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ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÄÈÔÓÇIÉÍÎÃÎ ÌÀÑÎÏÅÐÅÍÎÑÓ
ÇI ÑÏÅÊÒÐÀËÜÍÈÌ ÏÀÐÀÌÅÒÐÎÌ ÄËß n-IÍÒÅÐÔÅÉÑÍÈÕ

ÍÅÎÄÍÎÐIÄÍÈÕ I ÍÀÍÎÏÎÐÈÑÒÈÕ ÍÅÎÁÌÅÆÅÍÈÕ ÑÅÐÅÄÎÂÈÙ
Ìåòîäàìè iíòåãðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà i ôóíäàìåíòàëüíèõ ôóíêöié Êîøi ïî-

áóäîâàíèé òî÷íèé àíàëiòè÷íèé ðîçâ'ÿçîê ìàòåìàòè÷íî¨ ìîäåëi äèôóçiéíîãî ìàñîïåíîñó äëÿ
íåîäíîðiäíîãî íàïiâîáìåæåíîãî íàíîïîðèñòîãî ñåðåäîâèùà ç ñèñòåìîþ n-iíòåðôåéñíèõ âçà-
¹ìîäié òà óìîâ íåñòàöiîíàðíîñòi ïåðåíîñó íà ìàñîîáìiííèõ ìåæàõ. Äîâåäåíî òåîðåìó ïðî
ðîçâ'ÿçíiñòü êðàéîâî¨ çàäà÷i, ðîçðîáëåíî íîâi ðåêóðåíòíi àëãîðèòìè òà îá÷èñëþâàëüíi ïðî-
öåäóðè äëÿ ïîáóäîâè ìàòðèöü âïëèâó, ïîðîäæåíèõ íåîäíîðiäíîñòÿìè çàäà÷i òà ñèñòåìîþ 2n-
iíòåðôåéñíèõ óìîâ.

The exact analytical solution of the problem of adsorption mass transfer for heterogeneous
n-interface and nano porous unlimited medias with n-interface limits system with 2n no stationary
regimes of mass exchange process on the mass exchanged surfaces is constructed. The theorem of
resolution is proved. The new algorithms end calculation procedures for the �uid functions matrix
construction of heterogeneous systems, of the boundary conditions end interface conditions system
are introduced.

Âñòóï. Ñòâîðåííÿ íîâiòíiõ íàíîòå-
õíîëîãié i íàíîñòðóêòóð âèìàãà¹ äîñëi-
äæåííÿ ìåõàíiçìiâ êiíåòèêè äèôóçiéíî-
àäñîðáöiéíîãî ìàñîïåðåíîñó â áàãàòî-
øàðîâèõ íåîäíîðiäíèõ i íàíîïîðèñòèõ
ñåðåäîâèùàõ (heterogeneous multilayer
medias) ðiçíî¨ ïðèðîäè i êîíôiãóðàöi¨. Öå
ïîòðåáó¹ ðîçðîáêè íîâèõ ìåòîäiâ ìîäåëþâà-
ííÿ ñèñòåìè ìåõàíiçìiâ áàãàòîiíòåðôåéñíèõ
âçà¹ìîäié i íåñòàöiîíàðíîñòi ïåðåíîñó íà
ìàñîîáìiííèõ ïîâåðõíÿõ. Ïðîáëåìè ìà-
òåìàòè÷íîãî ìîäåëþâàííÿ ìàñîïåðåíîñó
â îäíîðiäíèõ i íåîäíîðiäíèõ ïîðèñòèõ
ñåðåäîâèùàõ ðîçãëÿíóòî â ïðàöÿõ [6-10].
Äëÿ îäíîðiäíèõ ñåðåäîâèù çàñòîñîâóâàëèñü
ìåòîäè iíòåãðàëüíèõ ïåðåòâîðåíü Ôóð'¹,
Ëàïëàñà, Âåáåðà, Ãàíêåëÿ òîùî. Ìàòåìà-
òè÷íà òåîðiÿ iíòåãðàëüíèõ ïåðåòâîðåíü òà
¨õ çàñòîñóâàíü äëÿ çàäà÷ ìàñîïåðåíîñó â
íåîäíîðiäíèõ i ïîðèñòèõ ñåðåäîâèùàõ ç
óðàõóâàííÿì ñèñòåìè iíòåðôåéñíèõ âçà¹ìî-
äié òà íåñòàöiîíàðíèõ ðåæèìiâ ìàñîîáìiíó
íà ìàñîîáìiííèõ ïîâåðõíÿõ (âðàõóâàííÿ
ñïåêòðàëüíîãî ïàðàìåòðó â êðàéîâèõ óìî-

âàõ òà â ñèñòåìi iíòåðôåéñíèõ óìîâ) íàìè
ðîçðîáëåíà â [1]. Â ïðàöÿõ [2, 3] ðîçãëÿíóòî
ìàòåìàòè÷íi ìîäåëi àäñîðáöiéíîãî ìàñîïå-
ðåíîñó â íåîäíîðiäíèõ îáìåæåíèõ ïëîñêèõ
i öèëiíäðè÷íèõ n- iíòåðôåéñíèõ íàíîïîðè-
ñòèõ ñåðåäîâèù, îáãðóíòîâàíî ðîçâ'ÿçíiñòü
âiäïîâiäíèõ êðàéîâèõ çàäà÷, ïîáóäîâàíî
¨õ òî÷íi àíàëiòè÷íi ðîçâ'ÿçêè òà âèïèñàíî
êîìïîíåíòè ìàòðèöü âïëèâó íåîäíîðiäíîñòi
ñèñòåìè. Ïðîïîíîâàíà ðîáîòà ¹ ëîãi÷íèì
ïðîäîâæåííÿì öèõ äîñëiäæåíü.

