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ÔÓÍÄÀÌÅÍÒÀËÜÍI ÐÎÇÂ'ßÇÊÈ ÇÀÄÀ×I ÊÎØI ÄËß IÍÂÀÐIÀÍÒÍÈÕ
Λ(µ)-ÏÀÐÀÁÎËI×ÍÈÕ ÎÏÅÐÀÒÎÐIÂ ÍÀ ÐIÌÀÍÎÂÈÕ ÌÍÎÃÎÂÈÄÀÕ

Íà ñïåöiàëüíèõ ðiìàíîâèõ ìíîãîâèäàõ äëÿ Λ(µ)-ïàðàáîëi÷íèõ iíâàðiàíòíèõ îïåðàòîðiâ
çàïðîâàäæåíî íà îñíîâi íîâèõ ïîáóäîâàíèõ iíòåãðàëüíèõ çîáðàæåíü ìiðè Äiðàêà iíòåãðàëüíi
ïåðåòâîðåííÿ ç íåâiäîêðåìëåíèìè çìiííèìè. Öå äàëî ìîæëèâiñòü ïîáóäóâàòè ôóíäàìåíòàëüíi
ðîçâ'ÿçêè çàäà÷i Êîøi äëÿ Λ(µ)-ïàðàáîëi÷íèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü iíâàðiàíòíèõ âiäíîñíî
ãðóïè îáåðòàíü íàâêîëî ïî÷àòêó êîîðäèíàò åâêëiäîâîãî ïðîñòîðó En.

In the special Riemann manifolds for the Λ(µ)-parabolic invariant operators there are
introduced the integral transforms with nonseparate variables on the basis of new constructed
integral presentations of the Dirac measure. These enable us to construct the fundamental solutions
of the Cauchy problem for Λ(µ)-parabolic equations and systems of equations which are invariant
relatively the group of rotations around the coordinate origin of the Euclid space En.

Äîñëiäæåííÿ çàäà÷i Êîøi é êðàéîâèõ çà-
äà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèí-
íèìè ïîõiäíèìè ìåòîäîì âiäîáðàæåííÿ â
îáëàñòÿõ ç íåãëàäêîþ ìåæåþ ïðèâîäèòü äî
ïîáóäîâè ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ çà-
äà÷i Êîøi íà ñïåöiàëüíèõ ðiìàíîâèõ ìíî-
ãîâèäàõ. Îñíîâîþ ïîáóäîâè òàêèõ ðîçâ'ÿç-
êiâ ¹ iíòåãðàëüíå çîáðàæåííÿ ìiðè Äiðàêà
(äåëüòà-ôóíêöi¨ Äiðàêà).

1. Ðîçãëÿíåìî óçàãàëüíåíèé äèôåðåíöi-
àëüíèé îïåðàòîð Ëåæàíäðà [1]

Λ(µ) =
d2

dy2
+ cth y

d

dy
+

1

4
+

1

2

( µ2
1

1− chy
+

+
µ2

2

1 + ch y

)
, µ1 ≥ µ2 ≥ 0, (µ) = (µ1, µ2).

Âèçíà÷èìî âåëè÷èíè i ôóíêöi¨:

ν± =
1

2
(µ1 ± µ2), Ω(µ)(β) = β

sh 2πβ

2π2
×

×|Γ(
1

2
− ν+ + iβ)|2|Γ(

1

2
− ν− + iβ)|22µ1−µ2 ,

Γ(x) � ãàììà-ôóíêöiÿ Åéëåðà [2].
Îáìåæåíèì íà ìíîæèíi (0,∞) ðîçâ'ÿç-

êîì óçàãàëüíåíîãî äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ Ëåæàíäðà

(Λ(µ) + β2)v(y) = 0

¹ óçàãàëüíåíà ïðè¹äíàíà ôóíêöiÿ Ëåæàíäðà
ïåðøîãî ðîäó P

(µ)
−1/2+iβ(ch y) [1].

Â ðîáîòi [3] îäåðæàíî iíòåãðàëüíå çîáðà-
æåííÿ ìiðè Äiðàêà, ïîðîäæåíî¨ îïåðàòîðîì
Λ(µ),

δ(y − y0) =

∞∫

0

P
(µ)
−1/2+iβ(ch y)P

(µ)
−1/2+iβ(ch y0)×

×Ω(µ)(β)dβ sh y0

ÿê ãðàíèöþ äåëüòà-ïîäiáíî¨ ïîñëiäîâíîñòi

lim
t→0+

δt(y − y0) = lim
t→0+

∞∫

0

e−β2tP
(µ)
−1/2+iβ(ch y)×

×P
(µ)
−1/2+iβ(ch y0)Ω(µ)(β)dβ sh y0.

Â åâêëiäîâîìó ïðîñòîði En+1 çìiííèõ
(x, y) = (x1, x2, . . . , xn, y) ïîçíà÷èìî ÷åðåç
E+

n+1 ïiâïðîñòið {(x, y) : −∞ < xj <
+∞, j = 1, n; y ∈ (0,∞)}, ÷åðåç R2

1 = R2 +

(y − y0)
2 =

n∑
i=1

(xi − ξi)
2 + (y − y0)

2 � êâà-

äðàò âiääàëi ìiæ òî÷êàìè (x, y) ∈ E+
n+1 òà

(ξ, y0) ∈ E+
n+1, à ÷åðåç ωn = 2(π)n/2[Γ(n/2)]−1

� âåëè÷èíó ïëîùi îäèíè÷íî¨ ñôåðè â ïðî-
ñòîð En çìiííèõ (x1, x2, . . . , xn). Íåõàé jν(s)
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� íîðìîâàíà ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó
[4]

jν(s) = 2νΓ(ν+1)s−νJν(s), jν(0) = 1, j′ν(0) = 0.

Â êíèçi [5] îäåðæàíî iíòåãðàëüíå çîáðà-
æåííÿ ìiðè Äiðàêà â En = {(x1, x2, . . . , xn) :
−∞ < xj < +∞, j = 1, n}:

δ(x− ξ) =
ωn

(2π)n

∞∫

0

j(n−2)/2(λR)λn−1dλ. (2)

Âèêîðèñòîâóþ÷è òåíçîðíèé äîáóòîê óçà-
ãàëüíåíèõ ôóíêöié [6] ìà¹ìî iíòåãðàëüíå çî-
áðàæåííÿ ìiðè Äiðàêà â E+

n+1

δ(x− ξ, y − y0)

sh y0

=
ωn

(2π)n

∞∫

0

∞∫

0

ϕµ(y, y0, β)×

×j(n−2)/2(λR)λn−1dβdλ. (3)

Òóò ïðèéíÿòî ïîçíà÷åííÿ

ϕµ(y, y0, β) = P
(µ)
−1/2+iβ(ch y)P

(µ)
−1/2+iβ(ch y0)×

×Ω(µ)(β).

Ìàòåìàòè÷íèì îáãðóíòóâàííÿì ¹ íàñòó-
ïíå òâåðäæåííÿ.

Òåîðåìà 1. ßêùî ïðè äîâiëüíîìó ε > 0
íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ ôóíêöiÿ
f(t, λ, β), ðiâíîìiðíî ïðÿìó¹ äî îäèíèöi ïðè
t → +0 i ïðè t > ε iíòåãðàëè

ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)ϕµ(y, y0, β)×

×j(n−2)/2(λR)λn−1dβdλ

ðiâíîìiðíî çáiãàþòüñÿ äî çâè÷àéíî¨ ôóíêöi¨
G(t, x, ξ, y, y0), òî â ðîçóìiííi òåîði¨ óçà-
ãàëüíåíèõ ôóíêöié

lim
t→+0

G(t, x, ξ, y, y0) = (sh y0)
−1δ(x−ξ, y−y0) ≡

≡ δ(ξ,y0). (4)

Äîâåäåííÿ. Íåõàé ôóíêöiÿ f iíâàðiàí-
òíà ñòîñîâíî àðãóìåíòó s = (s1, s2, . . . , sn)

âiäíîñíî îáåðòàíü íàâêîëî ïî÷àòêó êîîð-
äèíàò, äëÿ ÿêî¨ iñíó¹ ïåðåòâîðåííÿ Ôóð'¹-
Ëåæàíäðà

f̃(x−ξ, y, y0) =
1

(2π)n

∫

En

∞∫

0

f(|s|, β)e−i(x−ξ,s)×

×ϕµ(y, y0, β)dβds (5)

i ρ � åëåìåíò îðòîãîíàëüíî¨ ãðóïè O(n). Òîäi
(x− ξ, s) = (ρ−1(x− ξ), ρ−1s).

