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ÄÅßÊI ÎÁËÀÑÒI ÑÒIÉÊÎÑÒI ÄÎ ÇÁÓÐÅÍÜ ÃIËËßÑÒÈÕ
ËÀÍÖÞÃÎÂÈÕ ÄÐÎÁIÂ Ç ÊÎÌÏËÅÊÑÍÈÌÈ ÅËÅÌÅÍÒÀÌÈ

Âñòàíîâëåíî îáëàñòi åëåìåíòiâ òà îáëàñòi çíà÷åíü ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç êîì-
ïëåêñíèìè åëåìåíòàìè. Äîñëiäæåíî âëàñòèâiñòü ñòiéêîñòi äî çáóðåíü ãiëëÿñòèõ ëàíöþãîâèõ
äðîáiâ çàãàëüíîãî òà ñïåöiàëüíîãî âèãëÿäó. Ïîáóäîâàíî îáëàñòi âiäíîñíî¨ ñòiéêîñòi òàêèõ ãië-
ëÿñòèõ ëàíöþãîâèõ äðîáiâ.

The regions of elements and regions of values of branched continued fractions with complex
elements are established. The property of stability to perturbations of branched continued fractions
of general and special type is investigated. The regions of the relative stability of such branched
continued fractions are constructed.

Ãiëëÿñòi ëàíöþãîâi äðîáè (ÃËÄ) îòðè-
ìàëè çàñòîñóâàííÿ â òåîði¨ ôóíêöié i òåî-
ði¨ ÷èñåë, îá÷èñëþâàëüíié ìàòåìàòèöi i òå-
îðåòè÷íié ôiçèöi, â òåîði¨ äèôåðåíöiàëüíèõ
ðiâíÿíü, ìåõàíiöi, åëåêòðîòåõíiöi. Ó òåîði¨
ôóíêöié ÃËÄ âèêîðèñòîâóþòüñÿ äëÿ ïîáó-
äîâè äðîáîâî-ðàöiîíàëüíèõ íàáëèæåíü ôóí-
êöié áàãàòüîõ çìiííèõ, çîêðåìà áàãàòîâèìið-
íèõ ãiïåðãåîìåòðè÷íèõ ôóíêöié, äëÿ iíòåð-
ïîëÿöi¨ i àïðîêñèìàöi¨ ôóíêöié. Îñêiëüêè
åëåìåíòè ãiëëÿñòîãî ëàíöþãîâîãî äðîáó, ó
âèãëÿäi ÿêîãî ïðåäñòàâëåíî ðîçâ'ÿçîê çàäà÷i
îá÷èñëþþòüñÿ, âçàãàëi êàæó÷è, íàáëèæåíî,
òî âèíèêà¹ ïèòàííÿ äîñëiäæåííÿ éîãî ñòié-
êîñòi äî çáóðåíü.

Âëàñòèâiñòü ñòiéêîñòi äî çáóðåíü ÃËÄ ¹
îäíi¹þ iç ôóíäàìåíòàëüíèõ. ßê ïîêàçóþòü
÷èñëîâi åêñïåðèìåíòè òà òåîðåòè÷íi äîñëi-
äæåííÿ, âiäíîñíi ïîõèáêè ïiäõiäíèõ äðîáiâ
ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ, ùî âèíèêà-
þòü â ðåçóëüòàòi çáóðåííÿ ¨õ åëåìåíòiâ, ¹
àáî îáìåæåíèìè, àáî æ ïîâiëüíî çðîñòàþòü
ç ðîñòîì êiëüêîñòi ïîâåðõiâ. Â. Ï. Òåðñüêèõ
âïåðøå çâåðíóâ óâàãó íà ñòiéêiñòü íåïåðåðâ-
íèõ äðîáiâ òà ¨õ óçàãàëüíåíü, ùî âèíèêà-
ëè â òåõíi÷íèõ ðîçðàõóíêàõ [21]. Ïèòàííÿ
îá÷èñëþâàëüíî¨ ñòiéêîñòi íåïåðåðâíèõ äðî-
áiâ, â çàëåæíîñòi âiä àëãîðèòìiâ ¨õ îá÷è-
ñëåííÿ, ðîçãëÿäàëîñÿ ó ðîáîòàõ Ã. Áëàí÷à
[1], Â. Ãàó÷i [2], Í. Ìåéêîíà, Ì. Áàñêåðâiëi

