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ÇÀÄÀ×À ÊÎØI ÄËß ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ Ç ÎÏÅÐÀÒÎÐÀÌÈ
ÓÇÀÃÀËÜÍÅÍÎÃÎ ÄÈÔÅÐÅÍÖIÞÂÀÍÍß

Ðîçâèâà¹òüñÿ òåîðiÿ çàäà÷i Êîøi äëÿ åâîëþöiéíèõ ðiâíÿíü ç îïåðàòîðàìè Ãåëüôîíäà-
Ëåîíòü¹âà: âñòàíîâëþ¹òüñÿ ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü ó ïðîñòîðàõ òèïó W
òà ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié (àíàëiòè÷íèõ ôóíêöiîíàëiâ) òèïó W ′.

The theory of the Cauchy problem is developed for the evolutionary equations with Gelfond-
Leontjev operators. The solvability of the Cauchy problem is established for such equations on the
spaces of type W and on the spaces of generalized functions (analytical functionals) of type W ′.

Ó ïðàöi [1] çíàéäåíî óìîâè êîðåêòíî¨ âè-
çíà÷åíîñòi òà íåïåðåðåâíîñòi îïåðàòîðiâ óçà-
ãàëüíåíîãî äèôåðåíöiþâàííÿ Ãåëüôîíäà-
Ëåîíòü¹âà ó ïðîñòîðàõ òèïó W . Âiäîìî, ùî
ïðîñòîðè òèïó W òà W ′ � ïðîñòîðè, òîïîëî-
ãi÷íî ñïðÿæåíi äî W , ¹ ïðèðîäíèìè ìíîæè-
íàìè ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi äëÿ øè-
ðîêèõ êëàñiâ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè ÿê ñêií÷åííîãî, òàê i íåñêií÷åííîãî ïî-
ðÿäêiâ. Ó öié ðîáîòi âñòàíîâëþ¹òüñÿ ðîçâ'ÿ-
çíiñòü çàäà÷i Êîøi äëÿ åâîëþöiéíèõ ðiâíÿíü
ç îïåðàòîðàìè Ãåëüôîíäà-Ëåîíòü¹âà â ïðî-
ñòîðàõ òèïó W òà ïðîñòîðàõ óçàãàëüíåíèõ
ôóíêöié òèïó W ′.

1. Ïðîñòîðè òèïó W . Íåõàé M(x) =
x∫

0

µ(ξ)dξ, Ω(x) =

x∫

0

ω(ξ)dξ, äå µ, ω �

íåïåðåðâíi çðîñòàþ÷i íà [0, +∞) ôóíêöi¨,
ïðè÷îìó µ(0) = ω(0) = 0, lim

x→+∞
µ(x) =

lim
x→+∞

ω(x) = +∞. Ôóíêöi¨ M , Ω ïðîäîâ-
æèìî íà (−∞, 0] ïàðíèì ÷èíîì. Îòæå, M
òà Ω � äèôåðåíöiéîâíi, ïàðíi íà R ôóí-
êöi¨, çðîñòàþ÷i òà îïóêëi íà [0,∞) (òîáòî
[2], ∀{x1, x2} ⊂ [0, +∞): M(x1) + M(x2) ≤
M(x1 + x2), Ω(x1) + Ω(x2) ≤ Ω(x1 + x2)),
M(0) = 0, Ω(0) = 0, lim

x→+∞
M(x) =

lim
x→+∞

Ω(x) = +∞. Çà äîïîìîãîþ ôóíêöié M

òà Ω Á.Ë.Ãóðåâè÷ ââiâ ïðîñòîðè WM , WΩ,
WΩ

M , ÿêi âií íàçâàâ ïðîñòîðàìè òèïó W .

Çîêðåìà, ñèìâîëîì WΩ
M ïîçíà÷à¹òüñÿ ñóêó-

ïíiñòü öiëèõ ôóíêöié ϕ : C→ C, äëÿ ÿêèõ

∃c > 0∃a > 0∃b > 0∀z = x + iy ∈ C :

|ϕ(z)| ≤ c exp{−M(ax) + Ω(by)}
(ñòàëi c, a, b > 0 çàëåæàòü ëèøå âiä ôóíêöi¨
ϕ). WΩ

M ìîæíà ïîäàòè ÿê îá'¹äíàííÿ çëi÷åí-
íî íîðìîâàíèõ ïðîñòîðiâ WΩ,b

M,a, êîòði ñêëà-
äàþòüñÿ ç òèõ ôóíêöié ϕ ∈ WΩ

M , äëÿ ÿêèõ
ñïðàâäæóþòüñÿ íåðiâíîñòi

|ϕ(x + iy)| ≤ c exp{−M(ax) + Ω(by)},
z = x + iy ∈ C,

äå a � äîâiëüíà äîäàòíà ñòàëà, ìåíøà çà a,
b � äîâiëüíà ñòàëà, áiëüøà çà b. ßêùî äëÿ
ϕ ∈ WΩ,b

M,a ïîêëàñòè

‖ϕ‖δρ = sup
z∈C

[|ϕ(z)| exp{−Ω((b + ρ)y)+

+M(a(1− δ)x)}], ρ ∈ N, δ ∈ {1/n, n ≥ 2},
òî ç öèìè íîðìàìè WΩ,b

M,a ïåðåòâîðþ¹òüñÿ
â ïîâíèé äîñêîíàëèé çëi÷åííî íîðìîâàíèé
ïðîñòið. Çáiæíiñòü â WΩ

M (ÿê îá'¹äíàííi çëi-
÷åííî íîðìîâàíèõ ïðîñòîðiâ) åêâiâàëåíòíà
òàêié çáiæíîñòi [2]: ïîñëiäîâíiñòü {ϕn, n ≥
1} ⊂ WΩ

