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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Iâàíà Ôðàíêà, Ëüâiâ

ÂÀÐIÀÖIÉÍI ÍÅËIÍIÉÍI ÅËIÏÒÈ×ÍI ÍÅÐIÂÍÎÑÒI ÇI ÇÌIÍÍÈÌÈ
ÏÎÊÀÇÍÈÊÀÌÈ ÍÅËIÍIÉÍÎÑÒI

Îòðèìàíî êëàñ íåëiíiéíèõ åëiïòè÷íèõ íåðiâíîñòåé â íåîáìåæåíèõ îáëàñòÿõ, äëÿ ÿêèõ
âiäïîâiäíi çàäà÷i íà çíàõîäæåííÿ ðîçâ'ÿçêiâ öèõ íåðiâíîñòåé ¹ êîðåêòíèìè (iñíó¹ ðîçâ'ÿçîê çà-
äà÷i, âií ¹äèíèé i íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ) áåç óìîâ íà ïîâåäiíêó ðîçâ'ÿç-
êó i îáìåæåíü íà çðîñòàííÿ âèõiäíèõ äàíèõ íà íåñêií÷åííîñòi. Ðîçãëÿäàþòüñÿ óçàãàëüíåíi
ðîçâ'ÿçêè äîñëiäæóâàíèõ çàäà÷ ç óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà.

We establish a class of nonlinear elliptic inequalities in unbounded domains, such that
corresponding problems are well-posed (a solution of the problem exists, it is unique and conti-
nuously dependent on the initial data) without prescribing the behavior of solutions at in�nity
and the growth of the data at in�nity need not be limited. The weak solutions of the investigated
inequalities from the general Lebesque spaces are studied.

Âñòóï. Áàãàòî âàæëèâèõ ïðèêëàäíèõ çà-
äà÷ çâîäÿòüñÿ äî òàê çâàíèõ âàðiàöiéíèõ íå-
ðiâíîñòåé. �õ íàéïðîñòiøèì ïðèêëàäîì ¹ òà-
êèé. Íåõàé ìà¹ìî ôóíêöiîíàë J :

◦
H1(Ω) →

R, âèçíà÷åíèé çà ïðàâèëîì

J(w) =

∫

Ω

{|∇w|2 − 2fw}d x, (1)

äå Ω� îáìåæåíà îáëàñòü â Rn. Ðîçãëÿíåìî
çàäà÷ó, ÿêà ïîëÿãà¹ ó çíàõîäæåííi ôóíêöi¨
u ∈

◦
H1(Ω) òàêî¨, ùî

J(u) = inf
w∈

◦
H1(Ω)

J(w). (2)

Âiäîìî, ùî ôóíêöiÿ u, ÿêà ìiíiìiçó¹
ôóíêöiîíàë J , ïîâèííà çàäîâîëüíÿòè iíòåã-
ðàëüíó òîòîæíiñòü

∫

Ω

{∇u∇v − fv}d x = 0, v ∈
◦
H1(Ω). (3)

Îäíàê, ðîçâ'ÿçîê u ∈
◦
H1(Ω) çàäà÷i

J(u) = inf
∈
◦
H1(Ω)
w≥0

J(w), u ≥ 0, (4)

çàäîâîëüíÿ¹ âæå íå iíòåãðàëüíó òîòîæíiñòü,

à iíòåãðàëüíó íåðiâíiñòü âèãëÿäó
∫

Ω

{∇u∇(v − u)− f(v − u)}d x ≥ 0, (5)

v ∈
◦
H1(Ω), v ≥ 0,

ÿêó íàçèâàþòü âàðiàöiéíîþ íåðiâíiñòþ.
Çàóâàæèìî, ùî êîëè ôóíêöiÿ u ùå é íà-

ëåæèòü äî ïðîñòîðó H2(Ω), òî íåðiâíiñòü (5)
ðiâíîñèëüíà ñïiââiäíîøåííÿì

∆u− f ≥ 0, u(∆u− f) = 0 íà Ω. (6)
ßêùî æ Ω íåîáìåæåíà îáëàñòü, u áåðå-

òüñÿ ç ïðîñòîðó
◦
H1

loc(Ω)
⋂

H2
loc(Ω) i u ≥ 0 íà

Ω, òî ñïiââiäíîøåííÿ (6) ìîæíà çàïèñàòè ó
âèãëÿäi iíòåãðàëüíî¨ íåðiâíîñòi
∫

Ω

{∇u∇(w(v− u))− fw(v− u)}d x ≥ 0, (7)

v ∈
◦
H1

loc(Ω)
⋂

H2
loc(Ω), v ≥ 0 íà Ω,

w ∈ C1
c (Ω), w ≥ 0 íà Ω,

ÿêà òàêîæ íàçèâà¹òüñÿ âàðiàöiéíîþ íåðiâ-
íiñòþ. (Îçíà÷åííÿ âèêîðèñòàíèõ òóò ïðîñòî-
ðiâ äàíî íèæ÷å).

Âiäìiòèìî, ùî â íåðiâíîñòi (7) îáîâ'ÿçêî-
âî áðàòè w, iíàêøå iíòåãðàëè, ÿêi òàì ôiãó-
ðóþòü ìîæóòü íå áóòè âèçíà÷åíèìè.
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Òåîðiÿ âàðiàöiéíèõ íåðiâíîñòåé âèíèêëà
â 60-õ ðîêàõ XX ñò. Äæåðåëîì ¨¨ âèíèêíå-
ííÿ ñòàëà çàäà÷à ç òåîði¨ ïðóæíîñòi (çàäà-
÷à Ñèíüéîðiíi), ÿêà áóëà âïåðøå ïîâíiñòþ
äîñëiäæåíà â ðîáîòàõ Ã.Ôiêåðè. Òàì áóëè
çàêëàäåíi îñíîâè òåîði¨ âàðiàöiéíèõ íåðiâ-
íîñòåé, ÿêà ðîçâèâàëàñÿ áàãàòüìà àâòîðàìè
(äèâ., çîêðåìà, [1�7]).

Íà äàíèé ÷àñ âàðiàöiéíi íåðiâíîñòi â
îáìåæåíèõ îáëàñòÿõ ¹ äîñèòü äîáðå âèâ÷å-
íèìè. Íåëiíiéíi åëiïòè÷íi âàðiàöiéíi íåðiâ-
íîñòi ç íåîáìåæåíèìè îáëàñòÿìè ¨õ çàäàí-
íÿ äîñëiäæåíî â ðîáîòàõ ([6],[7]) i ïðè öüîìó
âñòàíîâëåíî, ùî äëÿ çàáåçïå÷åííÿ ¹äèíîñòi
ðîçâ'ÿçêó âiäïîâiäíî¨ âàðiàöiéíî¨ íåðiâíîñòi
íåîáõiäíî íàêëàñòè ïåâíi óìîâè íà éîãî ïî-
âåäiíêó íà íåñêií÷åííîñòi, à äëÿ iñíóâàííÿ
ðîçâ'ÿçêó � óìîâè íà çðîñòàííÿ âèõiäíèõ
äàíèõ íà íåñêií÷åííîñòi.