Çãiäíî ç ðiâíiñòþ (5) ìà¹ìî:

f̃(ρ(x− ξ), y, y0) =
1

(2π)n

∫

En

∞∫

0

f(|s|, β)×

×e−i(x−ξ,ρ−1s)ϕµ(y, y0, β)dβds. (6)

Ó ðåçóëüòàòi çàìiíè çìiííèõ s = ρσ â
iíòåãðàëàõ (6), âðàõîâóþ÷è iíâàðiàíòíiñòü
ôóíêöi¨ ùîäî s, îäåðæèìî:

f̃(ρ(x− ξ), y, y0) =
1

(2π)n

∫

En

∞∫

0

f(|σ|, β)×

×e−i(x−ξ,σ)ϕµ(y, y0, β)dβdσ = f̃(x− ξ, y, y0).

Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ f̃ iíâàðiàí-
òíà ùîäî x = (x1, x2, . . . , xn) âiäíîñíî ãðóïè
O(n), à, îòæå, f̃ ¹ ôóíêöi¹þ äâîõ çìiííèõ:
åâêëiäîâî¨ âiääàëi R = (

n∑
i=1

(xi − ξi)
2)1/2 i y,

òîáòî
f̃(x− ξ, y, y0) = f̃(R, y, y0)

ßêùî â (6) ïîêëàñòè x1 − ξ1 = p, x2 = ξ2,
. . . , xn = ξn i ïåðåéòè äî ñôåðè÷íî¨ ñèñòåìè
êîîðäèíàò, òî îòðèìà¹ìî:

f̃(p, y, y0) =
ωn

(2π)n

∞∫

0

∞∫

0

f(λ, β)ϕµ(y, y0, β)×

×j(n−2)/2(λp)λn−1dβ dλ. (7)

Îòæå, ïðè t > ε

1

(2π)n

∫

En

∞∫

0

f(t, |s|, β)e−i(x−ξ,s)×
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×ϕµ(y, y0, β)dβds =

=
ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)ϕµ(y, y0, β)×

×j(n−2)/2(λp)λn−1dβ dλ. (8)

Ïðè öüîìó ç ðiâíîìiðíî¨ çáiæíîñòi iíòå-
ãðàëiâ çëiâà âèïëèâà¹ ðiâíîìiðíà çáiæíiñòü
iíòåãðàëiâ ñïðàâà i íàâïàêè.

Òåïåð ôîðìóëà (4) âèïëèâà¹ ç òîãî ôà-
êòó, ùî ïåðåòâîðåííÿ Ôóð'¹-Ëåæàíäðà ôóí-
êöi¨ (sh y0)

−1δ(x− ξ, y− y0) ≡ δ(ε,y0) äîðiâíþ¹
P

(µ)
−1/2+iβ(chy0) exp[i(ξ, s)].
ßêùî ôóíêöiÿ g(x, y) íåïåðåðâíà â E+

n+1,
à ôóíêöiÿ

√
shyg(x, y) àáñîëþòíî ñóìîâíà é

ìà¹ îáìåæåíó âàðiàöiþ â E+
n+1, òî

g(x, y) =

∫

E+
n+1

g(ξ, η)δ(ξ,η)shηdηdξ =

=

∫

E+
n+1

g(ξ, η)
( ωn

(2π)n

∞∫

0

∞∫

0

ϕµ(y, η, β)×

×j(n−2)/2(λR)λn−1dβ dλ
)
shηdηdξ =

=
ωn

(2π)n

∞∫

0

∞∫

0

( ∫

E+
n+1

g(ξ, η)P
(µ)
−1/2+iβ(ch η)×

×j(n−2)/2(λR(x, ξ))sh ηdηdξ
)
×

×P
(µ)
−1/2+iβ(ch y)Ω(µ)(β)λn−1dβ dλ. (9)

Iíòåãðàëüíå çîáðàæåííÿ (9) âèçíà÷à¹
ïðÿìå H(µ);n i îáåðíåíå H−1

(µ);n iíòåãðàëüíå ïå-
ðåòâîðåííÿ òèïó Áîõíåðà-Ëåæàíäðà

H(µ);n[g(x, y)] =

∫

E+
n+1

g(x, y)P
(µ)
−1/2+iβ(ch y)×

×j(n−2)/2(λR(x, ξ))sh ydydx ≡ g̃(λ, β, ξ),
(10)

H−1
(µ);n[g̃(λ, β, x)] =

ωn

(2π)n

∞∫

0

∞∫

0

g̃(λ, β, x)×

×P
(µ)
−1/2+iβ(ch y)Ω(µ)(β)λn−1dβdλ ≡ g(x, y).

(11)

2. Ðîçãëÿíåìî âèïàäîê ðiìàíîâîãî ìíîãî-
âèäó

+

R
(m)
n+1

= R
(m)
2 × E+

n−1, äå R
(m)
2 � ðiìàíî-

âà ïîâåðõíÿ ôóíêöi¨ ω = m
√

z (z = x1 + ix2,
2 ≤ m < ∞), R

(∞)
2 � ðiìàíîâà ïîâåðõíÿ ôóí-

êöi¨
w = ln z = lim

m→∞
m( m

√
z − 1),

E+
n−1 � åâêëiäîâèé ïðîñòið

{(x3, x4, . . . , xn; y) : −∞ < xj < +∞, j =

3, n, 0 ≤ y ≤ ∞}. Â R
(m)
2 áóäåìî êîðè-

ñòóâàòèñÿ ïîëÿðíèìè êîîðäèíàòàìè (r, ϕ):
0 ≤ r < ∞, 0 ≤ ϕ ≤ 2πm, ïðè÷îìó
ϕ = ϕ( mod 2πm). Òèì ñàìèì ïîëîæåí-
íÿ áóäü-ÿêî¨ òî÷êè â

+

R
(m)
n+1

âèçíà÷à¹òüñÿ
(n + 1)-ìè óíôîðìiçóþ÷èìè ïàðàìåòðàìè
(r, ϕ, x3, . . . , xn, y). Êîîðäèíàòè ôiêñî-
âàíî¨ òî÷êè (ξ, y0) áóäóòü ïîçíà÷àòèñÿ
(ρ, ϕ0, ξ3, . . . , ξn, y0). Òî÷êó, ÿêà ëåæèòü íà k-
ì åêçåìïëÿði

+

R
(k)
n+1

= R
(k)
2 ×E+

n−1 ðiìàíîâîãî

ìíîãîâèäó
+

R
(m)

n + 1
ïîçíà÷èìî ÷åðåç (xk, y).

