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Iíñòèòóò ìàòåìàòèêè, åêîíîìiêè òà ìåõàíiêè. Îäåñà

ÏÎ×ÀÒÊÎÂÀ ÇÀÄÀ×À ÄËß ÎÄÍÎÃÎ ÊËÀÑÓ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ
ÐIÂÍßÍÜ ÄÐÎÁÎÂÎÃÎ ÏÎÐßÄÊÓ

Ðîçãëÿíóòî ïèòàííÿ iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i äëÿ äèôåðåíöi-
àëüíîãî ðiâíÿííÿ ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ. Çàïðîïîíîâàíî ìåòîä ÷èñåëüíîãî ðîçâ'ÿçàííÿ
öi¹¨ çàäà÷i òà äîâåäåíî éîãî çáiæíiñòü.

The question of existence and uniqueness of the solution of an initial problem for the di-
�erential equation with regularized derivative is considered. The method of the numerical solution
of the problem is o�ered and its convergence is proved.

Íåõàé J = (0, a], J = [0, a]. Iíòåãðàëîì
Ðiìàíà-Ëióâiëëÿ ïîðÿäêó α > 0 âiä ôóíêöi¨
f(x) íàçèâà¹ìî ôóíêöiþ [1, ñ.40]

Iα
0 f(x) =

1

Γ(α)

x∫

0

(x− t)α−1f(t)dt, x > 0,

äå Γ(·) � ãàììà-ôóíêöiÿ Åéëåðà, AC(J) �
ìíîæèíà àáñîëþòíî íåïåðåðâíèõ ôóíêöié
f : J → R.

ßêùî íàòóðàëüíå ÷èñëî m òàêå, ùî
m−1 < α < m, òî ïîõiäíîþ Ðiìàíà-Ëióâiëëÿ
ïîðÿäêó α âiä ôóíêöi¨ f(x) íàçèâà¹ìî ôóí-
êöiþ [1, ñ.44]

Dα
0 f(x) =

dm

dxm
×

×
(

1

Γ(m− α)

x∫

0

(x− t)m−α−1f(t)dt

)
.

Äîñëiäæåííþ äèôåðåíöiàëüíèõ ðiâ-
íÿíü, ùî ìiñòÿòü äðîáîâó ïîõiäíó Ðiìàíà-
Ëióâiëëÿ, ïðèñâÿ÷åíî ðîáîòè áàãàòüîõ
àâòîðiâ (îãëÿä ðîáiò â [1, 2]).

Íåõàé äàëi α ∈ (0, 1). Ðåãóëÿðèçîâàíîþ
ïîõiäíîþ [3 - 5] i ïîõiäíîþ Êàïóòî [6] ïîðÿä-
êó α âiä ôóíêöi¨ f(x) ¹ âiäïîâiäíî ôóíêöi¨:

D
α

0f(x) = Dα
0 (f(x)− f(0)),

D̃α
0 f(x) = I1−α

0 f ′(x).

ßêùî f(x) ∈ AC(J), òî ëåãêî ïåðåêîíàòèñÿ,
ùî D

α

0 f(x) = D̃α
0 f(x) äëÿ ìàéæå âñiõ (ì.â.)

x ∈ J . Íåõàé

I1
0f(x) =

x∫

0

f(t)dt, I0
0f(x) = f(x), Dx ≡ d

dx
.

10. Ðîçãëÿíåìî ïî÷àòêîâó çàäà÷ó

D
α

0 y(x) = F (x, y(x)), (1)
y(0) = y0. (2)

Ïî÷àòêîâà çàäà÷à äëÿ äèôåðåíöiàëüíî-
ãî ðiâíÿííÿ D̃α

0 y(x) = F (x, y(x)), α ∈ C,
Re(α) > 0 ó ïðîñòîði íåïåðåðâíî äèôåðåí-
öiéîâíèõ ôóíêöié ðîçãëÿíóòà â ðîáîòàõ [4,
5].