M çáiãà¹òüñÿ â WΩ
M äî íóëÿ òîäi i òiëü-

êè òîäi, êîëè âîíà: 1) ïðàâèëüíî çáiãà¹òüñÿ
äî íóëÿ (òîáòî ðiâíîìiðíî çáiãà¹òüñÿ äî íó-
ëÿ íà êîæíié îáìåæåíié îáëàñòi Q ⊂ C); 2)
îáìåæåíà (òîáòî |ϕn(z)| ≤ c exp{−M(ax) +
Ω(by)}, äå ñòàëi c, a, b íå çàëåæàòü âiä n).
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Çàóâàæèìî, ùî ÿêùî M(x) = x1/α, 0 <
α < 1, x ∈ [0, +∞), Ω(y) = y1/(1−β), 0 < β <
1, y ∈ [0, +∞) i α + β ≥ 1, òî WΩ

M = Sβ
α (ïðî

ïðîñòîðè òèïó S äèâ. ó êíèçi [3]).
Ó ïðîñòîði WΩ

M âèçíà÷åíi i íåïåðåðâíi
îïåðàöi¨ äèôåðåíöiþâàííÿ, ìíîæåííÿ íà íå-
çàëåæíó çìiííó, çñóâó àðãóìåíòó. Ïðè ïåâ-
íèõ óìîâàõ ó ïðîñòîði WΩ

M âèçíà÷åíèé i ¹
íåïåðåðâíèì îïåðàòîð äèôåðåíöiþâàííÿ íå-
ñêií÷åííîãî ïîðÿäêó [4].

Âàæëèâèì ¹ ïèòàííÿ ïðî íåòðèâiàëüíiñòü
ïðîñòîðiâ WΩ

M , îñêiëüêè öi ïðîñòîðè ìîæóòü
ìiñòèòè ëèøå ¹äèíó ôóíêöiþ ϕ ≡ 0. Òàê áó-
äå, íàïðèêëàä, ÿêùî

lim
x→∞

(Ω(bx)−M(ax)) = −∞

äëÿ äîâiëüíèõ a, b > 0 [2]. Â [5] äîâåäåíî,
ùî íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ íåòðè-
âiàëüíîñòi ïðîñòîðó WΩ

M ¹ óìîâà:

∃d > 0∃c0 > 0∃x0 ∈ (0, +∞) ∀x ≥ x0 :

Ω(x) ≥ c0M(dx).

Ïðèïóñòèìî, ùî ôóíêöi¨ Ω òà M çàäî-
âîëüíÿþòü óìîâó íåòðèâiàëüíîñòi âèãëÿäó
Ω(x) = M(dx), x ≥ 0, ç äåÿêîþ ñòàëîþ d > 0.
Ñèìâîëîì WM,ad

M,a ïîçíà÷èìî ñóêóïíiñòü òèõ
ôóíêöié ϕ ç ïðîñòîðó WΩ

M , äëÿ ÿêèõ

∃a > 0 ∃c > 0 ∀z = x + iy ∈ C :

|ϕ(x + iy)| ≤ ce−M(ax)+M(ady)

i ïîêëàäåìî, çà îçíà÷åííÿì,

W (d) :=
⋃
a>0

WM,ad
M,a , W :=

⋂

d>0

W (d).

Ïðîñòîðè W (d), W íåòðèâiàëüíi.

2. Îïåðàòîðè óçàãàëüíåíîãî äèôå-
ðåíöiþâàííÿ Ãåëüôîíäà-Ëåîíòü¹âà
ó ïðîñòîðàõ òèïó W . Îïåðàòîðè
Ãåëüôîíäà-Ëåîíòü¹âà óòâîðþþòü âàæëèâèé
êëàñ îïåðàòîðiâ óçàãàëüíåíîãî äèôåðåíöi-
þâàííÿ. Âëàñòèâîñòi öèõ îïåðàòîðiâ äîñèòü
ïîâíî âèâ÷åíi ó ïðîñòîðàõ AR, 0 < R ≤ ∞,
âñiõ îäíîçíà÷íèõ òà àíàëiòè÷íèõ ó êðóçi
KR = {z : |z| < R} ôóíêöié ç òîïîëîãi¹þ

êîìïàêòíî¨ çáiæíîñòi. Òóò ìè ðîçãëÿäà¹ìî
òàêi îïåðàòîðè ó ïðîñòîðàõ òèïó W , òîáòî
â ïðîñòîðàõ öiëèõ ôóíêöié, âiäìiííèõ çà
ñâî¹þ òîïîëîãi¹þ òà âëàñòèâîñòÿìè âiä ïðî-
ñòîðiâ AR. Îïåðàòîð Ãåëüôîíäà-Ëåîíòü¹âà
áóäó¹òüñÿ çà äîïîìîãîþ ïîñëiäîâíîñòi
{ak, k ∈ Z+}, ÿêà çàäîâîëüíÿ¹ óìîâó

lim
k→∞

(k1/ρ|ak|1/k) = (δeρ)1/ρ, 0 < δ, ρ < ∞,

òîáòî ak, k ∈ Z+, � êîåôiöi¹íòè Òåéëîðà
äåÿêî¨ ñïåöiàëüíî¨ öiëî¨ ôóíêöi¨ F ïîðÿäêó
ρ i òèïó σ. Ñëiäóþ÷è [6], çàäàìî îïåðàòîð
Ãåëüôîíäà-Ëåîíòü¹âà Dn(F, ·) (n ∈ N � ôi-

êñîâàíå) òàêèì ÷èíîì. Íåõàé ϕ(z) =
∞∑

k=0

bkz
k

� äîâiëüíà ôóíêöiÿ ç ïðîñòîðó W ; ïîêëàäå-
ìî, çà îçíà÷åííÿì,

Dn(F, ϕ)(z) :=
∞∑

k=n

bk
ak−n

ak

zk−n ≡

≡
∞∑

k=0

bk+n
ak

ak+n

zk, z ∈ C.