Ìàòåìàòè÷íèé îïèñ çàäà÷i. Ðîçãëÿ-
äà¹òüñÿ ìàñîïåðåíîñ â íåîáìåæåíîìó íåî-
äíîðiäíîìó n-iíòåðôåéñíîìó ïî êîîðäèíàòi
z íàíîïîðèñòîìó ñåðåäîâèùi, çàïîâíåíîìó
n àäñîðáåíòàìè ç ðiçíèìè ôiçèêî-õiìi÷íèìè
õàðàêòåðèñòèêàìè. Ìàòåìàòè÷íà ìîäåëü òà-
êîãî ïåðåíîñó ç óðàõóâàííÿì íåñòàöiíàðíî-
ñòi ïåðåíîñó íà ìàñîîáìiííèõ ïîâåðõíÿõ òà
ôiçè÷íèõ ïðèïóùåíü, ïîäàíèõ â ïðàöÿõ [2 �
4], ìîæå áóòè îïèñàíà ó âèãëÿäi òàêî¨ çìiøà-
íî¨ êðàéîâî¨ çàäà÷i: ïîáóäóâàòè îáìåæåíèé
â îáëàñòi Dn = {(t, z): t > 0, z ∈

n+1⋃
k=1

(lk−1, lk),
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l0 = −∞; ln+1 = ∞} ðîçâ'ÿçîê ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèííèõ ïîõi-
äíèõ

∂Ck(t, z)

∂t
+

∂ak(t, z)

∂t
+η2

kCk = Dk
∂2Ck

∂z2
+fk(t, z),

(1)
∂ak

∂t
= βk(Ck − γkak), (2)

ùî çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè

Ck(t, z)t=0 = C0k
(z); ak(t, z)t=0 = a0k

(z)
(3)

òà ñèñòåìó n-iíòåðôåéñíèõ óìîâ ïî ãåîìå-
òðè÷íié êîîðäèíàòi z
[
[(αk

j1 + δk
j1

∂

∂t
)

∂

∂z
+ (βk

j1 + γk
j1

∂

∂t
)]Ck(t, z)−

−[(αk
j2 + δk

j2

∂

∂t
)

∂

∂z
+

+ (βk
j2 + γk

j2

∂

∂t
)]Ck+1(t, z)

]∣∣∣∣
z=lk

= 0,

k = 1, n, j = 1, 2. (4)

Òóò Ck, ak � êîíöåíòðàöi¨ àäñîðáòèâó
âiäïîâiäíî â ðiäèííié ôàçi (ìiæ÷àñòèíêîâèé
ïðîñòið) òà òâåðäié ôàçi (â íàíîïîðàõ çåðåí
àäñîðáåíòó) äëÿ k−ãî øàðó ïîðèñòîãî ñåðå-
äîâèùà (k = 1, n + 1).

Ìåòîäîëîãiÿ ïîáóäîâè àíàëiòè÷íîãî
ðîçâ'ÿçêó ìîäåëi

Òåîðåìà (ïðî ðîçâ'ÿçíiñòü): ßêùî
ñïðàâäæó¹òüñÿ óìîâà íåîáìåæåíî¨ ðîçâ'ÿ-
çíîñòi êðàéîâî¨ çàäà÷i (óìîâà Øàïiðî - Ëî-
ïàòèíñüêîãî) i çàäàíi ôóíêöi¨ ¹ îðèãiíàëà-
ìè çà Ëàïëàñîì òà çàäîâîëüíÿþòü óìîâè
Ãåëüäåðà ç ïîêàçíèêîì α ïî z (0 < α ≤ 1):

|f(z)− f(y)| ≤ |z − y|α · C; C < ∞,

òî ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)-(5) iñíó¹ i
¹äèíèé.

Äîâåäåííÿ: Â ïðèïóùåííi, ùî øóêàíi
âåêòîð-ôóíêöi¨ C(t, z), a(t, z) ¹ îðèãiíà-
ëàìè çà Ëàïëàñîì, çàñòîñó¹ìî äî êðàéîâî¨
çàäà÷i (1) � (4) iíòåãðàëüíå ïåðåòâîðåí-
íÿ Ëàïëàñà ñòîñîâíî ÷àñîâî¨ çìiííî¨ t[5].
Â ðåçóëüòàòi îòðèìà¹ìî êðàéîâó çàäà÷ó:

ïîáóäóâàòè îáìåæåíèé íà ìíîæèíi In ={
z : z ∈

n+1⋃
k=1

(lk−1, lk), l0 = −∞, ln+1 = ∞
}

ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
Ôóð'¹ äëÿ ìîäèôiêîâàíèõ ôóíêöié

d2C∗
k

dz2
− q2

k(p)C∗
k(p, z) = −F∗

k (p, z), (5)

çà ñèñòåìîþ n-iíòåðôåéñíèõ óìîâ ïî êîîð-
äèíàòi z [

[(ᾱk
j1

d

dz
+ β̄k

j )]C∗
k(p, z)−

−(ᾱk
j2

d

dz
+ β̄k

j2)C
∗
k+1(p, z)

]∣∣∣∣
z=lk

= ωjk

k = 1, n, j = 1, 2. (6)

Òóò

F∗
k (p, z) =

1

Dk

[f ∗k (p, z)+Cok
(z)+

βkγk

p + βkγk

a0k
(z)],

(7)

ωjk =

[(
δk
j1

d

dz
+ γk

j1

)
C ′

0k(z)−

−
(

δk
j2

d

dz
+ γk

j2

)
C0k+1

(z)

]∣∣∣∣∣
z=lk

, (8)

q2
k(p) =

1

Dk (p + βkγk)
×

× [
p2 + p(βk(1 + γk) + η2

k) + βkγkη
2
k

]
, (9)