Òàêèì ÷èíîì, (xk, y) ∈ +

R
(k)
n+1

, ïðè÷îìó
ïåðøèé åêçåìïëÿð ðiìàíîâîãî ìíîãîâèäó
+

R
(m)
n+1

áóäåìî îòîòîæíþâàòè ç åâêëiäîâèì
ïiâïðîñòîðîì E+

n+1 [7].
Îçíà÷åííÿ 1. Áóäåìî ãîâîðèòè, ùî íà

ìíîãîâèäi
+

R
(m)
n+1

ìà¹ìî iíòåãðàëüíå çîáðàæå-
ííÿ δ̃-ôóíêöi¨ (ìiðè Äiðàêà), ÿêå âiäïîâiäà¹
(4), ÿêùî

m∑

k=1

δ(ξ(k),y0) (2 ≤ m < ∞),

+∞∑

k=−∞
δ(ξ(k),y0) (2 ≤ m = ∞) (12)

äà¹ δ-ôóíêöiþ, çîñåðåäæåíó â òî÷öi
(ξ(1), y0) ≡ (ξ, y0) ∈ E+

n+1.
Òåîðåìà 2. ßêùî ôóíêöiÿ f(t, λ, β) çà-

äîâîëüíÿ¹ óìîâè òåîðåìè 1, òî íà ìíîãîâè-
äi

+

R
(m)
n+1

ìà¹ ìiñöå iíòåãðàëüíå çîáðàæåííÿ
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ìiðè Äiðàêà

δ̃(ξ,y0) = lim
t→+0

ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)ϕµ(y, y0, β)×

×λn−1[j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

2πm

∞∫

0

j(n−2)/2(λR)Km(ϕ− ϕ0, α)dα]dβdλ.

Òóò áåðóòü ó÷àñòü ôóíêöi¨:

R2
1 = r2 + ρ2 + 2rρch α +

n∑

k=3

(xk − ξk)
2,

R2 = r2 + ρ2− 2rρ cos(ϕ−ϕ0)+
n∑

k=3

(xk− ξk)
2;

J(ϕ− ϕ0) =

{
0, |ϕ− ϕ0| > π
1, |ϕ− ϕ0| < π

;

Km(ϕ− ϕ0, α) =
sin π+ϕ−ϕ0

m

ch α
m
− cos π+ϕ−ϕ0

m

+

+
sin π−(ϕ−ϕ0)

m

ch α
m
− cos π−(ϕ−ϕ0)

m

. (14)

Äîâåäåííÿ. Ïîêàæåìî, ùî
m∑

k=1

δ̃(ξk,y0) = δ(ξ,y0).

Íåõàé òî÷êà (ξ, y0) ≡ (ξ1, y0) ∈
+

R
(1)
n+1

=

R
(1)
2 × E+

n−1 ≡ E+
n+1 i ìà¹ êîîðäèíàòè

(ρ, ϕ0, ξ3, . . . , ξn, y0). Òîäi òî÷êè (ξk, y0) ∈
R

(k)
2 × E+

n−1 (k = 1,m) i áóäóòü ìàòè êîîð-
äèíàòè (ρ, 2(k − 1)π + ϕ0, ξ3, . . . , ξn, y0).

Çãiäíî ç ôîðìóëîþ (13) ìà¹ìî:

m∑

k=1

δ̃(ξk,y0) = lim
t→+0

ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)×

×ϕµ(y, y0, β)[j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

2πm

∞∫

0

j(n−2)/2(λR1)×

×
m∑

k=1

Km(ϕ− [2(k−1)π+ϕ0], α)dα]λn−1dβdλ.

(15)
Ðîçãëÿíåìî òîòîæíiñòü [2]

ch α− cos(ϕ− ϕ0) = 2m−1

m∏

k=1

[
ch

α

m
−

− cos

(
ϕ− [ϕ0 + 2(k − 1)π]

m

)]
. (16)

Ó ðåçóëüòàòi ëîãàðèôìi÷íîãî äèôåðåíöi-
þâàííÿ ìà¹ìî:

sin(ϕ− ϕ0)

ch α− cos(ϕ− ϕ0)
=

=
m∑

k=1

sin ϕ−[ϕ0+2(k−1)π]
m

ch α
m
− cos ϕ−[ϕ0+2(k−1)π]

m

;

m∑

k=1

Km(ϕ− [2(k − 1)π + ϕ0]) =

=
m∑

k=1

{ sin ϕ−[ϕ0+2(k−1)π]+π
m

ch α
m
− cos ϕ−[ϕ0+2(k−1)π]+π

m

+

+
− sin ϕ−[ϕ0+2(k−1)π]−π

m

ch α
m
− cos ϕ−[ϕ0+2(k−1)π]−π

m

}
=

=
sin(ϕ− ϕ0 + π)

ch α− cos(ϕ− ϕ0 + π)
−

− sin(ϕ− ϕ0 − π)

ch α− cos(ϕ− ϕ0 − π)
=

=
− sin(ϕ− ϕ0) + sin(ϕ− ϕ0)

ch α + cos(ϕ− ϕ0)
= 0.

Îòæå, øóêàíà ñóìà
m∑

k=1

δ̃(ξk,y0) = lim
t→+0

ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)×

×ϕµ(y, y0, β)j(n−2)/2(λR)λn−1dλdβ = δ(ξ,y0).

Îñêiëüêè δ-ïîäiáíié ïîñëiäîâíîñòi íåïå-
ðåðâíèõ â E+

n+1 ôóíêöié

δε
(ξ,y0) =

ωn

(2π)n

∞∫

0

∞∫

0

f(ε, λ, β)×
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×ϕµ(y, y0, β)j(n−2)/2(λR)λn−1dλdβ

íà ðiìàíîâîìó ìíîãîâèäi âiäïîâiäà¹ δ̃-
ïîäiáíà ïîñëiäîâíiñòü íåïåðåðâíèõ ôóíêöié

δ̃ε
(ξ,y0) =

ωn

(2π)n

∞∫

0

∞∫

0

f(ε, λ, β)×

×ϕµ(y, y0, β)λn−1{j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

2πm

∞∫

0

j(n−2)/2(λR1)Km(ϕ−ϕ0, α)dα}dβdλ,

òî ðiâíiñòü (13) äà¹ çîáðàæåííÿ ìiðè Äiðàêà
íà ìíîãîâèäi

+

R
(m)
n+1

.
Ùîá ïåðåêîíàòèñÿ â íåïåðåðâíîñòi ôóí-

êöié δ̃ε
(ξ,y0) äîñòàòíüî ïîêàçàòè, ùî ÿäðî

Φm(λR, ϕ− ϕ0) = j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

2πm

∞∫

0

j(n−2)/2(λR1)Km(ϕ− ϕ0, α)dα

¹ íåïåðåðâíîþ ôóíêöi¹þ.
Îñòàíí¹ ñòà¹ î÷åâèäíèì, ÿêùî îäèíè÷íó

ôóíêöiþ J(ϕ− ϕ0) çîáðàçèòè ó âèãëÿäi

J(ϕ−ϕ0) =
1

m

[
1+

1

2π

∞∫

0

Km(ϕ−ϕ0, α)dα
]

=

=
1

m

[
1 +

1

π

∞∑

k=0

∞∫

0

e−kα/m(sin
k

m
[π + ϕ− ϕ0]+

+ sin
k

m
[π − (ϕ− ϕ0)])dα

]
=

=
1

m
+

1

π

∞∑

k=0

1

k
(sin

π + ϕ− ϕ0

m
k+

+ sin
π − (ϕ− ϕ0)

m
k). (17)

Iíòåãðàëüíå çîáðàæåííÿ

δ̃(ξ,η) =
ωn

(2π)n

∞∫

0

∞∫

0

ϕµ(y, η, β)×

×Φm(λR(x, ξ), ϕ− ϕ0)λ
n−1dβdλ

ìiðè Äiðàêà íà ìíîãîâèäi
+

R
(m)
n+1

ïîðîäæó¹
ïðÿìå H

(m)
(µ);n i îáåðíåíå H

−(m)
(µ);n iíòåãðàëüíå

ïåðåòâîðåííÿ òèïó Áîõíåðà-Øåñòîïàëà:

H
(m)
(µ);n[g(x, y)] =

∫

+

R
(m)
n+1

P
(µ)
−1/2+iβ(ch y)×

×Φm(λR(x, ξ), ϕ− ϕ0)g(x, y)sh ydydx ≡
≡ g̃(λ, β, ξ), (18),

H
−(m)
(µ);n [g̃(λ, β, x)] =

ωn

(2π)n

∞∫

0

∞∫

0

g̃(λ, β, x)×

×P
(µ)
−1/2+iβ(ch y)Ω(µ)(β)λn−1dβdλ. (19)