Ïðèïóñòèìî, ùî ôóíêöiÿ F (x, y) : J ×
G → R, äå G = {(x, y) : x ∈ J, |y − y0| ≤ b},
çàäîâîëüíÿ¹ óìîâè:

(à) F (x, y) âèìiðíà ïî x ïðè ôiêñîâàíî-
ìó y i íåïåðåðâíà ïî y ïðè ôiêñîâàíîìó
x;

(á) iñíó¹ ñòàëà M òàêà, ùî |F (x, y)| ≤
M .

Ðîçâ'ÿçêîì çàäà÷i (1), (2) íàçèâà¹ìî ôóí-
êöiþ y(x) ∈ C(J), ùî çàäîâîëüíÿ¹ óìîâó (2)
i äèôåðåíöiàëüíå ðiâíÿííÿ (1) äëÿ ìàéæå
âñiõ (ì.â.) x ∈ J .
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Òåîðåìà 1. Íåõàé ôóíêöiÿ F (x, y) çàäî-
âîëüíÿ¹ óìîâè (à), (á). Äëÿ òîãî, ùîá ôóí-
êöiÿ y(x) ∈ C(J) áóëà ðîçâ'ÿçêîì çàäà÷i (1),
(2) íåîáõiäíî i äîñèòü, ùîá ôóíêöiÿ y(x) áó-
ëà ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

y(x) = y0 +
1

Γ(α)

x∫

0

(x− t)α−1F (t, y(t))dt. (3)

Äîâåäåííÿ. Íåõàé y(x) - ðîçâ'ÿçîê çàäà-
÷i (1), (2), à q(x) = y(x)− y0,
q1−α(x) = I1−α

0 q(x). Âiäïîâiäíî äî âèçíà-
÷åííÿ ðåãóëÿðèçîâàíî¨ ïîõiäíî¨ D

α

0 y(x) =
Dxq1−α(x).

Òîäi

I1
0D

α

0 y(x) = q1−α(x)− q1−α(0), (4)

äå

q1−α(x) =
1

Γ(1− α)

x∫

0

(x− t)−αy(t)dt−

− x1−αy(0)

Γ(2− α)
. (5)

ßêùî |y(x)| ≤ P , x ∈ J , òî äëÿ x ∈ J

1

Γ(1− α)

∣∣∣∣∣∣

x∫

0

(x− t)−αy(t)dt

∣∣∣∣∣∣
≤ Px1−α

Γ(2− α)
. (6)

Íà ïiäñòàâi (5), (6) lim q1−α(x) = 0 ïðè
x → 0+, òîìó ïðîäîâæóþ÷è q1−α(x) çà íåïå-
ðåðâíiñòþ, îòðèìà¹ìî, ùî q1−α(0) = 0. Îò-
æå, q1−α(x) ∈ C(J) è q1−α(0) = 0.

Âèêîðèñòîâóþ÷è (4), ïîñëiäîâíî îäåðæó-
¹ìî

I1
0D

α

0 y(x) = q1−α(x),

I1−α
0 Iα

0 D
α

0y(x)− I1−α
0 q(x) = 0,

I1−α
0 (Iα

0 D
α

0 y(x)− q(x)) = 0. (7)

Iíòåãðàë ïîðÿäêó α âiä ëiâî¨ òà ïðàâî¨ ÷à-
ñòèíè (7) äà¹

I1
0 (Iα

0 D
α

0 y(x)− q(x)) = 0.

Äèôåðåíöiþþ÷è îñòàííþ ðiâíiñòü, îòðè-
ìà¹ìî äëÿ ì.â. x ∈ J

y(x) = y0 + Iα
0 D

α

0y(x) = y0 + Iα
0 F (x, y(x)). (8)

Äîâåäåìî, ùî y(x) çàäîâîëüíÿ¹ (3) äëÿ
x ∈ J . Äëÿ öüîãî äîñèòü äîâåñòè, ùî
Iα
0 F (x, y(x)) ∈ C(J).
Íåõàé x1, x2 ∈ (0, a], ïðè÷îìó x1 < x2.

