

0

1∫

0

G1y(y, t, η, τ)×

×f(ηh(τ), τ) dη dτ. (16)

×åðåç Gk(y, t, η, τ), k = 1, 2 ïîçíà÷åíî ôóí-
êöi¨ Ãðiíà âiäïîâiäíî ïåðøî¨ (k = 1) òà äðó-
ãî¨ (k = 2) êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ
(14). Âîíè ìàþòü âèãëÿä:

Gk(y, t, η, τ) =
1

2
√

π(θ(t)− θ(τ))
×
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×
+∞∑

n=−∞

(
exp

(
− (y − η + 2n)2

4(θ(t)− θ(τ))

)
+

+(−1)k exp

(
− (y + η + 2n)2

4(θ(t)− θ(τ))

))
,

θ(t) =

t∫

0

a(τ)

h2(τ)
dτ, k = 1, 2.

Ç óìîâè (9), âðàõîâóþ÷è ââåäåíi ïîçíà÷åí-
íÿ, îòðèìó¹ìî

a(t)ω(0, t) = µ3(t)h(t), t ∈ [0, T ]. (17)

Ïðîiíòåãðóâàâøè (11) çà çìiííîþ t, îäåðæó-
¹ìî

h(t) = h0 +

t∫

0

µ4(τ)dτ −

−
t∫

0

ω(1, t)

h(τ)
dτ, t ∈ [0, T ]. (18)

Òàêèì ÷èíîì, çàäà÷ó (6)-(10) çâåäåíî äî
ñèñòåìè ðiâíÿíü (12), (13), (17), (18) ç
íåâiäîìèìè (a(t), h(t), v(y, t), ω(y, t)). Çàäà-
÷à (6)-(10) òà âêàçàíà ñèñòåìà åêâiâàëåí-
òíi â òîìó ñåíñi, ùî, ÿêùî òðiéêà ôóí-
êöié (a(t), h(t), v(y, t)) ¹ ðîçâ'ÿçêîì çàäà÷i
(6)-(10), òî (a(t), h(t), v(y, t), ω(y, t)) ¹ íåïå-
ðåðâíèì ðîçâ'ÿçêîì ñèñòåìè (12), (13), (17),
(18). Ïðàâèëüíèì ¹ i îáåðíåíå òâåðäæåííÿ:
ÿêùî (a(t), h(t), v(y, t), ω(y, t)) ¹ íåïåðåðâ-
íèì ðîçâ'ÿçêîì ñèñòåìè (12), (13), (17), (18),
òî ôóíêöi¨ (a(t), h(t), v(y, t)) ¹ ðîçâ'ÿçêîì
çàäà÷i (6)-(10). Äëÿ öüîãî äîñòàòíüî äîâå-
ñòè, ùî öi ôóíêöi¨ íàëåæàòü êëàñó C[0, T ]×
×C1[0, T ] × C2,1(QT ) ∩ C1,0(QT ) i çàäîâîëü-
íÿþòü óìîâè (6)-(10).

Îòæå, íåõàé (a, h, v, ω) ∈ (C[0, T ])2 ×
×(C(QT ))2 ¹ ðîçâ'ÿçêîì ñèñòåìè (12), (13),
(17), (18). Ïðèïóùåííÿ òåîðåìè äîçâîëÿþòü
ïðîäèôåðåíöiþâàòè ðiâíiñòü (12) ïî y. Ïðà-
âi ÷àñòèíè îòðèìàíî¨ ðiâíîñòi i ðiâíîñòi (13)
ñïiâïàäàþòü, òîìó ω(y, t) = vy(y, t). Íà ïiä-
ñòàâi (12) ðîáèìî âèñíîâîê, ùî v(y, t) ìà¹

ïîòðiáíó ãëàäêiñòü, çàäîâîëüíÿ¹ ðiâíÿííÿ

vt =
a(t)

h2(t)
vyy +

(
b(yh(t), t) + yµ4(t)

h(t)
−

−yvy(1, t)

h2(t)

)
vy + c(yh(t), t)v +

+f(yh(t), t) (19)

i óìîâè (7), (8) äëÿ äîâiëüíèõ íåïåðåðâíèõ
íà [0, T ] ôóíêöié a(t), h(t).