Îäíàê âiäîìî ([8]), ùî ðiâíÿííÿ
−∆u + |u|p−2u = f(x), x ∈ Rn,

äå p > 2, ìà¹ ¹äèíèé ðîçâ'ÿçîê ïðè äîâiëüíié
ïîâåäiíöi u òà f ïðè |x| → ∞. Öåé ðåçóëü-
òàò â ðîáîòi [9] óçàãàëüíåíî íà âèïàäîê ñè-
ñòåì íåëiíiéíèõ âàðiàöiéíèõ íåðiâíîñòåé çi
çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi. Ó äà-
íié ðîáîòi ðåçóëüòàò ðîáîòè [9] ïåðåíîñèòüñÿ
íà äåÿêèé êëàñ íåëiíiéíèõ åëiïòè÷íèõ âàðià-
öiéíèõ íåðiâíîñòåé çi çìiííèìè ïîêàçíèêàìè
íåëiíiéíîñòi (â íåîáìåæåíèõ îáëàñòÿõ).

1. Ïîñòàíîâêà çàäà÷i i ôîðìóëþâà-
ííÿ îñíîâíèõ ðåçóëüòàòiâ. Íåõàé n ≥
2, N ≥ 1 � çàäàíi íàòóðàëüíi ÷èñëà.
Ïîçíà÷èìî ÷åðåç Rk, äå k ∈ {n,N}, � ëi-
íiéíèé ïðîñòið âåêòîð-ñòîâï÷èêiâ âèãëÿäó
x := colon(x1, . . . , xk), äå x1, . . . , xk ∈ R, íà
ÿêîìó ââåäåíî ñêàëÿðíèé äîáóòîê (x, x̃) :=
x1x̃1 + . . . + xkx̃k, i âiäïîâiäíó íîðìó |x| :=√

x2
1 + . . . + x2

k , äå x = colon(x1, . . . , xk),
x̃ = colon(x̃1, . . . , x̃k); MN×n � ïðîñòið äié-
ñíèõ ìàòðèöü η := (η1, . . . , ηn), äå ηk :=
colon(ηk

1 , . . . , η
k
N) ∈ RN , k ∈ {1, . . . , n}, ç íîð-

ìîþ |η| :=

√
n∑

k=1

N∑
l=1

(ηk
l )2. ßêùî X � äåÿêà

ìíîæèíà, òî ÷åðåç [X]N ïîçíà÷àòèìåìî äå-
êàðòiâ ñòåïiíü ìíîæèíè X.

Íåõàé Ω � íåîáìåæåíà îáëàñòü â Rn ç
êóñêîâî-ãëàäêîþ ìåæåþ ∂Ω, 0 ∈ Ω, à ΩR �
çâ'ÿçíà êîìïîíåíòà ìíîæèíè Ω

⋂{x ∈ Rn :
|x| < R} òàêà, ùî 0 ∈ ΩR äëÿ äîâiëüíèõ
R > 0.

Ïîçíà÷èìî ÷åðåç C1
c (Ω) ìíîæèíó ôóí-

êöié ç C1(Ω), íîñi¨ ÿêèõ ¹ êîìïàêòàìè â Ω;
C1,+

c (Ω) := {v ∈ C1
c (Ω) : v ≥ 0}; Lq,loc(Ω) :=

{v(x), x ∈ Ω : v ∈ Lq(ΩR) ∀R > 0} �
ëîêàëüíî îïóêëèé ïðîñòið iç ñèñòåìîþ ïiâ-
íîðì: ‖ · ‖Lq(ΩR), R > 0; H1(G), äå G = Ω àáî
ΩR äëÿ äåÿêîãî R > 0, � ïðîñòið Ñîáîë¹âà,
ÿêèé ¹ çàìèêàííÿì ïðîñòîðó C1(ΩR), ÿêùî
G = ΩR, i C1

c (Ω), ÿêùî G = Ω, çà íîðìîþ

‖v‖H1(G) =

(∫
G

[|v|2 + |∇v|2] d x

) 1
2

.

Ïiä Lr(·)(ΩR), äå r ∈ L∞(ΩR), r(x) > 1
äëÿ ì.â. x ∈ ΩR, ðîçóìiòèìåìî óçàãàëüíå-
íèé ïðîñòið Ëåáåãà (äèâ. [10],[11]), óòâîðå-
íèé çàìèêàííÿì ïðîñòîðó C(ΩR) çà íîðìîþ
‖v‖Lr(·)(ΩR) := inf{λ > 0 : ρr,R(v/λ) ≤ 1}, äå
ρr,R(v) :=

∫
ΩR

|v(x)|r(x) d x. Ïðîñòîðè H1
loc(Ω) i

Lr(·),loc(Ω), äå r ∈ L∞(Ω), r(x) > 1 äëÿ ì.â.
x ∈ Ω, âèçíà÷àþòüñÿ ïîäiáíî äî òîãî, ÿê âè-
çíà÷à¹òüñÿ ïðîñòið Lq,loc(Ω).

Íåõàé P � ïiäìíîæèíà ìíîæèíè
L∞,loc(Ω), ñêëàäåíà ç åëåìåíòiâ, ùî çà-
äîâoëüíÿþòü óìîâó: 1 < p0,R := ess inf

x∈ΩR

p(x),

ess sup
x∈ΩR

p(x) := p1,R < +∞ äëÿ áóäü-ÿêèõ
R > 0.

Äëÿ p ∈ P ïiä p∗ ïîçíà÷èìî ôóíêöiþ ç P
òàêó, ùî 1

p(x)
+ 1

p∗(x)
= 1 äëÿ ì. â. x ∈ Ω.

Äëÿ áóäü-ÿêîãî p ∈ P ïîçíà÷èìî ÷åðåç
Ap ìíîæèíó âïîðÿäêîâàíèõ íàáîðiâ âåêòîð-
ôóíêöié (Ai) := (A0, ..., An) òàêèõ, ùî

1) äëÿ êîæíîãî i = 0, n âåêòîð-ôóíêöiÿ
Ai(·, ·, ·) : Ω×RN ×MN×n −→ RN ¹ êàðàòåî-
äîðiâñüêîþ ;

2) äëÿ ìàéæå âñiõ x ∈ Ω i áóäü-ÿêèõ ξ ∈
RN , η ∈ MN×n

|A0(x, ξ, η)| ≤ h0(x)
(| ξ|p(x)−1 + | η|2/p∗(x)

)
+

+g0(x),
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|Ai(x, ξ, η)| ≤ hi(x) (| ξ|+ | η|)+gi(x), i = 1, n,

äå hi ∈ L∞,loc(Ω), i = 0, n, g0 ∈ Lp∗(·),loc(Ω),

gi ∈ L2,loc(Ω), i = 1, n;
3) äëÿ ìàéæå âñiõ x ∈ Ω i áóäü-ÿêèõ ξ, ξ̃ ∈

RN i η, η̃ ∈ MN×n âèêîíó¹òüñÿ íåðiâíiñòü
n∑

i=1

(Ai(x, ξ, η)− Ai(x, ξ̃, η̃), ηi − η̃i)+

+(A0(x, ξ, η)− A0(x, ξ̃, η̃), ξ − ξ̃) ≥ 0.

Ïiä Fp , äå p ∈ P, ðîçóìiòèìåìî ëiíié-
íèé ïðîñòið, ñêëàäåíèé ç íàáîðiâ âåêòîð-
ôóíêöié (F i) := (F 0, . . . , F n), äå F 0 ∈
[Lp∗(·), loc(Ω)]N , F i ∈ [L2,loc(Ω)]N , i = 1, n.