ᾱk
jm = αk

jm + δk
jm · p, β̄k

jm = βk
jm + γk

jm · p,
k = 1, n, j, m = 1, 2,

p � ïàðàìåòð iíòåãðàëüíîãî ïåðåòâîðåííÿ
Ëàïëàñà, ïðèñóòíèé â iíòåðôåéñíèõ óìîâàõ
(6). Ïðè öüîìó

a∗k(p, z) =
a0k

(z)

p + βkγk

+
βk

p + βkγk

C∗
k(p, z),

k = 1, n + 1. (10)

Çàôiêñóâàâøè âiòêó Reqk(p) > 0, ðîçâ'ÿ-
çîê íåîäíîðiäíî¨ êðàéîâî¨ çàäà÷i (6) � (7) áó-
äó¹ìî ìåòîäîì ôóíêöié Êîøi [1]:

C∗
1(p, z) = A1e

q1(z−l1)+

l1∫

−∞

E∗1 (p, z, ξ)F∗
1 (p, ξ)dξ,

(11)
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C∗
k(p, z) = Ak · chqkz + Bk · shqkz+

+

lk∫

lk−1

E∗k (p, z, ξ)F∗
k (p, ξ)dξ, k = 2, n, (12)

C∗
n+1(p, z) = Bn+1e

−qn+1(z−ln)+

+

∞∫

ln

E∗n+1(p, z, ξ)F∗
n+1(p, ξ)dξ, (13)

äå E∗k (p, z, ξ), k = 1, n + 1 � ôóíêöi¨ Êîøi,
ùî çàäîâîëüíÿþòü óìîâè
{ E∗k (p, z, ξ)|z=ξ+0 − E∗k (p, z, ξ)|z=ξ−0 = 0,

d
dz
E∗k (p, z, ξ)|z=ξ+0 − d

dz
E∗k (p, z, ξ)|z=ξ−0 = −1.

(14)
Ôóíêöi¨ Êîøi E∗k (p, z, ξ), k = 1, n + 1 øó-

êà¹ìî ó âèãëÿäi:

E∗1 (p, z, ξ) =

{ E−∗1 = D11e
q1(z−l1),

E+∗
1 = D21chq1z + E21shq1z,

−∞ < z < ξ < l1
−∞ < ξ < z < l1

(15)

E∗k (p, z, ξ) =

{ E−∗k = D1k
chqkz + E1k

shqkz,
E+∗

k = D2k
chqkz + E2k

shqkz,

lk−1 < z < ξ < lk,
lk−1 < ξ < z < lk,

(16)

E∗n+1(p, z, ξ) =

{ E−∗n+1 = D1n+1chqn+1z+
E+∗

n+1 = E2n+1e
−qn+1(z−ln),

+E1n+1shqn+1z, ln < z < ξ < ∞,
ln < ξ < z < ∞,

(17)

ïðè äîäàòêîâèõ óìîâàõ: ïåðøà ëiâà óìîâà
1-ãî iíòåðôåéñó (íà ìåæi z = l1):

(
ᾱ1

11

d

dz
+ β̄1

11

)
E+∗

1

∣∣∣∣
z=l1

= 0; (18)

- ïðàâà i ëiâà óìîâè k−−1-ãî òà k-ãî iíòåð-
ôåéñó (z = lk−1 i z = lk), k = 2, n:

(
ᾱk

12

d

dz
+ β̄k

12

)
E−∗k

∣∣∣∣
z=lk−1

= 0;

(
ᾱk

11

d

dz
+ β̄k

11

)
E+∗

k

∣∣∣∣
z=lk

= 0. (19)

- ïåðøà ïðàâà óìîâà n-ãî iíòåðôåéñó � íà
ìåæi z = ln:

(
ᾱn

12

d

dz
+ β̄n

12

)
E−∗n+1

∣∣∣∣
z=ln

= 0. (20)

Îçíà÷èìî ôóíêöi¨

V k1
ij (qslk) = (ᾱk

ij

d

dz
+ β̄k

ij) chqsz|z=lk
=

= ᾱk
ijqsshqslk + β̄k

ijchqslk,

V k2
ij (qslk) = (ᾱk

ij

d

dz
+ β̄k

ij) shqsz|z=lk
=

= ᾱk
ijqschqslk + β̄k

ijshqslk, (21)

Φk
ij(qslk, qsz) = V k2

ij (qslk)chqsz−V k1
ij (qslk)shqsz.

Âëàñòèâîñòi (14), (18) � (20) ôóíêöié Êî-
øi E∗k (p, z, ξ) (k = 2, n) âèçíà÷àþòü ñïiââiä-
íîøåííÿ:

D21 = D11e
−q1l1 +

shq1ξ

q1

;

E21 = D11e
−q1l1 − chq1ξ

q1

,

D11 = q−1
1 (ᾱ1

11q1 + β̄1
11)Φ

1
11(q1l1, q1ξ),

(D2k
−D1k

) =
1

qk

shqkξ, (E2k
−E1k

) = − 1

qk

chqkξ,

D1k
= − Φk

11(qklk, qkξ)

qk ·∆11(qklk−1, qklk)
V k−1,2

12 (qklk−1),

E1k
=

Φk
11(qklk, qkξ) · V k−1,1

12 (qklk−1)

qk ·∆11(qklk−1, qklk)
; k = 2, n;

D1n+1 = −shqn+1ξ

qn+1

+ E2n+1e
qn+1ln ,

E1n+1 =
chqn+1ξ

qn+1

− E2n+1e
qn+1ln ,

E2n+1 =
Φn

12 (qn+1ln, qn+1ξ)

qn+1 ·
(
ᾱn

12qn+1 − β̄n
12

) .