Â [1] äîâåäåíî, ùî íàâåäåíå îçíà÷åííÿ
¹ êîðåêòíèì, îïåðàòîð Dn(F, ·) íåïåðåðâ-
íî âiäîáðàæà¹ W â WM

M . Âiäçíà÷èìî, ùî
Dn(ez, ϕ) =

dnϕ

dzn
, òîáòî Dn(F, ϕ) äiéñíî ìî-

æíà ðîçóìiòè ÿê óçàãàëüíåíó ïîõiäíó ïîðÿä-
êó n ôóíêöi¨ ϕ, ïîðîäæåíó ôóíêöi¹þ F (z)
(çàìiñòü ôóíêöi¨ ez). Ïðè ïåâíèõ óìîâàõ ó
ïðîñòîðàõ òèïó W âèçíà÷åíèé i íåïåðåðâ-
íèé îïåðàòîð Ãåëüôîíäà-Ëåîíòü¹âà íåñêií-
÷åííîãî ïîðÿäêó [1], òîáòî îïåðàòîð âèãëÿäó

g(D(F, ·)) :=
∞∑

n=0

cnD
n(F, ·),

äå g(z) =
∞∑

n=0

cnz
n � öiëà ôóíêöiÿ, ÿêà çàäî-

âîëüíÿ¹ óìîâó
∀ε > 0 ∃cε > 0 ∀z = x + iy ∈ C :

|g(z)| ≤ cεe
M(εx)+M(εy).

Ïðè öüîìó îïåðàòîð Ag := g(D(F, ·)) íåïå-
ðåðâíî âiäîáðàæà¹ W â WM

M . Äàëi ââàæà¹-
ìî, ùî F (z) 6= ez.
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3. Çàäà÷à Êîøi äëÿ åâîëþöié-
íèõ ðiâíÿíü ç îïåðàòîðîì Ãåëüôîíäà-

Ëåîíòü¹âà. Íåõàé P (z) =

p0∑

k=1

αkz
k, z ∈ C,

α0 = max
1≤k≤p0

|αk|,

P (A) :=

p0∑

k=1

αkD
k(F, ·) ≡

p0∑

k=1

αkA
k,

Ak := Dk(F, ·) � îïåðàòîð óçàãàëüíåíîãî äè-
ôåðåíöiþâàííÿ Ãåëüôîíäà-Ëåîíòü¹âà. Âiäî-
ìî [1], ùî äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ W
ñïðàâäæóþòüñÿ íåðiâíîñòi:

|(Amϕ)(z)| ≤ cme−M(a1x)+M(b1y),

z = x + iy ∈ C,

äå ñòàëi a1, b1 > 0 íå çàëåæàòü âiä m, ïðè-
÷îìó

0 < cm ≤ c0

(
a0

νm

)m

, c0 > 0, a0 > 0,

νm � ðîçâ'ÿçîê ðiâíÿííÿ xµ(x) = m, m ∈ N
(ïîñëiäîâíiñòü {νm,m ≥ 1} ¹ çðîñòàþ÷îþ i
íåîáìåæåíîþ). Çâiäñè âèïëèâà¹, ùî

cm ≤ c0

(
a0

ν1

)m

≡ c0ω
m
0 , ω0 =

a0

ν1

. (1)

Iç (1) âèïëèâàþòü òàêîæ íåðiâíîñòi

|(Ajϕ)(z)| ≤ c0ω̃
m
0 e−M(a1x)+M(b1y),

∀j : 1 ≤ j ≤ m,

äå ω̃0 = max

{
1,

a0

ν1

}
. Òîäi

|P (A)ϕ(z)| ≤ c̃0ω̃
p0

0 e−M(a1x)+M(b1y),

c̃0 = c0α0p0, z = x + iy ∈ C. (2)

Âðàõóâàâøè (2) äîâîäèìî, ùî äëÿ äîâiëü-
íîãî ôiêñîâàíîãî n ∈ N ïðàâèëüíîþ ¹ íåðiâ-
íiñòü

|P n(A)ϕ(z)| ≤ c̃n
0 ω̃

p0n
0 e−M(a2x)+M(b2y),

a2, b2 > 0, z ∈ C.

Çâiäñè âæå âèïëèâà¹ (äèâ. [1]), ùî â ïðîñòîði
W âèçíà÷åíèé îïåðàòîð

etP (A) : W −→ WM
M

(t > 0 � ôiêñîâàíèé ïàðàìåòð), òîáòî äëÿ
äîâiëüíî¨ ôóíêöi¨ ϕ ∈ W ðÿä

(etP (A)ϕ)(z) :=
∞∑

n=0

tn

n!
P n(A)ϕ(z) (3)

çîáðàæà¹ äåÿêó ôóíêöiþ ψ ç ïðîñòîðó WM
M ;

ïðè öüîìó îïåðàòîð etP (A) ¹ íåïåðåðâíèì.
Íåõàé Sn,t,ϕ ïîçíà÷à¹ ÷àñòèííó ñóìó ðÿäó

(3). Òîäi Sn,t,ϕ −→ etP (A)ϕ ïðè n → ∞ çà
òîïîëîãi¹þ ïðîñòîðó WM

M . Îòæå,

P (A)etP (A)ϕ = P (A) lim
n→∞

Sn,t,ϕ =

= lim
n→∞

P (A)Sn,t,ϕ = lim
n→∞

n∑

k=0

tk

k!
P k+1(A)ϕ =

=
n∑

k=0

tk

k!
P k+1(A)ϕ;

