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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà, Ëüâiâ

IÄÅÍÒÈÔIÊÀÖIß ÑÒÀÐØÎÃÎ ÊÎÅÔIÖI�ÍÒÀ

Â ÏÀÐÀÁÎËI×ÍÎÌÓ ÐIÂÍßÍÍI Ç ÂÈÐÎÄÆÅÍÍßÌ
Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ íåâiäî-

ìîãî êîåôiöi¹íòà a(t)tβ1, 0 < β1 < 1 ïðè ñòàðøié ïîõiäíié ó ïîâíîìó ïàðàáîëi÷íîìó ðiâíÿííi
çi ñëàáêèì âèðîäæåííÿì.

We establish conditions for existence and uniqueness of a solution of inverse problem for a
weakly degenerate parabolic equation with unknown coe�cient a(t)tβ1, 0 < β1 < 1 at the higher-
order derivative.

Â îáëàñòi QT ≡ {(x, t) : 0 < x < h, 0 < t <
T} ðîçãëÿíåìî ïàðàáîëi÷íå ðiâíÿííÿ

ut = a(t)tβ1uxx + b(x, t)ux + c(x, t)u + f(x, t)
(1)

ç íåâiäîìèì êîåôiöi¹íòîì a(t) > 0, t ∈ [0, T ],
ïî÷àòêîâîþ óìîâîþ

u(x, 0) = ϕ(x), x ∈ [0, h], (2)

êðàéîâèìè óìîâàìè

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ]
(3)

òà óìîâîþ ïåðåâèçíà÷åííÿ

a(t)ux(0, t) = µ3(t), t ∈ [0, T ]. (4)

Îáåðíåíi çàäà÷i ç âèðîäæåííÿì ðîçãëÿ-
äàëèñü â ðîáîòàõ [1-3] äëÿ ðiâíÿíü ãiïåð-
áîëi÷íîãî òà åëiïòè÷íîãî òèïiâ ç íåâiäîìè-
ìè âiëüíèì ÷ëåíîì àáî ìîëîäøèì êîåôiöi-
¹íòîì.

Óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4)
íàâåäåíi â íàñòóïíié òåîðåìi.

Òåîðåìà iñíóâàííÿ. Ïðèïóñòèìî, ùî
âèêîíóþòüñÿ óìîâè:

1) ϕ ∈ C1[0, h]; µi ∈ C1[0, T ], i = 1, 2;
µ3 ∈ C[0, T ]; b, c, f ∈ C(QT ) i f(x, t), c(x, t),
b(x, t) çàäîâîëüíÿþòü óìîâó Ãåëüäåðà ïî
çìiííié x ç ïîêàçíèêîì α, 0 < α < 1;

2) ϕ′(x) > 0, x ∈ [0, h]; µ3(t) > 0, t ∈
[0, T ]; 0 < β1 < 1;

3) ϕ(0) = µ1(0), ϕ(h) = µ2(0).

Òîäi ìîæíà âêàçàòè òàêå ÷èñëî t0, 0 <
t0 ≤ T, ÿêå âèçíà÷à¹òüñÿ âèõiäíèìè
äàíèìè çàäà÷i, ùî iñíó¹ ðîçâ'ÿçîê çàäà-
÷i (1)-(4) (a(t), u(x, t)) ç êëàñó C[0, t0] ×
C2,1(Qt0)

⋂
C1,0(Qt0), ïðè÷îìó a(t) > 0, t ∈

[0, t0].

Äîâåäåííÿ. Äëÿ äîâåäåííÿ iñíóâàííÿ
ðîçâ'ÿçêó çàäà÷i (1)-(4) çàñòîñó¹ìî òåîðåìó
Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïå-
ðåâíîãî îïåðàòîðà. Äëÿ öüîãî çâåäåìî çà-
äà÷ó (1)-(4) äî ñèñòåìè ðiâíÿíü ñòîñîâíî
íåâiäîìèõ (a(t), u(x, t), v(x, t)), äå v(x, t) ≡
ux(x, t). Ïðèïóñòèìî, ùî ôóíêöiÿ a(t) âiäî-
ìà. Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà, çàìi-
íèìî ïðÿìó çàäà÷ó (1)-(3) åêâiâàëåíòíîþ ñè-
ñòåìîþ iíòåãðàëüíèõ ðiâíÿíü

u(x, t) = u0(x, t) +

t∫

0

h∫

0

G1(x, t, ξ, τ)×

× (b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (5)

v(x, t) = u0x(x, t) +

t∫

0

h∫

0

G1x(x, t, ξ, τ)×

× (b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ. (6)

