
ÓÄÊ 517.929

c©2006 p. ß.É. Áiãóí
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi

ÏÐÎ ÓÑÅÐÅÄÍÅÍÍß Â ÁÀÃÀÒÎ×ÀÑÒÎÒÍÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ×ÀÕ IÇ
ÏÎÑÒIÉÍÈÌ ÇÀÏIÇÍÅÍÍßÌ

Îá ðóíòîâàíî ìåòîä óñåðåäíåííÿ çà øâèäêèìè çìiííèìè äëÿ ñèñòåìè äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü iç ïîâiëüíèìè òà øâèäêèìè çìiííèìè. Ïðîöåäóðà óñåðåäíåííÿ çàñòîñî-
âàíà ÿê äî ïðàâèõ ÷àñòèí ñèñòåìè, òàê i äî iíòåãðàëüíèõ êðàéîâèõ óìîâ. Äîâåäåíî iñíóâàííÿ
ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i òà îäåðæàíî îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ.

In this paper we satisfy the averaging method for di�erential-di�erence equations with a fast and
slow variables. A system and the integral boundary conditions are averagined by the fast variables.
An existence of solution of the boundary-value problem and for error of the method, an estimate
evidently dependent of a small parameter, is obtained.

Âñòóï. Îá ðóíòóâàííþ ìåòîäó óñåðåäíå-
ííÿ äëÿ áàãàòî÷àñòîòíèõ ñèñòåì, ïî÷èíà-
þ÷è ç ïðàöi Â.I. Àðíîëüäà äëÿ äâî÷àñòî-
òíèõ ñèñòåì iç àíàëiòè÷íèìè ïðàâèìè ÷à-
ñòèíàìè [1], ïðèñâÿ÷åíi ðîáîòèÞ.À. Ìèòðî-
ïîëüñüêîãî, �.Î. Ãðåáåíiêîâà, Ì.Ì. Õàïà¹-
âà, À.Ì. Ñàìîéëåíêà, Ð.I. Ïåòðèøèíà òà ií.
(äèâ. [2 � 4] i íàâåäåíó â [5] áiáëiîãðàôiþ).

Ñêëàäíiñòü äîñëiäæåííÿ áàãàòî÷àñòî-
òíèõ ñèñòåì îáóìîâëåíà ðåçîíàíñíèìè
ÿâèùàìè, ùî îïèñóþòüñÿ òî÷íîþ ÷è íàáëè-
æåíîþ ðàöiîíàëüíîþ ñïiââèìiðíiñòþ ÷àñòîò.
ßêùî òàêà ñïiââèìiðíiñòü çáåðiãà¹òüñÿ íà
ïðîòÿçi äîñèòü âåëèêîãî ÷àñîâîãî ïðîìiæêó,
òî ïðîöåäóðà óñåðåäíåííÿ ìîæå ïðèâåñòè
äî ïîõèáêè O(1) äëÿ âiäõèëåííÿ ðîçâ'ÿçêiâ
òî÷íî¨ é óñåðåäíåíî¨ çàäà÷.

Äëÿ ñèñòåì iç çàïiçíåííÿì, ÿêi â ïðîöå-
ñi åâîëþöi¨ ïðîõîäÿòü ÷åðåç ðåçîíàíñ, ìå-
òîä óñåðåäíåííÿ áóâ îá ðóíòîâàíèé â [6, 7]
òà ií. Çîêðåìà, ñèñòåìà iç ëiíiéíî ïåðåòî-
âîðåíèì àðãóìåíòîì é iíòåãðàëüíèìè êðà-
éîâèìè óìîâàìè ðîçãëÿíóòà ó [8]. Â [9] äî-
ñëiäæóâàëàñü äâîòî÷êîâà êðàéîâà çàäà÷à iç-
ïîñòiéíèì çàïiçíåííÿì. Ó äàíié ðîáîòi çà
äîïîìîãîþ ìåòîäó óñåðåäíåííÿ äîñëiäæó-
¹òüñÿ ðåçîíàíñíà ñèñòåìà äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü ç iíòåãðàëüíèìè òà ïî-
÷àòêîâèìè óìîâàìè.

1. Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ
ðiâíÿíü âèãëÿäó

dx

dτ
= X(τ, x, x∆, ϕ, ϕ∆, ε),

dϕ

dτ
=

ω(τ)

ε
+ Y (τ, x, x∆, ϕ, ϕ∆, ε), (1)

äå ìàëèé ïàðàìåòð ε ∈ (0, ε0], τ ∈ [0, L], x ∈
D ⊂ Rn, ϕ ∈ Rm, x∆(τ) = x(τ − ε∆), ∆ =
const > 0, ω(τ) � âåêòîð ÷àñòîò.

Çàäàìî äëÿ ðîçâ'ÿçêó ñèñòåìè (1) iíòå-
ãðàëüíi óìîâè

L∫

0

f(τ, x, x∆, ϕ, ϕ∆, ε)dτ = d1, (2)

L∫

0

[A(τ, x, x∆, ε)ϕ + g(τ, x, x∆, ϕ, ϕ∆, ε)]dτ =

= d2, (3)

äå f , A i g � çàäàíi âåêòîð-ôóíêöi¨, d1 i d2 �
âåêòîðè ç Rn i Rm âiäïîâiäíî. Ôóíêöi¨ X, Y ,
f i g � 2π-ïåðiîäè÷íi çà êîæíîþ ç êîìïîíåíò
âåêòîðiâ ϕ i ϕ∆. Êðiì óìîâ (2), (3) çàäàþòüñÿ
ùå ïî÷àòêîâi óìîâè

x(s) = x0(s), ϕ(s) = ϕ0(s), s ∈ [−ε∆, 0). (4)
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Çàóâàæèìî, ùî óìîâ (4) íåäîñòàòíüî äëÿ
âèçíà÷åííÿ ðîçâ'ÿçêó ñèñòåìè (1), îñêiëüêè
íå çàäàíî çíà÷åíü x(0) i ϕ(0).

Ïiä ðîçâ'ÿçêîì çàäà÷i (1) � (4) ðîçóìi¹ìî
àáñîëþòíî íåïåðåðâíi ôóíêöi¨ x = x(τ, ε),
ϕ = ϕ(τ, ε), ÿêi äëÿ âñiõ ε ∈ (0, ε0] çàäîâîëü-
íÿþòü ñèñòåìó (1) ìàéæå âñþäè íà [0, L] i
óìîâè (2), (3), à íà [−ε∆, 0) � óìîâè (4).

Íåõàé k, l ∈ Zm, p = (k, l) ∈ Z2m, ‖p‖ =∑
ν

|pν |. Ãàðìîíiêà exp[i(k, ϕ)+i(l, ϕ∆)] ðåçî-

íàíñíà â òî÷öi τ ∈ [ε∆, L], ÿêùî

(k, ω(τ)) + (l, ω(τ − ε∆)) ∼= 0, ‖p‖ 6= 0,

äå (·, ·) � ñêàëÿðíèé äîáóòîê. Äëÿ τ ∈ [0, ε∆)
ñèñòåìà (1) ¹ ñèñòåìîþ áåç çàïiçíåííÿ, òîìó
óìîâîþ ðåçîíàíñó ÷àñòîò ¹ âèêîíàííÿ ðiâ-
íîñòi [4]: (k, ω(τ)) = 0, k ∈ Zm \ {0}.

Äëÿ ãàðìîíiê exp[i(k, ϕ−ϕ∆)] ïðè τ ≥ ε∆
ôàçà çìiíþ¹òüñÿ ïîâiëüíî, îñêiëüêè

d(ϕ− ϕ∆)

dt
= ω(τ)∆ + O(ε),

òîìó óñåðåäíåíà ñèñòåìà âêëþ÷àòèìå òàêîæ
ãàðìîíiêè, äëÿ ÿêèõ k+ l = 0. Óñåðåäíåíà çà
çìiííîþ ϕ çàäà÷à, íàáóâà¹ âèãëÿäó

dx

dτ
= X(τ, x, x∆, ε),

dϕ

dτ
=

ω(τ)

ε
+ Y (τ, x, x∆, ε), (5)

L∫

0

f(τ, x, x∆, ε) = d1, (6)

L∫

0

[A(τ, x, x∆)ϕ + g(τ, x, x∆, ε)]dτ = d2. (7)

Òóò

F (τ, x, x∆, θ, ε) =
1

(2π)m

2π∫

0

. . .

