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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þ.Ôåäüêîâè÷à, ×åðíiâöi

ÏÐÎ ÂËÀÑÒÈÂÎÑÒI ÏÎÒÅÍÖIÀËIÂ ÌÎÄÅËÜÍÎÃÎ−→
2b-ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß ÄÎÂIËÜÍÎÃÎ ÏÎÐßÄÊÓ
Îäåðæàíi îöiíêè ïiâíîðì ó ïðîñòîðàõ Ãåëüäåðà øâèäêî çðîñòàþ÷èõ ôóíêöié îá'¹ìíîãî

ïîòåíöiàëó òà iíòåãðàëà Ïóàññîíà, ïîðîäæåíèõ ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì ìîäåëüíîãî −→2b-
ïàðàáîëi÷íîãî ðiâíÿííÿ äîâiëüíîãî ïîðÿäêó çà âñiìà çìiííèìè.

The estimations of seminorms in H�older spaces of fast growing functions of a volume potential
and of a Poisson integral generated by the fundemental solution of a model −→2b-parabolic equation
of arbitrary order with respect to all variables are obtained.

Ó ïðàöi [1] áóëè îçíà÷åíi ñèñòåìè ðiâíÿíü
iç ÷àñòèííèìè ïîõiäíèìè, ÿêi óçàãàëüíþþòü
ñèñòåìè, ïàðàáîëi÷íi çà Ñîëîííèêîâèì [2] i
çà Åéäåëüìàíîì [3 � 5]. Òàêi ñèñòåìè íà-
çâàíi ïàðàáîëi÷íèìè ñèñòåìàìè Ñîëîííèêî-
âà íåîäíîðiäíî¨ (êâàçiîäíîðiäíî¨) ñòðóêòó-
ðè. Äëÿ òàêèõ ñèñòåì ó ìîäåëüíîìó âèïàäêó
áóëà ïîáóäîâàíà ôóíäàìåíòàëüíà ìàòðèöÿ
ðîçâ'ÿçêiâ, îïèñàíi ¨¨ îñíîâíi âëàñòèâîñòi i
íàâåäåíi ôîðìóëè äëÿ ðîçâ'ÿçêiâ ïî÷àòêîâî¨
çàäà÷i. Ïðè äîñëiäæåííi ðîçâ'ÿçêiâ ïî÷àòêî-
âî¨ çàäà÷i äëÿ òàêèõ ñèñòåì (ó çàãàëüíîìó
âèïàäêó) ïîòðiáíi âiäîìîñòi ïðî ïîòåíöiàëè
îäíîãî −→2b-ïàðàáîëi÷íîãî ðiâíÿííÿ äîâiëüíî-
ãî ïîðÿäêó çà âñiìà çìiííèìè. Â ëiòåðàòóði
(äèâ. [3 � 5]) ìîæíà çíàéòè òàêi âiäîìîñòi
äëÿ âèïàäêó−→2b-ïàðàáîëi÷íîãî ðiâíÿííÿ ïåð-
øîãî ïîðÿäêó çà ÷àñîâîþ çìiííîþ. Ó äàííié
ñòàòòi âèâîäÿòüñÿ íåîáõiäíi îöiíêè ïiâíîðì
îá'¹ìíîãî ïîòåíöiàëó òà iíòåãðàëà Ïóàññî-
íà. Ïðè öüîìó âèêîðèñòîâóþòüñÿ ïiâíîðìè
â ïðîñòîðàõ Ãåëüäåðà ôóíêöié, ÿêi ìîæóòü
âiäïîâiäíèì ÷èíîì çðîñòàòè íà íåñêií÷åííî-
ñòi.

1. Ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè.
Íåõàé n, r, b1, . . . , bn � çàäàíi íàòóðàëü-
íi ÷èñëà; b � íàéìåíøå ñïiëüíå êðàòíå ÷è-
ñåë b1, . . . , bn;

−→
2b ≡ (2b1, . . . , 2bn); m0 ≡ 2b,

mj ≡ b/bj, qj ≡ 2bj/(2bj − 1), j ∈ {1, . . . , n};
M ≡

n∑
j=0

mj; α ≡ (α1, . . . , αn) � n-âèìiðíèé

ìóëüòèiíäåêñ (α ∈ Zn
+), α ≡ (α0, α) � (n+1)-

âèìiðíèé ìóëüòèiíäåêñ (α ∈ Zn+1
+ ); ‖α‖ ≡

n∑
j=1

mjαj, ‖α‖ ≡
n∑

j=0

mjαj; T � çàäàíå äîäà-

òíå ÷èñëî; ΠH ≡ {(t, x)
∣∣∣t ∈ H, x ∈ Rn}, H ⊂

R; ∂α
t,x ≡ ∂α0

t ∂α
x , ∂α

x ≡ ∂α1
x1

. . . ∂αn
xn
; p(x; y) ≡

( n∑
j=1

|xj − yj|2/mj

)1/2

� −→2b-ïàðàáîëi÷íà âiä-

ñòàíü ìiæ òî÷êàìè x i y iç Rn; ∆ξ
xf(·, x) ≡

f(·, x) − f(·, ξ), ∆τ
t f(t, ·) ≡ f(t, ·) − f(τ, ·);

Ec(t, x) ≡ exp
{
−c

n∑
j=1

t1−qj |xj|qj

}
, t > 0, x ∈

Rn, c > 0;

L(∂t, ∂x) ≡ a0∂
r
t +

∑
‖α‖=2br
(α0<r)

aα∂α
t,x, a0 6= 0, −

−→
2b-ïàðàáîëi÷íèé äèôåðåíöiàëüíèé âèðàç,
òîáòî λ-êîðåíi ðiâíÿííÿ L(λ, iσ) = 0 çàäî-
âîëüíÿþòü óìîâó

∃δ > 0 ∀σ ∈ Rn ∀j ∈ {1, . . . , r} :

Reλj ≤ −δ

n∑

k=1

σ2bk
k .

Ðîçãëÿíåìî ðiâíÿííÿ
L(∂t, ∂x)u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (1)

i éîãî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê, òîáòî òà-
êó ôóíêöiþ Γ(t, x), t > 0, x ∈ Rn, ùî
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ðîçâ'ÿçîê öüîãî ðiâíÿííÿ äëÿ áóäü-ÿêî¨ äî-
ñèòü ãëàäêî¨ i ôiíiòíî¨ ôóíêöi¨ f âèçíà÷à¹-
òüñÿ îá'¹ìíèì ïîòåíöiàëîì

uf (t, x) ≡
t∫

0

dτ

∫

Rn

Γ(t− τ, x− ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ]. (2)

Òàê ñàìî, ÿê ó [3 � 6] äëÿ ïàðàáîëi÷íèõ
çà Ïåòðîâñüêèì ðiâíÿíü äîâiëüíîãî i −→2b-
ïàðàáîëi÷íèõ ðiâíÿíü ïåðøîãî ïîðÿäêó çà
çìiííîþ t, âñòàíîâëþþòüñÿ òàêi âëàñòèâîñòi
ôóíêöi¨ Γ:

1) ïðàâèëüíi îöiíêè

|∂α
t,xΓ(t, x)| ≤ Cαtr−(M+‖α‖)/(2b)Ec(t, x),

t > 0, x ∈ Rn, α ∈ Zn+1
+ , (3)

äå Cα i c � äîäàòíi ñòàëi;
2) ñïðàâäæóþòüñÿ ðiâíîñòi

∫

Rn

Γ(t, x)dx =
tr−1

a0(r − 1)!
, t > 0, (4)

∫

Rn

∂r−1
t Γ(t, x)dx =

1

a0

, t > 0; (5)

3) äëÿ ïiäõîæî¨ ôóíêöi¨ f ïîõiäíi âiä ií-
òåãðàëà (2) çíàõîäÿòüñÿ çà ôîðìóëàìè

∂α
t,xuf (t, x) =

t∫

0

dτ

∫

Rn

∂α
t,xΓ(t−τ, x−ξ)f(τ, ξ)dξ,

‖α‖ < 2br, (6)

∂α
t,xuf (t, x) =

t∫

0

dτ

∫

Rn

∂α
t,xΓ(t−τ, x−ξ)∆x

ξf(τ, ξ)dξ,

2b(r − 1) < ‖α‖ ≤ 2br, α 6= 0, (7)