Ñêàæåìî, ùî ïîñëiäîâíiñòü {(F i,k)}∞k=1

åëåìåíòiâ ïðîñòîðó Fp çáiãà¹òüñÿ â Fp

äî (F i), ÿêùî ‖F 0,k − F 0‖[Lp∗(·)(ΩR)]N +

+
n∑

i=1

‖F i,k−F i‖[L2(ΩR)]N −→
k→∞

0 äëÿ áóäü-ÿêîãî
R > 0.

Äëÿ êîæíîãî p ∈ P ïîêëàäåìî Up :=
[H1

loc(Ω)
⋂

Lp(·), loc(Ω)]N . Ñêàæåìî, ùî ïîñëi-
äîâíiñòü {vk}∞k=1 åëåìåíòiâ ç Up çáiãà¹òüñÿ â
Up äî v ∈ Up , ÿêùî äëÿ áóäü-ÿêîãî R > 0
ïîñëiäîâíiñòü {vk|ΩR

}∞k=1 çáiæíà äî v|ΩR
â

[H1(ΩR)
⋂

Lp(·)(ΩR)]N .
Ïîçíà÷èìî ÷åðåç Op , äå p ∈ P, ìíîæè-

íó îïóêëèõ çàìêíåíèõ ïiäìíîæèí ìíîæèíè
Up , ÿêi ìiñòÿòü 0.

Íåõàé P̃ ⊂ P i Ãp ⊂ Ap , F̃p ⊂ Fp ,

Õp ⊂ Op , p ∈ P̃, ïðè÷îìó Ãp , F̃p i åëåìåí-
òè ìíîæèíè Õp äëÿ êîæíîãî p ∈ P̃ ¹ òîïî-
ëîãi÷íèìè ïðîñòîðàìè. Çàäà÷à, ÿêó íàçâåìî
VI(Ãp , F̃p , Õp : p ∈ P̃) i áóäåìî äàëi ðîç-
ãëÿäàòè, ¹ òàêà: äëÿ êîæíèõ p ∈ P̃, (Ai) ∈
Ãp , (F i) ∈ F̃p , K ∈ Õp çíàéòè ìíîæèíó
SVI((Ai), (F i), K) ôóíêöié u ∈ K , ÿêi çàäî-
âoëüíÿþòü íåðiâíiñòü

∫

Ω

{
n∑

i=1

(Ai(x, u,∇u), (w(v − u))xi
)+

+(A0(x, u,∇u), w(v − u))}dx ≥ (8)

≥
∫

Ω

{
n∑

i=1

(F i, (w(v−u))xi
)+(F 0, w(v−u))}dx

äëÿ äîâiëüíèõ w ∈ C1,+
c (Ω) i v ∈ K.

Çàäà÷à VI(Ãp , F̃p , Õp : p ∈ P̃) íàçèâà-
¹òüñÿ îäíîçíà÷íîþ (ðîçâ'ÿçíîþ), ÿêùî äëÿ
áóäü-ÿêèõ p ∈ P̃ i äîâiëüíèõ (Ai) ∈ Ãp, (F i) ∈
F̃p, K ∈ Õp ìíîæèíà SVI((Ai), (F i), K) ìi-
ñòèòü íå áiëüøå îäíîãî åëåìåíòà (õî÷à á
îäèí åëåìåíò). Çàäà÷à VI(Ãp , F̃p , Õp : p ∈
P̃) íàçèâà¹òüñÿ îäíîçíà÷íî ðîçâ'ÿçíîþ, ÿêùî
âîíà ¹ ðîçâ'ÿçíîþ i îäíîçíà÷íîþ. Çàäà÷à
VI(Ãp , F̃p , Õp : p ∈ P̃) � êîðåêòíà, ÿêùî
âîíà ¹ îäíîçíà÷íî ðîçâ'ÿçíîþ i äëÿ êîæíî-
ãî p ∈ P̃, äîâiëüíî¨ ìíîæèíè K ∈ Õp òà
áóäü-ÿêèõ åëåìåíòiâ (Ai), (F i) i ïîñëiäîâíî-
ñòåé åëåìåíòiâ {(Ai,k)}∞k=1, {(F i,k)}∞k=1 âiä-
ïîâiäíî ç Ãp òà F̃p òàêèõ, ùî (Ai,k) −→

k→∞
(Ai)

â Ãp, (F i,k) −→
k→∞

(F i) â F̃p, ìà¹ìî uk −→
k→∞

u â
K, äå uk ∈ SVI((Ai,k), (F i,k), K), k ∈ N,
u ∈ SVI((Ai), (F i), K).

Çðîçóìiëî, ùî ìíîæèíè P̃ i Ãp , F̃p , Õp ,

p ∈ P̃, ïðè ÿêèõ çàäà÷à VI(Ãp , F̃p , Õp : p ∈
P̃) ¹ ðîçâ'ÿçíîþ, îäíîçíà÷íîþ ÷è êîðåêòíîþ
ìîæóòü áóòè ðiçíîìàíiòíèìè. Â äàíié ðî-
áîòi íàñ öiêàâèòèìå âèáið òàêèõ ïiäìíîæèí
P̃ ⊂ P i òîïîëîãi÷íèõ ïðîñòîðiâ Ãp ⊂ Ap ,

F̃p ⊂ Fp , Õp ⊂ Op , p ∈ P̃, ùîáè ìíîæèíè F̃p

i K ∈ Õp , êîëè p ∈ P̃, ñêëàäàëèñÿ iç ôóíê-
öié ç äîâiëüíîþ ïîâåäiíêîþ ïðè |x| → +∞ i
çàäà÷à VI(Ãp , F̃p , Õp : p ∈ P̃) áóëà àáî îäíî-
çíà÷íîþ, àáî êîðåêòíîþ, òîáòî íàøîþ öië-
ëþ ¹ îòðèìàííÿ ðåçóëüòàòiâ, àíàëîãi÷íèõ äî
ðåçóëüòàòiâ ðîáîòè [9].

Ïîêëàäåìî P∗ := {p ∈ L∞(Ω) : ess inf
x∈Ω

p(x)

> 2}. Î÷åâèäíî, ùî P∗ ⊂ P. Âèêîðèñòîâóâà-
òèìåìî ïîçíà÷åííÿ p0 := ess inf

x∈Ω
p(x), p1 :=

ess sup
x∈Ω

p(x), êîëè p ∈ P∗.

Äëÿ êîæíîãî p ∈ P∗ ïiä A∗p ðîçóìiòèìåìî
ïiäìíîæèíó ìíîæèíè Ap , åëåìåíòàìè ÿêî¨
¹ òi åëåìåíòè (Ai) ∈ Ap , äëÿ ÿêèõ âèêîíóþ-
òüñÿ ùå äâi óìîâè:
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4) iñíó¹ ñòàëà B ≥ 0 òàêà, ùî äëÿ êîæíîãî
i = 1, n, ìàéæå âñiõ x ∈ Ω i áóäü-ÿêèõ ξ, ξ̃ ∈
RN , η, η̃ ∈ MN×n ïðàâèëüíà íåðiâíiñòü

|Ai(x, ξ, η)− Ai(x, ξ̃, η̃)| ≤

≤ B(| ξ − ξ̃|+ | η − η̃|) (9)

(òîáòî äëÿ ìàéæå âñiõ x ∈ Ω ôóíêöiÿ
Ai(x, ·, ·) : RN ×MN×n → RN ¹ ëiïøèöåâà);

5) iñíóþòü ñòàëi K1 ≥ 0, K2 > 0, K3 > 0
òàêi, ùî äëÿ ìàéæå âñiõ x ∈ Ω i áóäü-ÿêèõ
ξ, ξ̃ ∈ RN , η = (η1, . . . , ηn), η̃ = (η̃1, . . . , η̃n) ∈
MN×n âèêîíó¹òüñÿ íåðiâíiñòü

n∑
i=1

(Ai(x, ξ, η)− Ai(x, ξ̃, η̃), ηi − η̃i)+

+(A0(x, ξ, η)− A0(x, ξ̃, η̃), ξ − ξ̃) ≥ (10)

≥ K1| ξ − ξ̃|2 + K2| η − η̃|2 + K3| ξ − ξ̃|p(x),

ïðè÷îìó, ÿêùî p1 := ess sup
x∈Ω

p(x) ≥ 2n
n−1

, òî
K1 > 0.