[7], Ó. Äæîóíñà, Â. Òðîíà [3, 15]. Ó ðîáîòàõ
Ï. I. Áîäíàð÷óêà, Â. ß. Ñêîðîáîãàòüêà òà
¨õ ó÷íiâ äîñëiäæóâàëàñü àñèìïòîòè÷íà ñòié-
êiñòü ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ [13, 14],
êîëè âðàõîâóâàëèñü ëèøå ãîëîâíi ÷àñòèíè
âiäíîñíèõ ïîõèáîê åëåìåíòiâ i íåõòóâàëèñü
íåñêií÷åííî ìàëi âèùèõ ïîðÿäêiâ. Ó ðîáîòàõ
Ä. I. Áîäíàðà [9, 10, 11] îäåðæàíi ôîðìóëè
âiäíîñíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ ãiëëÿ-
ñòèõ ëàíöþãîâèõ äðîáiâ òà âñòàíîâëåíi îöií-
êè öèõ ïîõèáîê ó âèïàäêàõ, êîëè åëåìåíòè
¹ äîäàòíèìè àáî çàäîâîëüíÿþòü óìîâè áà-
ãàòîâèìiðíîãî àíàëîãó òåîðåìè Âîðïiöüêî-
ãî. Ì. Î. Íåäàøêîâñüêèé äîñëiäèâ îá÷èñëþ-
âàëüíó ñòiéêiñòü ÃËÄ, åëåìåíòè ÿêèõ çàäî-
âîëüíÿþòü óìîâè òèïó Ïðiíãñãåéìà [17,18],
à òàêîæ � ñòiéêiñòü ÃËÄ, ÿêi ¹ ðîçâ'ÿçêà-
ìè ñèñòåì ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü,
âñòàíîâèâ ôîðìóëè äëÿ ïîõèáîê ïiäõiäíèõ
äðîáiâ ç óðàõóâàííÿì ìàøèííèõ îïåðàöié
[20]. Àíàëîãi÷íi äîñëiäæåííÿ çäiéñíþâàëèñÿ
â ðîáîòi [16]. Ôîðìóëè àáñîëþòíèõ ïîõèáîê
ïiäõiäíèõ äðîáiâ âïåðøå áóëè âñòàíîâëåíi òà
âèêîðèñòàíi ïðè äîñëiäæåííi iíòåãðàëüíèõ
ëàíöþãîâèõ äðîáiâ Ò. Ì. Àíòîíîâîþ [19].
Äåÿêi ìíîæèíè ñòiéêîñòi äî çáóðåíü íåïå-
ðåðâíèõ äðîáiâ òà îêðåìèõ òèïiâ ÃËÄ âñòà-
íîâëåíî â ðîáîòi [11].

Ïðè àíàëiçi ïîõèáîê ïiäõiäíèõ äðîáiâ,
ùî âèíèêàþòü ïðè çáóðåííi åëåìåíòiâ ÃËÄ,
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âñòàíîâëåíî, ùî âîíè çàëåæàòü íå òiëüêè âiä
ïîõèáîê åëåìåíòiâ, àëå i âiä ñàìèõ åëåìåíòiâ.
Ó çâ'ÿçêó ç öèì âèíèêà¹ çàäà÷à âñòàíîâëåí-
íÿ îáëàñòåé ñòiéêîñòi äî çáóðåíü ÃËÄ.

Ïðè äîñëiäæåííi çáiæíîñòi íåïåðåðâíèõ
äðîáiâ i ÃËÄ âèêîðèñòîâóþòüñÿ âëàñòèâîñòi
äðîáîâî-ëiíiéíèõ âiäîáðàæåíü, îáëàñòi åëå-
ìåíòiâ i îáëàñòi çíà÷åíü, äåÿêi ñïåöiàëüíi íå-
ðiâíîñòi òà ìåòîä ìàæîðàíò [4-6, 8, 9, 20].
Çâ'ÿçîê ìiæ îáëàñòÿìè åëåìåíòiâ i âiäïîâiä-
íèìè ¨ì îáëàñòÿìè çíà÷åíü äîçâîëÿ¹ âñòàíî-
âèòè îáëàñòi çáiæíîñòi òà ñòiéêîñòi äî çáó-
ðåíü íåïåðåðâíèõ äðîáiâ i ÃËÄ.

Iíòåðïðåòóþ÷è ñòiéêiñòü ÃËÄ ÿê ¨õ íåïå-
ðåðâíó çàëåæíiñòü âiä åëåìåíòiâ àâòîðè ïðè-
éøëè äî îçíà÷åííÿ ñòiéêîñòi äî çáóðåíü òà
îáëàñòåé ñòiéêîñòi äî çáóðåíü íåñêií÷åííèõ
ÃËÄ [12]. Âèêîðèñòîâóþ÷è îáëàñòi åëåìåí-
òiâ i âiäïîâiäíi ¨ì îáëàñòi çíà÷åíü, ïîáóäîâà-
íî òà äîñëiäæåíî îáëàñòi âiäíîñíî¨ ñòiéêîñòi
äî çáóðåíü íåñêií÷åííèõ ÃËÄ ç êîìïëåêñíè-
ìè åëåìåíòàìè.

Ðîçãëÿíåìî ÃËÄ ç êîìïëåêñíèìè åëåìåí-
òàìè

a0

(
b0 +

∞
D
k=1

N∑
ik=1

ai(k)

bi(k)

)−1

, (1)

äå i(k) = i1i2 . . . ik � ìóëüòèiíäåêñ. Íåõàé
I0 = {0}, Ik = { i(k) : 1 ≤ ip ≤ N, p = 1, k },
k ≥ 1.