∂r
t uf (t, x) = f(t, x) +

t∫

0

dτ

∫

Rn

∂r
t Γ(t− τ, x− ξ)×

×∆x
ξf(τ, ξ)dξ, (t, x) ∈ Π(0,T ]. (8)

Çàóâàæèìî, ùî ç (3) âèïëèâàþòü îöiíêè

|∆y
x∂

α
t,xΓ(t, x)| ≤ Cα(p(x; y))λ0×

×tr−(M+‖α‖+λ0)/(2b)Ec′(t, x), (p(x; y))2b ≤ t,
(9)

|∆t′
t ∂α

t,xΓ(t, x)| ≤ Cα(t′ − t)λ0×
×tr−λ0−(M+‖α‖)/(2b)Ec′(t, x), t′ − t ≤ t, (10)

äå 0 < t < t′ ≤ T , {x, y} ⊂ Rn, α ∈ Zn+1
+ , λ0

i c′ � áóäü-ÿêi ôiêñîâàíi ÷èñëà âiäïîâiäíî ç
ïðîìiæêiâ (0, 1] i (0, c), c � ñòàëà iç (3).

Ëåãêî ïåðåêîíàòèñÿ ó ïðàâèëüíîñòi íåðiâ-
íîñòi

(p(x; y))λEc(t, x− y) ≤ Ctλ/(2b)Ec′(t, x− y)
(11)

òà ðiâíîñòi
∫

Rn

t1−M/(2b)Ec(t, x− ξ)dξ = C0, (12)

â ÿêèõ t > 0, {x, y} ⊂ Rn, λ > 0, c′ ∈ (0, c).
2. Îçíà÷åííÿ ïiâíîðì. Íåõàé c0, a1,

. . . , an � çàäàíi ÷èñëà òàêi, ùî 0 <
c0 < c′ < c, äå c i c′ � ñòàëi ç
îöiíîê (3), (9) i (10), aj ≥ 0, j ∈
{1, . . . , n}, T < min

j
(c0/aj)

2bj−1; −→k (t,−→a ) ≡
(k1(t, a1), . . . , kn(t, an)), äå −→a ≡ (a1, . . . , an),
kj(t, aj) ≡ c0aj(c

2bj−1
0 − a

2bj−1
j t)1−qj , j ∈

{1, . . . , n}; Ψ(t, x) ≡ exp
{ n∑

j=1

kj(t, aj)|xj|qj

}
,

(t, x) ∈ Π[0,T ].
Âiäçíà÷èìî [5, c. 97], ùî kj(0, aj) = aj,

òîáòî −→k (0,−→a ) = −→a , i ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

Ec0(t− τ, x− ξ)Ψ(τ, ξ) ≤ Ψ(t, x),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (13)

Íåõàé l � öiëå íåâiä'¹ìíå ÷èñëî i λ ∈
(0, 1). Äëÿ ôóíêöié, âèçíà÷åíèõ ó Π[0,T ], âè-
êîðèñòîâóâàòèìåìî ïiâíîðìó

¿ u À
−→
k (·,−→a )
l+λ ≡<u>

−→
k (·,−→a )
l+λ,x + <u>

−→
k (·,−→a )
(l+λ)/(2b),t,

äå

<u>
−→
k (·,−→a )
l+λ,x ≡

∑

‖α‖=l

< ∂α
t,xu >

−→
k (·,−→a )
λ,x ,
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<u>
−→
k (·,−→a )
(l+λ)/(2b),t≡

∑

0≤l−‖α‖<2b

<∂α
t,xu>

−→
k (·,−→a )
(l−‖α‖+λ)/(2b),t,

<u>
−→
k (·,−→a )
λ,x ≡ sup

{x,y}⊂Rn, x6=y,
t∈[0,T ]

(|∆y
xu(t, x)|×

×(p(x; y))−λ(Ψ(t, x) + Ψ(t, y))−1),

<u>
−→
k (·,−→a )
λ,t ≡ sup

{t,t′}⊂[0,T ], t 6=t′,
x∈Rn

(|∆t′
t u(t, x)|×

×|t− t′|−λ(Ψ(t, x) + Ψ(t′, x))−1),

à äëÿ çàäàíèõ â Rn ôóíêöié � ïiâíîðìó

[v]
−→a
l+λ ≡

∑

‖α‖=l

<∂α
x v>

−→a
λ,x,

äå
<v>

−→a
λ,x≡ sup

{x,y}⊂Rn,
x6=y

(|∆y
xv(x)|×

×(p(x; y))−λ(Ψ(0, x) + Ψ(0, y))−1).