Òîäi

1

Γ(α)

∣∣∣∣
x2∫

0

(x2 − t)α−1F (t, y(t))dt−

−
x1∫

0

(x1 − t)α−1F (t, y(t))dt

∣∣∣∣ ≤

≤ M

Γ(α)

( x1∫

0

(
(x1 − t)α−1 − (x2 − t)α−1

)
dt+

+

x2∫

x1

(x2 − t)α−1dt

)
≤

≤ M

α · Γ(α)

(
2(x2 − x1)

1−α − (x1−α
2 − x1−α

1 )
) ≤

≤ 2M(x2 − x1)
1−α

Γ(α + 1)
.

Îòæå, Iα
0 F (x, y(x)) ∈ C(J). Êðiì òîãî,

äëÿ x ∈ J , |Iα
0 F (x, y(x))| ≤ (Mxα)/(Γ(α+1)).

Îñêiëüêè lim(Iα
0 F (x, y(x))) = 0 ïðè x → 0+,

òî äîâèçíà÷èìî ôóíêöiþ Iα
0 F (x, y(x)) íóëåì

ó òî÷öi x = 0. Òàêèì ÷èíîì, Iα
0 F (x, y(x)) ∈

C(J).
Îòæå, ðîçâ'ÿçîê y(x) ∈ C(J) çàäà÷i (1),

(2) äëÿ x ∈ J çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâ-
íÿííÿ (3).

Íåõàé òåïåð y(x) ∈ C(J) � ðîçâ'ÿçîê ií-
òåãðàëüíîãî ðiâíÿííÿ (3), äîâåäåìî, ùî y(x)
çàäîâîëüíÿ¹ (1) ìàéæå ñêðiçü íà J . Ìà¹ìî

q(x) = y(x)− y0 = Iα
0 F (x, y(x)),

I1−α
0 q(x) = I1

0F (x, y(x)).

Çãiäíî ç óìîâàìè (à), (á) ôóíêöiÿ
F (x, y(x)) ∈ L(0, a), òîäi q1−α(x) ∈ AC(J).
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Âiäïîâiäíî äî âèçíà÷åííÿ ðåãóëÿðèçî-
âàíî¨ ïîõiäíî¨ D

α

0y(x) = Dxq1−α(x) =
F (x, y(x)) äëÿ ì.â. x ∈ J , òîáòî y(x) � ðîçâ'ÿ-
çîê çàäà÷i (1), (2). Òåîðåìó 1 äîâåäåíî.

Íåõàé ñòàëà T , 0 < T ≤ a çàäîâîëüíÿ¹
óìîâó (MT α)/(Γ(α + 1)) ≤ b.
Òåîðåìà 2. Íåõàé F (x, y) : G → R çà-

äîâîëüíÿ¹ óìîâè (à), (á). Òîäi íà ïðîìiæêó
[0, T ] iñíó¹ ðîçâ'ÿçîê çàäà÷i (1), (2).

Äîâåäåííÿ. Íà ïðîìiæêó [0, T ] ïîáóäó¹-
ìî ïîñëiäîâíiñòü {yk(x)}, k ≥ 0, äå
y0(x) = y0,

yk(x) =





y0, x ∈ [−τk, 0),

y0 + 1
Γ(α)

x∫
0

(x− t)α−1×
×F (t, yk(t− τk))dt, x ∈ [0, T ],

(9)

à τk = T
k
.

Ôóíêöiþ yk(x) ïîñëiäîâíî âèçíà÷à¹ìî
äëÿ x ∈ [iτk, (i + 1)τk], i = 0, k − 1.

Î÷åâèäíî, ùî |yk(x) − y0| ≤ b, x ∈ [0, T ].
Äëÿ x1, x2 ∈ [0, T ], x1 < x2,

|yk(x2)− yk(x1)| ≤ 2M

Γ(α + 1)
(x2 − x1)

α.

Òàêèì ÷èíîì, ïîñëiäîâíiñòü yk(x), k ≥ 0
¹ ðiâíîìiðíî îáìåæåíîþ òà îäíîñòàéíî íå-
ïåðåðâíîþ. Âiäïîâiäíî äî òåîðåìè Àðöåëà
iñíó¹ ¨¨ ïiäïîñëiäîâíiñòü, ùî ðiâíîìiðíî íà
[0, T ] çáiãà¹òüñÿ äî v(x) ∈ C([0, T ])). Íå ïî-
ðóøóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè, ùî
ïîñëiäîâíiñòü yk(x), k ≥ 0 ðiâíîìiðíî çáiãà¹-
òüñÿ äî v(x) ∈ C(J).