Âèçíà÷åíi ó òàêèé ñïîñiá ôóíêöi¨ Êîøi
E∗k (p, z, ξ), k = 1, n + 1, âíàñëiäîê ñèìåòði¨
âiäíîñíî äiàãîíàëi z = ξ, ìàþòü òàêó ñòðó-
êòóðó

E∗1 (p, z, ξ) =
1

q1

(
ᾱ1

11q1 + β̄1
11

)×
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×
{

eq1(z−l1) · Φ1
11 (qn+1ln, qn+1z) ·,

eq1(ξ−l1) · Φ1
11 (qn+1ln, qn+1ξ) ·,

−∞ < z < ξ < l1;
−∞ < ξ < z < l1;

(22)

E∗k (p, z, ξ) = − 1

qk∆11 (qklk−1, qklk)
×

×
{

Φk−1
12 (qklk−1, qkz) · Φk

11 (qklk, qkξ) ,
Φk−1

12 (qklk−1, qkξ) · Φn
11 (qklk, qkz) ,

(23)

lk−1 < z < ξ < lk,
lk−1 < ξ < z < lk,

E∗n+1(p, z, ξ) =
1

qn+1

(
ᾱn

12qn+1 − β̄n
12

)×

×
{

Φn
12 (qn+1ln, qn+1z) · e−qn+1(ξ−ln),

Φn
12 (qn+1ln, qn+1ξ) · e−qn+1(z−ln),

(24)

ln < z < ξ < ∞
ln < ξ < z < ∞

Òóò ∆11(qklk−1, qklk) = V k−1,1
12 (qklk−1)×

×V k2
11 (qklk)− V k1

11 (qklk)V
k−1,2
12 (qklk−1).

Ïðè âiäîìèõ ôóíêöiÿõ Êîøi E∗k (p, z, ξ) ç
óðàõóâàííÿì ñèñòåìè iíòåðôåéñíèõ óìîâ (6)
îäåðæèìî àëãåáðà¨÷íó ñèñòåìó iç 2n ðiâíÿíü
äëÿ âèçíà÷åííÿ íåâiäîìèõ êîåôiöi¹íòiâ Ak

(k = 1, n) òà Bj (j = 2, n + 1), ÿêi âõîäÿòü ó
ñòðóêòóðè (10) � (12) çàãàëüíîãî ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i (5) � (6):





(ᾱ1
11q1 + β̄1

11)A1 − V 11
12 (q2l1) A2−

−V 12
12 (q2l1) B2 = ω11 ,

(ᾱ1
21q1 + β̄1

21)A1 − V 11
22 (q2l1) A2−

−V 12
22 (q2l1) B2 = ω21 + G∗

1
,

V 21
11 (q2l2) A2 + V 22

11 (q2l2) B2−
−V 21

12 (q3l2) A3 − V 22
12 (q3l2) B3 = ω12 ,

V 21
21 (q2l2) A2 + V 22

21 (q2l2) B2−
−V 21

22 (q2l2) A3 − V 22
22 (q2l2) B3 = ω22 + G∗

2
,

· · ·
V k1

11 (qklk) Ak + V k2
11 (qklk) Bk − V k1

12 (qk+1lk)×
×Ak+1 − V k2

12 (qk+1lk) Bk+1 = ω1k
,

V k1
21 (qklk) Ak + V k2

21 (qklk) Bk−
−V k1

22 (qk+1lk) Ak+1 − V k2
22 (qk+1lk) Bk+1 =

= ω2k
+ G∗

k
,

· · ·
V n,1

11 (qnln) An + V n,2
11 (qnln) Bn−

− (
β̄n

12 − ᾱn
12qn+1

)
Bn+1 = ω1n ,

V n,1
21 (qnln) An + V n,2

21 (qnln) Bn−
− (

β̄n
22 − ᾱn

22qn+1

)
Bn+1 = ω2n + G∗

n
.
(25)

Ôóíêöi¨ G∗
k
, ùî áåðóòü ó÷àñòü â ñèñòåìi

(34), ìàþòü âèãëÿä

G∗
1

= c11

l1∫

−∞

eq1(ξ−l1)

ᾱ1
11q1 + β̄1

11

F∗
1 (p, ξ)dξ+

+c21

l2∫

l1

Φ2
11(q2ξ, q2l2)

∆11(q2l1, q2l2)
F∗

2 (p, ξ)dξ

G∗
k

= c2k

lk+1∫

lk

Φk+1
11 (qk+1lk+1, qk+1ξ)

∆11(qk+1lk, qk+1lk+1)
F∗

k+1(p, ξ)dξ−

−c1k

lk∫

lk−1

Φk−1
12 (qklk−1, qkξ)

∆11(qklk−1, qklk)
F∗

k (p, ξ)dξ,

k = 2, n− 1,

G∗
n

= c2n

∞∫

ln

e−qn+1(ξ−ln)

β̄n
12 − ᾱn

12qn+1

F∗
n+1(p, ξ)dξ−

−c1n

ln∫

ln−1

Φn−1
12 (qnln−1, qnξ)

∆11(qnln−1, qnln)
F∗

n(p, ξ)dξ. (26)
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Òóò cjk
= ᾱk

2j ·β̄k
1j−ᾱk

1j ·β̄k
2j, k = 1, n, j =

1, 2.
Ïðèïóñêà¹ìî çãiäíî óìîâ òåîðåìè, ùî âè-

êîíàíà óìîâà îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àëãå-
áðà¨÷íî¨ ñèñòåìè (34), òîáòî, ùî âèçíà÷íèê
öi¹¨ ñèñòåìè

∆∗(p) 6= 0. (27)

Ïiñëÿ âiäïîâiäíèõ ïåðåòâîðåíü îòðèìà¹-
ìî çàãàëüíi âèðàçè äëÿ çíàõîäæåííÿ êîì-
ïîíåíò C∗

k(p, z) âåêòîð-ôóíêöi¨ � ðîçâ'ÿçêó
íåîäíîðiäíî¨ êðàéîâî¨ çàäà÷i (5) � (6):

C∗
k(p, z) =

n∑
j=1

[
R∗

1k,j
(p, z)ω1j

+R∗
2k,j

(p, z)ω2j

]
+

+
n+1∑
j=1

lj∫

lj−1

H∗
k,j(p, z, ξ) · F∗

j (p, ξ)dξ,

k = 1, n + 1, l0 = −∞; ln+1 = ∞, (28)

äå ãîëîâíi ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i ïîäàíî
íèæ÷å.