Ó âèðàçi (5) ÷åðåç u0(x, t) ïîçíà÷åíî ðîçâ'ÿ-
çîê ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut = a(t)tβ1uxx + f(x, t) (7)
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ç óìîâàìè (2),(3), ÿêèé ìà¹ âèãëÿä

u0(x, t) =

h∫

0

G1(x, t, ξ, 0)ϕ(ξ)dξ+

+

t∫

0

G1ξ(x, t, 0, τ)a(τ)τβ1µ1(τ)dτ−

−
t∫

0

G1ξ(x, t, h, τ)a(τ)τβ1µ2(τ)dτ+

+

t∫

0

h∫

0

G1(x, t, ξ, τ)f(ξ, τ)dξdτ. (8)

×åðåç Gk(x, t, ξ, τ) ïîçíà÷à¹ìî ôóíêöi¨ Ãðiíà
ïåðøî¨ (k = 1) òà äðóãî¨ (k = 2) êðàéîâèõ
çàäà÷ äëÿ ðiâíÿííÿ (7):

Gk(x, t, ξ, τ) =
1

2
√

π(θ(t)− θ(τ))
×

×
∞∑

n=−∞

(
exp

(
−(x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+

+(−1)k exp

(
−(x + ξ + 2nh)2

4(θ(t)− θ(τ))

))
, (9)

äå θ(t) =

t∫

0

a(τ)τβ1dτ. Ïîõiäíà u0x(x, t) îäåð-

æó¹òüñÿ ç âèðàçó (8) äèôåðåíöiþâàííÿì,
iíòåãðóâàííÿì ÷àñòèíàìè ç çàñòîñóâàííÿì
óìîâ óçãîäæåíîñòi òà âëàñòèâîñòåé ôóíêöi¨
Ãðiíà:

u0x(x, t) =

h∫

0

G2(x, t, ξ, 0)ϕ′(ξ)dξ−

−
t∫

0

G2(x, t, 0, τ)µ′1(τ)dτ +

t∫

0

G2(x, t, h, τ)×

× µ′2(τ)dτ +

t∫

0

h∫

0

G1x(x, t, ξ, τ)f(ξ, τ)dξdτ.

(10)

Ïiäñòàâëÿþ÷è âèðàç (6) â óìîâó (4), îòðè-

ìó¹ìî ðiâíÿííÿ

a(t) =
µ3(t)

v(0, t)
, t ∈ [0, T ]. (11)

Îòæå, îáåðíåíó çàäà÷ó (1)-(4) çâåäåíî äî
åêâiâàëåíòíî¨ ñèñòåìè ðiâíÿíü (5),(6),(11).

Âñòàíîâèìî iñíóâàííÿ íåïåðåðâíîãî
ðîçâ'ÿçêó ñèñòåìè (5),(6),(11). Äëÿ öüîãî
âèçíà÷èìî àïðiîðíi îöiíêè ðîçâ'ÿçêó öi¹¨
ñèñòåìè. Ç ïðèíöèïó ìàêñèìóìó [4, ñ.23]
âèïëèâà¹ îöiíêà

|u(x, t)| ≤ U, (x, t) ∈ QT , (12)

äå ñòàëà U > 0 çàëåæèòü âiä âiäîìèõ âåëè-
÷èí.

Âðàõîâóþ÷è ðiâíiñòü
h∫

0

G2(x, t, ξ, 0)dξ = 1, (13)

ç óìîâè 2 òåîðåìè iñíóâàííÿ âñòàíîâëþ¹ìî
äîäàòíiñòü ïåðøîãî äîäàíêà âèðàçó (10). Âñi
iíøi äîäàíêè ç ôîðìóëè (6) ïðè t = 0 äî-
ðiâíþþòü íóëþ. Òîìó iñíó¹ òàêå çíà÷åííÿ
t1, 0 < t1 ≤ T, ùî

1

2

h∫

0

G2(x, t, ξ, 0)ϕ′(ξ)dξ ≥
t∫

0

G2(x, t, 0, τ)×

× µ′1(τ)dτ −
t∫

0

G2(x, t, h, τ)µ′2(τ)dτ−

−
t∫

0

h∫

0

G1x(x, t, ξ, τ)f(ξ, τ)dξdτ−

−
t∫

0

h∫

0

G1x(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ)+

+ c(ξ, τ)u(ξ, τ))dξdτ, t ∈ [0, t1]. (14)

Òîäi ç (6), âèêîðèñòîâóþ÷è (10),(13),(14)
îòðèìó¹ìî îöiíêó v(x, t) çíèçó:

v(x, t) ≥ 1

2
min

x∈[0,h]
ϕ′(x) ≡ M1 > 0, t ∈ [0, t1].