Îñêiëüêè v ∈ C2,1(QT ) ∩ C1,0(QT ), òî ç
(18) h ∈ C1[0, T ] i âèêîíó¹òüñÿ ðiâíiñòü (10).
Âðàõîâóþ÷è öå â (19), ïðèõîäèìî äî ðiâíÿ-
ííÿ (6). Óìîâà (17) ñïiâïàäà¹ ïðè öüîìó ç
óìîâîþ (9).

Òàêèì ÷èíîì, åêâiâàëåíòíiñòü çàäà÷i (6)-
(10) òà ñèñòåìè (12), (13), (17), (18) äîâå-
äåíî. Äëÿ äîñëiäæåííÿ îòðèìàíî¨ ñèñòåìè
çàñòîñó¹ìî òåîðåìó Øàóäåðà ïðî íåðóõîìó
òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Äëÿ
öüîãî ñïî÷àòêó âñòàíîâèìî àïðiîðíi îöiíêè
ðîçâ'ÿçêiâ ñèñòåìè.

Âèêîðèñòîâóþ÷è ïðèíöèï ìàêñèìóìó [7,
ñ.25] äëÿ ðîçâ'ÿçêó çàäà÷i (6)-(8), îòðèìó¹ìî

v(y, t) ≥ C1 min{min
[0,h0]

ϕ(x), min
[0,T ]

µ1(t),

min
[0,T ]

µ2(t)} ≡ M0 > 0, (y, t) ∈ QT . (20)

Ðîçãëÿíåìî ðiâíÿííÿ (13). Îñêiëüêè
1∫
0

G2(y, t, η, 0)dη = 1, òî, çãiäíî ç óìî-
âîþ (A2) òåîðåìè, ìàòèìåìî äîäàòíiñòü
ïåðøîãî äîäàíêà (16), âñi iíøi äîäàíêè (13)
òà (16) ïðè t → 0 ïðÿìóþòü äî íóëÿ. Òàêèì
÷èíîì, iñíó¹ òàêå ÷èñëî t1 : 0 < t1 ≤ T, ÿêå
âèçíà÷à¹òüñÿ íåðiâíiñòþ

h0

2

1∫

0

G2(y, t, η, 0) ϕ′(ηh0)dη ≥
t∫

0

µ′1(τ)×

×G2(y, t, 0, τ)dτ −
t∫

0

G2(y, t, 1, τ) µ′2(τ) dτ−

−
t∫

0

1∫

0

G1y(y, t, η, τ) f(ηh(τ), τ) dη dτ−
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−
t∫

0

1∫

0

G1y(y, t, η, τ)

((
b(ηh(τ), τ)

h(τ)
−

−η(ω(1, τ)− µ4(τ)h(τ))

h2(τ)

)
ω(η, τ)+

+c(ηh(τ), τ)v(η, τ)

)
dηdτ, (21)

ùî

ω(y, t) ≥ h0

2
min
[0,1]

ϕ′(yh0) ≡ M1 > 0,

t ∈ [0, t1]. (22)

Îñêiëüêè òðåòié äîäàíîê ïðàâî¨ ÷àñòèíè ðiâ-
íîñòi (18) âiä'¹ìíèé çãiäíî ç (22), òî äëÿ h(t)
îòðèìó¹ìî îöiíêó

h(t) ≤ h0 + T max
[0,T ]

µ4(t) ≡ H1, t ∈ [0, T ]. (23)

Îöiíèìî ôóíêöiþ v(y, t) çâåðõó. Çíîâó çà-
ñòîñîâóþ÷è ïðèíöèï ìàêñèìóìó, îäåðæó¹-
ìî:

v(y, t) ≤ C2 max{max
[0,h0]

ϕ(x), max
[0,T ]

µ1(t),

max
[0,T ]

µ2(t), max
[0,H1]×[0,T ]

f(x, t)} ≡

≡ M2 < ∞, (y, t) ∈ QT . (24)

Ç óìîâè (17), âðàõîâóþ÷è îöiíêè (22),
(23) òà ïðèïóùåííÿ (A1) òåîðåìè, çíàõîäè-
ìî

a(t) ≤ H1µ3(t)

M1

≤ A1t
β, t ∈ [0, t1]. (25)

Îñêiëüêè iíòåãðàëè â ïðàâié ÷àñòèíi ðiâíî-
ñòi (18) ïðÿìóþòü äî íóëÿ ïðè t → 0, òî iñíó¹
òàêå ÷èñëî t2 : 0 < t2 < T , ÿêå âèçíà÷à¹òüñÿ
íåðiâíiñòþ

h0

2
+

t∫

0

µ4(τ)dτ −

−
t∫

0

ω(1, τ)

h(τ)
dτ ≥ 0, t ∈ [0, t2], (26)