Ñêàæåìî, ùî ïîñëiäîâíiñòü {(Ai,k)}∞k=1

åëåìåíòiâ ç êëàñó A∗p çáiãà¹òüñÿ â A∗p äî
(Ai) ∈ A∗p , ÿêùî íàáîðè ôóíêöié (Ai,k),
k ∈ N, (Ai) çàäîâîëüíÿþòü óìîâè 4) i 5) ç
îäíèìè i òèìè æ ñòàëèìè B, K1, K2, K3 i

ess sup
x∈ΩR

sup
ξ,η

( |A0,k(x, ξ, η)− A0(x, ξ, η)|
1 + | ξ|p(x)−1 + | η|2/p∗(x)

+

+
n∑

i=1

|Ai,k(x, ξ, η)− Ai(x, ξ, η)|
1 + | ξ|+ | η|

)
−→
k→∞

0

äëÿ áóäü-ÿêîãî R > 0.
Òåîðåìà 1. Çàäà÷à VI(A∗p ,Fp ,Op :

p ∈ P∗) ¹ îäíîçíà÷íîþ i, ÿêùî SVI((Ai),
(F i), K) 6= ∅ äëÿ äåÿêèõ p ∈ P∗ , (Ai) ∈
A∗p , (F i) ∈ Fp , K ∈ Op, òî äëÿ u ∈
SVI((Ai), (F i), K) i áóäü-ÿêèõ R0, R, 0 <
R0 < R, R ≥ 1, âèêîíó¹òüñÿ íåðiâíiñòü
∫

ΩR0

{|∇u(x)|2 + K1|u(x)|2 + |u(x)|p(x)
}

d x ≤

≤
(

R

R−R0

)s [
C1R

n− q
q−2 +

+C2

∫

ΩR

{|F 0(x)− A0(x, 0, 0)|p∗(x)+

+
n∑

i=1

|F i(x)− Ai(x, 0, 0)|2}d x

]
, (11)

äå q = p1 ïðè K1 = 0 i q ∈ (2; p0] ∪ {p1} ïðè
K1 > 0; s > max{ 2p0

p0−2
, 2q

q−2
} � ÿêå-íåáóäü

÷èñëî, à C1, C2� ñòàëi, ÿêi çàëåæàòü òiëüêè
âiä p0, p1, q, s i ñòàëèõ B,K1, K2, K3 ç óìîâ 4)
i 5) íà (Ai).

Ââåäåìî ùå äåÿêi ïîçíà÷åííÿ. Íåõàé O∗p
� ïiäìíîæèíà Op , áóäü-ÿêèé åëåìåíò K
ÿêî¨ âèçíà÷à¹òüñÿ òàê: iñíó¹ çàìêíåíèé ïiä-
ïðîñòið U ïðîñòîðó Up òàêèé, ùî C1

0(Ω) ⊂ U
i K = {v ∈ U : v ≥ 0 íà Ω}.

Ïîçíà÷èìî ÷åðåç F∗ ïiäìíîæèíó Fp, åëå-
ìåíòè ÿêî¨ ìàþòü âèãëÿä (F 0, 0, . . . , 0), äå
F 0 ∈ [L2,loc(Ω)]N , òîáòî, ÿêùî (F i) ∈ F∗, òî
F i = 0, i = 1, n, F 0 ∈ [L2,loc(Ω)]N .

Íåõàé A∗∗p ïiäìíîæèíà A∗p, ÿêà ñêëàäà-
¹òüñÿ ç åëåìåíòiâ (Ai) ∈ A∗p òàêèõ, ùî
Ai(·, 0, 0) = 0, i = 0, n (öþ óìîâó ìîæíà çà-
ìiíèòè íà óìîâó: Ai(·, 0, 0) ∈ [H1

loc(Ω)]N , i =
1, n, A0(·, 0, 0) ∈ [L2,loc(Ω)]N , àëå ìè öüîãî
ðîáèòè íå áóäåìî).

Òåîðåìà 2. Çàäà÷à VI(A∗∗p ,F∗ ,O∗p : p ∈
P∗) ¹ êîðåêòíîþ.

Çàóâàæèìî, ùî êîëè (Ai) ∈ A∗∗p , (F i) ∈
F∗, K ∈ O∗p, òî äëÿ u ∈ SVI((Ai), (F i), K)
ñïðàâåäëèâà îöiíêà (11) ç âiäïîâiäíèìè
ñïðîùåííÿìè.

2. Äîïîìiæíi òâåðäæåííÿ.
Ëåìà 1. Íåõàé R∗ ≥ 1, p ∈ P∗, (Ai) ∈

A∗p, (F i,1), (F i,2) ∈ Fp, K ∈ Op, u1, u2 ∈ K
òàêi, ùî

∫

ΩR∗

{
n∑

i=1

(Ai(x, um,∇um), (w(v − um))xi
)+

+(A0(x, um,∇um), w(v − um))}d x ≥
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≥
∫

ΩR∗

{
n∑

i=1

(F i,m, (w(v − um))xi
)+

+(F 0,m, w(v − um))}d x (12)

äëÿ áóäü-ÿêèõ m ∈ {1, 2}, v ∈ K, w ∈
C1,+

c (Ω), supp w ⊂ ΩR∗ .
Òîäi äëÿ áóäü-ÿêèõ äîäàòíèõ ÷èñåë R0, R

R0 < R ≤ R∗, R ≥ 1, ïðàâèëüíà íåðiâíiñòü
∫

ΩR0

[|∇u1,2(x)|2 + K1|u1,2(x)|2+

+ |u1,2(x)|p(x)
]
d x ≤

(
R

R−R0

)s [
C1R

n− q
q−2 +

+C2

∫

ΩR

{|(F 0,1 − F 0,2)(x)|p∗(x)+

+
n∑

i=1

|(F i,1 − F i,2)(x)|2}d x

]
, (13)

äå u1,2 def
= u1 − u2; à q, s, C1, C2 � òàêi æ, ÿê

ó ôîðìóëþâàííi òåîðåìè 1.

Äîâåäåííÿ ëåìè 1 àíàëîãi÷íå äîâåäåííþ
ëåìè çi ñòàòòi [9, ñò.73].