ïðè öüîìó ôóíêöiÿ ψ := P (A)etP (A)ϕ íàëå-
æèòü äî ïðîñòîðó WM

M .
Ðîçãëÿíåìî â ïðîñòîði WM

M çàäà÷ó Êîøi
∂u

∂t
= P (A)u, (t, z) ∈ (t0, T ]× C ≡ Ω,

t ≥ 0, T < ∞, (4)

u(t, ·)
∣∣∣
t=t0

= ϕ0, ϕ0 ∈ W. (5)

Ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi (4), (5) ðî-
çóìiòèìåìî ôóíêöiþ u(t, z), äèôåðåíöiéîâ-
íó ïî t, ÿêà ïðè êîæíîìó t ∈ (t0, T ] ¹ åëåìåí-
òîì ïðîñòîðó WM

M , çàäîâîëüíÿ¹ ðiâíÿííÿ (4)
òà ïî÷àòêîâó óìîâó (5) â òîìó ðîçóìiííi, ùî
u(t, ·) → ϕ0 ïðè t → t0 ó ïðîñòîði WM

M ; ïðè
öüîìó u íåïåðåðâíî çàëåæèòü âiä ϕ0.

Òåîðåìà 1. Çàäà÷à Êîøi (4), (5) ðîçâ'ÿ-
çíà â ïðîñòîði WM

M ; ðîçâ'ÿçîê öi¹¨ çàäà÷i äà-
¹òüñÿ ôîðìóëîþ

u(t, z) = e(t−t0)P (A)ϕ0(z) ≡

≡
∞∑

n=0

(t− t0)
n

n!
P n(A)ϕ0(z).
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Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ:
Q(t, t0, A)ϕ0 = e(t−t0)P (A)ϕ0 i äîâåäåìî, ùî
ôóíêöiÿ Q(t, t0, A)ϕ0, ÿê àáñòðàêòíà ôóí-
êöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði
WM

M , äèôåðåíöiéîâíà ïî t. Iíøèìè ñëîâàìè,
äîâåäåìî, ùî ãðàíè÷íå ñïiââiäíîøåííÿ

Φ∆t(z) :=

{
1

∆t
[Q(t + ∆t, t0, A)ϕ0(z)−

−Q(t, t0, A)ϕ0(z)]−P (A)Q(t, t0, A)ϕ0(z)

}
→ 0,

∆t → 0, z = x + iy ∈ C,

âèêîíó¹òüñÿ â òîìó ðîçóìiííi, ùî ñiì'ÿ ôóí-
êöié {Φ∆t} ðiâíîìiðíî (ïî z) çáiãà¹òüñÿ äî
íóëÿ ïðè ∆t → 0 ó êîæíié îáìåæåíié îáëà-
ñòi K ⊂ C i ïðè öüîìó ñïðàâäæó¹òüñÿ îöiíêà

|Φ∆t(z)| ≤ c̃e−M(ãx)+M(b̃y), z = x+iy ∈ C, (6)

çi ñòàëèìè ã, b̃, c̃ > 0, íå çàëåæíèìè âiä ∆t.
Ñêîðèñòàâøèñü òåîðåìîþ Ëàãðàíæà ïðî

ñêií÷åííi ïðèðîñòè äiñòàíåìî, ùî

Φ∆t(z) = P (A)
∞∑

n=0

(t + θ∆t− t0)
n

n!
P n(A)ϕ0(z)−

−P (A)
∞∑

n=0

(t− t0)
n

n!
P n(A)ϕ0(z) =

= P (A)
∞∑

n=0

(t + θ∆t− t0)
n − (t− t0)

n

n!
×

×P n(A)ϕ0(z) =

=
∞∑

n=0

(t + θ∆t− t0)
n − (t− t0)

n

n!
P n+1(A)ϕ0(z),

0 < θ < 1. (7)

ßêùî ââàæàòè, íàïðèêëàä, ùî |∆t| ≤ t, òî
âíàñëiäîê äîâåäåíîãî ðàíiøå òâåðäèìî, ùî
íåðiâíiñòü (6) âèêîíó¹òüñÿ çi ñòàëèìè c̃ =

c̃0ω̃
p0

0

∞∑
n=0

L̃n

n!
, äå L̃ = 2(2t − t0)c̃0ω̃

p0

0 , ã = a2,

b̃ = b2.
Ðÿä, íàïèñàíèé ó ïðàâié ÷àñòèíi îñòàí-

íüîãî ñïiââiäíîøåííÿ â (7), çáiãà¹òüñÿ ðiâ-
íîìiðíî ïî z ó êîæíié îáìåæåíié îáëàñòi

K ⊂ C i ðiâíîìiðíî ïî ∆t, äëÿ äîñèòü ìàëèõ
çíà÷åíü |∆t|. Îòæå, ìîæíà çäiéñíèòè ãðàíè-
÷íèé ïåðåõiä ïðè ∆t → 0 ïiä çíàêîì ñóìè;
â ðåçóëüòàòi äiñòàíåìî, ùî lim

∆t→0
Φ∆t(z) = 0

(ðiâíîìiðíî ïî z ∈ K ⊂ C). Öèì äîâåäåíî,
ùî

∂

∂t
Q(t, t0, A)ϕ0(z) = P (A)Q(t, t0, A)ϕ0(z) =

=
∞∑

n=0

(t− t0)
n

n!
P n+1(A)ϕ0(z).