Òåîðåìà 3. ßêùî ôóíêöiÿ f(t, λ, β) çàäî-
âîëüíÿ¹ óìîâè òåîðåìè 1, òî íà ìíîãîâèäi
+

R
(∞)
n+1

ñïðàâäæó¹òüñÿ iíòåãðàëüíå çîáðàæå-
ííÿ ìiðè Äiðàêà:

δ̃(ξ,y0) = lim
t→+0

ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)×

×ϕµ(y, y0, β)λn−1{j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

π

∞∫

0

j(n−2)/2(λR1)[
π + (ϕ− ϕ0)

α2 + (π + ϕ− ϕ0)2
+

+
π − (ϕ− ϕ0)

α2 + [π − (ϕ− ϕ0)]2
]dα}dβdλ. (20)

Äîâåäåííÿ. Áóäåìî ââàæàòè, ùî ìíî-
æèíà òî÷îê ëåæèòü íà ïåðøîìó åêçåìïëÿði
ðiìàíîâîãî ìíîãîâèäó

+

R
(∞)
n+1

, ÿêùî |ϕ−ϕ0| <
π, íà k-ìó (k > 0), ÿêùî (2k − 1)π < ϕ −
ϕ0 < (2k + 1)π, i íà (−k)-ìó (k > 0), ÿêùî
−(2k+1)π < ϕ−ϕ0 < −(2k−1)π. Ïîêàæåìî,
ùî

∞∑

k=−∞
δ̃(ξk,y0) = δ(ξ,y0).

Âèõîäÿ÷è ç òîòîæíîñòi [2]

ch β − cos(ϕ− ϕ0) =
1

2
· [(ϕ− ϕ0)

2 + β2]×
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×
∞∏

k=−∞

(ϕ− ϕ0 − 2kπ)2 + β2

4k2π2
,

øëÿõîì ëîãàðèôìi÷íîãî äèôåðåíöiþâàííÿ
îäåðæó¹ìî

sin(ϕ− ϕ0)

ch β − cos(ϕ− ϕ0)
=

= 2
∞∑

k=−∞

ϕ− ϕ0 − 2kπ

β2 + (ϕ− ϕ0 − 2kπ)2
.

Áåçïîñåðåäíüî çíàõîäèìî, ùî
∞∑

k=−∞
K∞(ϕ− ϕ0 − 2kπ, α) =

=
∞∑

k=−∞

[ π + (ϕ− ϕ0 − 2kπ)

α2 + (π + ϕ− ϕ0 − 2kπ)2
+

+
π − (ϕ− ϕ0 − 2kπ)

α2 + [π − (ϕ− ϕ0 − 2kπ)]2

]
=

=
1

2

[ sin(ϕ− ϕ0 + π)

ch α− cos(ϕ− ϕ0 + π)
+

+
sin[π − (ϕ− ϕ0)]

ch α− cos[π − (ϕ− ϕ0)]

]
=

=
1

2
· − sin(ϕ− ϕ0) + sin(ϕ− ϕ0)

ch α + cos(ϕ− ϕ0)
= 0.

Òàêèì ÷èíîì, ìà¹ìî:
∞∑

k=−∞
δ̃(ξk,y0) = lim

t→+0

ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)×

×ϕµ(y, y0, β)λn−1{j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

π

∞∫

0

j(n−2)/2(λR1)×

×
∞∑

k=−∞
K∞(ϕ− ϕ0 − 2kπ, α)dα}dβdλ =

= lim
t→+0

ωn

(2π)n

∞∫

0

∞∫

0

f(t, λ, β)ϕµ(y, y0, β)λn−1×

×j(n−2)/2(λR)dβdλ ≡ δ(ξ,y0).

Òå, ùî ìiðà δ̃(ξ,y0) ¹ ìiðîþ Äiðàêà íà ìíî-
ãîâèäi

+

R
(∞)
n+1

âèïëèâà¹ ç òîãî ôàêòó, ùî δ-
ïîäiáíié ïîñëiäîâíîñòi íåïåðåðâíèõ â E+

n+1

ôóíêöié âiäïîâiäà¹ íà ðiìàíîâiì ìíîãîâè-
äi

+

R
(∞)
n+1

δ̃-ïîäiáíà ïîñëiäîâíiñòü íåïåðåðâíèõ
ôóíêöié

δ̃ε
(ξ,y0) =

ωn

(2π)n

∞∫

0

∞∫

0

f(ε, λ, β)ϕµ(y, y0, β)×

×λn−1Φ(∞)(λR, ϕ− ϕ0)dβdλ,

îñêiëüêè ÿäðî
Φ(∞)(λR, ϕ− ϕ0) = j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

π

∞∫

0

j(n−2)/2(λR1)K∞(ϕ− ϕ0, α)dα =

= j(n−2)/2(λR)
1

π

∞∫

0

K∞(ϕ− ϕ0, α)dα−

− 1

π

∞∫

0

j(n−2)/2(λR1)K∞(ϕ− ϕ0, α)dα =

=
1

π

∞∫

0

(j(n−2)/2(λR)− j(n−2)/2(λR1))×

×K∞(ϕ− ϕ0, α)dα (21)

¹ íåïåðåðâíîþ ôóíêöi¹þ. Áiëüø òîãî, çîáðà-
æåííÿ (21) ôóíêöi¨ Φ(∞)(λR, ϕ−ϕ0) ïîêàçó¹,
ùî âîíà íåïåðåðâíî-äèôåðåíöiéîâíà ïîòði-
áíó êiëüêiñòü ðàçiâ.

Iíòåãðàëüíå çîáðàæåííÿ

δ̃(ξ,η) =
ωn

(2π)n

∞∫

0

∞∫

0

ϕµ(y, η, β)×

×Φ(∞)(λR(x, ξ), ϕ− ϕ0)λ
n−1dλdβ,

ìiðè Äiðàêà íà ìíîãîâèäi
+

R
(∞)
n+1

ïîðîäæó¹
ïðÿìå H

(∞)
(µ);n i îáåðíåíå H

−(∞)
(µ);n iíòåãðàëüíå

ïåðåòâîðåííÿ òèïó Áîõíåðà-Øåñòîïàëà:

H
(∞)
(µ);n[g(x, y)] =

∫

+

R
(∞)
n+1

P
(µ)
−1/2+iβ(ch y)×

66 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 288. Ìàòåìàòèêà.



×Φ(∞)(λR, ϕ− ϕ0)g(x, y)sh ydydx ≡
≡ g̃(λ, β, ξ), (22),

H
−(∞)
(µ);n [g̃(λ, β, x)] =

ωn

(2π)n

∞∫

0

∞∫

0

g̃(λ, β, x)×

×P
(µ)
−1/2+iβ(ch y)Ω(µ)(β)λn−1dβdλ ≡ g(x, y).

(23)

3. Çàñòîñó¹ìî çàïðîâàäæåíå ôîðìóëàìè
(10), (11) iíòåãðàëüíå ïåðåòâîðåííÿ äëÿ ïî-
áóäîâè ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ çàäà÷i
Êîøi äëÿ Λ(µ)-ïàðàáîëi÷íîãî ðiâíÿííÿ, iíâà-
ðiàíòíîãî çà çìiííîþ x = (x1, x2, . . . , xn) âiä-
íîñíî ãðóïè îáåðòàíü O(n) íàâêîëî ïî÷àòêó
êîîðäèíàò ïðîñòîðó En:

A(∆n, Λ(µ),
∂

∂t
)u =

=
l∑

k=0

Ak(∆n, Λ(µ))
∂ku

∂tk
= 0, (24)

äå Al = I, ∆n =
n∑

k=1

∂2/∂x2
k, Ak(z1, z2) � ôóí-

êöi¨ äâîõ çìiííèõ, ÿêi çîáðàæàþòüñÿ âñþ-
äè çáiæíèìè ðÿäàìè â ïðîñòîði C2 êîìïëå-
êñíèõ çìiííèõ (z1, z2).