Ëåìà 2. Äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈
[Lp(·),loc(Ω)]N , äå p ∈ P, ñïðàâåäëèâi îöiíêè

Ψp(‖v‖[Lp(·)(Ωk)]N ) ≤ ρp,k(v) ≤

≤ Φp(‖v‖[Lp(·)(Ωk)]N ), (14)

Ψ 1
p
(ρp,k(v)) ≤ ‖v‖[Lp(·)(Ωk)]N ≤ Φ 1

p
(ρp,k(v)),(15)

äå k ∈ N, ρp,k(v) =
∫
Ωk

|v(x)|p(x)d x, Φp(s) =

max{|s|p0 , |s|p1}, Ψp(s) = min{|s|p0 , |s|p1}.
Öÿ ëåìà ïîäiáíà äî ëåìè 1 ç ðîáîòè [12,

ñò. 312] i ¨¨ äîâåäåííÿ íå âèêëèêà¹ òðóäíî-
ùiâ.

Íåõàé p ∈ P∗ i (Ai) ∈ A∗∗p , K ∈ O∗p,
F 0 ∈ [L2,loc(Ω)]N , k � ÿêå-íåáóäü íàòóðàëüíå

÷èñëî. Ïîçíà÷èìî ÷åðåç F 0,k çâóæåííÿ F 0 íà
Ωk. Íåõàé U � çàìêíåíèé ëiíiéíèé ïiäïðî-
ñòið ïðîñòîðó Up òàêèé, ùî K = {v ∈ U :
v ≥ 0 íà Ω}. Ïîçíà÷èìî Uk := {v ∈ U :

supp v ⊂ Ωk}, Ũk � ïðîñòið, ñêëàäåíèé çi
çâóæåíü åëåìåíòiâ ïðîñòîðó Uk íà Ωk, ç íîð-
ìîþ H1(Ωk). Ïðîñòið Ũk ¹ çàìêíåíèì ïiä-
ïðîñòîðîì ïðîñòîðó H1(Ωk). Ïîçíà÷èìî ÷å-
ðåç Ũ∗

k � ñïðÿæåíèé äî Ũk ïðîñòið, à ÷åðåç
〈·, ·〉k, [·, ·]k � ñêàëÿðíi äîáóòêè âiäïîâiäíî
íà Ũ∗

k × Ũk i â [L2(Ωk)]
N .

Ðîçãëÿíåìî îïåðàòîð

Lk : Ũk −→ Ũ∗
k ,

âèçíà÷åíèé çà ïðàâèëîì

〈Lkv, ṽ〉k :=

∫

Ωk

{
n∑

i=1

(
Ai(x, v,∇v), ṽxi

)
+

+
(
A0(x, v,∇v), ṽ)

)}d x, v, ṽ ∈ Ũk.

Ëåìà 3. Îïåðàòîð Lk : Ũk −→ Ũ∗
k ¹ îáìå-

æåíèì, êîåðöèòèâíèì, ñòðîãî ìîíîòîííèì i
ñåìiíåïåðåðâíèì.

Äîâåäåííÿ. Äîâåäåìî, ùî îïåðàòîð Lk �
îáìåæåíèé. Ñïðàâäi, äëÿ áóäü-ÿêèõ v, w ∈
Ũk, âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà,
óìîâè 2), 4) i ëåìó 2, îòðèìà¹ìî

〈Lkv, w〉k =

∫

Ωk

{
n∑

i=1

(Ai(x, v,∇v), wxi
)+

+(A0(x, v,∇v), w)}d x ≤

≤
n∑

i=1

‖Ai(x, v,∇v)‖[L2(Ωk)]N‖wxi
‖[L2(Ωk)]N +

+C3‖A0(x, v,∇v)‖[Lp∗(·)(Ωk)]N‖w‖[Lp(·)(Ωk)]N ≤

≤



n∑
i=1

∫

Ωk

B2(|v|+ |∇v|)2dx




1
2

‖w‖[H1(Ωk)]N +

+C3Φ 1
p∗

(∫

Ωk

|A0(x, v(x),∇v(x))|p∗(x)dx
)
×
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×‖w‖[Lp(·)(Ωk)]N ≤
√

2nB‖v‖[H1(Ωk)]N×

×‖w‖[H1(Ωk)]N + C3Φ 1
p∗

(∫

Ωk

|h0(|v(x)|p(x)−1+

+|∇v(x)| 2
p∗(x) ) + g0|p∗(x)dx

)
‖w‖[Lp(·)(Ωk)]N ,(16)

äå C3 > 0 � äåÿêà ñòàëà.
Çâiäñè, âèêîðèñòàâøè ùå ðàç íåðiâíiñòü

Ãåëüäåðà i ëåìó 2, îäåðæèìî

‖Lkv‖Ũ∗k
≤
√

2nB‖v‖[H1(Ωk)]N +

+C3Φ 1
p∗

(
C4[Φp(‖v‖[Lp(·)(Ωk)]N )+

+‖v‖2
[H1(Ωk)]N ] + C5

)
, v ∈ Ũk,

äå C4, C5 > 0 � äåÿêi ñòàëi. Îòîæ, îïåðàòîð
Lk � îáìåæåíèé.

Êîåðöèòèâíiñòü i ñòðîãà ìîíîòîííiñòü
oïåðàòîðà Lk âèïëèâà¹ ç óìîâè (5).

Äëÿ äîâåäåííÿ òîãî, ùî îïåðà-
òîð Lk � ñåìiíåïåðåâíèé, òîáòî, ùî
äëÿ áóäü-ÿêèõ v, ṽ, w ∈ Ũk ôóíêöiÿ
ϕ(λ) = 〈Lk(v + λṽ), w〉k, λ ∈ R, �
íåïåðåðâíà, äîñòàòíüî ïîêàçàòè, ùî
|〈Lk(v +λṽ)−Lkv, w〉k| ≡

∣∣∣
∫
Ωk

{
n∑

i=1

(Ai(x, v(x)+

λṽ(x),∇(v(x) + λṽ(x))) − Ai(x, v(x),∇v(x)),
wxi

(x)) + (A0(x, v(x) + λṽ(x),∇(v(x) +

λṽ(x)))−A0(x, v(x),∇v(x)), w(x))}d x
∣∣∣ λ→0−→ 0.

À öå îòðèìà¹ìî ç òåîðåìè Ëåáåãà ïðî
ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà. ¤

Äëÿ áóäü-ÿêîãî äiéñíîãî ÷èñëà t ïîêëàäå-
ìî

t− =

{ −t, ÿêùî t < 0,
0, ÿêùî t ≥ 0.

Ëåìà 4. Äëÿ êîæíîãî l ∈ N iñíó¹ ¹äèíà
ôóíêöiÿ uk,l ç ïðîñòîðó Ũk òàêà, ùî

〈Lku
k,l, v〉k − l[(uk,l)−, v]k = [F 0,k, v]k (17)

äëÿ áóäü-ÿêèõ v ∈ Ũk, ïðè÷îìó ïîñëiäîâ-
íiñòü {uk,l}∞l=1 ¹ îáìåæåíîþ â Ũk, à ïîñëiäîâ-
íîñòi {l(uk,l)−}∞l=1, {Lku

k,l}∞l=1 � îáìåæåíèìè
â [L2(Ωk)]

N .