Ñêií÷åííi ÃËÄ

f (s) = a0

(
b0 +

s

D
k=1

N∑
ik=1

ai(k)

bi(k)

)−1

, s ≥ 0,

íàçèâàþòü éîãî s-ìè ïiäõiäíèìè äðîáàìè.
Âåëè÷èíè, ÿêi âèçíà÷àþòüñÿ ðåêóðåíòíèìè
ñïiââiäíîøåííÿìè

Q
(s)
i(p) = bi(p) +

N∑
ip+1=1

ai(p+1)

Q
(s)
i(p+1)

,

i (p) ∈ Ip, p = s− 1, 0, s ≥ 1, äå Q
(s)
i(s) = bi(s),

i (s) ∈ Is, s ≥ 0, íàçèâàþòü çàëèøêàìè s-ãî
ïiäõiäíîãî äðîáó ÃËÄ (1). Ïîçíà÷èìî

g
(s)
i(p) = ai(p)

(
Q

(s)
i(p−1)Q

(s)
i(p)

)−1

, (2)

i (p) ∈ Ip, p = 1, s, s ≥ 1.
Ðîçãëÿíåìî òàêîæ ÃËÄ

_
a0

(
_

b0 +
∞
D
k=1

N∑
ik=1

_
ai(k)
_

b i(k)

)−1

, (3)

ÿêèé áóäåìî ââàæàòè çáóðåíèì äî ÃËÄ (1).
Íåõàé αi(k), βi(k), ε

(s)
i(p) � âiäíîñíi ïîõèáêè åëå-

ìåíòiâ ÃËÄ (1) ai(k), bi(k) i âåëè÷èí Q
(s)
i(p) âiä-

ïîâiäíî, òîáòî _
ai(k) = ai(k)

(
1 + αi(k)

)
,

_

b i(k) =

bi(k)

(
1 + βi(k)

)
, i (k) ∈ Ik, k ≥ 0,

_

Q
(s)

i(p) =

Q
(s)
i(p)

(
1 + ε

(s)
i(p)

)
, i (p) ∈ Ip, p = 0, s, s ≥ 0, ó

ïðèïóùåííi, ùî âñi ai(k) 6= 0, bi(k) 6= 0, Q
(s)
i(p) 6=

0. Íåõàé âåëè÷èíè _
αi(k),

_

βi(k),
_
ε

(s)

i(p) çàäàþòüñÿ
ñïiââiäíîøåííÿìè ai(k) =

_
ai(k)

(
1 +

_
αi(k)

)
,

bi(k) =
_

b i(k)

(
1 +

_

βi(k)

)
, i (k) ∈ Ik, k ≥ 0,

Q
(s)
i(p) =

_

Q
(s)

i(p)

(
1 +

_
ε

(s)

i(p)

)
, i (p) ∈ Ip, p = 0, s,

s ≥ 0, ó ïðèïóùåííi, ùî âñi _
ai(k) 6= 0,

_

b i(k) 6= 0,
_

Q
(s)

i(p) 6= 0.

Äëÿ âiäíîñíèõ ïîõèáîê ε
(s)
i(p),

_
ε

(s)

i(p) ëåãêî
âñòàíîâèòè òàêi ðåêóðåíòíi ôîðìóëè:

ε
(s)
i(p−1) =

(
1−

N∑
ip=1

g
(s)
i(p)

)
βi(p−1)+

+
N∑

ip=1

g
(s)
i(p)αi(p)(1 +

_
ε

(s)

i(p)) +
N∑

ip=1

g
(s)
i(p)

_
ε

(s)

i(p), (4)

_
ε

(s)

i(p−1) =

(
1−

N∑
ip=1

_
g

(s)

i(p)

)
_

βi(p−1)+

+
N∑

ip=1

_
g

(s)

i(p)
_
αi(p)(1 + ε

(s)
i(p)) +

N∑
ip=1

_
g

(s)

i(p)ε
(s)
i(p), (5)

i(p − 1) ∈ Ip−1, p = 1, s, s ≥ 1 , ïðè÷îìó
ε
(s)
i(s) = βi(s) , _

ε
(s)

i(s) =
_

βi(s) , s ≥ 0 .
Ïîñëiäîâíî âèêîðèñòîâóþ÷è ñïiââiäíî-

øåííÿ (4), (5), îòðèìó¹ìî ôîðìóëó äëÿ âiä-
íîñíî¨ ïîõèáêè s -ãî ïiäõiäíîãî äðîáó ÃËÄ
(1):
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ε(s) = α0 + (1 + α0)

((
1−

N∑
i1=1

q
(s)
i(1)

)
β′0+

+
s∑

k=1

N∑
i1,...,ik=1

k∏
l=1

q
(s)
i(l)

(
1−

N∑
ik+1=1

q
(s)
i(k+1)

)
β′i(k)+

+
s∑

k=1

N∑
i1,...,ik=1

k∏

l=1

q
(s)
i(l)γi(k)

)
, (6)

äå

q
(s)
i(l) =

{
g

(s)
i(l), l = 2n,

_
g

(s)

i(l), l = 2n + 1,

β′i(k) =

{
βi(k), k = 2n + 1,
_

βi(k), k = 2n,

γi(k) =





αi(k)

(
1 + ε

(s)
i(k)

)
, k = 2n,

_
αi(k)

(
1 +

_
ε

(s)

i(k)

)
, k = 2n + 1,

i q
(s)
i(s+1) = 0, s ≥ 0.