ùî äëÿ ôóíêöi¨ h(t) ïðàâèëüíà îöiíêà

h(t) ≥ h0

2
≡ H0, t ∈ [0, t2]. (27)

Ïîçíà÷èìî W (t) = max
y∈[0,1]

|ω(y, t)|. Âðàõî-
âóþ÷è (13), (16) òà îöiíêè ôóíêöi¨ Ãðiíà

G2(y, t, η, τ) ≤ C3

(
1 +

1√
θ(t)− θ(τ)

)
,

1∫

0

|G1y(y, t, η, τ)|dη ≤ C4√
θ(t)− θ(τ)

,

ïðèõîäèìî äî íåðiâíîñòi

W (t) ≤ C5 + C6

t∫

0

dτ√
θ(t)− θ(τ)

+

+C7

t∫

0

W (τ) + W 2(τ)√
θ(t)− θ(τ)

dτ. (28)

Ââåäåìî ïîçíà÷åííÿ W1(t) = W (t) + 1,

a0(t) =
a(t)

tβ
, amin(t) = min

0≤τ≤t
a0(τ). Çãàäóþ-

÷è âèãëÿä ôóíêöi¨ θ(t), çíàõîäèìî
t∫

0

dτ√
θ(t)− θ(τ)

≤ C8√
amin(t)t

β
2

t∫

0

dτ√
t− τ

=

=
C9t

1−β
2√

amin(t)
.

Âðàõîâóþ÷è öå â íåðiâíîñòi (28), îòðèìó¹ìî

W1(t) ≤ C10 +
C11t

1−β
2√

amin(t)
+

C12

t
β
2

√
amin(t)

×

×
t∫

0

W 2
1 (τ)√
t− τ

dτ. (29)

Îáèäâi ÷àñòèíè íåðiâíîñòi (29) ïiäíåñåìî äî
êâàäðàòó, âèêîðèñòîâóþ÷è ïðè öüîìó íåðiâ-
íîñòi Êîøi òà Êîøi-Áóíÿêîâñüêîãî:

W 2
1 (t) ≤ 2C2

10 +
2C11

2t1−β

amin(t)
+

2C12
2t

1
2
−β

amin(t)
×
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×
t∫

0

W 4
1 (τ)√
t− τ

dτ, t ∈ [0, t2].

Â îñòàííié íåðiâíîñòi çìiíèìî t íà σ i, äî-
ìíîæèâøè íà 1√

t− σ
, ïðîiíòåãðó¹ìî ¨¨ ïî σ

âiä 0 äî t. Îäåðæèìî
t∫

0

W 2
1 (σ)√
t− σ

dσ ≤ 4C2
10t

1
2 +

4C2
11t

3
2
−β

amin(t)
+

2C2
12

amin(t)
×

×
t∫

0

σ
1
2
−β

√
t− σ

dσ

t∫

0

W 2
1 (τ)√
σ − τ

dτ.

Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ â îñòàííüî-
ìó äîäàíêó i âðàõîâóþ÷è ðiâíiñòü

t∫

τ

dσ√
(t− σ)(σ − τ)

= π,

çíàõîäèìî
t∫

0

W 2
1 (σ)√
t− σ

dσ ≤ C13

√
t +

C14t
3
2
−β

amin(t)
+

C15

√
t

amin(t)
×

×
t∫

0

W 4
1 (τ)

τβ
dτ.

Îñòàííþ íåðiâíiñòü ïiäñòàâèìî â (29). Îòðè-
ìà¹ìî

W1(t) ≤ C10 +
C16t

1−β
2√

amin(t)
+

C17t
3(1−β)

2

a
3/2
min(t)

+

+
C18

a
3/2
min(t)

t∫

0

W 4
1 (τ)

τβ
dτ, t ∈ [0, t2]. (30)

Ïîçíà÷èìî

Φ(t) = C10 +
C16t

1−β
2√

amin(t)
+

C17t
3(1−β)

2

a
3/2
min(t)

, (31)

Ψ(t) =
C18

a
3/2
min(t)

, (32)

H(t) =
Φ(t)

Ψ(t)
+

t∫

0

W 4(τ)

τβ
dτ. (33)