. . .

2π∫

0

F (τ, x, x∆, ϕ, ϕ−θ, ε)dϕ =
∑

k+l=0

Fkle
i(k,θ),

äå θ = ω(τ)∆, F = (X,Y, f, g),
Fkl(τ, x, x∆, ε) � êîåôiöi¹íòè Ôóð'¹.

Àëãîðèòìè ïîáóäîâè óñåðåäíåíèõ ðiâ-
íÿíü iç âðàõóâàííÿì ðåçîíàíñíèõ ãàðìîíiê
äëÿ ñèñòåì áåç çàïiçíåííÿ íàâåäåíi â [2, 4,
5], à â ñèñòåìàõ iç çàïiçíåííÿì � â [10,11].

2. Ââåäåìî ïîçíà÷åííÿ: G = [0, L] ×
D × D × Rm × Rm × (0, ε0], G1 = [0, L] ×
D × D × (0, ε0], v = (ϕ, ϕ∆) ∈ R2m, z =
(x, x∆) ∈ D2, M = (τ, x, x∆, ϕ, ϕ∆, ε) ∈ G,
M1 = (τ, x, x∆, ε), M0

1 = (τ, x, x∆). Íåõàé
x = x(τ, y, ε) � êîìïîíåíòà ðîçâ'ÿçêó ñè-
ñòåìè (5), x(0, y, ε) = y; x̃ = x(τ, y + µ, ε),
M1 = (τ, x, x∆, ε), M̃1 = (τ, x̃, x̃∆, ε).

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ íàñòóïíi
óìîâè:

10. Ôóíêöi¨ ων ∈ Cm[0, L], ν = 1, . . . , m,
à ïîáóäîâàíèé çà öi¹þ ñèñòåìîþ âðîíñêiàí
W [ω1(τ), . . . , ωm(τ)] 6= 0 äëÿ τ ∈ [0, L].

20. Âåêòîð-ôóíêöi¨ F ∈ C2
(τ,z)(G, a1), i A ∈

C1
(τ,z)(G, a1) òà îáìåæåíi ðàçîì iç ïîõiäíèìè

ó âiäïîâiäíèõ îáëàñòÿõ ñòàëîþ a1.
30. Âèêîíóþòüñÿ íåðiâíîñòi:

sup ‖F00‖+ sup

∥∥∥∥∥
∂F00

∂τ

∥∥∥∥∥ + sup

∥∥∥∥∥
∂F00

∂z

∥∥∥∥∥+

+
∑

‖k‖+‖l‖6=0

[
(‖k‖+‖l‖) sup ‖Fkl‖+sup

∥∥∥∥∥
∂Fkl

∂τ

∥∥∥∥∥+

+ sup

∥∥∥∥∥
∂Fkl

∂z

∥∥∥∥∥

]
≤ a2,

∑

‖k+l‖>0

1

‖k + l‖

(
sup

∥∥∥∥∥
∂2Fkl

∂τ∂z

∥∥∥∥∥+

+
2m∑
ν=1

sup

∥∥∥∥∥
∂2Fkl

∂z∂zν

∥∥∥∥∥

)
≤ a2,

äå ñóïðåìóì îá÷èñëþ¹òüñÿ â îáëàñòi G1.
40. Ìàòðèöi

Q1(ε) =

L∫

0

(
∂f

∂x
(M1)

∂x

∂y
(τ, y, ε)+
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+
∂f

∂x∆

(M1)
∂x∆

∂y
(τ, y, ε)

)
dτ,

Q2(ε) =

L∫

0

A(τ, x(τ, y, ε), x∆(τ, y, ε))dτ

íå âèðîäæåíi, êîëè ε ∈ (0, ε0], i

‖Qν(ε)‖ ≤ σνε
−χν ,

äå σν > 0, 0 ≤ χ1 < m−1, 0 ≤ χ1 + χ2 < m−1.

3. Ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i
âèãëÿäó (1) � (3) iç ëiíiéíî ïåðåòâîðåíèì àð-
ãóìåíòîì ðîçãëÿäàëîñÿ â [8]. Äëÿ çàäà÷i (1)-
(4)ðîçâ'ÿçîê òiëüêè íåïåðåðâíèé ïðè τ > 0.
Òîìó, ùîá ñêîðèñòàòèñÿ ìåòîäèêîþ [4], âèäi-
ëèìî ïðîìiæêè [0, 2ε∆] i [2ε∆, L], íà äðóãî-
ìó ç ÿêèõ (x(·, ε), ϕ(·, ε)) ∈ C2 äëÿ êîæíîãî
ε ∈ (0, ε0].

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè 10

� 40, âåêòîð-ôóíêöi¨ x0 i ϕ0 íåïåðåðâíi íà
[−ε∆, 0). Òîäi ∀ε ∈ (0, ε0], äå ε0 � äîñèòü ìà-
ëå, iñíó¹ ðîçâ'ÿçîê (x(τ, y, ψ, ε), ϕ(τ, y, ψ, ε))
çàäà÷i (1) � (4), (x(0, y, ψ, ε), ϕ(0, y, ψ, ε)) =
(y, ψ), i òàêà ôóíêöiÿ ξ(ε), ùî âèêîíó¹òüñÿ
íåðiâíiñòü

‖x(τ, y, ψ, ε)− x(τ, y, ε)‖+
+‖ϕ(τ, y, ψ, ε)− ϕ(τ, y, ε)− ξ(ε)‖ ≤ c11ε

α,

α = 1/m− χ1

äëÿ âñiõ (τ, ε) ∈ [0, L] × (0, ε0], c11 íå çàëå-
æèòü âiä ε.

Äîâåäåííÿ. Íåõàé ρ1 = 0.5ρ, µ ∈ Rn,
‖µ‖ ≤ c−1

1 ρ1, c1 = exp(2a1nL). Òîäi ∀ε ∈
(0, ε0] êðèâà x = x(τ, y + µ, ε) ëåæèòü â ρ1-
îêîëi êðèâî¨ x = x(τ, y, ε). Íà ïiäñòàâi òåî-
ðåìè 3 [10] iñíó¹ ðîçâ'ÿçîê ñèñòåìè (1), âè-
çíà÷åíèé äëÿ τ ∈ [0, L], i

‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y + µ, ε)‖ ≤ c2ε
1/m.

Çâiäñè âèïëèâà¹ íåðiâíiñòü

‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y + µ, ε)‖ ≤
≤ c1‖µ‖+ c2ε

1/m. (8)

Ïîêàæåìî, ùî ∃µ = µ(ξ, ε) ∈ Rn òàêå,
ùî ∀(ξ, ε) ∈ Rm × (0, ε0] iñíó¹ ðîçâ'ÿçîê ñè-
ñòåìè (1) ÿêèé ïðè t = 0 íàáóâà¹ çíà÷åíü
(x(0, ε), ϕ(0, ε)) = (y+µ, ψ+ξ) i çàäîâîëüíÿ¹
óìîâó (2). Iç (2) i (6) âèïëèâà¹

2ε∆∫

0

(f(M)− f(M1))dτ+

+
∑

k+l=0

L∫

2ε∆

(fkl(M1)e
i(k,ϕ−ϕ∆)−

−fkl(M̃1)e
i(k,ω(τ))∆)dτ+

+
∑

k+l=0

L∫

2ε∆

fkl(M1)e
i(k,ϕ)+i(l,ϕ∆)dτ+

+

L∫

2ε∆

(f(M1)− f(M̃1))dτ ≡

≡ R1 + R2 + R3 + R4 = 0.

Iç óìîâè 10 îäåðæó¹òüñÿ îöiíêà

‖R1‖ ≤ 4a1∆ε. (9)

Ïðè τ ≥ 2ε∆ ìà¹ìî

‖ϕ(τ)− ϕ(τ − ε∆)− ω(τ)∆‖ ≤ c3ε,

c3 =

(
∆2 max

1≤ν≤m
max

τ∈[0,L]

∣∣∣∣
dων(τ)

dτ

∣∣∣∣+2 sup
G
‖Y ‖

)
∆/2.