Íåõàé {Ωi(k)}, ∅ 6= Ωi(k) ⊂ C×C, i (k) ∈ Ik,
k ≥ 0, � ïîñëiäîâíiñòü îáëàñòåé åëåìåíòiâ
ÃËÄ (1), (3), òîáòî
(
ai(k), bi(k)

) ∈ Ωi(k),
(

_
ai(k),

_

b i(k)

)
∈ Ωi(k). (7)

Îçíà÷åííÿ 1 ([12]). Ïîñëiäîâíiñòü
îáëàñòåé

{
Ωi(k)

}
, i(k) ∈ Ik, k ≥ 0, íàçâå-

ìî ïîñëiäîâíiñòþ îáëàñòåé âiäíîñíî¨ ñòiéêî-
ñòi äî çáóðåíü ÃËÄ (1), ÿêùî:

1) ïîñëiäîâíiñòü
{
Ωi(k)

}
¹ ïîñëiäîâíiñòþ

îáëàñòåé çáiæíîñòi ÃËÄ (1), (3), òîáòî âè-
êîíàííÿ óìîâ (7) çàáåçïå÷ó¹ çáiæíiñòü âiä-
ïîâiäíèõ ÃËÄ;

2) äëÿ êîæíîãî äiéñíîãî ÷èñëà ε, ε > 0,
iñíó¹ òàêå äiéñíå ÷èñëî δ, δ > 0, ùî ïðè âñiõ(
ai(k), bi(k)

) ∈ Ωi(k), ai(k) 6= 0, bi(k) 6= 0, i(k) ∈
Ik, k ≥ 0, i âñiõ

(
_
ai(k),

_

b i(k)

)
∈ Ωi(k), i(k) ∈ Ik,

k ≥ 0, òàêèõ, ùî
∣∣(_

ai(k) − ai(k)

) /
ai(k)

∣∣ < δ,∣∣∣
(

_

b i(k) − bi(k)

) /
bi(k)

∣∣∣ < δ, i(k) ∈ Ik, k ≥ 0,

âèêîíóþòüñÿ íåðiâíîñòi∣∣∣∣
(

_

f
(s)

− f (s)

)/
f (s)

∣∣∣∣ < ε, s ≥ 0.

Îçíà÷åííÿ 2 ([9]). Ñóêóïíiñòü îáëàñòåé
{Ωi(k)}, ∅ 6= Ωi(k) ⊂ C × C , i (k) ∈ Ik, k ≥ 0,
íàçèâàþòü ïîñëiäîâíiñòþ îáëàñòåé åëåìåí-
òiâ ÃËÄ (1), {Vi(k)} , ∅ 6= Vi(k) ⊂ C, i (k) ∈ Ik,

k ≥ 0 , � ïîñëiäîâíiñòþ îáëàñòåé çíà÷åíü,
ùî âiäïîâiäàþòü {Ωi(k)}, ÿêùî:

ai(k)

bi(k)

∈ Vi(k), (8)

äëÿ âñiõ
(
ai(k), bi(k)

) ∈ Ωi(k), i (k) ∈ Ik , k ≥ 0,

ai(k)


bi(k) +

N∑
ik+1=1

υi(k+1)



−1

∈ Vi(k), (9)

äëÿ âñiõ υi(k+1) ∈ Vi(k+1) i
(
ai(k), bi(k)

) ∈ Ωi(k),
i (k) ∈ Ik , k ≥ 0 .

Òåîðåìà 1. Íåõàé
{
Vi(k)

}
,

{
Ωi(k)

}
� ñó-

êóïíîñòi îáëàñòåé, ùî âèçíà÷àþòüñÿ ñïiââiä-
íîøåííÿìè

Vi(2k) =
{
z ∈ C :

∣∣z − Γi(2k)

∣∣ ≤ ρi(2k)

}
, (10)

Γi(2k) ∈ C, ρi(2k) ∈ R+,
∣∣Γi(2k)

∣∣ < ρi(2k), i (2k) ∈
I2k, k ≥ 0,
Vi(2k+1) =

{
z ∈ C : Re

(
ze−iϕ2k+1

) ≥ −pi(2k+1)

}
, (11)

−π < ϕ2k+1 ≤ π , pi(2k+1) ∈ R+, i (2k + 1) ∈
I2k+1 , k ≥ 0,
Ωi(2k) =

{(z1, z2) ∈ C× C :
∣∣z1e

−iϕ2k+1− 2Γi(2k)×
× (

Re
(
z2e

−iϕ2k+1
)− p∗i(2k)

)∣∣ + |z1| ≤

≤ 2ρi(2k)

(
Re

(
z2e

−iϕ2k+1
)− p∗i(2k)