3. Îöiíêè îá'¹ìíîãî ïîòåíöiàëó. Íà-
âåäåìî îöiíêè ïiâíîðì îá'¹ìíîãî ïîòåíöiàëó
(2) â ïðèïóùåííi äîñòàòíüî¨ ãëàäêîñòi ôóíê-
öi¨ f .

Òåîðåìà 1. Äëÿ áóäü-ÿêèõ ôiêñîâàíèõ
l ∈ Z+ i λ ∈ (0, 1) ïðàâèëüíi îöiíêè

¿ufÀ
−→
k (·,−→a )
l+2br+λ≤ C ¿fÀ

−→
k (·,−→a )
l+λ . (14)

Äîâåäåííÿ. Âðàõóâàâøè òå, ùî ôóíêöiÿ
uf ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1), äîâåäåííÿ (14)
çâîäèòüñÿ äî äîâåäåííÿ îöiíîê

<∂α
t,xuf >

−→
k (·,−→a )
λ,x ≤ C <f >

−→
k (·,−→a )
λ,x , (15)

‖α‖ = 2br, α0 ≤ r − 1;

<∂α
t,xuf >

−→
k (·,−→a )
(2br−‖α‖+λ)/(2b),t≤ C <f >

−→
k (·,−→a )
λ ,

(16)
α0 ≤ r − 1, 0 ≤ 2br − ‖α‖ < 2b.

Îñêiëüêè íà ïiäñòàâi (3), (7) i (11) � (13)
äëÿ 2b(r − 1) < ‖α‖ ≤ 2br ñïðàâäæóþòüñÿ
íåðiâíîñòi

|∂α
t,xuf (t, x)| ≤

≤ C <f >
−→
k (·,−→a )
λ,x

t∫

0

dτ

∫

Rn

(t− τ)r−(M+‖α‖)/(2b)×

×(p(x; ξ))λ(Ec0(t−τ, x−ξ)Ψ(τ, ξ)+Ψ(τ, x))×
×Ec−c0(t−τ, x−ξ)dξ ≤ C <f >

−→
k (·,−→a )
λ,x Ψ(t, x)×

×
t∫

0

(t− τ)r−1−(‖α‖−λ)/(2b)dτ

∫

Rn

(t− τ)1−M/(2b)×

×Ec1(t− τ, x− ξ)dξ = C <f >
−→
k (·,−→a )
λ,x ×

×Ψ(t, x)tr−(‖α‖−λ)/(2b), (17)

â ÿêèõ c1 ∈ (0, c − c0), òî äëÿ äîâåäåííÿ
îöiíîê (14) i (15) äîñèòü îöiíèòè ïðèðîñòè
∆y

x∂
α
t,xuf i ∆t′

t ∂α
t,xuf âiäïîâiäíî ó âèïàäêàõ

η < t i η′ < t, äå η ≡ (p(x; y))2b, η′ ≡ t′−t > 0.
Âèêîðèñòîâóþ÷è ôîðìóëè (4) i (7), äëÿ

‖α‖ = 2br, α0 < r i η < t çàïèøåìî

∆y
x∂

α
t,xuf (t, x) =

t−η∫

0

dτ

∫

Rn

∆y
x∂

α
t,xΓ(t−τ, x−ξ)×

×∆x
ξf(τ, ξ)dξ +

t∫

t−η

dτ

∫

Rn

∂α
t,xΓ(t− τ, x− ξ)×

×∆x
ξf(τ, ξ)dξ −

t∫

t−η

dτ

∫

Rn

∂α
t,yΓ(t− τ, y − ξ)×

×∆y
ξf(τ, ξ)dξ ≡ I1 + I2 − I3. (18)