Òîäi ç (30) ìà¹ìî
W1(t)

Ψ(t)
≤ H(t). (34)

Ïðîäèôåðåíöiþâàâøè (33) çà ÷àñîì òà âðà-
õóâàâøè (34), îäåðæó¹ìî

H ′(t) ≤
(

Φ(t)

Ψ(t)

)′
+

Ψ4(t)

tβ
H4(t). (35)

Îñòàííþ íåðiâíiñòü ðîçäiëèìî íà H4(t) i
ïðîiíòåãðó¹ìî ¨¨ âiä 0 äî t. Ìàòèìåìî

1

3H3(0)
− 1

3H3(t)
≤ Φ(t)

Ψ(t)

1

H4(t)
−Φ(0)

Ψ(0)

1

H4(0)
+

+4

t∫

0

Φ(τ)

Ψ(τ)

H ′(τ)

H5(τ)
dτ +

t∫

0

Ψ4(τ)

τβ
dτ,

çâiäêè

H4(t)

3H3(0)

(
4− 3H3(0)

(
4

t∫

0

Φ(τ)

Ψ(τ)

H ′(τ)

H5(τ)
dτ+

+

t∫

0

Ψ4(τ)

τβ
dτ

))
≤ Φ(t)

Ψ(t)
+

H(t)

3
, (36)

äå H(0) =
Φ(0)

Ψ(0)
. Â iíòåãðàëi

t∫

0

Φ(τ)

Ψ(τ)

H ′(τ)

H5(τ)
dτ çðîáèìî çàìiíó σ = H(τ).

Îòðèìà¹ìî
t∫

0

Φ(τ)

Ψ(τ)

H ′(τ)

H5(τ)
dτ =

H(t)∫

H(0)

Φ(H−1(σ))

Ψ(H−1(σ))

dσ

σ5
,

äå H−1(σ) - îáåðíåíà ôóíêöiÿ äî H(t).

Îñêiëüêè 4

H(t)∫

H(0)

Φ(H−1(σ))

Ψ(H−1(σ))

dσ

σ5
+

+

t∫

0

Ψ4(τ)

τβ
dτ → 0, êîëè t → 0, òî iñíó¹
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òàêå ÷èñëî t3 : 0 < t3 ≤ T , ùî

4− 3H3(0)

(
4

H(t)∫

H(0)

Φ(H−1(σ))

Ψ(H−1(σ))

dσ

σ5
+

+

t∫

0

Ψ4(τ)

τβ
dτ

)
≥ 1, t ∈ [0, t3]. (37)

Òîäi ç (36) âèïëèâà¹ íåðiâíiñòü

H4(t)

3H3(0)
≤ Φ(t)

Ψ(t)
+

H(t)

3
, t ∈ [0, t3],

àáî

H4(t) ≤ 3Φ(t)

Ψ(t)
H3(0) + H3(0)H(t), t ∈ [0, t3].

Âèêîðèñòîâóþ÷è öå â (35), çíàõîäèìî

H ′(t) ≤
(

Φ(t)

Ψ(t)

)′
+

Ψ4(t)

tβ
H3(0)H(t)+

+
3Ψ3(t)

tβ
Φ(t)H3(0).

Îñòàííþ íåðiâíiñòü äîìíîæèìî íà

exp

(
−H3(0)

t∫

0

Ψ4(σ)

σβ
dσ

)
i ïðîiíòåãðó¹-

ìî ¨¨. Îòðèìà¹ìî

H(t) ≤ Φ(t)

Ψ(t)
+ 4H3(0)

t∫

0

Φ(τ)Ψ3(τ)

τβ
×

× exp

(
H3(0)

t∫

τ

Ψ4(σ)

σβ
dσ

)
dτ.