Òîäi äëÿ R2 îäåðæèìî îöiíêó

‖R2‖ ≤ c3Lε
∑

k+l=0

sup
G1

‖fkl(M1)‖+

+L
∑

k+l=0

‖fkl(M1)− fkl(M̃1)‖ ≤ (10)

≤
(

2c1nL
∑

k+l=0

(
sup
G1

‖fkl(M̃1)‖+

+ sup
G1

∥∥∥∥
∂fkl

∂x
(M1)

∥∥∥∥+sup
G1

∥∥∥∥
∂fkl

∂x∆

(M1)

∥∥∥∥
))

ε = c4ε,

ÿêùî ε0 ≤
(

c2n

c1

) m
m−1

.
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Çàñòîñó¹ìî îäåðæàíó â [10] îöiíêó îñöè-
ëÿöiéíîãî iíòåãðàëà äëÿ îöiíêè òàêîãî iíòå-
ãðàëà:

R3 =

L∫

2ε∆

g̃kl(τ, ε) exp

(
i

ε

τ∫

2ε∆

γkl(s, ε)ds

)
dτ,

äå

g̃kl(τ, ε) = fkl(M1) exp

[
i(k, ϕ) + i(l, ϕ∆)−

− i

ε

τ∫

2ε∆

γkl(s, ε)ds

]
,

γkl(τ, ε) = (k, ω(τ)) + (l, ω(τ − ε∆)).

Ìà¹ìî

‖R3‖ ≤ c5ε
1
m

∑

‖k+l‖6=0

(
sup
G1

‖fkl‖+

+
1

‖k + l‖ sup
G1

∥∥∥∥
df

dτ

∥∥∥∥
)
≤ (1+a1)a2c5ε

1
m . (11).

Äàëi îäåðæèìî,

R4 =

L∫

2ε∆

[f(M̃1)− f(M1)]dτ = Q1(ε)µ+

+
∂f

∂x
(M)P11 +

∂f

∂x∆

(M)P12 + P1.

Òóò

‖P11‖ =

∥∥∥∥∥x̃ − x − ∂x

∂y
µ

∥∥∥∥∥ ≤ 1

2
na3‖µ‖2, äå

a3(x) =
n∑

ν=1

sup

∥∥∥∥∥
∂2x

∂y∂yν

µ

∥∥∥∥∥.
Òàêà æ îöiíêà ñïðàâäæó¹òüñÿ i äëÿ P12 =

x̃∆ − x∆ − ∂x∆

∂y
µ.

Òàêèì æå ÷èíîì îäåðæó¹òüñÿ îöiíêà äëÿ
P1:

‖P1‖ =

∥∥∥∥∥f(M1)− f(M1)− ∂f

∂x
(M1)(x̃− x)−

− ∂f

∂x∆

(M1)(x̃∆ − x∆)

∥∥∥∥∥ ≤

c1nε
1
m

(
sup

∥∥∥∥∥
∂f

∂x

∥∥∥∥∥+sup

∥∥∥∥∥
∂f

∂x∆

∥∥∥∥∥

)
+

1

2
a3(f)‖µ‖2 ≤

≤ c6(ε
1
m + ‖µ‖2), c6 > 0.

Äëÿ µ ìà¹ìî ðiâíÿííÿ

µ = −Q−1
1 (ε)(R1+R2+R3+P1+

∂f

∂x
(M1)P11+

+ sup

∥∥∥∥∥
∂f

∂x∆

P12) ≡ M1(µ, ξ, ε).

Íà ïiäñòàâi íåðiâíîñòåé (8)-(10), îöiíîê äëÿ
P11, P12 i P1 ñïðàâäæó¹òüñÿ íåðiâíiñòü

‖M1‖ ≤ c7ε
α + c8ε

−χ1‖µ‖2,

äå c7 = 4a1∆ + c4 + (1 + a1)a2c5 + c6, c8 =
a1a3(α)n + c6.