)}
, (12)

i (2k) ∈ I2k, k ≥ 0 ,

Ωi(2k+1) = {(z1, z2) ∈ C× C : |z1| ρ∗i(2k+1)−

Re
(
z1

(
z̄2 + Γ

∗
i(2k+1)

)
e−iϕ2k+1

)
≤

≤ pi(2k+1)

(∣∣∣z2 + Γ∗
i(2k+1)

∣∣∣
2

− ρ∗2
i(2k+1)

)}
, (13)

i (2k + 1) ∈ I2k+1 , k ≥ 0 , äå Γ∗i(2k+1) =
N∑

i2(k+1)=1

Γi(2(k+1)), ρ∗i(2k+1) =
N∑

i2(k+1)=1

ρi(2(k+1)),

i (2k + 1) ∈ I2k+1, p∗i(2k) =
N∑

i2k+1=1

pi(2k+1),

i (2k) ∈ I2k, k ≥ 0.
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Òîäi {Vi(k)} � ïîñëiäîâíiñòü îáëàñòåé çíà-
÷åíü, ùî âiäïîâiäàþòü ïîñëiäîâíîñòi îáëà-
ñòåé åëåìåíòiâ

{
Ωi(k)

}
.

Äîâåäåííÿ. Óìîâè
Re

(
bi(2k)e

−iϕ2k+1
)− p∗i(2k) ≥ 0, (14)

∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣− ρ∗i(2k+1) ≥ 0 (15)
¹ íåîáõiäíèìè, ùîá âiäïîâiäíî îáëàñòi (12),
(13) áóëè íåïîðîæíèìè. ßêùî âèêîíóþòüñÿ
óìîâè (14), (15), òî íåðiâíîñòi, ÿêèìè âèçíà-
÷àþòüñÿ îáëàñòi (12), (13), ñïðàâäæóþòüñÿ
ïðè ai(2k) = 0 , ai(2k+1) = 0 âiäïîâiäíî i òîìó
Ωi(k) 6= ∅, i (k) ∈ Ik , k ≥ 0.

Îáëàñòü Si(2k+1) := bi(2k+1) +
N∑

i2k+2=1

Vi(2k+2)

¹ êðóãîì ç öåíòðîì â òî÷öi bi(2k+1) + Γ∗i(2k+1)

ðàäióñà ρ∗i(2k+1) . ßêùî
∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣− ρ∗i(2k+1) = 0,

òî 0 ∈ ∂Si(2k+1) i ôóíêöiÿ w =
ai(2k+1)

z
âiä-

îáðàæà¹ îáëàñòü Si(2k+1) â íàïiâïëîùèíó{
z ∈ C : −

∣∣ai(2k+1)

∣∣ + 2
∣∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣∣ ×

Re
(
zei(arg(bi(2k+1)+Γ∗

i(2k+1))−arg ai(2k+1))
)
≥ 0

}
.

Òîäi äëÿ âèêîíàííÿ óìîâè (9) íåîáõiäíî i äî-
ñòàòíüî, ùîá
arg ai(2k+1) = arg

(
bi(2k+1) + Γ∗i(2k+1)

)
+ ϕ2k+1.

Ïðè âèêîíàííi îñòàííüî¨ ðiâíîñòi Ωi(2k+1) 6=
∅.

Íåõàé
∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣− ρ∗i(2k+1) > 0.

Òîäi 0 /∈ Si(2k+1) i ôóíêöiÿ w =
ai(2k+1)

z
âiä-

îáðàæà¹ îáëàñòü Si(2k+1) â êðóã ç öåíòðîì â
òî÷öi qi(2k+1) = ai(2k+1)

(
b̄i(2k+1) + Γ

∗
i(2k+1)

)
×

×
(∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣2 − ρ∗2i(2k+1)

)−1

ðàäióñà ri(2k+1) =
∣∣ai(2k+1)

∣∣ ρ∗i(2k+1)×

×
(∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣2 − ρ∗2i(2k+1)

)−1

.

Äëÿ âèêîíàííÿ óìîâè (9) íåîáõiäíî i äîñòà-
òíüî, ùîá:

qi(2k+1) ∈ Vi(2k+1), (16)

min
{∣∣qi(2k+1) − v

∣∣ , v ∈ ∂Vi(2k+1)

} ≥ ri(2k+1).

(17)
Ïiäñòàâèâøè âåëè÷èíó qi(2k+1) ó ñïiââiä-

íîøåííÿ, ÿêèì âèçíà÷à¹òüñÿ îáëàñòü (11),
ìà¹ìî
Re

(
ai(2k+1)

(
b̄i(2k+1) + Γ

∗
i(2k+1)

)
e−iϕ2k+1

)
≥

−pi(2k+1)

(∣∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣∣
2

− ρ∗2i(2k+1)

)
.

Îñòàííÿ íåðiâíiñòü âèïëèâà¹ ç íåðiâíî-
ñòi, ÿêîþ âèçíà÷àþòüñÿ îáëàñòi (13), ùî
äîâîäèòü âèêîíàííÿ óìîâè (16).