Òîäi ç (34) ìà¹ìî

W1(t) ≤ Φ(t) + 4H3(0)Ψ(t)×

× exp

(
H3(0)

t∫

0

Ψ4(σ)

σβ
dσ

) t∫

0

Φ(τ)Ψ3(τ)

τβ
dτ,

àáî, âðàõîâóþ÷è (31), (32),

W1(t) ≤ C10 +
C16t

1−β
2√

amin(t)
+

C17t
3(1−β)

2

a
3/2
min(t)

+

+
C19

a
3/2
min(t)

exp

(
C20

t∫

0

dσ

σβa6
min(σ)

)
×

×
t∫

0

(
C10 +

C16τ
1−β

2√
amin(τ)

+
C17τ

3(1−β)
2

a
3/2
min(τ)

)
×

× 1

τβa
9/2
min(τ)

dτ, t ∈ [0, t3]. (38)

Ç óìîâè ïåðåâèçíà÷åííÿ (17) çíàõîäèìî

amin(t) ≥ C21

W1(t)
,

àáî, áåðó÷è äî óâàãè (38),

C10amin(t) + C16

√
amin(t)t

1−β
2 +

C17t
3(1−β)

2√
amin(t)

+

+
C19√
amin(t)

exp

(
C20

t∫

0

dσ

σβa6
min(σ)

)
×

×
t∫

0

(
C10 +

C16τ
1−β

2√
amin(τ)

+
C17τ

3(1−β)
2

a
3/2
min(τ)

)
×

× 1

τβa
9/2
min(τ)

dτ − C21 ≥ 0, t ∈ [0, t3]. (39)

Îñêiëüêè

K(t) = C16

√
amin(t)t

1−β
2 +

C17t
3(1−β)

2√
amin(t)

+

+
C19√
amin(t)

exp

(
C20

t∫

0

dσ

σβa6
min(σ)

) t∫

0

(
C10+

+
C16τ

1−β
2√

amin(τ)
+

C17τ
3(1−β)

2

a
3/2
min(τ)

)
1

τβa
9/2
min(τ)

dτ → 0,

ïðè t → 0, òî iñíó¹ òàêå ÷èñëî t4 : 0 < t4 ≤ T,
ùî

K(t) ≤ C21

2
, t ∈ [0, t4]. (40)
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Òîäi ç íåðiâíîñòi (39) çíàõîäèìî

C10amin(t)− C21

2
≥ 0, t ∈ [0, t4],

çâiäêè

amin(t) ≥ C22

2C10

≡ A0 > 0,

àáî, âðàõîâóþ÷è ââåäåíi ïîçíà÷åííÿ,

a(t) ≥ A0t
β, t ∈ [0, t4]. (41)

Âèêîðèñòîâóþ÷è îñòàííþ îöiíêó â (38),
îòðèìó¹ìî

|ω(y, t)| ≤ M3, t ∈ [0, t4], y ∈ [0, 1]. (42)

Òàêèì ÷èíîì, îöiíêè ðîçâ'ÿçêiâ ñèñòåìè
(12), (13), (17), (18) âñòàíîâëåíî.

Äîâåäåìî iñíóâàííÿ ãðàíèöi
lim

t→+0

a(t)

tβ
> 0. Ç óìîâ òåîðåìè âèïëèâà¹, ùî

lim
t→+0

vy(0, t) = lim
t→+0

h0

1∫

0

G2(0, t, η, 0)×

×ϕ′(ηh0)dη = h0ϕ
′(0).

Òîäi

lim
t→+0

a(t)

tβ
= lim

t→+0

µ3(t)h(t)

tβvy(0, t)
=

M

ϕ′(0)
> 0.

Âèçíà÷èìî ìíîæèíó N = {(a, h, v, ω) ∈
(C[0, T0])

2 × (C(QT0
))2 : 0 < A0 ≤ a(t)

tβ
≤

≤ A1 < ∞, 0 < H0 ≤ h(t) ≤ H1 <
< ∞, 0 < M0 ≤ v(y, t) ≤ M2 < ∞, |ω(y, t)| ≤
≤ M3 < ∞}, äå T0 = min{t1, t2, t3, t4}. Ñè-
ñòåìó (12), (13), (17), (18) ïîäàìî ó âèãëÿäi
îïåðàòîðíîãî ðiâíÿííÿ w = Pw, äå w =
= (a(t), h(t), v(y, t), ω(y, t)), à îïåðàòîð P âè-
çíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíÿíü (12),
(13), (17), (18). Î÷åâèäíî, ùî ìíîæèíà N çà-
äîâîëüíÿ¹ óìîâè òåîðåìè Øàóäåðà. Òå, ùî
îïåðàòîð P öiëêîì íåïåðåðâíèé, äîâîäèòüñÿ
àíàëîãi÷íî ÿê â [2] i [8]. Òîäi çãiäíî ç òåîðå-
ìîþ Øàóäåðà iñíó¹ ðîçâ'ÿçîê ñèñòåìè ðiâ-
íÿíü (12), (13), (17), (18), à, îòæå, i ðîçâ'ÿçîê
çàäà÷i (6)-(10) ïðè t ∈ [0, T0], y ∈ [0, 1].