Çà äîïîìîãîþ (9) i (11) � (13) ìà¹ìî

|I1| ≤ C <f >
−→
k (·,−→a )
λ,x (p(x; y))λ0×

×
t−η∫

0

dτ

∫

Rn

(t− τ)−(M+λ0)/(2b)(p(x; ξ))λ×

×Ec′(t− τ, x− ξ)(Ψ(τ, ξ) + Ψ(τ, x))dξ ≤
≤ C <f >

−→
k (·,−→a )
λ,x (p(x; y))λ0×

×
t−η∫

0

(t− τ)−1−λ0/(2b)dτ

∫

Rn

(t− τ)1−M/(2b)×

×(Ec0(t− τ, x− ξ)Ψ(τ, ξ)+Ψ(t, x))(p(x; ξ))λ×
×Ec′−c0(t− τ, x− ξ)dξ ≤

≤ C <f >
−→
k (·,−→a )
λ,x (p(x; y))λ0Ψ(t, x)×
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×
t−η∫

0

(t− τ)−1−(λ0−λ)/(2b)dτ

∫

Rn

(t− τ)1−M/(2b)×

×Ec1(t− τ, x− ξ)dξ = C <f >
−→
k (·,−→a )
λ,x ×

×(p(x; y))λ0Ψ(t, x)(η−(λ0−λ)/(2b)−t−(λ0−λ)/(2b)) ≤
≤ C <f >

−→
k (·,−→a )
λ,x (p(x; y))λΨ(t, x), (19)

äå λ0 ∈ (λ, 1], c1 ∈ (0, c′ − c0).
Âèêîðèñòîâóþ÷è (3) çàìiñòü (9), àíàëîãi-

÷íî îäåðæó¹ìî

|I2| ≤ C <f >
−→
k (·,−→a )
λ,x

t∫

t−η

dτ

∫

Rn

(t− τ)−M/(2b)×

×(p(x; ξ))λ(Ψ(τ, ξ)+Ψ(τ, x))Ec(t−τ, x−ξ)dξ ≤

≤ C <f >
−→
k (·,−→a )
λ,x

t∫

t−η

(t− τ)−1+λ/(2b)dτ×

×
∫

Rn

(t− τ)1−M/(2b)(Ec0(t− τ, x− ξ)Ψ(τ, ξ)+

+Ψ(t, x))Ec′−c0(t− τ, x− ξ))dξ ≤

≤ C <f >
−→
k (·,−→a )
λ,x Ψ(t, x)

t∫

t−η

(t− τ)−1+λ/(2b)dτ =

= C <f >
−→
k (·,−→a )
λ,x Ψ(t, x)ηλ/(2b) =

= C <f >
−→
k (·,−→a )
λ,x (p(x; y))λ. (20)

Îñêiëüêè I3 îöiíþ¹òüñÿ òàê ñàìî, ÿê I2, òî
ç (17) � (20) i âiäïîâiäíî¨ îöiíêè I3 âèïëèâà¹
ïîòðiáíà îöiíêà (15). Ñïðàâäi, çà äîïîìîãîþ
(17) äëÿ ‖α‖ = 2br îäåðæó¹ìî

|∆y
x∂

α
t,xuf (t, x)| ≤ |∂α

t,xuf (t, x)|+|∂α
t,yuf (t, y)| ≤

≤ C <f >
−→
k (·,−→a )
λ,x (Ψ(t, x) + Ψ(t, y))(p(x; y))λ,

(p(x; y))2b ≥ t, t ∈ [0, T ], (21)

à îöiíêè I1 � I3 äàþòü îöiíêó

|∆y
x∂

α
t,xuf (t, x)| ≤ C <f >

−→
k (·,−→a )
λ,x Ψ(t, x)(p(x; y))λ,

(p(x; y))2b < t, t ∈ [0, T ]. (22)

Ç íåðiâíîñòåé (21) i (22) òà îçíà÷åííÿ ïiâ-
íîðìè áåçïîñåðåäíüî âèïëèâà¹ îöiíêà (15).