Ôóíêöi¨ âïëèâój - ãî äæåðåëà
F∗

j (p, ξ) íà k−òèé ñåãìåíò àäñîðáöiéíî-
ãî ñåðåäîâèùà H∗

k,j(p, z, ξ) :
- âïëèâój−ãî äæåðåëà (j = 1, n + 1) íà

ïåðøèé ñåãìåíò ñåðåäîâèùà

H∗
11(p, z, ξ) =

1

q1∆∗(p)

{
eq1(ξ−l1)×
eq1(z−l1)×

×[Φ1
21(q1l1, q1ξ)A

′
1,1
− Φ1

11(q1l1, q1ξ)A1,1];

×[Φ1
21(q1l1, q1z)A′

1,1
− Φ1

11(q1l1, q1z)A1,1];

−∞ < ξ < z < ∞;
−∞ < z < ξ < ∞;

H∗
1j(p,z, ξ) =

j−1∏
s=1

qsc2s

q1∆∗(p)
eq1(z−l1)×

×
[
Φj

21(qjlj, qjξ)A
′
1,2j−1

− Φj
11(qjlj, qjξ)A1,2j−1

]
,

j = 2, n; (29)

H∗
1,n+1(p,z, ξ) = −

n∏
s=1

qsc2s

q1 ·∆∗(p)
eq1(z−l1)·e−qn+1(ξ−ln);

(30)

- âïëèâó j−ãî äæåðåëà (j = 1, n + 1) íà
k−èé ñåãìåíò (k = 2, n) ñåðåäîâèùà

H∗
k1(p, z, ξ) =

q1(ξ−l1)

q1∆∗(p)
·

k−1∏
s=1

c1sqs×

×
[
Φk

21(qklk, qkz)A′
1,2k−1

− Φk
11(qklk, qkz)A1,2k−1

]
;

(31)

H∗
kj(p, z, ζ) =

k−1∏
s=j

qsc1s

qj∆∗(p)

[
Φk

11(qklk, qkz)A1,2k−1−

−Φk
21(qklk, qkz)A′

1,2k−1

][
Φj−1

22 (qjlj, qjξ)∆1,2j−3−

−Φj−1
12 (qjlj−1, qjξ)∆

′
1,2j−3

]
, j = 2, k − 1;

(32)
- âïëèâó j−ãî äæåðåëà (j = k + 1, n) íà

k−èé (k = 2, n) ñåãìåíò ñåðåäîâèùà

H∗
kj(p, z, ξ) =

s−1∏
s=k

qsc2s

qk ·∆∗(p)

[
Φk−1

12 (qklk−1, qkz)×

×∆′
1,2k−3

− Φk−1
22 (qklk−1, qkz)∆1,2k−3

]
×

×
[
Φj

21(qjlj, qjξ)A
′
1,2j−1

− Φj
11(qjlj, qjξ)A1,2j−1

]
;

j = k + 1, n (33)

H∗
kk(p, z, ξ) =

1

qk ·∆∗(p)
×

×





[Φk−1
22 (qklk−1, qkξ) ·∆1,2k−3−
−Φk−1

12 (qklk−1, qkξ)∆
′
1,2k−3

]×
×[Φk

11(qklk, qkz)A1,2k−1−
−Φk

21(qklk, qkz) · A′
1,2k−1

];

lk−1 < ξ < z < lk
[Φk−1

22 (qklk−1, qkz) ·∆1,2k−3−
−Φk−1

12 (qklk−1, qkz)∆′
1,2k−3

]×
×[Φk

11(qklk, qkξ)A1,2k−1−
−Φk

21(qklk, qkξ) · A′
1,2k−1

];

lk−1 < z < ξ < lk

(34)
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H∗
k,n+1(p, z, ξ) =

n∏
s=k

qsc2s

qk∆∗(p)
[Φk−1

22 (qklk−1, qkz)×

×∆1,2k−3−Φk−1
12 (qklk−1, qkz) ·∆′

1,2k−3
]e−qn+1(ξ−ln),

k = 1, n; (35)

- âïëèâó j−ãî äæåðåëà (j = 1, n + 1) íà
n+1-èé ñåãìåíò ñåðåäîâèùà:

H∗
n+1,1(p, z, ξ) = − 1

q1∆∗(p)

n∏
s=1

c1sqs · eq1(ξ−l1)×

×e−qn+1(z−ln); (36)

H∗
n+1,j(p, z, ξ) =

n∏
s=j

c1sqs

qj ·∆∗(p)
e−qn+1(z−ln)×

×[Φj−1
22 (qjlj−1, qjξ) ·∆1,2j−3−

−Φj−1
12 (qjlj−1, qjξ) ·∆′

1,2j−3
]; (37)

H∗
n+1,n+1(p, z, ξ) = − 1

qn+1∆∗()
×

×
{ [

Φn
22(qn+1ln, qn+1ξ)∆1,2n−1−[

Φn
22(qn+1ln, qn+1z)∆1,2n−1−

−Φn
12(qn+1ln, qn+1ξ)∆

′
1,2n−1

]−qn+1(z−ln);

−Φn
12(qn+1ln, qn+1z)∆′

1,2n−1
]−qn+1(ξ−ln);

ln < ξ < z < ∞;
ln < z < ξ < ∞;

(38)

Ôóíêöi¨ âïëèâó íåîäíîðiäíîñòåé
ïåðøî¨ óìîâè j-ãî iíòåðôåéñó ω1j íà
k-òèé ñåãìåíò ñåðåäîâèùà R∗