Äîâåäåìî, ùî ïîñëiäîâíiñòü yk(x− τk),
k ≥ 0, òàêîæ ðiâíîìiðíî íà [0, T ] çáiãà¹òüñÿ
äî v(x).

Îäåðæó¹ìî
|yk(x− τk)− v(x)| ≤ |yk(x− τk)− yk(x)|+

+|yk(x)− v(x)|. (10)

ßêùî x ∈ [0, τk], òî

|yk(x)− yk(x− τk)| ≤ Mτk

Γ(α + 1)
. (11)

ßêùî æ x ∈ (τk, T ], òî

|yk(x)− yk(x− τk)| ≤ M

Γ(α)
×

×(

x−τk∫

0

(
(x− τk − t)α−1 − (x− t)α−1

)
dt+

+

x∫

x−τk

(x− t)α−1dt) =

=
M

Γ(α + 1)
(2τα

k − (xα − (x− τk)
α)) ≤

≤ 2Mτk

Γ(α + 1)
. (12)

Ç (10) � (12) âèïëèâà¹ ðiâíîìiðíà çái-
æíiñòü ïîñëiäîâíîñòi yk(x − τk), k ≥ 0 íà
[0, T ] äî ôóíêöi¨ v(x), à íà ïiäñòàâi òåîðåìè
Ëåáåãà ç (9) ïðè k →∞ îäåðæó¹ìî, ùî

v(x) = y0 +
1

Γ(α)

x∫

0

(x− t)α−1F (t, v(t))dt,

òîáòî v(x) - ðîçâ'ÿçîê çàäà÷i (1), (2).

Çàóâàæåííÿ. ßêùî F (x, y) : J × R → R
çàäîâîëüíÿ¹ óìîâè (à), (á), òî àíàëîãi÷íî
äîâîäèìî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2)
íà ïðîìiæêó J .

Òåîðåìà 3. Íåõàé F (x, y) : J × G → R
âèìiðíà ïî x ïðè ôiêñîâàíîìó y, çàäîâîëü-
íÿ¹ óìîâó Ëiïøèöÿ ïî y ç ïîñòiéíîþ K òà
óìîâó (á). Òîäi çàäà÷à (1), (2) ìà¹ ¹äèíèé
ðîçâ'ÿçîê ïðè x ∈ [0, T ].

Äîâåäåííÿ. Íåõàé u(x) ∈ C([0, T ]) òà-
êîæ ðîç'ÿçîê çàäà÷i (1), (2). Òîäi

|v(x)− u(x)| ≤ K

Γ(α)

x∫

0

(x− t)α−1×

×|v(t)− u(t)|dt. (13)
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Iíòåãðàëüíå ðiâíÿííÿ

z(x) =
K

Γ(α)

x∫

0

(x− t)α−1z(t)dt

ìà¹ ¹äèíèé ðîçâ'ÿçîê z(x) = 0. Ç (13) çà òå-
îðåìîþ ïðî iíòåãðàëüíi íåðiâíîñòi [9] îäåð-
æó¹ìî, ùî |v(x) − u(x)| ≤ z(x), x ∈ [0, T ].
Îòæå, v(x) = u(x), x ∈ [0, T ]. Òåîðåìó 3 äî-
âåäåíî.

20. Íèæ÷å ìîâà éòèìå ïðî îäèí ìåòîä ÷è-
ñåëüíîãî ðîçâ'ÿçàííÿ çàäà÷i (1), (2).

Ïðèïóñêà¹ìî, ùî ôóíêöiÿ
F (x, y) : J ×G → R íåïåðåðâíà ïî (x, y), çà-
äîâîëüíÿ¹ óìîâó Ëiïøèöÿ ïî y ç ïîñòiéíîþ
K òà |F (x, y)| ≤ M .

Íåõàé ðîçâ'ÿçîê çàäà÷i (1), (2) iñíó¹ i ¹äè-
íèé äëÿ x ∈ [0, T ].