Òî÷êà z, z ∈ ∂Vi(2k+1) , òàêà, ùî∣∣z − qi(2k+1)

∣∣ = min
v∈∂Vi(2k+1)

{∣∣qi(2k+1) − v
∣∣} , âè-

çíà÷à¹òüñÿ ôîðìóëîþ
z = exp (iϕ2k+1)

(−pi(2k+1)+

+iIm
(
qi(2k+1) exp (−iϕ2k+1)

))
.

Òîäi
∣∣z − qi(2k+1)

∣∣ = pi(2k+1)+

(∣∣bi(2k+1) + Γ∗i(2k+1)

∣∣2 − ρ∗2i(2k+1)

)−1

×

Re
(
ai(2k+1)

(
b̄i(2k+1) + Γ

∗
i(2k+1)

)
e−iϕ2k+1

)

i óìîâà (17) åêâiâàëåíòíà íåðiâíîñòi, ÿêîþ
âèçíà÷àþòüñÿ îáëàñòi (13).

Îáëàñòü Si(2k) := bi(2k) +
N∑

i2k+1=1

Vi(2k+1) ¹

íàïiâïëîùèíîþ{
z ∈ C : Re

((
z − bi(2k)

)
e−iϕ2k+1

) ≥ −p∗i(2k)

}
.

ßêùî

Re
(
bi(2k)e

−iϕ2k+1
)− p∗i(2k) = 0,

òî 0 ∈ ∂Si(2k) i ôóíêöiÿ w =
ai(2k)

z
âiäîáðà-

æà¹ îáëàñòü Si(2k) â íàïiâïëîùèíó
{

z ∈ C : Re
(
zei(ϕ 2k+1−arg ai(2k))

)
≥ 0

}
.

Òîäi äëÿ âèêîíàííÿ óìîâè (9) íåîáõiäíî i äî-
ñòàòíüî, ùîá ai(2k) = 0. Ïðè âèêîíàííi îñòàí-
íüî¨ ðiâíîñòi Ωi(2k) 6= ∅.
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Íåõàé

Re
(
bi(2k)e

−iϕ2k+1
)− p∗pi(2k)

> 0.

Òîäi ôóíêöiÿ w =
ai(2k)

z
âiäîáðàæà¹ îáëàñòü

Si(2k) â êðóã ç öåíòðîì â òî÷öi qi(2k) =

ri(2k)e
i(arg ai(2k)−ϕ2k+1) ðàäióñà ri(2k) =

∣∣ai(2k)

∣∣
(
2
(
Re

(
bi(2k)e

−iϕ2k+1
)− p∗i(2k)

))−1

Äëÿ âèêîíàííÿ óìîâè (9) íåîáõiäíî i äî-
ñòàòíüî, ùîá

∣∣Γi(2k) − qi(2k)

∣∣ + ri(2k) ≤ ρi(2k).
Îñòàííÿ íåðiâíiñòü åêâiâàëåíòíà ñïiââiäíî-
øåííþ, ÿêèì âèçíà÷àþòüñÿ îáëàñòi (12). Òå-
îðåìó äîâåäåíî.

Íåõàé
{
Ei(k)

}
, Ei(k) ⊂ C � ïîñëiäîâíiòü

îáëàñòåé åëåìåíòiâ ÃËÄ

a0

(
1 +

∞
D
k=1

N∑
ik=1

ai(k)

1

)−1

, (18)

òîáòî ai(k) ∈ Ei(k) , i (k) ∈ Ik , k ≥ 0 .
Íàñëiäîê. Íåõàé

{
Vi(k)

}
� ñóêóïíiñòü

îáëàñòåé, ùî âèçíà÷àþòüñÿ ñïiââiäíîøåííÿ-
ìè (10), (11),

{
Ωi(k)

}
� ñóêóïíiñòü îáëàñòåé,

ùî âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè
Ei(2k) =

{
z :

∣∣ze−iϕ2k+1 − 2Γi(2k)

(
cos (ϕ2k+1)− p∗i(2k)

)∣∣

+ |z| ≤ 2ρi(2k)

(
cos (ϕ2k+1)− p∗i(2k)

)}
, (19)

i (2k) ∈ I2k, k ≥ 0 ,
Ei(2k+1) = {z : |z| ρ∗i(2k+1)−

Re
(
z

(
1 + Γ

∗
i(2k+1)

)
e−iϕ2k+1

)
≤

≤ pi(2k+1)

(∣∣∣1 + Γ∗
i(2k+1)

∣∣∣
2

− ρ∗2
i(2k+1)

)}
, (20)

i (2k + 1) ∈ I2k+1 , k ≥ 0 , äå Γi(2k) ∈ C ,
ρi(2k) ∈ R+ i

∣∣Γi(2k)

∣∣ < ρi(2k) , i (2k) ∈ I2k ,
k ≥ 0 ; −π/2 < ϕ2k+1 < π/2 , pi(2k+1) ∈ R+,
i (2k + 1) ∈ I2k+1 , k ≥ 0.