Òàêèì ÷èíîì, ôóíêöiÿ

u(t, z) = Q(t, t0, A)ϕ0(z) =

=
∞∑

n=0

(t− t0)
n

n!
P n(A)ϕ0(z)

¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4).

Ðÿä
∞∑

n=0

(t− t0)
n

n!
P n(A)ϕ0(z) çáiãà¹òüñÿ çà

òîïîëîãi¹þ ïðîñòîðó WM
M i ðiâíîìiðíî ïî t ∈

[t0, T ]. Ó çâ'ÿçêó ç öèì ìîæíà ïåðåéòè äî
ãðàíèöi ïðè t → t0; â ðåçóëüòàòi äiñòàíåìî,
ùî

lim
t→t0

Q(t, t0, A)ϕ0(z) = ϕ0(z).

Òåîðåìà äîâåäåíà.
Äàëi â ïðîñòîði (WM

M )′ âèâ÷èìî çàäà÷ó
Êîøi äëÿ åâîëþöiéíîãî ðiâíÿííÿ ç îïåðà-
òîðîì, ñïðÿæåíèì äî îïåðàòîðà Ãåëüôîíäà-
Ëåîíòü¹âà. Ç öi¹þ ìåòîþ çíàéäåìî ñïðÿæå-
íèé äî Dn(F, ·) îïåðàòîð, ÿêèé ïîçíà÷àòèìå-
ìî ñèìâîëîì (Dn(F, ·))∗.

Êîæíà ôóíêöiÿ ϕ ∈ W ⊂ WM
M ¹äèíèì

ñïîñîáîì ðîçêëàäà¹òüñÿ â ñòåïåíåâèé ðÿä:

ϕ(z) =
∞∑

k=0

bkz
k; âiäîìî [1], ùî êîåôiöi¹íòè

bk = bk(ϕ), k ≥ 1, çàäîâîëüíÿþòü íåðiâíîñòi

|bk| ≤ c

(
ad

νk

)k

, c > 0, a > 0, d > 0,

äå νk � ðîçâ'ÿçîê ðiâíÿííÿ xµ(x) = k,
k ≥ 1 (ïîñëiäîâíiñòü {νk, k ≥ 1} ¹ çðîñòà-
þ÷îþ i íåîáìåæåíîþ). Îòæå, ïîñëiäîâíiñòü
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bϕ = {bk(ϕ), k ≥ 1} ¹ åëåìåíòîì ïðîñòî-
ðó c0 çáiæíèõ äî íóëÿ ïîñëiäîâíîñòåé. Êî-
æíié ôóíêöi¨ ϕ ∈ W ïîñòàâèìî ó âiäïîâiä-
íiñòü ïîñëiäîâíiñòü ¨¨ êîåôiöi¹íòiâ Òåéëîðà
bϕ = {bk(ϕ), k ≥ 1}. Ïðè öüîìó ðiçíèì ôóí-
êöiÿì ç ïðîñòîðó W âiäïîâiäàþòü ðiçíi ïî-
ñëiäîâíîñòi â c0. Òàêèì ÷èíîì, âiäîáðàæåííÿ

f : WM
M 3 ϕ → bϕ = {bk(ϕ), k ∈ Z+} ∈ c0

¹ ií'¹êöi¹þ. Âiäîáðàæåííÿ f ÿê îïåðàòîð, ¹,
î÷åâèäíî, ëiíiéíèì, ÿêèé ìà¹ îáåðíåíèé, áî
Kerf = {0}.

Êîåôiöi¹íòè Òåéëîðà ôóíêöi¨

ψn(z) ≡ Dn(F, ϕ)(z) =
∞∑

k=0

bk+n
ak

ak+n

, ϕ ∈ W,

ïðè ïåâíèõ îáìåæåííÿõ íà ïîñëiäîâíiñòü{
ak

ak+n

, k ∈ Z+

}
çàäîâîëüíÿþòü íåðiâíîñòi

[1]:
∣∣∣∣αk,n| ≡ |bk+n

ak

ak+n

∣∣∣∣ ≤ c1

(
a1d

νk

)k

, k ≥ 1,

äå c1 = c1(n) > 0, a1 > 0, d > 0. Îòæå,
αk,n → 0 ïðè k → ∞ (ïðè ôiêñîâàíîìó n ∈
N). Òàêèì ÷èíîì, âiäîáðàæåííÿ f çiñòàâëÿ¹
ôóíêöi¨ ψn = Dn(F, ϕ) ïîñëiäîâíiñòü

bψn ≡
{

bn
a0

an

, bn+1
a1

an+1

, bn+2
a2

an+2

, . . .

}
.

Äëÿ çðó÷íîñòi ââåäåìî ïîçíà÷åííÿ: An :=

Dn(F, ·) i ðîçãëÿíåìî îïåðàòîð Ãn: c0 → c0,
ÿêèé êîæíié ïîñëiäîâíîñòi bϕ = f(ϕ) ∈ c0,
ϕ ∈ W , ñòàâèòü ó âiäïîâiäíiñòü ïîñëiäîâ-
íiñòü f(Anϕ) = bAnϕ ≡ bψn ∈ c0, òîáòî

Ãnf(ϕ) = f(Anϕ), ∀ϕ ∈ W.

Çâiäñè äiñòà¹ìî ñïiââiäíîøåííÿ:

(f · An)∗ = (Ãnf)∗, (An)∗f ∗ = f ∗(Ãn)∗.

Îòæå, ñïðÿæåíèé äî îïåðàòîðà An îïåðà-
òîð (An)∗ ìà¹ âèãëÿä

(An)∗ ≡ (Dn(F, ·))∗ = f ∗(Ãn)∗(f ∗)−1,

ïðè öüîìó

(Ãn)∗ : c′0 → c′0, f
∗ : c′0 → (WM

M )′, (f ∗)−1 :

(WM
M )′ → c′0, (Ã

n)∗(f ∗)−1 : (WM
M )′ → c′0.