Çàóâàæèìî, ùî ïiäñòàâèâøè çíàéäåíi
îöiíêè ôóíêöié a(t), h(t), v(y, t), ω(y, t) â
íåðiâíîñòi (21), (26), (37) òà (40), îòðèìà¹ìî
îáìåæåííÿ íà ÷èñëà ti, i = 1, 4, êîòði âèçíà-
÷àþòüñÿ âèõiäíèìè äàíèìè çàäà÷i (6)-(10).

3. Òåîðåìà ¹äèíîñòi. Ïðèïóñòèìî, ùî
âèêîíóþòüñÿ óìîâè:

B1) b, c, f ∈ C1,0([0,∞) × [0, T ]),
ϕ ∈ C2[0, h0], µi ∈ C1[0, T ], i = 1, 2;

B2) µ3(t)

tβ
6= 0, t ∈ [0, T ].

Òîäi ðîçâ'ÿçîê (a, h, v) çàäà÷i (6)-
(10), òàêèé, ùî h(t) > 0, t ∈ [0, T ],
a(t) > 0, t ∈ (0, T ] òà iñíó¹ ñêií÷åííà
ãðàíèöÿ lim

t→+0
a(t)tβ > 0, 0 < β < 1, ¹äèíèé ó

êëàñi C[0, T ]×C1[0, T ]×C2,1(QT )∩C1,0(QT ).
Äîâåäåííÿ. Íåõàé (ai(t), hi(t), vi(y, t)),

i = 1, 2 � äâà ðîçâ'ÿçêè çàäà÷i (6)-(10).
Ïîçíà÷èìî

ri(t) =
ai(t)

h2
i (t)

, i = 1, 2, r(t) = r1(t)− r2(t),

h(t) = h1(t)−h2(t), v(y, t) = v1(y, t)−v2(y, t).

Âêàçàíi ðiçíèöi çàäîâîëüíÿþòü ðiâíÿííÿ

vt = r2(t)vyy +

(
b(yh2(t), t)

h2(t)
− yv2y(1, t)

h2
2(t)

+

+
yµ4(t)

h2(t)

)
vy + c(yh2(t), t)v + r(t)v1yy +

+

(
b(yh1(t), t)− b(yh2(t), t)

h1(t)
+

+b(yh2(t), t)

(
1

h1(t)
− 1

h2(t)

)
− y ×

×
(

v1y(1, t)

h2
1(t)

− v2y(1, t)

h2
1(t)

+ v2y(1, t)×

×
(

1

h2
1(t)

− 1

h2
2(t)

)
− µ4(t)

(
1

h1(t)
−

− 1

h2(t)

)))
v1y + (c(yh1(t), t)−

−c(yh2(t), t))v1 + f(yh1(t), t)−
−f(yh2(t), t), (y, t) ∈ QT (43)

òà óìîâè

v(y, 0) = 0, y ∈ [0, 1], (44)
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v(0, t) = v(1, t) = 0, t ∈ [0, T ], (45)

r(t)v1y(0, t) + r2(t)vy(0, t) =

= µ3(t)

(
1

h1(t)
− 1

h2(t)

)
, t ∈ [0, T ]. (46)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗
1(y, t, η, τ)

äëÿ ðiâíÿííÿ

vt = r2(t)vyy +

(
b(yh2(t), t) + yµ4(t)

h2(t)
−

−yv2y(1, t)

h2
2(t)

)
vy + c(yh2(t), t)v

ðîçâ'ÿçîê çàäà÷i (43)-(45) ïîäàìî ó âèãëÿäi

v(y, t) =

t∫

0

1∫

0

G∗
1(y, t, η, τ)

(
r(τ)v1ηη+

+

(
b(ηh1(τ), τ)− b(ηh2(τ), τ)

h1(τ)
+

(
1

h1(τ)
−

− 1

h2(τ)

)
b(ηh2(τ), τ)−

(
v2η(1, τ)

(
1

h2
1(τ)

−

− 1

h2
2(τ)

)
+

v1η(1, τ)− v2η(1, τ)

h2
1(τ)

− µ4(τ)×

×
(

1

h1(τ)
− 1

h2(τ)