1k,j
(p, z);

k = 1, n + 1; j = 1, n:
- âïëèâó íåîäíîðiäíîñòåé ïåðøî¨ óìîâè

j −− ãî iíòåðôåéñó ω1j
(j = 1, n íà ïåðøèé

ñåãìåíò ñåðåäîâèùà :

R∗
11j

(p, z) =
1

∆∗(p)





eq1(z−l1)A1,1;
j−1∏
s=1

c2sqs+1e
q1(z−l1)×

−
n−1∏
s=1

c2sqs+1e
q1(z−l1)×

j = 1;
×A1,2j−1; j = 2, n− 1;
×(β̄n

22 − αn
22qn+1); j = n;

(39)

- âïëèâó íåîäíîðiäíîñòåé ïåðøî¨ óìîâè j-
ãî iíòåðôåéñó ω1j

(j = 1, n) íà k-òèé ñåãìåíò
ñåðåäîâèùà (k = 2, n):

R∗
1kj

(p, z) = − 1

∆∗(p)





(ᾱn
12q1 + β̄n

12)
k−1∏
s=1

c1sqs×

∆1,2j−1

k−1∏
s=j+1

c1sqs×
A1,2k−1×
A1,2j−1

j−1∏
s=k

c2sqs+1×
−(β̄n

22 − ᾱn
22qn+1)×

×[Φk
11(qklk, qkz)A1,2−k−

×[Φk
11(qklk, qkz)A1,2k−1−

×[Φk−1
12 (qklk−1, qkz)∆′

1,2k−3
−

×[Φk−1
12 (qklk, qkz)∆′

1,2k−3
−

×
n−1∏
s=k

c2sqs+1[Φ
k−1
12 (qklk, qkz)∆′

1,2k−3
−

−Φk
21(qklk, qkz)A′

1,2k−1
]; j = 1;

−Φk
21(qklk, qkz)A′

1,2k−1
]; j = 2, k − 1;

−Φk−1
22 (qklk−1, qkz)∆1,2k−3]; j = k;

−Φk−1
22 (qklk, qkz)∆1,2k−3]; j = k + 1, n− 1;

×− Φk−1
22 (qklk, qkz)∆1,2k−3]; j = n;

(40)
- âïëèâó íåîäíîðiäíîñòåé ïåðøî¨ óìîâè

j-ãî iíòåðôåéñó ω1j
(j = 1, n) íà n + 1-øèé

ñåãìåíò cåðåäîâèùà:

R∗
1n+1,j

(p, z) = − 1

∆∗(p)





(ᾱ1
12q1 + β̄1

12)×
∆′

1,2j−1
×

−(β̄n
22 − ᾱn

22qn+1)×

×
n∏

j=2

c1sqs · e−qn+1(z−ln); j = 1;

×
n∏

j=2

c1sqs · e−qn+1(z−ln); j = 2, n− 1;

×∆′
1,2n−1

· e−qn+1(z−ln); j = n;

(41)

Ôóíêöi¨ âïëèâó íåîäíîðiäíîñòåé
äðóãî¨ óìîâè j-ãî iíòåðôåéñó ω2j

,
j = 1, n íà k-òèé ñåãìåíò ñåðåäîâèùà
R∗

2k,j
(p, z); k = 1, n + 1; j = 1, n:

- âïëèâó íåîäíîðiäíîñòåé äðóãî¨ óìîâè j-
ãî iíòåðôåéñó ω2j

(j = 1, n) íà ïåðøèé ñå-
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ãìåíò ñåðåäîâèùà:

R∗
21j

(p, z) = − 1

∆∗(p)





eq1(z−l1)A1,1;
j−1∏
s=1

c2sqs+1×

−
n−1∏
s=1

c2sqs+1 · eq1(z−l1)×

j = 1;
×eq1(z−l1) · A′

1,2j−1
; j = 2, n− 1;

×(β̄n
12 − ᾱn

12qn+1); ; j = n;

(42)

- âïëèâó íåîäíîðiäíîñòåé äðóãî¨ óìîâè j-
ãî iíòåðôåéñó ω2j

(j = 1, n) íà k-òèé ñåãìåíò
ñåðåäîâèùà (k = 2, n):

R∗
2kj

(p, z) =
1

∆∗(p)





(ᾱ1
11q1 + β̄1

11)
k−1∏
s=1

c1sqs×

∆′
1,2j−1

k−1∏
s=j+1

c1sqs×
A′

1,2k−1
×

A′
1,2j−1

j−1∏
s=k

c2sqs+1×
−(β̄n

12 − ᾱn
12qn+1)×

× [
Φk

11(qklk, qkz)A1,2k−1−
× [

Φk
11(qklk, qkz)A1,2k−1−

×
[
Φk−1

12 (qklk−1, qkz)∆′
1,2k−3

−
×

[
Φk−1

12 (qklk, qkz)∆′
1,2k−3

−

×
n−1∏
s=k

c2sqs+1

[
Φk−1

12 (qklk, qkz)∆′
1,2k−3

−

(43)

−Φk
21(qklk, qkz)A′

1,2k−1

]
; j = 1;

−Φk
21(qklk, qkz)A′

1,2k−1

]
; j = 2, k − 1;

−Φk−1
22 (qklk−1, qkz)∆1,2k−3

]
; j = k;

−Φk−1
22 (qklk, qkz)∆1,2k−3

]
; j = k + 1, n− 1;

−Φk−1
22 (qklk, qkz)∆1,2k−3

]
; j = n;

- âïëèâó íåîäíîðiäíîñòåé äðóãî¨ óìîâè j-
ãî iíòåðôåéñó ω2j

(j = 1, n) íà n + 1−øèé
ñåãìåíò cåðåäîâèùà :

R∗
2n+1,j

(p, z) =
1

∆∗(p)





(ᾱ1
11q1 + β̄1

11)×
∆1,2j−1×
−(β̄n

12 − ᾱn
12qn+1)×

×
n∏

j=2

c1sqs · e−qn+1(z−ln); j = 1;