Äîâåäåìî îöiíêó (16). Çà äîïîìîãîþ (4) i
(7) äëÿ 2b(r − 1) < ‖α‖ ≤ 2br i η′ < t çàïè-
øåìî çîáðàæåííÿ

∆t′
t ∂α

t,xuf (t, x) =

t−η′∫

0

dτ

∫

Rn

∆t′
t ∂α

t,xΓ(t−τ, x−ξ)×

×∆x
ξf(τ, ξ)dξ +

t∫

t−η′

dτ

∫

Rn

∂α
t,xΓ(t− τ, x− ξ)×

×∆x
ξf(τ, ξ)dξ −

t′∫

t−η′

dτ

∫

Rn

∂α
t′,xΓ(t′ − τ, x− ξ)×

×∆x
ξf(τ, ξ)dξ ≡ J1 + J2 − J3.

Iíòåãðàëè J1 � J3 îöiíþþòüñÿ çà äîïîìî-
ãîþ (3) i (10) � (13) ç λ0 = 1 òàêèì ÷èíîì:

|J1| ≤ C <f >
−→
k (·,−→a )
λ,x (t− t′)Ψ(t, x)×

×
t−η′∫

0

(t−τ)r−2−(‖α‖−λ)/(2b)dτ

∫

Rn

(t−τ)1−M/(2b)×

×Ec1(t− τ, x− ξ)dξ ≤

≤ C <f >
−→
k (·,−→a )
λ,x Ψ(t, x)(t′ − t)r−(‖α‖−λ)/(2b),

|J2|+ |J3| ≤ C <f >
−→
k (·,−→a )
λ,x (Ψ(t, x)×

×
t∫

t−η′

(t− τ)r−1−(‖α‖−λ)/(2b)dτ+

+Ψ(t′, x)

t′∫

t−η′

(t′ − τ)r−1−(‖α‖−λ)/(2b)dτ) ≤

≤ C <f >
−→
k (·,−→a )
λ,x (Ψ(t, x) + Ψ(t′, x))×

×(t′−t)r−(‖α‖−λ)/(2b), 0 ≤ t < t′ < 2t, x ∈ Rn.

Çâiäñè i ç íåðiâíîñòåé (17), ÿê i âèùå, âè-
ïëèâà¹ îöiíêà (16).
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4. Îöiíêè iíòåãðàëà Ïóàññîíà. Ðîç-
ãëÿíåìî iíòåãðàë Ïóàññîíà

vϕ(t, x) ≡
∫

Rn

Γ(t, x− ξ)ϕ(ξ)dξ,

(t, x) ∈ Π(0,T ]. (23)

ßêùî ïðèïóñêàòè, ùî ôóíêöiÿ ϕ äîñèòü
ãëàäêà i íå äóæå øâèäêî çðîñòà¹ íà íåñêií-
÷åííîñòi, òî çà äîïîìîãîþ (3) � (5) ëåãêî
âñòàíîâèòè ñïiââiäíîøåííÿ

lim
t→0

∂α
t,xvϕ(t, x) =

=

{
1
a0

ϕ(x), ÿêùî α0=r−1, α=0;

0,
ÿêùî ‖α‖<2b(r−1)

àáî ‖α‖=2b(r−1), α 6=0.

(24)

Òåîðåìà 2. Äëÿ áóäü-ÿêèõ ôiêñîâàíèõ
l ∈ Z+ i λ ∈ (0, 1) ïðàâèëüíi îöiíêè

¿vϕÀ
−→
k (·,−→a )
l+2b(r−1)+λ≤ C[ϕ]

−→a
l+λ. (25)

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî

<vϕ >
−→
k (·,−→a )
l+2b(r−1)+λ,x≡

∑

‖α‖=l+2b(r−1)

<∂α
t,xvϕ >

−→
k (·,−→a )
λ,x ≤

≤ C[ϕ]
−→a
l+λ. (26)

ßêùî 2b(r − 1) + l ≥ 2br, òî ñêîðèñòà¹ìîñÿ
òèì, ùî L(∂t, ∂x)vϕ = 0. Öå äîçâîëÿ¹ îáìå-
æèòèñü îöiíêîþ ëèøå òèõ äîäàíêiâ ç (26),
äëÿ ÿêèõ α0 ≤ r − 1. Àëå òîäi ‖α‖ ≥ l i
∂α

t,xvϕ = ∂α0
t ∂α−β

x v∂β
x ϕ, äå α ∈ Zn+1

+ , {α, β} ⊂
Zn

+, α0 ∈ Z+, β < α, ‖β‖ = l.
Îòæå, äîâåäåííÿ íåðiâíîñòi (26) äëÿ äî-

âiëüíîãî l ≥ 0 çâîäèòüñÿ äî äîâåäåííÿ òàêî¨
æ íåðiâíîñòi ïðè l = 0.