Âiçüìåìî äîâiëüíèé ôóíêöiîíàë g ∈ c′0.
Âiäîìî, ùî c′0 ∼= l1, äå l1 � ïðîñòið óñiõ àáñî-
ëþòíî ñóìîâíèõ ïîñëiäîâíîñòåé g = {gk, k ∈
Z+}. Äiÿ ôóíêöiîíàëó g ∈ c′0 ∼= l1 íà åëåìåíò
bϕ = {b1, b2, . . . } ∈ c0 çàäà¹òüñÿ ôîðìóëîþ

< g, bϕ >= g(bϕ) =
∞∑

k=0

bkgk.

Îòæå, äëÿ äîâiëüíîãî g ∈ c′0 ìà¹ìî:

< g, f(Anϕ) >=< g, Ãnf(ϕ) >≡< g, Ãnbϕ >=

=< (Ãn)∗g, bϕ >;

< g, Ãnbϕ >=< g, bψn >= bn
a0

an

g0+bn+1
a1

an+1

g1+

+bn+2
a2

an+2

g2 + · · · = bn
a0

an

g0 + bn+1
a1

an+1

g1+

+bn+2
a2

an+2

g2 + . . . . (9)

Íåõàé

(Ãn)∗g := g∗ = {g∗0, g∗1, . . . } ∈ c′0 ∼= l1;

òîäi ç (9) âèïëèâà¹, ùî

g∗ =

{
0, . . . , 0,

a0

an

g0,
a1

an+1

g1, . . .

}
. (10)

Ó ïðîñòîði (WM
M )′ ðîçãëÿíåìî ðiâíÿííÿ

du(t)

dt
= −(An)∗u(t), t ∈ [0, T ], T < ∞,

(11)
äå (An)∗ � îïåðàòîð, ñïðÿæåíèé äî îïå-
ðàòîðà óçàãàëüíåíîãî äèôåðåíöiþâàííÿ
Ãåëüôîíäà-Ëåîíòü¹âà Dn(F, ·) (n ∈ N �
ôiêñîâàíå).

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (11) ðîçóìiòèìå-
ìî àáñòðàêòíó ôóíêöiþ ïàðàìåòðà t iç çíà-
÷åííÿìè â ïðîñòîði (WM

M )′ (òîáòî óçàãàëüíå-
íó ôóíêöiþ u(t) ∈ (WM

M )′), ñèëüíî äèôåðåí-
öiéîâíó ïî t, ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (11)
ó ïðîñòîði (WM

M )′.
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ßêùî äëÿ (11) çàäàòè ïî÷àòêîâó óìîâó
u|t=0 = u0 ∈ (WM

M )′, (12)

òî ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi (11), (12) ðî-
çóìi¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (11), ÿêèé çàäî-
âîëüíÿ¹ ïî÷àòêîâó óìîâó â ñëàáêîìó ñåíñi,
òîáòî u(t) → u0 ïðè t → +0 ó ïðîñòîði
(WM

M )′.
Òåîðåìà 1 ñòâåðäæó¹, ùî çàäà÷à Êîøi

(4), (5) ðîçâ'ÿçíà â ïðîñòîði WM
M (çîêðå-

ìà, ó âèïàäêó P (A) = An ≡ Dn(F, ·)); òî-
äi, âèêîðèñòîâóþ÷è çâ'ÿçîê ìiæ ðîçâ'ÿçêà-
ìè çàäà÷i Êîøi â îñíîâíîìó òà â ñïðÿæå-
íîìó ïðîñòîðàõ (äèâ. [2, c. 41]), äiñòà¹ìî,
ùî çàäà÷à Êîøi (11), (12) êîðåêòíî ðîçâ'ÿ-
çíà â ïðîñòîði (WM

M )′, òîáòî äëÿ äîâiëüíî-
ãî u0 ∈ (WM

M )′ iñíó¹ ¹äèíèé ðîçâ'ÿçîê ó
ïðîñòîði (WM

M )′, ÿêèé íåïåðåðâíî çàëåæèòü
âiä ïî÷àòêîâî¨ óìîâè � óçàãàëüíåíî¨ ôóí-
êöi¨ u0 ∈ (WM

M )′. Îñêiëüêè, âíàñëiäîê (8),
(An)∗ = f ∗(Ãn)∗(f ∗)−1, òî ðiâíÿííÿ (11) íà-
áóâà¹ âèãëÿäó

du(t)

dt
= −f ∗(Ãn)∗(f ∗)−1u(t). (13)

Íà îáèäâi ÷àñòèíè (14) ïîäi¹ìî âiäîáðàæåí-
íÿì (f ∗)−1; â ðåçóëüòàòi îäåðæèìî ðiâíÿííÿ

(f ∗)−1du(t)

dt
= −(Ãn)∗(f ∗)−1u(t);

ïðè öüîìó
(f ∗)−1u|t=0 = (f ∗)−1u0 ∈ c′0. (14)

Ââåäåìî ïîçíà÷åííÿ: (f ∗)−1u(t) := g(t) ∈
c′0. Îñêiëüêè c′0 ∼= l1, òî g(t) =
{g0(t, g1(t), . . . )}. Òîäi, ñêîðèñòàâøèñü ôîð-
ìóëîþ (10) çíàéäåìî, ùî

(Ãn)∗(f ∗)−1u(t) ≡ (Ãn)∗g(t) =

{
0, . . . , 0,

a0

an

g0(t),
a1

an+1

g1(t),
a2

an+2

g2(t), . . .