)))
ηv1η + (c(ηh1(τ), τ)−

−c(ηh2(τ), τ))v1 + f(ηh1(τ), τ)−

−f(ηh2(τ), τ)

)
dηdτ, (y, t) ∈ QT . (47)

Ïðîäèôåðåíöiþâàâøè (47) ïî y, îòðèìà¹ìî

vy(y, t) =

t∫

0

1∫

0

G∗
1y(y, t, η, τ)

(
r(τ)v1ηη+

+

(
b(ηh1(τ), τ)− b(ηh2(τ), τ)

h1(τ)
+

(
1

h1(τ)
−

− 1

h2(τ)

)
b(ηh2(τ), τ)−

(
v2η(1, τ)

(
1

h2
1(τ)

−

− 1

h2
2(τ)

)
+

v1η(1, τ)− v2η(1, τ)

h2
1(τ)

− µ4(τ)×

×
(

1

h1(τ)
− 1

h2(τ)

)))
ηv1η + (c(ηh1(τ), τ)−

−c(ηh2(τ), τ))v1 + f(ηh1(τ), τ)−

−f(ηh2(τ), τ)

)
dηdτ, (y, t) ∈ QT . (48)

Îñêiëüêè (ai(t), hi(t), vi(y, t)), i = 1, 2 �
ðîçâ'ÿçêè çàäà÷i (6)-(10), òî äëÿ hi(t),
i = 1, 2 ñïðàâäæóþòüñÿ ðiâíîñòi, àíàëîãi÷íi
(18). Âiäíÿâøè ¨õ, îòðèìà¹ìî

h(t) = −
t∫

0

vy(1, τ)

h1(τ)
dτ −

t∫

0

v2y(1, τ)×

×
(

1

h1(τ)
− 1

h2(τ)

)
dτ. (49)

Çàóâàæèìî, ùî

1

h1(t)
− 1

h2(t)
= − h(t)

h1(t)h2(t)
, (50)

1

h2
1(t)

− 1

h2
2(t)

= −h(t)(h1(t) + h2(t))

h1(t)h2(t)
. (51)

Ïðèïóùåííÿ (B1) òåîðåìè çàáåçïå÷ó¹ ïðà-
âèëüíiñòü ïåðåòâîðåííÿ

f(yh1(t), t)− f(yh2(t), t) = y(h1(t)− h2(t))×

×
1∫

0

fx(y(h2(t) + σ(h1(t)− h2(t))), t)dσ. (52)

Àíàëîãi÷íi ïåðåòâîðåííÿ âèêîíóþòüñÿ äëÿ
ôóíêöié b(y, t) òà c(y, t).

Çíàéäåìî ïîâåäiíêó ôóíêöi¨ v1yy(y, t).

Ïîçíà÷èìî ÷åðåç G
(1)
k (y, t, η, τ), k = 1, 2

ôóíêöi¨ Ãðiíà äëÿ ðiâíÿííÿ

v1t =
a1(t)

h2
1(t)

v1yy

ç êðàéîâèìè óìîâàìè âiäïîâiäíî ïåðøîãî òà
äðóãîãî ðîäó. Ðîçâ'ÿçîê v1(y, t) çàäà÷i (6)-(8)
ïîäàìî ó âèãëÿäi (12). Ïðîäèôåðåíöiþ¹ìî
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éîãî äâi÷i çà çìiííîþ y. Iíòåãðóþ÷è ÷àñòè-
íàìè òà âèêîðèñòîâóþ÷è âëàñòèâîñòi ôóí-
êöi¨ Ãðiíà, îòðèìó¹ìî

v1yy(y, t) = h2
0

1∫

0

G
(1)
1 (y, t, η, 0) ϕ′′(ηh0)dη+

+

t∫

0

G
(1)
1η (y, t, 0, τ)

(
µ′1(τ)− f(0, τ)−

−b(0, τ)

h1(τ)
v1η(0, τ)− c(0, τ)µ1(τ)

)
dτ−

−
t∫

0

G
(1)
1η (y, t, 1, τ)

(
µ′2(τ)− f(h1(τ), τ)+

+

(
v1η(1, τ)

h2
1(τ)

− b(h1(τ), τ) + µ4(τ)

h1(τ)

)
×

×v1η(1, τ)− c(h1(τ), τ)µ2(τ)

)
dτ−

−
t∫

0

1∫

0

G
(1)
1η (y, t, η, τ)