Îçíà÷åííÿ 2. Äèôåðåíöiàëüíèé îïå-
ðàòîð A(∆,Λ(µ), ∂/∂t) íàçèâà¹òüñÿ Λ(µ)-
ïàðàáîëi÷íèì, ÿêùî ïðè äîñòàòíüî âåëèêèõ
(α, β) ∈ E2 âñi êîðåíi zk õàðàêòåðèñòè÷íîãî
ðiâíÿííÿ

F (z,−λ2,−β2) ≡
l∑

k=0

Ak(−λ2,−β2)zk = 0

(25)
ìàþòü âiä'¹ìíi äiéñíi ÷àñòèíè i çàäîâîëüíÿ-
þòü íåðiâíîñòi

|Re zk| > c(λ2 + β2)α, c ≥ c0 > 0, α ≥ α0 > 0.
(26)

Îçíà÷åííÿ 3. Ôóíäàìåíòàëüíèì
ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ðiâíÿííÿ (24)
íàçâåìî óçàãàëüíåíó ôóíêöiþ G(t, x, ξ, y, η),
ïîðîäæåíó íåñêií÷åííî äèôåðåíöiéîâ-
íîþ âñþäè, êðiì òî÷êè (0, ξ, η) ôóíêöi¹þ

G(t, x, ξ, y, η), ÿêà ïðè t > 0 çàäîâîëüíÿ¹
ðiâíÿííÿ (24), à ïðè t = 0 � ïî÷àòêîâi óìîâè

∂kG

∂tk

∣∣∣∣∣
t=0

=

{
0, k = 0, l − 2,

δ(ξ,η), k = l − 1.
(27)

Òåîðåìà 4. Îáìåæåíèé ïðè y = 0 ôóí-
äàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ
ðiâíÿííÿ (24) âèçíà÷à¹òüñÿ ôîðìóëîþ

G(t, x, ξ, y, η) =
ωn

(2π)n

∞∫

0

∞∫

0

v(t,−λ2,−β2)×

×ϕ(µ)(y, η, β)j(n−2)/2(λR)λn−1dβdλ, (28)

äå

v(t,−λ2,−β2) =
1

2πi

∫

γ

eztdz

F (z,−λ2,−β2)
,

γ � êîíòóð Æîðäàíà â z-êîìïëåêñíié ïëî-
ùèíi, ùî îõîïëþ¹ âñi êîðåíi õàðàêòåðèñòè-
÷íîãî ðiâíÿííÿ (25).

Äîâåäåííÿ. Çàñòîñó¹ìî îïåðàòîð
A(∆n, Λ(µ),

∂
∂t

) ïiä çíàêîì iíòåãðàëiâ â
ðiâíîñòi (28), ùî ìîæíà ðîáèòè âíàñëiäîê
âiäîìèõ îöiíîê äëÿ ðîçâ'ÿçóþ÷î¨ ôóíêöi¨
v(t,−λ2,−β2) [5]. Âíàñëiäîê òîòîæíîñòåé

∆n[j(n−2)/2(λR)] = −λ2j(n−2)/2(λR),

Λ(µ)[ϕ(µ)(y, η, β)] = −β2ϕ(µ)(y, η, β)

îäåðæó¹ìî

A(∆n, Λ(µ),
∂

∂t
)G(t, x, ξ, y, η) ≡

≡
l∑

k=0

Ak(∆n, Λ(µ))
∂k

∂tk
G(t, x, ξ, y, η) =

=
ωn

(2π)n

∞∫

0

∞∫

0

l∑

k=0

∂k

∂tk

( 1

2πi
×

×
∫

γ

eztdz

F (z,−λ2,−β2)
Ak(∆n, Λ(µ))

)
×

×[ϕ(µ)(y, η, β)j(n−2)/2(λR)]λn−1dβdλ =

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 288. Ìàòåìàòèêà. 67



=
ωn

(2π)n

∞∫

0

∞∫

0

( 1

2πi

∫

γ

eztdz
)
ϕ(µ)(y, η, β)×

×j(n−2)/2(λR)λn−1dβdλ ≡ 0,

îñêiëüêè
∫
γ

exp(zt)dz ≡ 0.

Îòæå, ôóíêöiÿ G(t, x, ξ, y, η), âèçíà÷åíà
ôîðìóëîþ (28), çàäîâîëüíÿ¹ ïðè t > 0 ðiâ-
íÿííÿ (24).

Âèêîíàííÿ ïî÷àòêîâèõ óìîâ (27) âèïëè-
âà¹ ç ðiâíîñòåé

1

2πi

∫

γ

zkdz

F (z,−λ2,−β2)
=

{
0, k = 0, l − 2,
1, k = l − 1

(29)
i iíòåãðàëüíîãî çîáðàæåííÿ (4).

Ïðèêëàä 1. Äëÿ ðiâíÿííÿ òåïëîïðîâiä-
íîñòi ç îïåðàòîðîì Ëåæàíäðà

∂u

∂t
= ∆nu + Λ(µ)u (30)

ôóíêöiÿ

v(t,−λ2,−β2) = e−(λ2+β2)t.

Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi
äëÿ ðiâíÿííÿ (30) çãiäíî ôîðìóëè (28) ìà¹
âèãëÿä:

G(t, R(x, ξ), y, η) =
ωn

(2π)n

∞∫

0

∞∫

0

e−(λ2+β2)t×

×ϕ(µ)(y, η, β)j(n−2)/2(λR)λn−1dβdλ =

=
1

(4πt)n/2
e−R2/(4t)

∞∫

0

e−β2tϕ(µ)(y, η, β)dβ.

(31)
Ïðèêëàä 2. Äëÿ Λ(µ)-ïàðàáîëi÷íîãî çà

I.Ã.Ïåòðîâñüêèì ðiâíÿííÿ
∂u

∂t
= A(∆n, Λ(µ))u (32)

ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi âè-
çíà÷à¹òüñÿ ôîðìóëîþ

G(t, x, ξ, y, η) =
ωn

(2π)n

∞∫

0

∞∫

0

eA(−λ2,−β2)t×

×ϕ(µ)(y, η, β)j(n−2)/2(λR)λn−1dβdλ. (33)

Óçàãàëüíèìî îäåðæàíi ðåçóëüòàòè íà ií-
âàðiàíòíi ùîäî x âiäíîñíî ãðóïè îáåðòàíü
O(n) Λ(µ)-ïàðàáîëi÷íi ñèñòåìè

Al(
∂

∂t
,Dx, Λ(µ))u ≡

s∑

k=0

A
(k)
l (Dx, Λ(µ))

∂ku

∂tk
= 0,

(34)

äå u = (u1, u2, . . . , ul), A
(k)
l = {A(k)

ij }l
i,j=1,

A
(s)
l = El � îäèíè÷íà ìàòðèöÿ ðîçìiðó l × l,

Dx = {Dx1 , Dx2 , . . . , Dxn}, Al � êâàäðàòíà
ìàòðèöÿ ðîçìiðó l × l.

Îçíà÷åííÿ 4. Ñèñòåìà (34) íàçèâà¹òüñÿ
iíâàðiàíòíîþ ùîäî x = (x1, x2, . . . , xn) âiäíî-
ñíî ãðóïè îáåðòàíü íàâêîëî ïî÷àòêó êîîðäè-
íàò, ÿêùî õàðàêòåðèñòè÷íèé ïîëiíîì ñèñòå-
ìè ìà¹ âèãëÿä

det Al(z,−iλ,−β2) ≡
sl∑

k=0

Φk(−λ2,−β2)zk ≡

≡ Φ1(z,−λ2,−β2),

äå Φsl = 1, iλ = (iλ1, iλ2, . . . , iλn), λ2 =
n∑

k=1

λ2
k; i2 = −1.