×
n∏

j=2

c1sqs · e−qn+1(z−ln); j = 2, n− 1;

×∆1,2n−1 · e−qn+1(z−ln); j = n;

(44)

Òóò ∆1,2k−1 � âèçíà÷íèê, óòâîðåíèé ç ïåð-
øèõ 2k − 1 ðÿäêiâ i ñòîâïöiâ (ïiä íîìåðàìè
1, 2k − 1, k = 1, n) âèçíà÷íèêà ∆∗(p) ñè-
ñòåìè; ∆′

1,2k−1
� âèçíà÷íèê, óòâîðåíèé ç ïåð-

øèõ 2k ðÿäêiâ çà âèêëþ÷åííÿì 2k−1-ãî (ïiä
íîìåðàìè1, 2k − 2, 2k, k = 1, n) i ïåðøèõ
2k−1 ñòîâïöiâ (ïiä íîìåðàìè 1, 2k − 1, k =
1, n) âèçíà÷íèêà ñèñòåìè; A1,2k−1 � âèçíà-
÷íèê, óòâîðåíèé ç âèçíà÷íèêà ñèñòåìè ∆∗(p)
øëÿõîì âèêðåñëþâàííÿ ïåðøèõ 2k − 1 ðÿä-
êiâ i ñòîâïöiâ; A′

1,2k−1
� âèçíà÷íèê, óòâîðå-

íèé ç âèçíà÷íèêà ∆∗(p) ñèñòåìè øëÿõîì âè-
êðåñëþâàííÿ ïåðøèõ 2k ðÿäêiâ çà âèêëþ÷å-
ííÿì 2k − 1-ãî i ïåðøèõ 2k ñòîâïöiâ.

Ïåðåõiä äî îðèãiíàëiâ. Îñîáëèâè-
ìè òî÷êàìè ãîëîâíèõ ðîçâ'ÿçêiâ êðàéî-
âî¨ çàäà÷i (5) � (6) R∗

mkj
(p, z), m =

1, 2, H∗
k,k1

(p, z, ξ) ¹ òî÷êè ãàëóæåííÿ p = ∞
òà p1,2 = −1

2

[
S1 ±

√
S2

]
< 0, S1 = βk(1+γk)+

η2
k, S2 = (ηk−βkγk)

2+βk [βk(1 + 2γk) + 2η2
k] >

0. Îòæå, ïðè ïåðåõîäi äî îðèãiíàëiâ çà Ëà-
ïëàñîì iíòåãðàë ïî êîíòóðó Áðîìâi÷à ìî-
æíà çàìiíèòè iíòåãðàëîì ïî óÿâíié îñi [5]:

Rmkj
(t, z) = L−1

[
R∗

mkj
(p, z)

]
=

=
1

2πi

σ+i∞∫

σ−i∞

R∗
mkj

(p, z) · eptdp =

=
1

2πi

i∞∫

−i∞

R∗
mkj

(p, z) · eptdp =

=
1

2π

∞∫

−∞

R∗
mkj

(is, z) · eistds =

=
1

π

∞∫

0

Re
[
R∗

mkj
(is, z) · eist

]
ds, m = 1, 2,

H∗
k,k1

(t, z, ξ) = L−1
[H∗

k,k1
(p, z, ξ)

]
=

96 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 288. Ìàòåìàòèêà.



=
1

π

∞∫

0

Re
[H∗

k,k1
(is, z, ξ) · eist

]
ds.

Ó ðåçóëüòàòi îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àë-
ãåáðà¨÷íî¨ ñèñòåìè (34), ç âðàõóâàííÿì îäåð-
æàíèõ ãîëîâíèõ ðîçâ'ÿçêiâ çàäà÷i (6) � (7)
òà ôîðìóë (67), îòðèìà¹ìî ¹äèíèé ðîçâ'ÿçîê
âèõiäíî¨ êðàéîâî¨ çàäà÷i (1) � (5) ó âèãëÿäi

Ck(t, z) =
n∑

j=1

t∫

0

[R1kj
(t− τ, z) · ω1j

(τ)+

+R2kj
(t− τ, z) · ω2j

(τ)]dτ+

+

t∫

0

n+1∑

k1=1

lk1∫

lk1−1

Hk,k1(t− τ ; z, ξ) · [fk1(τ, ξ)+

+C0k1
(ξ) · δ+(τ)]dξdτ+

+

t∫

0

n+1∑

k1=1

lk1∫

lk1−1

βk1γk1

Dzk1

Hk,k1(t− τ ; z, ξ)e−βk1
γk1

τ×

×a0k1
(ξ)dξdτ ; (45)

ak(t, z) = βk

t∫

0

e−βkγk(t−τ)×

×Ck(τ, z)dτ + e−βkγkt · a0k
(z). (46)

Òóò

ωmj =

[
(δj

m1

d

dz
+ γj

m1)C0j
(z)−

−(δj
m2

d

dz
+ γj

m2)C0j+1
(z)

]∣∣∣∣∣
z=lj

δ+(t),

m = 1, 2; j = 1, n.

Òåîðåìà äîâåäåíà.

Ðåêóðåíòíi àëãîðèòìè i ïðîöåäóðè
îá÷èñëåííÿ âèçíà÷íèêà ñèñòåìè ∆∗(p)

òà âèçíà÷íèêiâ
∆1,2k−1, ∆

′
1,2k−1

, A1,2k−1, A
′
1,2k−1

âèçíà÷íèêiâ ∆1,2k−1, ∆′
1,2k−1

:

∆1,1 = V 11
11 (q1l1); ∆

′
1,1 = V 11

21 (q1l1); .