Òîäi {Vi(k)} � ïîñëiäîâíiñòü îáëàñòåé çíà-
÷åíü, ùî âiäïîâiäàþòü ïîñëiäîâíîñòi îáëà-
ñòåé åëåìåíòiâ

{
Ei(k)

}
.

Òåîðåìà 2. Íåõàé âiäíîñíi ïîõèáêè åëå-
ìåíòiâ ÃËÄ (18) ¹ ðiâíîìiðíî îáìåæåíèìè

∣∣αi(k)

∣∣ ≤ α < 1, i (k) ∈ Ik, k ≥ 0. (21)

Ñóêóïíiñòü îáëàñòåé
{
Ei(k)

}
, i (k) ∈ Ik,

k ≥ 0, äå Ei(2k+1) = E
(1)
i(2k+1) ∩ E

(2)
i(2k+1),

E
(2)
i(2k+1) =

{
z : |z| ≤ Mi(2k+1)

}
, à ìíîæèíè

Ei(2k), E
(1)
i(2k+1) âèçíà÷àþòüñÿ ñïiââiäíîøåí-

íÿìè (19), (20) âiäïîâiäíî, ïðè÷îìó

cos (ϕ2k+1) > p∗i(2k),
∣∣1 + Γ∗i(2k+1)

∣∣ > ρ∗i(2k+1),

¹ ïîñëiäîâíiñòþ îáëàñòåé âiäíîñíî¨ ñòiéêîñòi
äî çáóðåíü ÃËÄ (18), ÿêùî çáiãà¹òüñÿ ðÿä

∞∑

k=0

k∏

l=0

ηl, (22)

äå
η2l = max

i(2l)∈I2l

{(
cos (ϕ2l+1)− p∗i(2l)

)−1

×
N∑

i2l+1=1

Mi(2l+1)

(∣∣∣1 + Γ∗i(2l+1)

∣∣∣− ρ∗i(2l+1)

)−1
}

,

η2l−1 = max
i(2l−1)∈I2l−1

{
N∑

i2l=1

(∣∣Γi(2l)

∣∣ + ρi(2l)

) ×

× (∣∣1 + Γ∗i(2l−1)

∣∣− ρ∗i(2l−1)

)−1
}

. (23)

Äëÿ âiäíîñíî¨ ïîõèáêè s-ãî ïiäõiäíîãî
äðîáó ÃËÄ (18) ñïðàâäæó¹òüñÿ îöiíêà

∣∣ε(s)
∣∣ ≤ α

(
1 +

1 + α

1− α

s−1∑

k=0

k∏

l=0

ηl

)
. (24)

Äîâåäåííÿ. Âðàõîâóþ÷è ôîðìóëó (6),
äëÿ âiäíîñíî¨ ïîõèáêè s-ãî ïiäõiäíîãî äðî-
áó ÃËÄ (18) ìà¹ìî îöiíêó∣∣ε(s)

∣∣ ≤
≤ |α0|+ |1 + α0|

s∑
k=1

N∑
i1,i2,...ik=1

∣∣γi(k)

∣∣ k∏
l=1

∣∣∣q(s)
i(l)

∣∣∣.

Îöiíèìî çâåðõó âåëè÷èíè
N∑

i2l=1

∣∣∣q(s)
i(2l)

∣∣∣,
i (2l − 1) ∈ I2l−1 , l = 1, [(k − 1) /2] , k = 3, s,

N∑
i2l+1=1

∣∣∣q(s)
i(2l+1)

∣∣∣ , i (2l) ∈ I2l , l = 0, [k/2− 1],
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k = 2, s . Âðàõîâóþ÷è òå, ùî ai(k)/Q
(s)
i(k) ∈

Vi(k) , _
ai(k)/

_

Q
(s)

i(k) ∈ Vi(k), k = 0, s, äå îáëàñòi
Vi(k) âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè (10),
(11), ìà¹ìî:

N∑
i2l=1

∣∣∣q(s)
i(2l)

∣∣∣ =
N∑

i2l=1

∣∣∣∣∣
ai(2l)

Q
(s)
i(2l−1)Q

(s)
i(2l)

∣∣∣∣∣ ≤

≤ (∣∣1 + Γ∗i(2l−1)

∣∣− ρ∗i(2l−1)

)−1×

×
N∑

i2l=1

(∣∣Γi(2l)

∣∣ + ρi(2l)

) ≤ η2l−1, (25)

N∑
i2l+1=1

∣∣∣q(s)
i(2l+1)

∣∣∣ =
N∑

i2l+1=1

∣∣∣∣∣∣

_
ai(2l+1)

_

Q
(s)

i(2l)

_

Q
(s)

i(2l+1)

∣∣∣∣∣∣
≤

N∑
i2l+1=1

Mi(2l+1)

(∣∣1 + Γ∗i(2l+1)

∣∣− ρ∗i(2l+1)

)−1×

× (
cos (ϕ2l+1)− p∗i(2l)

)−1 ≤ η2l.