(15)
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Ç (15) âèïëèâà¹ îöiíêà çâåðõó ôóíêöi¨ a(t) :

a(t) ≤ µ3(t)

M1

≤ A1, A1 > 0, t ∈ [0, t1].

(16)
Âñòàíîâèìî îöiíêó |v(x, t)|. Ïåðøèé äî-

äàíîê ç (10) îöiíèìî çà äîïîìîãîþ (13). Äëÿ
îöiíêè äâîõ íàñòóïíèõ âèðàçiâ ç (10) âèêî-
ðèñòîâó¹ìî ÿâíèé âèãëÿä ôóíêöi¨ Ãðiíà òà
âiäîìó îöiíêó [5, ñ.12]:

G2(x, t, ξ, τ) ≤ C1 +
C2√

θ(t)− θ(τ)
,

äå C1, C2 > 0 � âiäîìi ñòàëi. Äëÿ îöiíêè
îñòàííüîãî äîäàíêà ç (10) ðîçãëÿíåìî iíòå-
ãðàë

I1 ≡
∣∣∣∣

t∫

0

h∫

0

G1x(x, t, ξ, τ)dξdτ

∣∣∣∣ ≤

≤ C3

t∫

0

h∫

0

∞∑
n=−∞

(
|x− ξ + 2nh|×

× exp

(
−(x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+ |x + ξ + 2nh|×

× exp

(
−(x + ξ + 2nh)2

4(θ(t)− θ(τ))

))
dξdτ

(θ(t)− θ(τ))3/2
,

äå C3 > 0 � âiäîìà ñòàëà. Ðîçáèâàþ÷è
îñòàííié iíòåãðàë íà ñóìó äâîõ iíòåãðà-
ëiâ i ðîáëÿ÷è âiäïîâiäíî çàìiíè çìiííèõ
z =

x− ξ + 2nh

2
√

θ(t)− θ(τ)
òà z =

x + ξ + 2nh

2
√

θ(t)− θ(τ)
,

îäåðæèìî

I1 ≤ C4

t∫

0

dτ√
θ(t)− θ(τ)

∞∑
n=−∞

x+h(2n+1)

2
√

θ(t)−θ(τ)∫

x+h(2n−1)

2
√

θ(t)−θ(τ)

|z|×

× exp(−z2)dz = C4

t∫

0

dτ√
θ(t)− θ(τ)

×

×
+∞∫

−∞

|z| exp(−z2)dz = C4

t∫

0

dτ√
θ(t)− θ(τ)

.

(17)

Âíàñëiäîê öüîãî îòðèìà¹ìî

|u0x(x, t)| ≤ C5 + C6

t∫

0

dτ√
θ(t)− θ(τ)

. (18)

Ââåäåìî ïîçíà÷åííÿ V (t) = max
x∈[0,h]

|v(x, t)|.
Âèêîðèñòîâóþ÷è (17),(12) îöiíèìî äðóãèé
äîäàíîê ç (6):
∣∣∣∣

t∫

0

h∫

0

G1x(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ) + c(ξ, τ)×

× u(ξ, τ))dξdτ

∣∣∣∣ ≤ C7

t∫

0

(V (τ) + 1)dτ√
θ(t)− θ(τ)

,

äå C7 > 0 � âiäîìà ñòàëà. Îñòàòî÷íî ìà¹ìî
îöiíêó

V (t) ≤ C5 + C8

t∫

0

(V (τ) + 1)dτ√
θ(t)− θ(τ)

,

àáî

V1(t) ≤ C9 + C10

t∫

0

V1(τ)dτ√
θ(t)− θ(τ)

, t ∈ [0, t1],

(19)
äå V1(t) = V (t)+1. Ç óìîâè (4) ìà¹ìî 1

a(t)
≤

V1(t)

µ3(t)
. Âèêîðèñòîâóþ÷è öþ íåðiâíiñòü òà äî-

äàòíiñòü ôóíêöi¨ µ3(t), ç (19) îòðèìó¹ìî

V1(t) ≤ C9 + C11

t∫

0

a(τ)V 2
1 (τ)dτ√

θ(t)− θ(τ)
.