∆1,2k−1 = ∆1,2k−3×

×
∣∣∣∣
−V k−1,1

22 (qklk−1) −V k−1,2
22 (qklk−1)

V k1
11 (qklk) V k2

11 (qklk)

∣∣∣∣−

−∆′
1,2k−3

∣∣∣∣
−V k−1,1

12 (qklk−1)−V k−1,2
12 (qklk−1)

V k1
11 (qklk) V k2

11 (qklk)

∣∣∣∣ =

= ∆11(qklk−1, qklk)∆
′
1,2k−3

−
−∆21(qklk−1, qklk)∆1,2k−3; k = 2, n.

∆′
1,2k−1

= ∆1,2k−3×

×
∣∣∣∣
−V k−1,1

22 (qklk−1)−V k−1,2
22 (qklk−1)

V k1
21 (qklk) V k2

21 (qklk)

∣∣∣∣−

−∆′
1,2k−3

∣∣∣∣
−V k−1,1

12 (qklk−1)−V k−1,2
12 (qklk−1)

V k1
21 (qklk) V k2

21 (qklk)

∣∣∣∣ =

= ∆12(qklk−1, qklk) ·∆′
1,2k−3

−
−∆22(qklk−1, qklk) ·∆1,2k−3; k = 2, n. (47)

2) âèçíà÷íèêà ñèñòåìè ∆∗(p):

∆∗(p) = β
n

12 − αn
12qn+1∆

′
1,2n−1−

−(β
n

22 − αn
22qn+1)∆1,2n−1;

3) âèçíà÷íèêiâ A1,2j, A′
1,2j

:

A1,2n−1 = αn
22qn+1 − β

n

22,

A′
1,2n−1 = αn

12qn+1 − β
n

12.

A1,2k−1 =

∣∣∣∣
−V k,1

22 (qk+1lk) −V k,2
22 (qk+1lk)

V k+1,1
11 (qk+1lk+1)V

k+2,2
11 (qk+1lk+1)

∣∣∣∣×

×A1,2k+1−

−
∣∣∣∣
−V k,1

22 (qk+1lk) −V k,2
22 (qk+1lk)

V k+1,1
21 (qk+1lk+1) −V k+1,2

21 (qk+1lk+1)

∣∣∣∣×

×A′
1,2k+1

=

= ∆22(qk+1lk,qk+1lk+1)A
′
1,2k+1

−
−∆21(qk+1lk,qk+1lk+1)A1,2k+1; k = n− 3, 1.

A′
1,2k−1

=

∣∣∣∣
−V k,1

12 (qk+1lk) −V k,2
12 (qk+1lk)

V k+1,1
11 (qk+1lk+1)V

k+1,2
11 (qk+1lk+1)

∣∣∣∣×
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×A1,2k+1−

−
∣∣∣∣
−V k,1

12 (qk+1lk) −V k,2
12 (qk+1lk)

V k+1,1
21 (qk+1lk+1)−V k+1,2

21 (qk+1lk)

∣∣∣∣×

×A′
1,2k+2

= ∆12(qk+1lk,qk+1lk+1)A
′
1,2k+1

−

−∆11(qk+1lk,qk+1lk+1) · A1,2k+1; k = n− 3, 1.
(50)

Òóò

∆k
m1(qklk−1, qklk) = V k−1,1

m2 (qklk−1)V
k2
11 (qklk)−

−V k−1,2
m2 (qklk−1)V

k1
11 (qklk);

∆m2(qklk−1, qklk) = V k−1,1
m2 (qklk−1)V

k2
21 (qklk)−

−V k−1,2
m2 (qklk−1)V

k1
21 (qklk); m = 1, 2.

Âèñíîâêè. Çàïðîïîíîâàíî ìàòåìàòè÷íó
ìîäåëü àäñîðáöiéíîãî ìàñîïåðåíîñó â íåáìå-
æåíîìó íåîäíîðiäíîìó íàíîïîðèñòîìó ñåðå-
äîâèùi, äîâåäåíî òåîðåìó ïðî ðîçâ'ÿçíiñòü
êðàéîâî¨ çàäà÷i i îòðèìàíî òî÷íèé àíàëi-
òè÷íèé ðîçâ'ÿçîê, ùî â óçàãàëüíåíîìó âè-
ãëÿäi îïèñó¹ âïëèâ âàæëèâèõ ÷èííèêiâ êi-
íåòèêè: ñèñòåìè n−iíòåðôåéñíèõ âçà¹ìîäié
òà íåñòàöiîíàðíîñòi ïåðåíîñó íà ìàñîîáìií-
íèõ ìåæàõ. Öå äîçâîëÿ¹ ìîäåëþâàòè ïðî-
ôiëi êîíöåíòðàöié òà çäiéñíþâàòè êîìïëå-
êñíèé àíàëiç êiíåòèêè ïåðåíîñó íà ìàêðî-
i ìiêðîðiâíi (íàíîïîðiâ ÷àñòèíîê) ñåðåäî-
âèù. Ðîçâ'ÿçîê òà ðåêóðåíòíi ìàòðè÷íi àë-
ãîðèòìè ïîáóäîâè ìàòðèöü ôóíêöié âïëè-
âó äîçâîëÿþòü ôîðìóëþâàòè òà åôåêòèâíî
ðîçâ'ÿçóâàòè çâîðîòíi çàäà÷i - ìîäåëþâàòè
ïðîôiëi êîåôiöi¹íòiâ äèôóçi¨ çà åêñïåðèìåí-
òàëüíèìè ïðîôiëÿìè êîíöåíòðàöié. Öå äà¹
ìîæëèâiñòü ðåàëiçàöi¨ åôåêòèâíèõ ïðîöåäóð
ïåðåâiðêè íà àäåêâàòíiñòü ïàðàìåòðiâ ìîäå-
ëþâàííÿ i åêñïåðèìåíòó i âîäíî÷àñ âèçíà-
÷à¹ ïåðñïåêòèâíi íàïðÿìè ïîäàëüøîãî äî-
ñëiäæåííÿ.
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