}
. (15)

g(t), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç
çíà÷åííÿìè â ïðîñòîði c′0, ñèëüíî äèôåðåí-
öiéîâíà ïî t. Ñïðàâäi,

dg(t)

dt
= lim

∆t→0

g(t + ∆t)− g(t)

∆t
=

= lim
∆t→0

(f ∗)−1

[
u(t + ∆t)− u(t)

∆t

]
=

= (f ∗)−1

[
lim

∆t→0

u(t + ∆t)− u(t)

∆t

]
= (f ∗)−1du

dt

(òóò ìè ñêîðèñòàëèñÿ òèì, ùî ∆u

∆t
→ du

dt
ïðè

∆t → 0 ó ïðîñòîði (WM
M )′). Îòæå,

(f ∗)−1du(t)

dt
=

d

dt
((f ∗)−1u(t)) =

= {g′0(t), g′1(t), g′2(t), . . . }. (16)

Iç ñïiââiäíîøåíü (15), (16) âèïëèâà¹, ùî

g′0(t) = 0, g′1(t) = 0, . . . , g′n−1(t) = 0,

òîáòî

g0(t) = c0, g1(t) = c1, . . . , gn−1(t) = cn−1,

äå ci = const, i ∈ {0, 1, . . . , n− 1}. Òîäi

g′n(t) = −a0

an

g0(t) = −a0

an

c0,

g′n+1(t) = − a1

an+1

g1(t) = − a1

an+1

c1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

g′2n−1(t) = − an−1

a2n−1

gn−1(t) = − an−1

a2n−1

cn−1.

Çâiäñè äiñòà¹ìî, ùî

gn(t) = −a0

an

c0t + cn,

gn+1(t) = − a1

an+1

c1t + cn+1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

g2n−1(t) = − an−1

a2n−1

cn−1t + c2n−1.

Íåõàé (f ∗)−1u0 = {u0
0, u

0
1, u

0
2, . . . } ∈ c′0 ∼=

l1. Óðàõóâàâøè ïî÷àòêîâó óìîâó (14) çíà-
éäåìî, ùî lim

t→+0
gi(t) = gi(0), i ∈ Z+, òîáòî

gi(0) = u0
i , i ∈ Z+. Îòæå,

c0 = u0
0, c1 = u0

1, . . . , cn−1 = u0
n−1,

g0(t) = u0
0, g1(t) = u0

1, . . . , gn−1(t) = u0
n−1,

gn(t) = −a0

an

u0
0t+u0

n, gn+1(t) = − a1

an+1

u0
1t+u0

n+1,
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

g2n−1(t) = − an−1

a2n−1

u0
n−1t + u0

2n−1, t ∈ (0, T ].

Äàëi çíàõîäèìî, ùî

g′2n(t) = − an

a2n

gn(t) =
a0

a2n

u0t− an

a2n

u0
n,

òîáòî

g2n(t) =
a0

2a2n

u0
0t

2 − an

a2n

u0
nt + c2n =

=
a0

2a2n

u0t
2 − an

a2n

u0
nt + u0

2n.

Ïðîäîâæóþ÷è öåé ïðîöåñ, çíàéäåìî âñi êî-
îðäèíàòè gi(t), i ∈ Z+.

Òàêèì ÷èíîì, ðîçâ'ÿçîê çàäà÷i Êîøi (11),
(12) ìà¹ âèãëÿä

u(t) = f ∗g(t) ≡ f ∗{g0(t), g1(t), . . . } ∈ (WM
M )′.

Ç'ÿñó¹ìî, ÿê äi¹ ôóíêöiîíàë u(t) íà äîâiëüíó
ôóíêöiþ ϕ ∈ WM

M . Ìà¹ìî, ùî

< u(t), ϕ >=< f ∗g(t), ϕ >=< g(t), f(ϕ) > .

Çàóâàæèìî, ùî f(ϕ) ∈ c0, òîáòî f(ϕ) =
{bk, k ∈ Z+}, äå bk, k ∈ Z+, � êîåôiöi¹íòè
Òåéëîðà ôóíêöi¨ ϕ, g(t) ∈ c′0 ïðè êîæíîìó
t ∈ [0, T ]. Îñêiëüêè c′0 ∼= l1, òî ôóíêöiîíàë
g(t) ∈ c′0 äi¹ íà åëåìåíò f(ϕ) ∈ c0 çà ôîðìó-
ëîþ:

< g(t), f(ϕ) >=
∞∑

k=0

bkgk(t),

äå gk(t), k ∈ Z+, îá÷èñëþþòüñÿ çà âiäïîâiä-
íèìè ôîðìóëàìè. Îòæå,

< u(t), ϕ >=
∞∑

k=0

bkgk(t), bk =
ϕ(k)(0)

k!
,

k ∈ Z+, t ∈ [0, T ]. (17)

Ôîðìóëà (17) çàäà¹ ôóíêöiîíàë u(t) íà WM
M

ïðè êîæíîìó t ∈ [0, T ], ÿêèé çàäîâîëüíÿ¹
ðiâíÿííÿ (11) òà ïî÷àòêîâó óìîâó (12):

lim
t→+0

< u(t), ϕ >=
∞∑

k=0

bkgk(0) =
∞∑

k=0

bku0
k =

=< u0, ϕ > .