Äîâåäåííÿ. Íåõàé l ∈ N � ÿêå-íåáóäü
÷èñëî. Ðîçãëÿíåìî îïåðàòîð Dk,l : Ũk −→
Ũ∗

k , ÿêèé äi¹ çà ïðàâèëîì 〈Dk,lv, ṽ〉k :=

〈Lkv, ṽ〉k − l[v−, ṽ]k, v, ṽ ∈ Ũk.
Òîäi òîòîæíiñòü (17) ìîæíà çàïèñàòè ÿê

îïåðàòîðíå ðiâíÿííÿ

Dk,lu
k,l = F 0,k, uk,l ∈ Ũk. (18)

Âèêîðèñòîâóþ÷è ëåìó 3, ëåãêî ïåðåêîíàòè-
ñÿ, ùî îïåðàòîð Dk,l îáìåæåíèé, ñåìiíåïå-
ðåðâíèé, ìîíîòîííèé i êîåðöèòèâíèé. Âðà-
õîâóþ÷è öå, à òàêîæ òå, ùî ïðîñòið Ũk �
ðåôëåêñèâíèé i ñåïàðàáåëüíèé, íà ïiäñòàâi
òåîðåìè 2.1 ìîíîãðàôi¨ [1,Ãë.2,§2], îòðèìà¹-
ìî iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (18). Éîãî
¹äèíiñòü âèïëèâà¹ iç ñèëüíî¨ ìîíîòîííîñòi
îïåðàòîðà Lk.

Ïîêàæåìî, ùî ïîñëiäîâíiñòü {uk,l}∞l=1 ¹
îáìåæåíîþ â Ũk. Ïîêëàâøè ó (17) v = uk,l,
äå l ∈ N � ÿêå-íåáóäü ÷èñëî, îòðèìà¹ìî

〈Lku
k,l, uk,l〉k + l‖(uk,l)−‖2

[L2(Ωk)]N =

= [F 0,k, uk,l]k. (19)
Ç óìîâè 5) i òîãî, ùî (Ai) ∈ A∗∗p , âèïëèâà¹

〈Lku
k,l, uk,l〉k ≥

∫

Ωk

[K1|uk,l(x)|2+

+K2|∇uk,l(x)|2 + K3|uk,l(x)|p(x)]d x. (20)
Âèêîðèñòîâóþ÷è íåðiâíiñòü Ïóàíêàðå, íå-
ðiâíîñòi Êîøi-Áóíÿêîâñüêîãî i Þíãà, çäîáó-
äåìî
[F 0,k, uk,l]k ≤ ‖F 0,k‖[L2(Ωk)]N‖uk,l‖[L2(Ωk)]N ≤

≤ C6‖F 0,k‖[L2(Ωk)]N‖∇uk,l‖2
[L2(Ωk)]N ≤

≤ ε‖∇uk,l‖2
[L2(Ωk)]N + C7(ε)‖F 0,k‖2

[L2(Ωk)]N ,(21)

äå C6, C7 � ñòàëi, ÿêi íå çàëåæaòü âiä uk,l,
a ε > 0 � äîâiëüíà ñòàëà.

Ç (19)-(21), âèáèðàþ÷è çíà÷åííÿ ε äîñèòü
ìàëèì, îòðèìà¹ìî
∫

Ωk

[K1|uk,l(x)|2+ |∇uk,l(x)|2+ |uk,l(x)|p(x)]d x ≤
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≤ C8‖F 0,k‖[L2(Ωk)]N , (22)

äå C8 > 0 � ñòàëà, ÿêà âiä l íå çàëåæèòü.
Ç îöiíêè (22) âèïëèâà¹ îáìåæåíiñòü ïî-

ñëiäîâíîñòi {uk,l}∞l=1 â Ũk.
Òåïåð ïîêàæåìî, ùî ïîñëiäîâíiñòü

{l(uk,l)−}∞l=1 îáìåæåíà â [L2(Ωk)]
N . Íå-

õàé l ∈ N � ÿêå-íåáóäü ÷èñëî. Îñêiëüêè
(uk,l)− ∈ Ũk, òî, ïîêëàâøè â (17) v = (uk,l)−,
îòðèìà¹ìî

〈Lku
k,l, (uk,l)−〉k − l‖(uk,l)−‖2

[L2(Ωk)]N =

= [F 0,k, (uk,l)−]k. (23)

Ç (23), âèêîðèñòîâóþ÷è óìîâó 5) òà íå-
ðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, îäåðæèìî

l‖(uk,l)−‖2
[L2(Ωk)]N = 〈Lku

k,l, (uk,l)−〉k−

−[F 0,k, (uk,l)−]k ≤ |[F 0,k, (uk,l)−]k| ≤

≤ ‖F 0,k‖[L2(Ωk)]N‖(uk,l)−‖[L2(Ωk)]N , (24)

îñêiëüêè íà ïiäñòàâi óìîâè 5)
〈Lku

k,l, (uk,l)−〉k ≤ 0.
Ïîñëiäîâíiñòü {l(uk,l)−}∞l=1 îáìåæåíà â

[L2(Ωk)]
N , îñêiëüêè çãiäíî ç (24) ìà¹ìî

l‖(uk,l)−‖[L2(Ωk)]N ≤ ‖F 0,k‖[L2(Ωk)]N . (25)

Äîâåäåìî îáìåæåíiñòü ïîñëiäîâíîñòi
{Lku

k,l}∞l=1 â [L2(Ωk)]
N . Ç (17), âðàõóâàâøè

(25), çäîáóäåìî

〈Lku
k,l, v〉k = l[(uk,l)−, v]k + [F 0,k, v]k ≤
≤ l‖(uk,l)−‖[L2(Ωk)]N‖v‖[L2(Ωk)]N +

+‖F 0,k‖[L2(Ωk)]N‖v‖[L2(Ωk)]N ≤

≤ 2‖F 0,k‖[L2(Ωk)]N‖v‖[L2(Ωk)]N , (26)

v ∈ Ũk, l ∈ N.

Îñêiëüêè ïðîñòið Ũk ¹ ùiëüíèì
â [L2(Ωk)]

N , òî ç (26) âèïëèâà¹, ùî
Lku

k,l ∈ [L2(Ωk)]
N , l ∈ N, i ‖Lku

k,l‖[L2(Ωk)]N ≤
2‖F 0,k‖[L2(Ωk)]N , l ∈ N, çâiäêè ìà¹ìî îáìåæå-
íiñòü ïîñëiäîâíîñòi {Lku

k,l}∞l=1 â [L2(Ωk)]
N .

¤

3. Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ.

Äîâåäåííÿ òåîðåìè 1. Ïðèïóñòèìî ñó-
ïðîòèâíå. Íåõàé äëÿ äåÿêèõ p ∈ P∗ i
(Ai) ∈ A∗p, (F i) ∈ Fp , K ∈ Op ìíîæèíà
SVI((Ai), (F i), K) ñêëàäà¹òüñÿ ç áiëüø ÿê
îäíîãî åëåìåíòà. Âèáåðåìî ÿêi-íåáóäü äâà
åëåìåíòà ç SVI((Ai), (F i), K) i ïîçíà÷èìî ¨õ
÷åðåç u1 òà u2. Çãiäíî ç ëåìîþ 1 i íàøèì ïðè-
ïóùåííÿì ìà¹ìî äëÿ äîâiëüíèõ R0, R òàêèõ,
ùî 0 < R0 < R, R ≥ 1, íåðiâíiñòü

∫

ΩR0

[|∇u1,2(x)|2 + |u1,2(x)|p(x)
]
d x ≤

≤ C1

(
R

R−R0

)s

Rn− q
q−2 , (27)

äå u1,2 = u1 − u2, q > 2 òàêå, ùî n− q
q−2

< 0,
s � äåÿêå ôiêñîâàíå ÷èñëî, à C1 > 0� ñòàëà,
ÿêà âiä R íå çàëåæèòü.