(
h1(τ)fη(ηh1(τ), τ)−

−
(

v1η(1, τ)

h2
1(τ)

+
µ4(τ)

h1(τ)
+ bη(ηh1(τ), τ)+

+c(ηh1(τ), τ)

)
v1η(η, τ) + h1(τ)×

×cη(ηh1(τ), τ)v1(η, τ)

)
dηdτ−

−
t∫

0

1∫

0

G
(1)
1η (y, t, η, τ)

(
b(ηh1(τ), τ)

h1(τ)
−

−η(v1η(1, τ)− µ4(τ)h1(τ))

h2
1(τ)

)
v1ηη(η, τ)×

×dηdτ =
4∑

i=1

Ii −
t∫

0

1∫

0

G
(1)
1η (y, t, η, τ)×

×
(

b(ηh1(τ), τ)

h1(τ)
−η(v1η(1, τ)− µ4(τ)h1(τ))

h2
1(τ)

)
×

×v1ηη(η, τ)dηdτ, (y, t) ∈ QT . (53)

Îöiíèìî êîæåí ç äîäàíêiâ iíòåãðàëüíî-
ãî ðiâíÿííÿ (53). Çàñòîñîâóþ÷è íåðiâíiñòü
G

(1)
1 (y, t, η, 0) < G

(1)
2 (y, t, η, 0) äî I1, îòðèìó¹-

ìî

|I1| ≤ h2
0 max

y∈[0,1]
|ϕ′′(yh0)|

1∫

0

G
(1)
2 (y, t, η, 0)dη ≤

≤ C23.

Äëÿ îöiíêè I2 âèêîðèñòà¹ìî âèãëÿä ôóíêöi¨
G1η(y, t, η, τ) :

|I2| ≤ C24

t∫

0

|G(1)
1η (y, t, 0, τ)|dτ ≤ C25t

− 3β+1
2 ×

×
1∫

0

z−
2
3

+∞∑
n=−∞

|y + 2n|×

× exp

(
−C26(y + 2n)2

t1+βz

)
dz.

Ââîäÿ÷è íîâó çìiííó σ =

√
C25

t1+βz
(y + 2n),

ïðèõîäèìî äî íåðiâíîñòi

|I2| ≤ C27

tβ
.

Àíàëîãi÷íî |I3| ≤ C28

tβ
. Äëÿ I4 çàïèøåìî

|I4| ≤ C29

t∫

0

1∫

0

|G(1)
1η (y, t, η, τ)|dηdτ ≤

≤ C30

t∫

0

dτ√
θ1(t)− θ1(τ)

≤ C31×

×
t∫

0

dτ√
tβ+1 − τβ+1

≤ C32t
1−β

2 .

Îòæå,
4∑

i=1

|Ii| ≤ C33

tβ
. (54)
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Ç îöiíêè äëÿ I4 âèïëèâà¹, ùî ÿäðî iíòå-
ãðàëüíîãî ðiâíÿííÿ (53) ìà¹ iíòåãðîâíó îñî-
áëèâiñòü. Òîäi, âðàõîâóþ÷è (54), îòðèìó¹ìî
íàñòóïíó îöiíêó äëÿ ôóíêöi¨ v1yy(y, t) :

|v1yy(y, t)| ≤ C34

tβ
. (55)

Ïiäñòàâèâøè (48), (50)-(52) â (46), (49)
òà áåðó÷è äî óâàãè íåðiâíiñòü (55), îòðèìà-
¹ìî ñèñòåìó îäíîðiäíèõ iíòåãðàëüíèõ ðiâ-
íÿíü Âîëüòåððè äðóãîãî ðîäó âiäíîñíî íå-
âiäîìèõ r(t), h(t) ç ÿäðàìè, ùî ìàþòü iíòå-
ãðîâíi îñîáëèâîñòi. Ç ¹äèíîñòi ðîçâ'ÿçêó òà-
êèõ ñèñòåì îäåðæó¹ìî

r(t) ≡ 0, h(t) ≡ 0, t ∈ [0, T ],

àáî çãiäíî ç ââåäåíèìè ïîçíà÷åííÿìè

a1(t) ≡ a2(t), h1(t) ≡ h2(t), t ∈ [0, T ].

Âèêîðèñòîâóþ÷è öå â çàäà÷i (43)-(45), çíà-
õîäèìî

v1(y, t) ≡ v2(y, t), (y, t) ∈ QT ,

ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.
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