Ïiäíåñåìî äî êâàäðàòó îáèäâi ÷àñòèíè íå-
ðiâíîñòi, âèêîðèñòîâóþ÷è íåðiâíîñòi Êîøi,
Êîøi-Áóíÿêîâñüêîãî:

V 2
1 (t) ≤ 2C2

9 + 2C2
11

t∫

0

V 4
1 (τ)dτ√

θ(t)− θ(τ)
×

×
t∫

0

a2(τ)dτ√
θ(t)− θ(τ)

≤ C12+
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+ C13

t∫

0

V 4
1 (τ)dτ√

θ(t)− θ(τ)

t∫

0

a(τ)dτ√
θ(t)− θ(τ)

(20)

Ç îöiíêè (16) ìà¹ìî θ(t) ≤ A1

β1+1
tβ1+1 àáî

t ≥ θ(t)
1

β1+1 (β1+1
A1

)
1

β1+1 . Âèêîðèñòà¹ìî îòðè-
ìàíó íåðiâíiñòü äëÿ îöiíêè iíòåãðàëà

I2 ≡
t∫

0

a(τ)dτ√
θ(t)− θ(τ)

≤

≤ C14

t∫

0

a(τ)τβ1dτ

(θ(τ))
β1

β1+1

√
θ(t)− θ(τ)

.

Çà äîïîìîãîþ çàìiíè çìiííèõ z =
θ(τ)

θ(t)
ìà¹-

ìî

I2 ≤ C14(θ(t))
1−β

2(β+1)

1∫

0

dz

zβ/β+1
√

1− zβ1+1
≤

≤ C15

1∫

0

dz√
z(1− z)

= C15π.

Òîäi íåðiâíiñòü (20) çàïèøåòüñÿ ó âèãëÿäi

V 2
1 (t) ≤ C12 + C16

t∫

0

V 4
1 (τ)dτ√

θ(t)− θ(τ)
.

Ïîêëàäåìî t = σ, äîìíîæèìî îáèäâi ÷àñòè-
íè íåðiâíîñòi íà a(σ)dσ√

θ(t)− θ(σ)
i ïðîiíòåãðó-

¹ìî âiä 0 äî t :
t∫

0

a(σ)V 2
1 (σ)dσ√

θ(t)− θ(σ)
≤ C12

t∫

0

a(σ)dσ√
θ(t)− θ(σ)

+

+ C16

t∫

0

a(σ)dσ√
θ(t)− θ(σ)

σ∫

0

V 4
1 (τ)dτ√

θ(σ)− θ(τ)
.

Ïåðåòâîðèìî äðóãèé äîäàíîê íåðiâíîñòi.
Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ òà âðàõî-
âóþ÷è çàìiíó çìiííèõ z =

θ(σ)− θ(τ)

θ(t)− θ(τ)
, ìà¹-

ìî

V1(t) ≤ C17 + C18

t∫

0

V 4
1 (τ)dτ

τβ1
. (21)

Ïðàâó ÷àñòèíó íåðiâíîñòi ïîçíà÷èìî ÷åðåç
W (t). Çíàéäåìî ïîõiäíó

W ′(t) = C18
V 4

1 (t)

tβ1
≤ C18

W 4
1 (t)

tβ1
.

Ðîçâ'ÿçóþ÷è öþ íåðiâíiñòü, îòðèìó¹ìî

W (t) ≤ C17
3
√

1− β1
3
√

1− β1− 3C3
17C18t1−β1

, t ∈ [0, t2],

(22)
äå t2, 0 < t2 ≤ T, çàäîâîëüíÿ¹ íåðiâíiñòü
1− β1− 3C3

17C18t
1−β1
2 > 0. Çâiäñè îòðèìó¹ìî

íàñòóïíi îöiíêè:

|v(x, t)| ≤ M2 < ∞, t ∈ [0, t2], x ∈ [0, h],

a(t) ≥ µ3(t)

M2

≥ A0 > 0, t ∈ [0, t2]. (23)

Çàïèøåìî ñèñòåìó ðiâíÿíü (5),(6),(11) ó
âèãëÿäi

ω = Pω, (24)
äå ω = (a, u, v), P = (P1, P2, P3), à
îïåðàòîðè P1, P2, P3 âèçíà÷àþòüñÿ ïðàâè-
ìè ÷àñòèíàìè ðiâíÿíü (11),(5),(6). Âèçíà÷è-
ìî ìíîæèíó N ≡ {(a(t), u(x, t), v(x, t)) ∈
C[0, t0] × C(Qt0) × C(Qt0) : A0 ≤ a(t) ≤
A1, |u(x, t)| ≤ U,M1 ≤ v(x, t) ≤ M2}, äå
t0 = min{t1, t2}. Çãiäíî ç îòðèìàíèìè îöií-
êàìè (12),(15),(16),(23) îïåðàòîð P ïåðåâî-
äèòü ìíîæèíó N â ñåáå. Ïîêàæåìî, ùî îïå-
ðàòîð P öiëêîì íåïåðåðâíèé íà N . Çãiäíî
ç òåîðåìîþ Àðöåëà-Àñêîëi äëÿ öüîãî ñëiä
âñòàíîâèòè, ùî äëÿ äîâiëüíîãî ε > 0 iñíó¹
òàêå δ > 0, ùî

|P1(t2)− P1(t1)| < ε,

|P2(x2, t2)− P2(x1, t1)| < ε,

|P3(x2, t2)− P3(x1, t1)| < ε,

∀ (a(t), u(x, t), v(x, t)) ∈ N, (25)