Äëÿ t > 0 i ‖α‖ = 2b(r − 1) çà äîïîìîãîþ
(4) ìà¹ìî

∂α
t,xvϕ(t, x) =

∫

Rn

∂α
t,xΓ(t, x− ξ)∆x

ξϕ(ξ)dξ+

+
1

a0

δα0(r−1)ϕ(x) = w(α)(t, x) +
1

a0

δα0(r−1)ϕ(x),

äå

w(α)(t, x) ≡
t∫

0

dτ

∫

Rn

∂α0+1
τ ∂α

x Γ(τ, x−ξ)∆x
ξϕ(ξ)dξ,

δαβ � ñèìâîë Êðîíåêåðà. Òóò âèêîðèñòàíî
òå, ùî çãiäíî ç (24)

lim
τ→0

∫

Rn

∂α
τ,xΓ(τ, x− ξ)∆x

ξϕ(ξ)dξ =

=
1

a0

δα0(r−1)∆
x
ξϕ(ξ)

∣∣∣
ξ=x

= 0.

Ðîçãëÿíåìî ðiçíèöþ

∆y
x∂

α
t,xvϕ(t, x) = ∆y

xw
(α)(t, x)+

+
1

a0

δα0(r−1)∆
y
xϕ(x). (27)

Îöiíèìî ∆y
xw

(α)(t, x). Äëÿ öüîãî, ÿê i â
òåîðåìi 1, ðîçãëÿíåìî äâà âèïàäêè:

1) η ≥ t, 2) η < t, äå η � òå ñàìå, ùî é â
ï.3.

Ó âèïàäêó 1) òàê ñàìî, ÿê i ïðè äîâåäåííi
íåðiâíîñòi (17), îäåðæó¹ìî

|w(α)(t, x)| ≤ C <ϕ>
−→a
λ,x Ψ(0, x)tλ/(2b),

çâiäêè

|∆y
xw

(α)(t, x)| ≤ C <ϕ>
−→a
λ,x (Ψ(0, x)+

+Ψ(0, y))(p(x; y))λ, (p(x; y))2b ≥ t. (28)

Ó âèïàäêó 2) çàïèñó¹ìî çîáðàæåííÿ

∆y
xw

(α)(t, x) =

t∫

η

dτ

∫

Rn

∆y
x∂

α0+1
τ ∂α

x Γ(τ, x−ξ)×

×∆x
ξϕ(ξ)dξ +

η∫

0

dτ

∫

Rn

∂α0+1
τ ∂α

x Γ(τ, x− ξ)×

×∆x
ξϕ(ξ)dξ −

η∫

0

dτ

∫

Rn

∂α0+1
τ ∂α

x Γ(τ, y − ξ)×

×∆y
ξϕ(ξ)dξ

òà îöiíþ¹ìî éîãî äîäàíêè àíàëîãi÷íî iíòå-
ãðàëàì I1 � I3 ïðè äîâåäåííi òåîðåìè 1. Ó
ðåçóëüòàòi îäåðæèìî îöiíêó

|∆y
xw

(α)(t, x)| ≤ C <ϕ>
−→a
λ,x (Ψ(0, x)+

+Ψ(0, y))(p(x; y))λ, (p(x; y))2b < t. (29)
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Ç (27) � (29) âèïëèâà¹ îöiíêà (26) äëÿ l =
0 i, îòæå, äëÿ äîâiëüíîãî l ≥ 0.