Ââàæà¹ìî, ùî xi = ih, i = 0, N , Nh = T ,
à yi � íàáëèæåíå çíà÷åííÿ y(xi). Âèêîðè-
ñòîâóþ÷è (3) îäåðæèìî

y(x1) = y0 +
1

Γ(α)

x1∫

0

(x1 − t)α−1F (t, y(t))dt ≈

≈ y0 +
F (x0, y0)

Γ(α + 1)
xα

1 ,

òîáòî
y1 = y0 +

F (x0, y0) · xα
1

Γ(α + 1)
.

ßêùî y1, ..., yn çíàéäåíi, òî

y(xn+1) = y0 +
1

Γ(α)

xn+1∫

0

(xn+1 − t)α−1×

×F (t, y(t))dt =

= y0 +
1

Γ(α)

n∑

k=0

xk+1∫

xk

(xn+1− t)α−1F (t, y(t))dt ≈

≈ y0+
1

Γ(α + 1)

n∑

k=0

F (xk, yk)
(
xα

n−k+1 − xα
n−k

)
.

Òàêèì ÷èíîì,

yn+1 = y0 +
1

Γ(α + 1)

n∑

k=0

F (xk, yk)×

× (
xα

n−k+1 − xα
n−k

)
. (14)

Íåõàé δn = y(xn)− yn. Òîäi

|δn+1| ≤ 1

Γ(α)

n∑

k=0

xk+1∫

xk

(xn+1 − t)α−1×

×|F (t, y(t))− F (tk, yk)|dt. (15)

Äëÿ x ∈ [xk, xk+1]

|F (x, y(x))− F (xk, yk)| ≤
≤ |F (x, y(x))− F (xk, y(x))|+
+|F (xk, y(x))− F (xk, y(xk))|+

+|F (xk, y(xk))− F (xk, yk)| = A1 + A2 + A3.

Íåõàé [10, ñ.124]

ω(F ; h, 0) = sup
y

sup
|x−xk|≤h

|F (x, y)− F (xk, y)|

¹ ÷àñòèííèé ìîäóëü íåïåðåðâíîñòi ôóíêöi¨
F (x, y). Òîäi A1 ≤ ω(F ; h, 0).

Ïîòiì äëÿ x ∈ [xk, xk+1]

|y(x)− y(xk)| ≤ M

Γ(α)
×

×
[ xk∫

0

(
(xk − t)α−1 − (x− t)α−1

)
dt+

+

x∫

xk

(x− t)α−1dt

]
=

=
M

Γ(α + 1)

[
2(x− xk)

α − (xα − xα
k )

] ≤

≤ 2Mhα

Γ(α + 1)
. (16)

Îòæå, âðàõîâóþ÷è (16), ìà¹ìî îöiíêó
A2 ≤ (2KMhα)/(Γ(α + 1)).

Áåðó÷è äî óâàãè îöiíêè äëÿ A1, A2, à òà-
êîæ òå, ùî A3 ≤ K|δk|, îäåðæèìî äëÿ
x ∈ [xk, xk+1] íàñòóïíó îöiíêó

|F (x, y(x))− F (xk, yk)| ≤ K|δk|+ B,
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B = ω(F ; h, 0) +
2MKhα

Γ(α + 1)
.

Çâiäñè òà ç (15) âèïëèâà¹ îöiíêà

|δn+1| ≤ 1

Γ(α)

n∑

k=0

(K|δk|+ B)×

×
xk+1∫

xk

(xn+1 − t)α−1dt =
1

Γ(α + 1)
×

×
n∑

k=0

(K|δk|+ B)
(
xα

n−k+1 − xα
n−k

) ≤

≤ K

Γ(α + 1)

n∑

k=0

|δk|
(
xα

n−k+1 − xα
n−k

)
+P, (17)

P =
T α

Γ(α + 1)

(
ω(F ; h, 0) +

2Mhα

Γ(α + 1)

)
.