Íåõàé ‖µ‖ ≤ 2c7ε
α, 2c7c8ε

α−χ1

0 ≤ 1. Òîäi
∀ξ ∈ Rm i ε ∈ (0, ε0]

‖M1‖ ≤ 2c7ε
α. (12)

Îòæå, M1(·, ξ, ε): S1 → S1, äå S1 � êóëÿ ç
ðàäióñîì r1 = 2c7ε

α.
Àíàëîãi÷íî ÿê â [8] äîâîäèòüñÿ, ùî äëÿ

äîñèòü ìàëîãî ε0 > 0 âiäîáðàæåííÿ M1 ¹
ñòèñêàþ÷èì. Òîìó, íà ïiäñòàâi òåîðåìè Áðà-
óåðà [12] ∀(ξ, ε) ∈ Rm × (0, ε0] iñíó¹ ¹äèíèé
ðîçâ'ÿçîê µ = µ(ξ, ε).

Äîâåäåìî, ùî ∃ξ ∈ Rm òàêå, ùî ðîçâ'ÿçîê
ñèñòåìè (1) iç çíà÷åííÿìè (y + µ(ξ, ε), ψ +
ξ(ε)) çàäîâîëüíÿ¹ óìîâó (3). Iç (3) i (7) ìà¹-
ìî

ξ = −Q−1
2 (ε)

{ 2ε∆∫

0

(A(M0
1 )ϕ−A(M

0

1)ϕ+g(M)−

−g(M1))dτ +

L∫

2ε∆

[A(M0
1 )(ϕ− ϕ̃) + (A(M0

1 )−

−A(M
0

1))ϕ̃+A(M
0

1)(ϕ̃−ϕ)+(g(M1)−g(M1))+

+
∑

k+l 6=0

gkl(M1) exp(i(k, ϕ) + (l, ϕ∆))]dτ

}
≡
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≡ M2(ξ, ε).

Àíàëîãi÷íî, ÿê áóëà îäåðæàíà îöiíêà
(12), äiñòàíåìî

‖M2(ξ, ε)‖ ≤ c9ε
α−χ2‖ξ‖+ c10ε

α−χ2−1. (13)

Íåðiâíiñòü (13) âèêîíó¹òüñÿ äëÿ âñiõ (ξ, ε) ∈
Rm × (0, ε0]. Íåõàé

‖ξ‖ ≤ r2 = 2c10ε
α−χ2−1, ε0 ≤ (2c9)

1/(χ2−α+1).

Òîäi ∀ε ∈ (0, ε0] ìà¹ìî M2: S2 → S2, äå S2

� êóëÿ â Rm ç ðàäióñîì r2. Íà ïiäñòàâi òåî-
ðåìè Áðàóåðà ç íåïåðåðâíîñòi âiäîáðàæåííÿ
M2 ïî ξ ∀ε ∈ (0, ε0] âèïëèâà¹ iñíóâàííÿ íåðó-
õîìî¨ òî÷êè ξ = ξ(ε) âiäîáðàæåííÿ M2(·, ε).
Îòæå, iñíó¹ ðîçâ'ÿçîê ñèñòåìè (1), ÿêèé çà-
äîâîëüíÿ¹ iíòåãðàëüíi óìîâè (2) i (3). Êðiì
òîãî,

‖ϕ(τ, y + µ, ψ + ξ, ε)− ϕ(τ, y, ψ, ε)− ξ(ε)‖ ≤
≤ ‖ϕ(τ, y+µ, ψ+ξ, ε)− ϕ̃(τ, y+µ, ψ+ξ, ε)‖+

(14)
+‖ϕ̃(τ, y + µ, ψ + ξ, ε)−ϕ(τ, y, ψ, ε)− ξ(ε)‖ ≤
≤ c2ε

1
m + ‖µ‖c9 ≤ c2ε

1
m + 2c1c10ε

α ≤ 4c1c10ε
α,

ÿêùî ε0 ≤ (2c1c10/c2)
1/χ1 .

Îá'¹äíàâøè îöiíêè (8) i (14) îäåðæèìî
îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ iç ñòà-
ëîþ c11 = 4c1c10.

Íåõàé 2c11ε
α
0 ≤ ρ. Òîäi êðèâà x = x(τ, y +

µ, ψ+ξ, ε) ëåæèòü â ρ1-îêîëi ðîçâ'ÿçêó óñåðå-
äíåíî¨ çàäà÷i äëÿ âñiõ (τ, ε) ∈ [0, L]× (0, ε0].

Òåîðåìó äîâåäåíî.
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