Òåïåð äîâåäåìî îöiíêó

<vϕ >
−→
k (·,−→a )
(l+2b(r−1)+λ)/(2b),t ≤ C[ϕ]

−→a
l+λ. (30)

Íåõàé α òàêå, ùî 0 ≤ l +2b(r−1)−‖α‖ < 2b
àáî l+2b(r−2) < ‖α‖ ≤ l+2b(r−1). Ìîæíà
ââàæàòè, ùî α0 ≤ r− 1 i 0 < t < t′ ≤ T , òîäi

∆t′
t ∂α

t,xvϕ(t, x) =

t∫

t′

dτ

∫

Rn

∂α0+1
τ ∂α

x Γ(τ, x− ξ)×

×ϕ(ξ)dξ.

ßêùî α0 < r−1, òî ‖α‖ > l+2b(r−2−α0) ≥ l
i ìîæíà â îñòàííüîìó iíòåãðàëi iíòåãðóâà-
ííÿì ÷àñòèíàìè ïåðåâåñòè ïîõiäíi âèãëÿ-
äó ∂β

x , ‖β‖ = l, ç Γ íà ϕ. ßêùî æ α0 =
r − 1, òî òîäi ìîæíà, êîðèñòóþ÷èñü ðiâíÿí-
íÿì L(∂t, ∂x)Γ = 0, âèðàçèòè ∂α0+1

τ Γ = ∂r
τΓ

÷åðåç ëiíiéíó êîìáiíàöiþ ïîõiäíèõ ∂β
τ,xΓ ç

‖β‖ = 2br, ‖β‖ > 2b i ïiñëÿ öüîãî ïðîâåñòè
òàêå æ iíòåãðóâàííÿ ÷àñòèíàìè â êîæíîìó
÷ëåíi. Â óñÿêîìó âèïàäêó ∆t′

t ∂α
τ,xvϕ(t,x) âèðà-

çèòüñÿ ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ iíòåãðà-
ëiâ

t∫

t′

dτ

∫

Rn

∂γ
τ,xΓ(τ, x− ξ)∂β

ξ ϕ(ξ)dξ =

=

t∫

t′

dτ

∫

Rn

∂γ
τ,xΓ(τ, x− ξ)∆x

ξ∂
β
ξ ϕ(ξ)dξ,

äå ‖γ‖ = ‖α‖ + 2b − l > 2b(r − 1), γ 6= 0,
‖β‖ = l. Òîìó çà äîïîìîãîþ (3) i (11) � (13)
àíàëîãi÷íî ïîïåðåäíüîìó îäåðæèìî

|∆t′
t ∂α

t,xvϕ(t, x)| ≤ C[ϕ]
−→a
l+λΨ(t′, x)K(α)(t′, t),

(31)

äå K(α)(t′, t) ≡
t′∫

t

τ r−2−(‖α‖−l−λ)/(2b)dτ.

Îñêiëüêè

K(α)(t′, t) ≤ C0(t
′ − t)(l+2b(r−1)−‖α‖+λ)/(2b),

(32)

òî

|∆t′
t ∂α

t,xvϕ(t, x)| ≤ C[ϕ]
−→a
l+λ(Ψ(t′, x) + Ψ(t, x))×

×(t′ − t)(l+2b(r−1)−‖α‖+λ)/(2b),

çâiäêè âèïëèâà¹ îöiíêà (30), à ç óðàõóâàí-
íÿì (26) i ïîòðiáíà îöiíêà (25). Çàëèøèëîñü
äîâåñòè (32). ßêùî t > t′/2, òî

K(α)(t′, t) ≤ tr−2−(‖α‖−l−λ)/(2b)(t′ − t) ≤
≤ (t′/2)r−2−(‖α‖−l−α)/(2b)(t′ − t) ≤
≤ C0(t

′ − t)(l+2b(r−1)−‖α‖+λ)/(2b),

áî t′ > t′− t. Ó âèïàäêó, êîëè t ≤ t′/2, ìà¹ìî

K(α)(t′, t) = C0((t
′)r−1−(‖α‖−l−λ)/(2b)−

−tr−1−(‖α‖−l−λ)/(2b)) ≤ C0(t
′)r−1−(‖α‖−l−λ)/(2b) ≤

≤ C0(2(t′ − t))r−1−(‖α‖−l−λ)/(2b) =

= C0(t
′ − t)(l+2b(r−1)−‖α‖+λ)/(2b),

îñêiëüêè t′ − t ≥ t′ − t′/2 = t′/2 i, îòæå, t′ ≤
2(t′ − t).
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