Iíòåãðàëüíå ðiâíÿííÿ

z(x) = P +
K

Γ(α)

x∫

0

(x− t)α−1z(t)dt (18)

ìà¹ ðîçâ'ÿçîê [11, ñ.123]
z(x) = P · Eα(Kxα), (19)

äå [1, ñ.33] Eα(τ) =
∞∑

k=0

τk

Γ(αk+1)
� ôóíêöiÿ

Ìiòòàã - Ëåôôëåðà.
Ëåìà. Íåõàé ñiòêîâi ôóíêöi¨ γh =

(γ0, γ1, . . . , γN), γ = q, w òàêi, ùî q0 =
0, w0 = P i

|qn+1| ≤ K

Γ(α + 1)

n∑

k=0

|qk|×

× (
xα

n−k+1 − xα
n−k

)
+ P, (20)

wn+1 ≥ K

Γ(α + 1)

n∑

k=0

wk×

× (
xα

n−k+1 − xα
n−k

)
+ P, n = 0, N − 1. (21)

Òîäi
|qn| ≤ wn, n = 0, N,

ïðè÷îìó ñïiââiäíîøåííÿì (21) çàäîâîëüíÿ-
þòü wn = z(xn), äå z(x) � ðîçâ'ÿçîê iíòå-
ãðàëüíîãî ðiâíÿííÿ (18).

Äîâåäåííÿ. Ñêîðèñòà¹ìîñÿ ìåòîäîì ìà-
òåìàòè÷íî¨ iíäóêöi¨. Çà óìîâîþ ëåìè
|q0| ≤ w0. Íåõàé |qk| ≤ wk, k = 0, n. Òîäi
ñïiââiäíîøåííÿ |qn+1| ≤ wn+1 áåçïîñåðåäíüî
âèïëèâà¹ ç (20), (21).

Äîâåäåìî, ùî wn = z(xn) çàäîâîëüíÿþòü
(21). Çãiäíî (19) z(x) > 0 i çðîñòà¹ íà [0, T ].
Òîäi â ñèëó (18)

z(xn+1) = P +
K

Γ(α)
×

×
n∑

k=0

xk+1∫

xk

(xn+1 − t)α−1z(t)dt ≥

≥ P +
K

Γ(α)

n∑

k=0

xk+1∫

xk

(xn+1 − t)α−1z(xk)dt =

= P +
K

Γ(α + 1)

n∑

k=0

z(xk)(x
α
n−k+1 − xα

n−k).

Ëåìó äîâåäåíî.

Íàñëiäîê. Çãiäíî (17), (19) òà ëåìè
îòðèìà¹ìî, ùî |δn| ≤ z(xn) ≤ P · Eα(KT α).
Îòæå, δn → 0 ïðè h → 0, òîìó ùî P → 0
ïðè h → 0. Çàçíà÷èìî, ùî ÿêùî F (x, y) çà-
äîâîëüíÿ¹ óìîâó Ëiïøèöÿ ïî x, òîäi
|δn| = O(hα).

Ïðèêëàä. Ðîçãëÿíåìî çàäà÷ó

D
1
2
0 y(x) = xy +

x
1
2

Γ(3
2
)
− x− x2,

y(0) = 1.

y = 1 + x � ¨¨ òî÷íèé ðîçâ'ÿçîê.
Ïîçíà÷èìî ÷åðåç yn(h1) � íàáëèæåíå çíà-

÷åííÿ y(xn) ïðè h1 = 0, 0025 òà yn(h2) � íà-
áëèæåíå çíà÷åííÿ y(xn) ïðè h2 = 0, 001.

Íèæ÷å ó òàáëèöi íàâåäåíi çíà÷åííÿ
y(xn), yn(h1) òà yn(h2).
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� x y(xn) yn(h1) yn(h2)

1 0 1 1 1
2 0.1 1.1 1.0986 1.0995
3 0.2 1.2 1.1986 1.1994
4 0.3 1.3 1.2985 1.2994
5 0.4 1.4 1.3984 1.3994
6 0.5 1.5 1.4983 1.4993
7 0.6 1.6 1.5981 1.5993
8 0.7 1.7 1.6979 1.6992
9 0.8 1.8 1.7976 1.7991
10 0.9 1.9 1.8973 1.8989
11 1 2 1.9968 1.9987
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