Îòîæ, çàôiêñóâàâøè äîâiëüíèì ÷èíîì
âèáðàíå R0, ïåðåéäåìî â (27) äî ãðàíèöi
ïðè R → +∞. Â ðåçóëüòàòi îòðèìà¹ìî, ùî
u1,2(x) = 0 äëÿ ìàéæå âñiõ x ∈ ΩR0 . Òàê
ÿê R0 � äîâiëüíå, òî ìà¹ìî u1(x) = u2(x)
äëÿ ìàéæå âñiõ x ∈ Ω, òîáòî ìíîæèíà
SVI((Ai), (F i), K) íå ìîæå ìiñòèòè áiëüøå
îäíîãî åëåìåíòà.

Íåõàé iñíó¹ åëåìåíò u ∈
SVI((Ai), (F i), K). Íà ïiäñòàâi ëåìè 1,
âçÿâøè ó íié u1 = u, u2 = 0 òà F i,1 = F i,
F i,2(·) = Ai(·, 0, 0), i = 0, n, îòðèìà¹ìî (11).
¤

Äîâåäåííÿ òåîðåìè 2. Íåõàé p ∈ P∗ i
(Ai) ∈ A∗∗p , F 0 ∈ [L2,loc(Ω)]N , K ∈ O∗p .
Âèáåðåìî ÿêå-íåáóäü íàòóðàëüíå ÷èñëî k i
çàôiêñó¹ìî éîãî. Ïîáóäó¹ìî ïîñëiäîâíiñòü
âåêòîð-ôóíêöié {uk,l}∞l=1, ïðî ÿêó ãîâîðè-
òüñÿ â ëåìi 4. Çà öi¹þ æ ëåìîþ ìà¹ìî òàêi
îöiíêè

‖uk,l‖Ũk
≤ C9(k),

l‖(uk,l)−‖[L2(Ωk)]N ≤ C10(k),
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‖Lku
k,l‖[L2(Ωk)]N ≤ C11(k), l ∈ N, (28)

äå C9(k), C10(k), C11(k) > 0 � ñòàëi, ÿêi
âiä l íå çàëåæaòü.

Ç (28) âèïëèâà¹ iñíóâàííÿ ôóíêöié uk ∈
Ũk, ψ, χ ∈ [L2(Ωk)]

N òà ïiäïîñëiäîâ-
íîñòåé âiäïîâiäíî ïîñëiäîâíîñòåé {uk,l}∞l=1,
{l(uk,l)−}∞l=1 (çà ÿêèìè çàëèøèìî òåæ ñàìå
ïîçíà÷åííÿ, ùî i ïîçíà÷åííÿ âiäïîâiäíèõ ïî-
ñëiäîâíîñòåé) òàêèõ, ùî

uk,l−→
l→∞

uk ñëàáî â Ũk,

ñèëüíî â [L2(Ωk)]
N ,

ì.â. íà Ωk, (29)

l(uk,l)−−→
l→∞

ψ ñëàáî â [L2(Ωk)]
N ,

(uk,l)−−→
l→∞

0 ñèëüíî â [L2(Ωk)]
N , (30)

Lku
k,l−→

l→∞
χ ñëàáî â [L2(Ωk)]

N . (31)

Îñêiëüêè Lku
k,l ∈ [L2(Ωk)]

N , l ∈ N, òî (17)
ìîæíà çàïèñàòè ó âèãëÿäi

〈Lku
k,l, ṽ〉k − l[(uk,l)−, ṽ]k = [F 0,k, ṽ]k (32)

äëÿ áóäü-ÿêèõ ṽ ∈ [L2(Ωk)]
N .

Ïåðåéäåìî â (32) äî ãðàíèöi ïðè l → ∞,
âðàõóâàâøè (28)-(31). Òîäi îòðèìà¹ìî

〈χ, ṽ〉k = [F 0,k + ψ, ṽ]k, ṽ ∈ [L2(Ωk)]
N . (33)

Çâiäcè ìà¹ìî χ = F 0,k + ψ. Ç (29) i (31)
âèïëèâà¹

〈Lku
k,l, uk,l〉k −→

l→∞
[χ, uk]k, (34)

çâiäêè, íà ïiäñòàâi ìîíîòîííîñòi (äèâ. äîâå-
äåííÿ òåîðåìè 2.1 ìîíîãðàôi¨ [1,Ãë.2,§2]) òà
ñåìiíåïåðåðâíîñòi îïåðàòîðà Lk, îòðèìà¹ìî

χ = Lku
k. (35)

Íåõàé Kk := {v ∈ K : supp v ⊂ Ωk}, K̃k

� ïðîñòið, ñêëàäåíèé çi çâóæåíü åëåìåíòiâ
Kk íà Ωk.

Ïîêëàäåìî â (32) w(v−uk,l) çàìiñòü ṽ, äå
w ∈ C1,+

c (Ω), v ∈ K̃k. Â ðåçóëüòàòi, âðàõó-
âàâøè, ùî ((v)−− (uk,l)−, v− uk,l) ≤ 0, îòðè-
ìà¹ìî

〈Lku
k,l, w(v − uk,l)〉k ≥ [F 0,k, w(v − uk,l)]k(36)

äëÿ áóäü-ÿêèõ v ∈ Kk. Ïåðåéøîâøè â (36)
äî ãðàíèöi ïðè l → ∞ i âðàõóâàâøè (29),
(31), (34), (35), îòðèìà¹ìî íåðiâíiñòü

〈Lku
k, w(v − uk)〉k ≥ [F 0,k, w(v − uk)]k (37)

äëÿ áóäü-ÿêèõ v ∈ Kk, w ∈ C1,+
c (Ω).

Äîâèçíà÷èìî äëÿ êîæíîãî k ∈ N ôóíê-
öiþ uk íóëåì íà Ω\Ωk i çàëèøèìî çà öèì
ïðîäîâæåííÿì ïîçíà÷åííÿ uk. Î÷åâèäíî, ùî
uk ∈ Kk.

Çàóâàæèìî, ùî äëÿ äîâiëüíèõ íàòóðàëü-
íèõ ÷èñåë k, l òàêèõ, ùî k > l + 1, íà ïiä-
ñòàâi ëåìè 1 (âçÿâøè R0 = l, R = k > l + 1,
u1 = uk, u2 = 0, F i,m = 0, i = 1, n, m = 1, 2,
F 0,1 = F 0,k, F 0,2 = 0) îòðèìà¹ìî

∫

Ωl

{|∇uk(x)|2 + |uk(x)|p(x)
}

d x ≤ C12(l), (38)

äå C12(l) > 0 � ñòàëà, ÿêà çàëåæèòü âiä l,
àëå íå çàëåæèòü âiä k.

Òåïåð çàóâàæèìî, ùî äëÿ äîâiëüíèõ íà-
òóðàëüíèõ R, R0 k i m òàêèõ, ùî 0 < R0 < R,
R ≥ 1, k > R, m > R, ç ëåìè 1, îòðèìà¹ìî

∫

ΩR0

{|∇(uk − um)(x)|2+

+|(uk − um)(x)|p(x)
}

d x ≤

≤ C1

(
R

R−R0

)s

Rn− q
q−2 , (39)
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äå C1 > 0, s > 0, q > 2� ñòàëi, ÿêi íå çà-
ëåæàòü âiä k, m, R0, R, ïðè÷îìó çíà÷åííÿ q
òàêå, ùî n−q/(q − 2) < 0 (éîãî ìîæíà òàêèì
âèáðàòè, âèõîäÿ÷è ç óìîâ òåîðåìè).