Ëåìà 1. ßêùî ñèñòåìà (34) iíâàðiàí-
òíà âiäíîñíî ãðóïè îáåðòàíü O(n), òî iñíó¹
äèôåðåíöiàëüíà ìàòðèöÿ Θ, ÿêà ïðèâîäèòü
ñèñòåìó äî äiàãîíàëüíî¨ ôîðìè

Φ1

( ∂

∂t
, ∆n, Λ(µ)

)
El

lv = 0. (35)

Äîâåäåííÿ. Ðîçãëÿíåìî ìàòðèöþ
Θl(z,−iλ,−β2).

Ïîêëàäåìî u = Θl(z,−iλ,−β2)v i çíàéäå-
ìî åëåìåíòè ìàòðèöi Θl iç àëãåáðà¨÷íî¨ ñè-
ñòåìè

Al(z,−iλ,−β2)Θl(z,−iλ,−β2) =

= Φ1(z,−λ2,−β2)El. (36)

Îñêiëüêè det Al(z,−iλ,−β2) 6= 0, òî ñè-
ñòåìà (36) ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêèé ìî-
æíà çíàéòè çà ïðàâèëàìè Êðàìåðà:

Θl =

s(l−1)∑

k=0

Θ
(k)
l (z,−iλ,−β2)zk, Θ

s(l−1)
l = El−1.
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Îòæå, iñíó¹ ¹äèíà äèôåðåíöiàëüíà ìà-
òðèöÿ

Θl

( ∂

∂t
,Dx, Λ(µ)

)
=

s(l−1)∑

k=0

Θ
(k)
l (Dx, Λ(µ))

∂k

∂tk

òàêà, ùî çàìiíà u = Θlv ïðèâîäèòü ñèñòåìó
(34) äî äiàãîíàëüíî¨ ôîðìè

Alu = AlΘlv = Φ1

( ∂

∂t
, ∆n, Λ(µ)

)
Elv. (37)

Òåîðåìà 5. ßêùî G0(t, x, ξ, y, η) � ôóíäà-
ìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâ-
íÿííÿ

Φ1

( ∂

∂t
, ∆n, Λ(µ)

)
v = 0, (38)

òî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-
øi äëÿ iíâàðiàíòíî¨ ñèñòåìè (34) âèçíà÷à-
¹òüñÿ çà ôîðìóëîþ

G(t, x, ξ, y, η) = ΘlG
0(t, R, y, η). (39)

Äîâåäåííÿ. Ïðè t > 0 áåçïîñåðåäíüî ìà-
¹ìî:

AlG = AlΘlG
0 = Φ1

( ∂

∂t
, ∆n, Λ(µ)

)
G0El ≡ 0.

Âèêîíàííÿ ïî÷àòêîâèõ óìîâ

lim
t→+0

∂kG

∂tk
=

{
0, k = 0, s− 2,

δ(ξ,η), k = s− 1

âèïëèâà¹ iç òîòîæíîñòåé
1

2πi

∫

γ

zkdz

Φ1(z,−λ2,−β2)
=

{
0, k = 0, sl − 2,
1, k = sl − 1

(40)
òà iíòåãðàëüíîãî çîáðàæåííÿ (4).

Ïðèêëàä 3. Äëÿ Λ(µ)-ïàðàáîëi÷íî¨ ñè-
ñòåìè

∂u1

∂t
= a1∆nu1, (41)

∂u2

∂t
= ∆nu1 + a2Λ(µ)u2,

äå a1 > 0, a2 > 0 � ñòàëi, õàðàêòåðèñòè÷íå
ðiâíÿííÿ ìà¹ âèãëÿä

Φ1(z,−λ2,−β2) ≡ (z + a1λ
2)(z + a2β

2) = 0,
(42)

ìàòðèöÿ

Θ2 =

(
∂/∂t− a2Λ(µ) 0

∆n ∂/∂t− a1∆n

)
=

= E2
∂

∂t
−

(
a2Λ(µ) 0
−∆n a1∆n

)
,

à ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi
äëÿ ðiâíÿííÿ

( ∂

∂t
− a1∆n

)( ∂

∂t
− a2Λ(µ)

)
v = 0 (43)

âèçíà÷à¹òüñÿ çà ôîðìóëîþ

G0 =
ωn

(2π)n

∞∫

0

∞∫

0

e−a1λ2t − e−a2β2t

a2β2 − a1λ2
×

×ϕ(µ)(y, η, β)j(n−2)/2(λR)λn−1dβdλ. (44)

Çãiäíî ôîðìóëè (39) ôóíäàìåíòàëüíà ìà-
òðèöÿ ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ñèñòåìè
(41)

G(t, x, ξ, y, η) = Θ2G
0 =

=
ωn

(2π)n

∞∫

0

∞∫

0

H(t,−λ2,−β2)×

×ϕ(µ)(y, η, β)j(n−2)/2(λR)λn−1dβdλ. (45)

Òóò áåðå ó÷àñòü ìàòðèöÿ

H(t,−λ2,−β2) =

=

(
d/dt + a2β

2 0
−λ2 d/dt + a1λ

2

)
×

×e−a1λ2t − e−a2β2t

a2β2 − a1λ2
.

4. Çàñòîñó¹ìî çàïðîâàäæåíå ôîðìóëàìè
(18), (19) iíòåãðàëüíå ïåðåòâîðåííÿ äëÿ ïî-
áóäîâè ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà-
÷i Êîøi äëÿ iíâàðiàíòíèõ Λ(µ)-ïàðàáîëi÷íèõ
îïåðàòîðiâ íà ðiìàíîâèõ ìíîãîâèäàõ
++

R
(m)
n+2

= [0,∞)× +

R
(m)
n+1

= [0,∞)×R
(m)
2 ×E+

n−1,

äå m ∈ [2,∞], E++
n+2 � åâêëiäiâ ïiâïðîñòið

òî÷îê (x1, x2, . . . , xn, y, t), êîîðäèíàòè ÿêèõ
çàäîâîëüíÿþòü íåðiâíîñòi: −∞ < xj < ∞,
j = 1, n; y > 0, t > 0.
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Îçíà÷åííÿ 5. m-ðîçãàëóæåíèì (íå-
ñêií÷åííî ðîçãàëóæåíèì) ôóíäàìåíòàëü-
íèì ðîçâ'ÿçêîì çàäà÷i Êîøi ç ãiïåðïëî-
ùèíîþ ãàëóæåííÿ (0, 0) × En äëÿ Λ(µ)-
ïàðàáîëi÷íîãî îïåðàòîðà A íàçèâà¹òüñÿ òà-
êèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-
øi Gm(t, x, ξ, y, η), ÿêèé â

++

R
(m)
n+2

âèçíà÷åíèé
âñþäè, êðiì ãiïåðïëîùèíè ãàëóæåííÿ, i çà-
äîâîëüíÿ¹ òàêi óìîâè:

1) Gm(t, x, ξ, y, η) ìà¹ â
++

R
(m)
n+2

îäíó õàðà-
êòåðèñòè÷íó îñîáëèâiñòü â òî÷öi (0, ξ, η) ∈
++

R
(1)
n+2

≡ E++
n+2;

2) Gm(t, x, ξ, y, η) íåñêií÷åííî äèôåðåíöi-
éîâíà âñþäè, êðiì òî÷êè (0, ξ, η) ∈ E++

n+2 i
ãiïåðïëîùèíè ãàëóæåííÿ;

3)
m∑

k=1

Gm(t, x, ξk, y, η) = G(t, x, ξ, y, η)

( ∞∑

k=−∞
G(∞)(t, x, ξk, y, η) = G(t, x, ξ, y, η)

)
,

äå (t, ξ1, η) ≡ (t, ξ, η), à òî÷êè (t, ξk, η) ∈
++

R
(k)
n+2

ëåæàòü íà òîìó æ ìiñöi, ùî é òî÷êà
(t, ξ, η), àëå â åêçåìïëÿði

+

R
(k)
n+2

; G(t, x, ξ, y, η)
� çâè÷àéíèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çà-
äà÷i Êîøi.