ÿêùî |t2 − t1| < δ, |x2 − x1| < δ, äå
(x1, t1), (x2, t2) ∈ Qt0 . Ïîêàæåìî äåÿêi âiä-
ìiííîñòi â äîâåäåííi êîìïàêòíîñòi âiä íåâè-
ðîäæåíîãî âèïàäêó. Çíàéäåìî ãðàíèöþ:

lim
t→+0

P1a(t) = lim
t→+0

µ3(t)

v(0, t)
=

µ3(0)

ϕ′(0)
.
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Îòæå, äëÿ ìàëèõ çíà÷åíü t∗, 0 < t∗ ≤ T, ìà-
¹ìî
|P1(t2)− P1(t1)| < ε, 0 < ti ≤ t∗, i = 1, 2.

Äîâåäåìî öþ íåðiâíiñòü ó âèïàäêó, êîëè ti >
t∗, i = 1, 2. Çâàæàþ÷è íà òå, ùî

|P1a(t2)− P1a(t1)| =
∣∣∣∣
µ3(t2)

v(0, t2)
− µ3(t1)

v(0, t1)

∣∣∣∣ ≤

≤
∣∣∣∣
µ3(t2)− µ3(t1)

v(0, t2)

∣∣∣∣ +

+

∣∣∣∣
µ3(t1)(v(0, t2)− v(0, t1))

v(0, t2)v(0, t1)

∣∣∣∣ ,

i áåðó÷è äî óâàãè îöiíêó v(0, t) ≥ M1 > 0,
îöiíèìî âèðàç |v(0, t2)−v(0, t1)|. Ðîçãëÿíåìî
äëÿ ïðèêëàäó âèðàç

F =

∣∣∣∣
t2∫

0

G2(0, t2, 0, τ)µ′1(τ)dτ−

−
t1∫

0

G2(0, t1, 0, τ)µ′1(τ)dτ

∣∣∣∣ ≤

≤
∣∣∣∣

t1∫

0

µ′1(τ)(G2(0, t2, 0, τ)−G2(0, t1, 0, τ))×

× dτ

∣∣∣∣ +

∣∣∣∣
t2∫

t1

G2(0, t2, 0, τ)µ′1(τ)dτ

∣∣∣∣ ≡ F1 + F2.

Ïðèïóñòèìî äëÿ âèçíà÷åíîñòi, ùî t2 > t1.
Îöiíêà G2(0, t, 0, τ) äà¹ ìîæëèâiñòü çàïèñà-
òè

F2 ≤ 1√
π

max
[0,T ]

|µ′1(t)|
t2∫

t1

(
1√

θ(t2)− θ(τ)
+

+ C19

)
dτ ≤ C20

t2∫

t1

dτ√
θ(t2)− θ(τ)

+

+ C21(t2 − t1).

Ç îçíà÷åííÿ ìíîæèíè N îòðèìó¹ìî
t2∫

t1

dτ√
θ(t2)− θ(τ)

≤
√

β1 + 1

A0

×

×
t2∫

t1

dτ√
tβ1+1
2 − τβ1+1

≤
√

β1 + 1

A0t
β1
2

t2∫

t1

dτ√
t2 − τ

≤

≤ C22

√
t2 − t1.

Îñòàòî÷íî ìà¹ìî

F2 ≤ C23

√
t2 − t1 + C21(t2 − t1).

Âèêîðèñòîâóþ÷è âèãëÿä ôóíêöi¨ Ãðiíà òà
âèäiëÿþ÷è ç ðÿäó äîäàíîê, ùî âiäïîâiäà¹
n = 0, îöiíèìî F1 :

F1 ≤ 1√
π

max
[0,T ]

|µ′1(t)|
( t1∫

0

∣∣∣∣
1√

θ(t2)− θ(τ)
−

− 1√
θ(t1)− θ(τ)

∣∣∣∣dτ + 2

t1∫

0

∣∣∣∣
1√

θ(t2)− θ(τ)
×

×
∞∑

n=1

exp

(
− n2h2

θ(t2)− θ(τ)

)
− 1√

θ(t1)− θ(τ)
×

×
∞∑

n=1

exp

(
− n2h2

θ(t1)− θ(τ)

)∣∣∣∣dτ

)
≡ F1,1 + F1,2.