ßê ïðèêëàä îïåðàòîðà Ãåëüôîíäà-
Ëåîíòü¹âà ðîçãëÿíåìî îïåðàòîð Dm(F, ·),
ïîáóäîâàíèé çà ñïåöiàëüíîþ ôóíêöi¹þ

F (z) =
∞∑

k=0

akz
k = 1 +

∞∑

k=1

zk

p(1)p(2) . . . p(k)
,

(18)
äå p(x) � ïîëiíîì: p(x) = αpx

p + · · · + α1x,
ïðè÷îìó p(k) 6= 0, k ∈ {1, 2, . . . }. Ïðè âå-
ëèêèõ çíà÷åííÿõ k êîåôiöi¹íò ak ∼ 1

αk
p(k!)p

i, ÿê ïîêàçàíî â [6, ñ. 75], F � öiëà ôóí-
êöiÿ ïîðÿäêó 1/p i òèïó σ = p/ p

√|αp|. ßêùî
p(x) = x, òî F (z) = ez.

Ó âèïàäêó (18) ìà¹ìî, ùî [6, ñ. 75]

Dm(F, ϕ) =

mp∑

k=m

∆
(m)
k

k!
zk−mϕ(k)(z), (19)

äå êîåôiöi¹íòè ∆
(m)
k çíàõîäÿòüñÿ ç ðîçêëàäó

ψm(x) = p(x)p(x− 1) . . . p(x−m + 1) =

=

mp∑

k=0

∆
(m)
k

k!
x(x− 1) . . . (x− k + 1)

i, îòæå, ìàþòü âèãëÿä

∆
(m)
k = ψm(k)−C1

kψm(k−1)+C2
kψm(k−2)−· · ·+

+(−1)kψm(0), k ∈ {0, 1, . . . ,mp}.
Çàóâàæèìî, ùî îñêiëüêè ψm(0) = ψm(1) =

· · · = ψm(m− 1) = 0 (áî p(0) = 0), òî ∆
(m)
0 =

∆
(m)
1 = · · · = ∆

(m)
m−1 = 0, i òîìó

ψm(x) =

mp∑

k=

∆
(m)
k

k!
x(x−1) . . . (x−k+1). (20)

Ôîðìóëà (19) çäiéñíþ¹òüñÿ äëÿ äîâiëü-
íî¨ ôóíêöi¨ ϕ ∈ W . Ñïðàâäi, ÿêùî ϕ(z) =
∞∑

n=0

bnz
n, òî ïðè k ≥ m

zk−mϕ(k)(z) =
∞∑

n=k

n(n−1) . . . (n−k+1)bnz
n−m =

34 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 314-315. Ìàòåìàòèêà.



=
∞∑

n=m

n(n− 1) . . . (n− k + 1)bnz
n−m.

Ïîçíà÷èìî ÷åðåç A ïðàâó ÷àñòèíó ñïiââiä-
íîøåííÿ (19); òîäi

A =

mp∑

k=m

∆
(m)
k

k!
×

×
( ∞∑

n=m

n(n− 1) . . . (n− k + 1)bnz
n−m

)
=

=
∞∑

n=m

bn

(
mp∑

k=m

∆
(m)
k

k!
n(n−1) . . . (n−k+1)zn−m

)
.

Çãiäíî ç (20) ìà¹ìî, ùî A =
∞∑

n=m

bnψm(n)zn−m. Àëå

ψm(n) = p(n)p(n−1) . . . p(n−m+1) =
an−m

an

,

òîáòî

A =
∞∑

n=m

bn
an−m

an

zn−m = Dm(F, ϕ),

ùî é ïîòðiáíî áóëî äîâåñòè.
Ðîçãëÿíåìî òåïåð çàäà÷ó Êîøi (11), (12)

ç îïåðàòîðîì Ãåëüôîíäà-Ëåîíòü¹âà, ïîáó-
äîâàíèì çà ôóíêöi¹þ F , ÿêà âèçíà÷à¹òüñÿ
ôîðìóëîþ (18) òà ç ïî÷àòêîâîþ óìîâîþ
u0 = δ, äå δ � äåëüòà-ôóíêöiÿ Äiðàêà.
Îñêiëüêè < u0, ϕ >=< δ, ϕ >= ϕ(0), òî äëÿ

äîâiëüíî¨ ôóíêöi¨ ϕ(z) =
∞∑

k=0

bkz
k ∈ WM

M ìà-

¹ìî ϕ(0) = b0. Çâiäñè òà ç ôîðìóëè
∞∑

k=0

bku
0
k =< δ, ϕ >= ϕ(0) = b0

äiñòà¹ìî, ùî

(f ∗)−1u0 = {1, 0, 0, . . . } ≡ {u0
0, u

0
1, . . . } =

= {g0(0), g1(0), . . . } ∈ c′0 ∼= l1.

Óðàõóâàâøè ñïiââiäíîøåííÿ, ÿêi âèçíà÷à-
þòü g(t) = (f ∗)−1u(t) = {g0(t), g1(t), . . . } ∈

c′0 ∼= l1, à òàêîæ âèãëÿä êîåôiöi¹íòiâ {an, n ∈
Z+} çíàõîäèìî, ùî

g(t) = {1, 0, . . . 0,− t

an

, 0, . . . , 0,
t2

2a2n

, 0, . . . , 0,

− t3

3!a3n

, 0, . . . },

äå akn =
kn∏
i=1

p(i). Çâiäñè äiñòà¹ìî ôîðìóëó,

ÿêà âèçíà÷à¹ ðîçâ'ÿçîê ðiâíÿííÿ (11) ÿê ëi-
íiéíèé íåïåðåðâíèé ôóíêöiîíàë íà WM

M :

< u(t), ϕ >= b0 +
∞∑

k=1

bkn
(−1)k

k!




kn∏
i=1

p(i)


 tk;

b0 = ϕ(0),

ïðè öüîìó u(t) → δ ïðè t → +0 â ïðîñòîði
(WM

M )′.
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