Òåîðåìà 6. m-ðîçãàëóæåíèé ôóíäàìåí-
òàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ
(24) âèçíà÷à¹òüñÿ çà ôîðìóëîþ

Gm(t, x, ξ, y, η) =
ωn

(2π)n

∞∫

0

∞∫

0

v(t,−λ2,−β2)×

×ϕµ(y, η, β)λn−1Φm(λR, ϕ− ϕ0)dλdβ, (46)

äå ôóíêöiÿ [7]

Φm(λR, ϕ− ϕ0) = j(n−2)/2(λR)J(ϕ− ϕ0)−

− 1

2πm

∞∫

0

j(n−2)/2(λR1)Km(ϕ− ϕ0, α)dα ≡

≡ 1

m
[j(n−2)/2(λR) +

1

2π

∞∫

0

(j(n−2)/2(λR)−

−j(n−2)/2(λR1))Km(ϕ− ϕ0, α)dα].

Äîâåäåííÿ. Ôóíêöiÿ Φm äèôåðåíöiéîâ-
íà íåîáõiäíó êiëüêiñòü ðàçiâ.

Âíàñëiäîê òîòîæíîñòåé
∂2Km

∂a2
+

∂2Km

∂ϕ2
= 0,

∆nj(n−2)/2(λR) ≡

≡
( ∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂ϕ2
+

n∑

k=3

∂2

∂x2
k

)
×

×j(n−2)/2(λR) = −λ2j(n−2)/2(λR),

∆nj(n−2)/2(λR1) ≡

≡
( ∂2

∂r2
+

1

r

∂

∂r
− 1

r2

∂2

∂α2
+

n∑

k=3

∂2

∂x2
k

)
×

×j(n−2)/2(λR1) = −λ2j(n−2)/2(λR1),

îäåðæó¹ìî ñïiââiäíîøåííÿ

∆nΦm(λR, ϕ− ϕ0) = −λ2Φm(λR, ϕ− ϕ0).
(47)

Îñêiëüêè âíàñëiäîê óçàãàëüíåíîãî ðiâíÿ-
ííÿ Ëåæàíäðà [1]

Λ(µ)[ϕ(µ)(y, η, β)] = −β2ϕ(µ)(y, η, β), (48)

òî â ðåçóëüòàòi çàñòîñóâàííÿ îïåðàòîðà
H

(m)
(µ);n çà ïðàâèëîì (18) äî ðiâíÿííÿ (24) ìà-

¹ìî çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ
l∑

k=0

Ak(−λ2,−β2)
dkũ

dtk
= 0. (49)

Áåçïîñåðåäíüî ïåðåâiðÿ¹òüñÿ, ùî ôóí-
êöiÿ

ũ = v(t,−λ2,−β2) · P (µ)
−1/2+iβ(ch η)×

×Φm(λR(x, ξ), ϕ− ϕ0) (50)

çàäîâîëüíÿ¹ ðiâíÿííÿ (49) i ïî÷àòêîâi óìîâè

dkũ

dtk
=

{
0,

P
(µ)
−1/2+iβ(ch η)×

k = 0, l − 2,
×Φm(λR(x, ξ0), ϕ− ϕ0), k = l − 1.

Ó ðåçóëüòàòi çàñòîñóâàííÿ äî ôóíêöi¨ ũ,
âèçíà÷åíî¨ ôîðìóëîþ (50), îïåðàòîðà H

−(m)
(µ);n
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çà ïðàâèëîì (19) îòðèìà¹ìî ôóíäàìåíòàëü-
íèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ
(24):

H
−(m)
(µ);n [ũ] =

ωn

(2π)n

∞∫

0

∞∫

0

v(t,−λ2,−β2)×

×P
(µ)
−/2+iβ(ch η)Φm(λR, ϕ− ϕ0)×

×P
(µ)
−a/2+iβ(ch y)Ω(µ)(β)dβλn−1dλ =

=
ωn

(2π)n

∞∫

0

∞∫

0

v(t,−λ2,−β2)×

×ϕ(µ)(y, η, β)Φm(λR, ϕ− ϕ0)×
×λn−1dβdλ ≡ Gm(t, x, ξ, y, η).

Âèêîíàííÿ ïî÷àòêîâèõ óìîâ

lim
t→0+

∂kGm

∂tk
=

{
0, k = 0, l − 2,

δ̃(ξ,η), k = l − 1

âèïëèâà¹ iç òîòîæíîñòåé (29) òà iíòåãðàëü-
íîãî çîáðàæåííÿ (13).

Äîâåäåííÿ ðiâíîñòi
m∑

k=1

Gm(t, x, ξk, y, η) = G(t, x, ξ, y, η)

ïîâòîðþ¹ ëîãi÷íó ñõåìó äîâåäåííÿ òàêî¨ æ
ðiâíîñòi äëÿ äåëüòà-ôóíêöi¨.

Ìåòîäîì çàïðîâàäæåíîãî ôîðìóëàìè
(22), (23) iíòåãðàëüíîãî ïåðåòâîðåííÿ çà
âèêëàäåíîþ âèùå ñõåìîþ áóäó¹òüñÿ íå-
ñêií÷åííî ðîçãàëóæåíèé ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ (24)

G(∞)(t, x, ξ, y, η) =
ωn

(2π)n

∞∫

0

∞∫

0

v(t,−λ2,−β2)×

×ϕ(µ)(y, η, β)Φ(∞)(λR, ϕ− ϕ0)λ
n−1dλdβ.

(51)
Ôîðìóëè (46) i (51) ïîêàçóþòü, ùî

äëÿ íàïèñàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿç-
êó çàäà÷i Êîøi äëÿ iíâàðiàíòíîãî Λ(µ)-
ïàðàáîëi÷íîãî ðiâíÿííÿ òðåáà çíàòè ðîçâ'ÿ-
çóþ÷ó ôóíêöiþ

v(t,−λ2,−β2) =
1

2πi

∫

γ

eztdz

F (z,−λ2,−β2)
.

Òóò F (z,−λ2,−β2) � õàðàêòåðèñòè÷íèé
ìíîãî÷ëåí, γ � æîðäàíiâ êîíòóð, ùî îõî-
ïëþ¹ âñi êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿí-
íÿ

F (z,−λ2,−β2) = 0.

Äëÿ Λ(µ)-ïàðàáîëi÷íîãî ðiâíÿííÿ òåïëî-
ïðîâiäíîñòi

∂u

∂t
= a2

1∆nu + a2
2Λ(µ)u, µ1 ≥ µ2 ≥ 0, a2

j ≥ 0

(52)
ðîçâ'ÿçóþ÷à ôóíêöiÿ

v(t,−λ2,−β2) = e−(a2
1λ2+a2

2β2)t.

Çãiäíî ç ôîðìóëàìè (46) òà (51) ìà¹ìî:

G(m) =
ωn

(2π)n

∞∫

0

( ∞∫

0

e−a2
2β2tϕ(µ)(y, η, β)dβ

)
×

×e−a2
1λ2tΦ(m)(λR, ϕ− ϕ0)λ

n−1dλ =

=

∞∫

0

e−a2
2β2tϕ(µ)(y, η, β)dβ

1

(4πa2
1t)

n/2
×

×e−R2/(4a2
1t)

[
J(ϕ− ϕ0)−

− 1

2πm

∞∫

0

e−(2rρ(ch α+cos(ϕ−ϕ0)))/(4a2
1t)×

×Km(ϕ− ϕ0, α)dα
]
≡

≡ G(t, x, ξ, y, η)
[
J(ϕ− ϕ0)−

− 1

2πm

∞∫

0

e−(2rρ(ch α+cos(ϕ−ϕ0)))/(4a2
1t)×

×Km(ϕ− ϕ0, α)dα
]
.