Ðîçãëÿíåìî âèðàç
1√

θ(t1)− θ(τ)
− 1√

θ(t2)− θ(τ)
=

=
θ(t2)− θ(t1)√

(θ(t2)− θ(τ))(θ(t1)− θ(τ))
×

× 1√
θ(t1)− θ(τ) +

√
θ(t2)− θ(τ)

.

Òîäi äëÿ F1,1 îòðèìà¹ìî

F1,1 ≤ A1(β1 + 1)3/2

2
√

πA
3/2
0

max
[0,T ]

|µ′1(t)|×

×
t1∫

0


 1√

tβ1+1
1 − τβ1+1

− 1√
tβ1+1
2 − τβ1+1


 dτ.

Ïiñëÿ çàìiíè çìiííèõ z =
τ

t1
çíàõîäèìî

F1,1 ≤ C24t
1−β1

2
1

( 1∫

0

dz√
1− zβ1+1

−
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−
1∫

0

dz√
(t2/t1)β1+1 − zβ1+1

)
.

Ïîçíà÷èìî

K(ω) ≡
1∫

0

dz√
ω − zβ1+1

, äå ω ∈ [1,∞).

(26)

Î÷åâèäíî, ùî
1∫

0

dz√
ω − zβ1+1

≤
1∫

0

dz√
1− z

.

Ç öüîãî ñëiäó¹, ùî ôóíêöiÿ K(ω) íåïå-
ðåðâíà íà [1,∞). Îòæå, äëÿ äîâiëüíîãî
ε > 0 iñíó¹ òàêå δ1 > 0, ùî F1,1 <
ε, êîëè |t2 − t1| < δ1. Ïîäàìî F1,2 ó âè-
ãëÿäi

F1,2 =
2√
π

max
[0,T ]

|µ′1(t)|
t1∫

0

dτ×

×
∣∣∣∣

θ(t2)−θ(τ)∫

θ(t1)−θ(τ)

d

dz

(
1√
z

∞∑
n=1

exp

(
−n2h2

z

))
dz

∣∣∣∣.

Çà äîïîìîãîþ íåðiâíîñòi xp exp (−qx2) ≤
Mp,q < ∞, x ∈ [0,∞), p ≥ 0, q > 0 ìè ïðè-
õîäèìî äî îöiíêè

F1,2 ≤ C25|θ(t2)− θ(t1)| ≤ C26|tβ1+1
2 − tβ1+1

1 | <
< ε, êîëè |t2 − t1| < δ2.

Îöiíþâàííÿ iíøèõ âèðàçiâ, ùî âõîäÿòü ó
(25), ïðîâîäèòüñÿ àíàëîãi÷íî äî íåâèðîäæå-
íîãî âèïàäêó [5, ñ.27-38]. Îòæå, îïåðàòîð P
öiëêîì íåïåðåðâíèé íà N .

Çà òåîðåìîþ Øàóäåðà ðîçâ'ÿçîê ñèñòåìè
(5),(6),(11) iñíó¹. Çà åêâiâàëåíòíiñòþ ñèñòå-
ìè (5),(6),(11) òà çàäà÷i (1)-(4) îäåðæó¹ìî
òâåðäæåííÿ òåîðåìè iñíóâàííÿ.

Äîâåäåìî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)-
(4).

Òåîðåìà ¹äèíîñòi. Ïðèïóñòèìî, ùî
âèêîíóþòüñÿ óìîâè:

1) ϕ ∈ C2[0, h]; µi ∈ C1[0, T ], i =
1, 2; b, c, f ∈ C1,0(QT );

2) µ3(t) 6= 0, t ∈ [0, T ], 0 < β1 < 1.

Òîäi ðîçâ'ÿçîê (a(t), u(x, t)) çàäà÷i (1)-(4)
ç êëàñó C[0, T ]×C2,1(QT )

⋂
C1,0(QT ) ¹äèíèé.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî
(ai(t), ui(x, t)), i = 1, 2,− äâà ðîçâ'ÿçêè
çàäà÷i (1)-(4). Äëÿ iõíüî¨ ðiçíèöi a(t) =
a1(t) − a2(t), u(x, t) = u1(x, t) − u2(x, t)
îòðèìó¹ìî çàäà÷ó

ut = a1(t)t
β1uxx + b(x, t)ux + c(x, t)u+

+ a(t)tβ1u2xx, (x, t) ∈ QT , (27)
u(x, 0) = 0, x ∈ [0, h], (28)
u(0, t) = u(h, t) = 0, t ∈ [0, T ], (29)
a1(t)ux(0, t) = −a(t)u2x(0, t), t ∈ [0, T ].