Ìiðêóþ÷è àíàëîãi÷íî ÿê ïðè äîâåäåííi
òåîðåìè 1, îòðèìà¹ìî, ùî çâóæåííÿ ÷ëåíiâ
ïîñëiäîâíîñòi {uk}∞k=1 íà ΩR0 óòâîðþ¹ ôóí-
äàìåíòàëüíó ïîñëiäîâíiñòü â ïðîñòîði ŨR0 .
Îòæå, iñíó¹ ôóíêöiÿ u ∈ K òàêà, ùî

uk −→
k→∞

u â U. (40)

Ïîêàæåìî, ùî u ¹ SVI((Ai), (F i), K).
Ñïðàâäi, ç óìîâè 4) íà (Ai) ìà¹ìî

∫

ΩR0

|Ai(x, uk(x),∇uk(x))−

−Ai(x, um(x),∇um(x))|2d x ≤

≤ 2B2

∫

ΩR0

[|∇(uk − um)(x)|2+

+|(uk − um)(x)|2]d x (41)
äëÿ áóäü-ÿêèõ k,m ∈ N òà i = 1, n.

Ç (40) òà (41) îòðèìà¹ìî, ùî

Ai(·, uk(·),∇uk(·)) −→
k→∞

Ai(·, u(·),∇u(·))

â [L2,loc(Ω)]N , i = 1, n. (42)
Íåõàé l, k ∈ N i k > l + 1. Ç óìîâè 1),

çàñòîñóâàâøè íåðiâíiñòü Ãåëüäåðà, îòðèìà¹-
ìî∫

Ωl

|A0(x, uk(x),∇uk(x))|p∗(x)d x ≤ C13(l),(43)

äå C13(l) > 0 � ñòàëà, ÿêà âiä k íå çàëåæèòü.
Ç (40), (43) òà ç ðåôëåêñèâíîñòi ïðîñòî-

ðó Lp∗(·)(Ωl) âèïëèâà¹, ùî iñíó¹ ïiäïîñëi-
äîâíiñòü {ukj}∞j=1 ïîñëiäîâíîñòi {uk}∞k=1 òà
âåêòîð-ôóíêöiÿ χl ∈ [Lp∗(·)(Ωl)]

N òàêi, ùî
k1 > l + 1 i
ukj(x)−→

j→∞
u(x) äëÿ ìàéæå âñiõ x ∈ Ωl, (44)

A0(·, ukj(·),∇ukj(·))−→
j→∞

χl(·)

ñëàáî â [Lp∗(·)(Ωl)]
N . (45)

Òåïåð âiäìiòèìî, ùî ç óìîâè 1) òà (44)
âèïëèâà¹, ùî
A0(x, ukj(x),∇ukj(x))−→

j→∞
A0(x, u(x),∇u(x))

äëÿ ìàéæå âñiõ x ∈ Ωl. (46)
Íà ïiäñòàâi ëåìè 1.3 ìîíîãðà-

ôi¨ [1,Ãë.1,§1] âèïëèâà¹, ùî χl(·) =
A0(·, u(·),∇u(·)), òîáòî

A0(·, ukj(·),∇ukj(·))−→A0(·, u(·),∇u(·))

ñëàáî â [Lp∗(·)(Ωl)]
N . (47)

Íåõàé v ∈ K. Âèáåðåìî çíà÷åííÿ l ∈ N
òàêå, ùî supp v ⊂ Ωl. Çi ñêàçàíîãî âèùå âè-
ïëèâà¹ iñíóâàííÿ ïiäïîñëiäîâíîñòi {ukj} ïî-
ñëiäîâíîñòi {uk} òàêî¨, ùî k1 > l, âèêîíó¹-
òüñÿ (47) i
〈Lkj

ukj , w(v − ukj)〉kj
≥ [F 0,kj , w(v − ukj)]kj

,

j ∈ N, w ∈ C1,+
c (Ω), suppw ⊂ Ωl. (48)

Òåïåð çàóâàæèìî, ùî w(v − ukj) ∈ Ũkj
, à

îòæå, âðàõóâàâøè (40), (42) i (47), îòðèìà¹-
ìî

〈Lkj
ukj , w(v − ukj)〉kj

=

=

∫

Ωkj

{
n∑

i=1

(Ai(x, ukj ,∇ukj), (w(v − ukj))xi
)+

+(A0(x, ukj ,∇ukj), w(v − ukj))}d x =

=

∫

Ωl

{
n∑

i=1

(
Ai(x, ukj ,∇ukj), (w(v − ukj))xi

)
+
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+
(
A0(x, ukj ,∇ukj), w(v − ukj)

)}d x−→
j→∞

−→
j→∞

∫

Ωl

{
n∑

i=1

(
Ai(x, u,∇u), (w(v − u))xi

)
+

+
(
A0(x, u,∇u), w(v − u)

)}d x. (49)

Àíàëîãi÷íî

[F 0,kj , w(v − ukj)]kj
=

=

∫

Ωkj

(F 0,kj , w(v − ukj))d x =

=

∫

Ωl

(F 0,kj , w(v − ukj))d x−→
j→∞

−→
j→∞

∫

Ωl

(F 0, w(v − u))d x. (50)

Ïåðåéäåìî â (48) äî ãðàíèöi ïðè j → ∞,
âðàõóâàâøè (49) i (50). Â ðåçóëüòàòi îòðè-
ìà¹ìî (8) äëÿ çàäàíî¨ ôóíêöi¨ v. Â ñèëó äî-
âiëüíîñòi ôóíêöié v i w ðîáèìî âèñíîâîê, ùî
u ∈ SVI((Ai), (F i), K).

Çàëèøèëîñü ïîêàçàòè, ùî äëÿ áóäü-
ÿêèõ ìíîæèíè K ∈ O∗p òà åëåìåí-
òiâ (Ai), F 0 i ïîñëiäîâíîñòåé åëåìåíòiâ
{(Ai,k)}∞k=1, {F 0,k}∞k=1, âiäïîâiäíî, ç A∗∗p
òà F∗ òàêèõ, ùî (Ai,k) −→

k→∞
(Ai) â A∗∗p ,

F 0,k −→
k→∞

F 0 â [L2,loc(Ω)]N , ìà¹ìî uk −→
k→∞

u â
K, äå u ∈ SVI((Ai), F 0, K), uk ∈
SVI((Ai,k), F 0,k, K), k ∈ N.

Öå ìîæíà çðîáèòè, ìiðêóþ÷è òàê, ÿê ïðè
äîâåäåííi òåîðåìè ç [9, ñò. 77]. Òîäi äëÿ äî-
âiëüíîãî ε > 0 i áóäü-ÿêîãî R0 > 0 çíàõîäè-
òüñÿ òàêå k0, ùî äëÿ áóäü-ÿêîãî k > k0

∫

ΩR0

[|∇uk,0|2 + |uk,0|p(x)
]
d x ≤ ε, (51)

äå uk,0 def
= uk − u. Öå îçíà÷à¹, ùî uk −→

k→∞
u â

Up . ¤
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