G(∞) = G(t, x, ξ, y, η)
[
J(ϕ− ϕ0)−

− 1

π

∞∫

0

e−(2rρ(ch α+cos(ϕ−ϕ0)))/(4a2
1t)×

×K(∞)(ϕ− ϕ0, α)dα
]
≡
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≡ 1

π
G(t, x, ξ, y, η)

[ ∞∫

0

(1−

−e−(2rρ(ch α+cos(ϕ−ϕ0)))/(4a2
1t))×

×
(

π + ϕ− ϕ0

α2 + (π + ϕ− ϕ0)2
+

+
π − (ϕ− ϕ0)

α2 + (π − (ϕ− ϕ0))2

)
dα

]
. (54)

Òóò G(t, x, ξ, y, η) � çâè÷àéíèé ôóíäàìåí-
òàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ
(52).

Ìè âðàõóâàëè òå, ùî:
1) Φ(∞)(λR, ϕ − ϕ0) = j(n−2)/2(λR)J(ϕ −

ϕ0) − 1

π

∞∫

0

j(n−2)/2(λR1)K∞(α, ϕ − ϕ0)dα =

1

π

∞∫

0

(j(n−2)/2(λR1) − j(n−2)/2(λR1))K∞(α, ϕ −

ϕ0)dα.
2) ∆nΦ(∞)(λR, ϕ−ϕ0) = −λ2Φ(∞)(λR, ϕ−

ϕ0). (55)
Íàñëiäîê 1. Ïðè m = 2 ìà¹ìî [7]:

G2(t, x, ξ, y, η) =
1

2a1

√
πt

G(t, x, ξ, y, η)×

×
q∫

−∞

e−z2/(4a2
1t)dz, (56)

q = 2
√

rρ cos
ϕ− ϕ0

2
.

Ïiäñòàâèâøè â ôîðìóëè (46) òà (51) ôóí-
êöiþ

v = exp[A(−λ2,−β2)t]

îäåðæèìî ñòðóêòóðó Gm i G(∞) äëÿ Λ(µ)-
ïàðàáîëi÷íîãî çà I.Ã.Ïåòðîâñüêèì ðiâíÿííÿ

∂u

∂t
= A(∆n, Λ(µ))u.

Òåîðåìà 7. m-ðîçãàëóæåíà ôóíäàìåí-
òàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ
iíâàðiàíòíî¨ ñèñòåìè (34) âèçíà÷à¹òüñÿ çà
ôîðìóëîþ

Gm(t, x, ξ, y, η) = ΘlG
0
m(t, R, y, η), (57)

äå G0
m � m-ðîçãàëóæåíèé ôóíäàìåíòàëü-

íèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ
(38).

Äîâåäåííÿ. Áåçïîñåðåäíüî ìà¹ìî, ùî

AlGm = AlΘlG
0
m = ElΦ1

( ∂

∂t
, ∆n, Λ(µ)

)
G0

m =

=
ωn

(2π)n
El

∞∫

0

∞∫

0

Φ1

( ∂

∂t
, ∆n, Λ(µ)

)
×

×
[ 1

2πi

∫

γ

eztdz

Φ1(z,−λ2,−β2)
ϕ(µ)(t, η, β)λn−1×

×Φm(λR, ϕ− ϕ0)dλdβ
]

=

=
ωn

(2π)n

∞∫

0

∞∫

0

( 1

2πi

∫

γ

eztdz
)
×

×Φm(λR, ϕ− ϕ0)λ
n−1dλdβ ≡ 0

âíàñëiäîê òîãî, ùî
∫

γ

exp(zt)dz ≡ 0.

Îòæå, ìàòðèöÿ Gm, âèçíà÷åíà ôîðìóëîþ
(57), çàäîâîëüíÿ¹ ñèñòåìó (34).

Âèêîíàííÿ óìîâ

lim
t→0+

∂kGm

∂tk
=

{
0, k = 0, s− 2,

δ̃(ξ,η)El, k = s− 1

âèïëèâà¹ iç òîòîæíîñòåé (40) òà iíòåãðàëü-
íîãî çîáðàæåííÿ (13).

Äîâåäåííÿ ðiâíîñòi
m∑

k=1

Gm(t, x, ξk, y, η) = G(t, x, ξ, y, η),

äå G(t, x, ξ, y, η) çâè÷àéíà ôóíäàìåíòàëüíà
ìàòðèöÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ñèñòåìè
(34), âèçíà÷åíà ôîðìóëîþ (39), ïðîâîäèòüñÿ
òî÷íî òàê, ÿê é ó âèïàäêó äåëüòà-ôóíêöi¨
(òåîðåìà 2).

Òåîðåìà 8. ßêùî G0
(∞)(t, x, ξ, y, η) �

íåñêií÷åííî-ðîçãàëóæåíèé ôóíäàìåíòàëü-
íèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ
(38), òî íåñêií÷åííî-ðîçãàëóæåíà ôóíäà-
ìåíòàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi
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äëÿ ñèñòåìè (34) âèçíà÷à¹òüñÿ çà ôîðìó-
ëîþ

G(∞)(t, x, ξ, y, η) = ΘlG
0
(∞)(t, x, ξ, y, η). (58)

Äîâåäåííÿ. Òå, ùî G(∞) çàäîâîëüíÿ¹ ñè-
ñòåìó (34), ïåðåâiðÿ¹òüñÿ áåçïîñåðåäíüî.

Âèêîíàííÿ óìîâ

lim
t→0+

∂kG(∞)

∂tk
=

{
0, k = 0, s− 2,

δ̃(ξ,η)El, k = s− 1

âèïëèâà¹ iç òîòîæíîñòåé (40) òà iíòåãðàëü-
íîãî çîáðàæåííÿ (20) ìiðè Äiðàêà íà

+

R
(∞)
n+1

.
Äîâåäåííÿ ðiâíîñòi
∞∑

k=−∞
G(∞)(t, x, ξk, y, η) = G(t, x, ξ, y, η)

òàêå ñàìå, ÿê ó âèïàäêó äîâåäåííÿ çîáðàæå-
ííÿ ìiðè Äiðàêà íà

+

R
(∞)
n+1

.
Äëÿ Λ(µ)-ïàðàáîëi÷íî¨ ñèñòåìè (41)

G(m)(t, x, ξ, y, η) =

=
ωn

(2π)n

∞∫

0

∞∫

0

H(t,−λ2,−β2)ϕ(µ)(y, η, β)×

×Φ(m)(λR, ϕ− ϕ0)λ
n−1dλdβ, (59)

G(∞)((t, x, ξ, y, η)) =

=
ωn

(2π)n

∞∫

0

∞∫

0

H(t,−λ2,−β2)ϕ(µ)(y, η, β)×

×Φ(∞)(λR, ϕ− ϕ0)λ
n−1dλdβ. (60)

Àíàëîãi÷íi ðåçóëüòàòè äëÿ iíâàðiàíòíèõ
B-ïàðàáîëi÷íèõ îïåðàòîðiâ çíàõîäèìî â ðî-
áîòàõ [4, 8, 9].

Çíàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çà-
äà÷i Êîøi äîçâîëÿ¹ çà âiäîìîþ ëîãi÷íîþ ñõå-
ìîþ [5] ïîáóäóâàòè ðîçâ'ÿçîê çàäà÷i Êîøi.

Íà çàêií÷åííÿ çàóâàæèìî, ùî áåç çàëó-
÷åííÿ íîâèõ iäåé ðåçóëüòàòè ðîáîòè ïåðå-
íîñÿòüñÿ íà iíâàðiàíòíi ñòîñîâíî x âiäíîñíî
ãðóïè îáåðòàíü íàâêîëî ïî÷àòêó êîîðäèíàò
ïðîñòîðó En Λ(µ)-ïàðàáîëi÷íi îïåðàòîðè âè-
ãëÿäó A(t, ∆n, Λ(µ), ∂/∂t).
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