(30)

Ïîçíà÷èìî v(x, t) ≡ ux(x, t). Çà äîïîìîãîþ
ôóíêöi¨ Ãðiíà G

(1)
1 (x, t, ξ, τ) äëÿ ðiâíÿííÿ

ut = a1(t)t
β1uxx çàäà÷ó (27)-(29) çâåäåìî äî

åêâiâàëåíòíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

u(x, t) =

t∫

0

h∫

0

G
(1)
1 (x, t, ξ, τ)(b(ξ, τ)v(ξ, τ)+

+ c(ξ, τ)u(ξ, τ) + a(τ)τβ1u2ξξ(ξ, τ))dξdτ,
(31)

v(x, t) =

t∫

0

h∫

0

G
(1)
1x (x, t, ξ, τ)(b(ξ, τ)v(ξ, τ)+

+ c(ξ, τ)u(ξ, τ) + a(τ)τβ1u2ξξ(ξ, τ))dξdτ.
(32)

Ïiäñòàâèìî (32) â óìîâó (30):

a(t)u2x(0, t) = −a1(t)

t∫

0

h∫

0

G
(1)
1x (0, t, ξ, τ)×

× (b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ)+

+ a(τ)τβ1u2ξξ(ξ, τ))dξdτ. (33)

Îòðèìàëè ñèñòåìó ðiâíÿíü (31)-(33), ÿêà
åêâiâàëåíòíà çàäà÷i (27)-(30). Ïîäàìî ¨¨ ó
âèãëÿäi

a(t) =

t∫

0

K11(t, τ)a(τ)dτ +

t∫

0

h∫

0

K12(ξ, t, τ)×
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× v(ξ, τ)dξdτ +

t∫

0

h∫

0

K13(ξ, t, τ)u(ξ, τ)dξdτ,

v(x, t) =

t∫

0

K21(x, t, τ)a(τ)dτ+

+

t∫

0

h∫

0

K22(x, t, ξ, τ)v(ξ, τ)dξdτ+

+

t∫

0

h∫

0

K23(x, t, ξ, τ)u(ξ, τ)dξdτ,

u(x, t) =

t∫

0

K31(x, t, ξ, τ)a(τ)dτ+

+

t∫

0

h∫

0

K32(x, t, ξ, τ)v(ξ, τ)dξdτ+

+

t∫

0

h∫

0

K33(x, t, ξ, τ)u(ξ, τ)dξdτ

i âñòàíîâèìî iíòåãðîâíiñòü ÿäåð Kij, i, j =
1, 2, 3. Ðîçâ'ÿçîê u2(x, t) çàäà÷i (1)-(3)
ïîäàìî çà äîïîìîãîþ ôóíêöi¨ Ãðiíà
G

(2)
1 (x, t, ξ, τ) ó âèãëÿäi ôîðìóë (5),(8) i

çíàéäåìî u2xx(x, t):

u2xx(x, t) = u02xx(x, t) +

+

t∫

0

dτ

h∫

0

G
(2)
1xx(x, t, ξ, τ)(b(ξ, τ)u2ξ(ξ, τ) +

+c(ξ, τ)u2(ξ, τ))dξ, (34)

äå

u02xx(x, t) =

h∫

0

G
(2)
1 (x, t, ξ, 0)ϕ′′(ξ)dξ+

+

t∫

0

G
(2)
1ξ (x, t, 0, τ)µ′1(τ)dτ−

−
t∫

0

G
(2)
1ξ (x, t, h, τ)µ′2(τ)dτ+

+

t∫

0

dτ

h∫

0

G
(2)
1xx(x, t, ξ, τ)f(ξ, τ)dξ.

Âèêîðèñòîâóþ÷è ðiâíiñòü G1xx(x, t, ξ, τ) =
G1ξξ(x, t, ξ, τ) òà iíòåãðóþ÷è ÷àñòèíàìè, ç
(34) îòðèìà¹ìî

u2xx(x, t) =

h∫

0

G
(2)
1 (x, t, ξ, 0)ϕ′′(ξ)dξ+

+

t∫

0

G
(2)
1ξ (x, t, 0, τ)(µ′1(τ)− f(0, τ)−

− b(0, τ)u2ξ(0, τ)− c(0, τ)µ1(τ))dτ+

+

t∫

0

G
(2)
1ξ (x, t, h, τ)(f(h, τ)− µ′2(τ)+

+ b(h, τ)u2ξ(h, τ) + c(h, τ)µ2(τ))dτ−

−
t∫

0

h∫

0

G
(2)
1ξ (x, t, ξ, τ)(fξ(ξ, τ) + (bξ(ξ, τ)+

+ c(ξ, τ))u2ξ(ξ, τ) + b(ξ, τ)u2ξξ(ξ, τ)+

+ cξ(ξ, τ)u2(ξ, τ))dξdτ

àáî

u2xx(x, t) = ũ(x, t)−
t∫

0

h∫

0

G
(2)
1ξ (x, t, ξ, τ)×

× u2ξξ(ξ, τ)b(ξ, τ)dξdτ. (35)

Ïîçíà÷èìî ũ(x, t) ≡
4∑

i=1

Ri i îöiíèìî êî-
æåí äîäàíîê öüîãî âèðàçó. Ç òîãî, ùî
G

(2)
1 (x, t, ξ, 0) < G

(2)
2 (x, t, ξ, 0), òà ðiâíîñòi

(13) äëÿ äîäàíêà R1 ìà¹ìî

|R1| ≤ max
x∈[0,h]

|ϕ′′(x)|
h∫

0

G
(2)
2 (x, t, ξ, 0)dξ ≤ C27.

Äëÿ îöiíêè äðóãîãî äîäàíêà âèêîðèñòà¹ìî
âèãëÿä ôóíêöi¨ Ãðiíà:

|R2| ≤ C28

t∫

0

|G(2)
1ξ (x, t, 0, τ)|dτ ≤ C29×
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×
t∫

0

1

(tβ1+1 − τβ1+1)3/2

∞∑
n=−∞

|x + 2nh|×

× exp

(
−C30(x + 2nh)2

tβ1+1 − τβ1+1

)
dτ.

Âèêîðèñòîâóþ÷è çàìiíó çìiííèõ z =
τ

t
òà

íåðiâíiñòü

1 ≤ 1− xβ1+1

1− x
≤ 1 + β1, x ∈ [0, 1], β1 ∈ [0, 1],

îòðèìó¹ìî íàñòóïíó îöiíêó:

|R2| ≤ C31

t(3β1+1)/2

1∫

0

1

(1− z)3/2

∞∑
n=−∞

|x + 2nh|×

× exp

(
−C32(x + 2nh)2

tβ1+1(1− z)

)
dz.

Çâîäÿ÷è îñòàííié iíòåãðàë äî iíòåãðàëà éìî-
âiðíîñòi òà âèêîðèñòîâóþ÷è éîãî âëàñòèâî-
ñòi, ïðèõîäèìî äî îöiíêè

|R2| ≤ C33

tβ1
.

Àíàëîãi÷íî îòðèìó¹òüñÿ îöiíêà äëÿ R3. Äëÿ
R4 âèêîðèñòà¹ìî îöiíêó (17):

|R4| ≤ C34

t∫

0

h∫

0

|G(2)
1ξ (x, t, ξ, τ)|dξdτ ≤

≤ C35

t∫

0

dτ√
θ2(t)− θ2(τ)

≤

≤ C36

t∫

0

dτ√
tβ1+1 − τβ1+1

≤ C37t
1−β1

2 .

Îòæå, äëÿ ũ(x, t) ìà¹ìî íàñòóïíó îöiíêó

|ũ(x, t)| ≤ C38

tβ1
. (36)

Ç îöiíêè R4 âèïëèâà¹, ùî ÿäðî ðiâíÿííÿ (35)
ìà¹ ñëàáêó îñîáëèâiñòü. Òîäi ç (35) i (36)
îòðèìà¹ìî îöiíêó äëÿ u2xx(x, t) :

|u2xx(x, t)| ≤ C39

tβ1
. (37)

Çâiäñè âèïëèâà¹, ùî ÿäðà ñèñòåìè (31)-(33)
ìàþòü iíòåãðîâíó îñîáëèâiñòü, òîìó çà âëà-
ñòèâîñòÿìè iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà
äðóãîãî ðîäó ñèñòåìà ìà¹ òiëüêè òðèâiàëü-
íèé ðîçâ'ÿçîê a(t) ≡ 0, u(x, t) ≡ 0, v(x, t) ≡
0, x ∈ [0, h], t ∈ [0, T ]. Òåîðåìó äîâåäåíî.

Çàóâàæèìî, ùî çà ïîäiáíîþ ñõåìîþ ðîç-
ãëÿäàþòüñÿ îáåðíåíi çàäà÷i âèçíà÷åííÿ êîå-
ôiöiåíòà a(t) ó ðiâíÿííi (1) ó âèïàäêó iíøèõ
êðàéîâèõ óìîâ òà óìîâ ïåðåâèçíà÷åííÿ.
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