Äëÿ âåëè÷èí
N∑

ik=1

∣∣∣q(s)
i(k)γ

(s)
i(k)

∣∣∣, k = 1, s,

ñïðàâäæóþòüñÿ òàêi îöiíêè:
N∑

i2k=1

∣∣∣q(s)
i(2k)γ

(s)
i(2k)

∣∣∣ =
N∑

i2k=1

∣∣∣∣∣∣∣

_
ai(2k)

_
αi(2k)

Q
(s)
i(2k−1)

_

Q
(s)

i(2k)

∣∣∣∣∣∣∣
≤

max
i(2k)∈I2k

{∣∣_
αi(2k)

∣∣} (∣∣1 + Γ∗i(2k−1)

∣∣− ρ∗i(2k−1)

)−1

×
N∑

i2k=1

(∣∣Γi(2k)

∣∣ + ρi(2k)

) ≤ α (1− α)−1 η2k−1,

(26)

k = 1, [s/2],
N∑

i2k+1=1

∣∣∣q(s)
i(2k+1)γ

(s)
i(2k+1)

∣∣∣ =

N∑
i2k+1=1

∣∣∣∣∣∣∣
ai(2k+1)αi(2k+1)

_

Q
(s)

i(2k)Q
(s)
i(2k+1)

∣∣∣∣∣∣∣
≤

max
i(2k+1)∈I2k+1

{∣∣αi(2k+1)

∣∣} (
cos (ϕ2k+1)− p∗i(2k)

)−1

×
N∑

i2k+1=1

Mi(2k+1)

(∣∣1 + Γ∗i(2k+1)

∣∣− ρ∗i(2k+1)

)−1

≤ αη2k, k = 0, [(s− 1) /2].
Îòæå, äëÿ âiäíîñíî¨ ïîõèáêè s-ãî ïiäõi-

äíîãî äðîáó ÃËÄ (18) ñïðàâäæó¹òüñÿ îöií-
êà (24). Iç îöiíêè (24) âèïëèâà¹, ùî çái-
æíiñòü ðÿäó (22) çàáåçïå÷ó¹ âèêîíàííÿ óìî-
âè 2) îçíà÷åííÿ îáëàñòåé âiäíîñíî¨ ñòiéêîñòi
äî çáóðåíü ÃËÄ (18).

Iç çáiæíîñòi ðÿäó âèïëëèâà¹ ðîçáiæíiñòü
äî íóëÿ äîáóòêó

∞∏
k=0

ηk. Iç óìîâè
∞∏

k=0

ηk = 0 i
òåîðåìè ïðî çáiæíiñòü ÃËÄ íà îñíîâi ôóí-
äàìåíòàëüíèõ íåðiâíîñòåé [9], äîõîäèìî âè-
ñíîâêó, ùî ïîñëiäîâíiñòü îáëàñòåé

{
Ei(k)

}
¹

ïîñëiäîâíiñòþ îáëàñòåé çáiæíîñòi ÃËÄ (18) i
çáóðåíîãî äî íüîãî ÃËÄ. Òåîðåìó äîâåäåíî.

Òåîðåìà 3. Íåõàé âiäíîñíi ïîõèáêè ÃËÄ

a0


1 +

∞
D
k=1

Ni(k−1)∑
ik=1

ai(k)

1



−1

, (27)

äå Ni(2k) = 1, i (2k) ∈ I2k, k ≥ 0, Ni(2k+1) =
N, i (2k + 1) ∈ I2k+1, k ≥ 0, çàäîâîëüíÿþòü
óìîâè (21).

Ñóêóïíiñòü îáëàñòåé
Ei(2k) =

{
z ∈ C :

∣∣z − 2Γi(2k)

(
1− pi(2k+1)

)∣∣ +

+ |z| ≤ 2ρi(2k)

(
1− pi(2k+1)

)}
, (28)

i (2k) ∈ I2k, k ≥ 0,
Ei(2k+1) ={

z ∈ C : |z| ρ∗i(2k+1) − Re
(
z

(
1 + Γ

∗
i(2k+1)

))
≤

pi(2k+1)

(∣∣1 + Γ∗i(2k+1)

∣∣2 − ρ∗2i(2k+1)

)}
, (29)

i (2k + 1) ∈ I2k+1, k ≥ 0, äå ρi(2k) ∈ R+,

Γi(2k) ∈ C,
∣∣Γi(2k)

∣∣ < ρi(2k), i (2k) ∈ I2k, k ≥ 0,

0 < pi(2k+1) ≤ 1

2
,

∣∣∣1 + Γ∗i(2k+1)

∣∣∣ > ρ∗i(2k+1),

i (2k + 1) ∈ I2k+1, k ≥ 0, ¹ ïîñëiäîâíiñòþ
îáëàñòåé âiäíîñíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ
(27), ÿêùî çáiãà¹òüñÿ ðÿä

∞∑

k=1

k∏

l=1

η2l−1, (30)
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äå âåëè÷èíè η2l−1, l ≥ 1 , âèçíà÷àþòüñÿ çãi-
äíî ç (23). Äëÿ âiäíîñíî¨ ïîõèáêè s -ãî ïiäõi-
äíîãî äðîáó ÃËÄ (27) ñïðàâäæó¹òüñÿ îöiíêà
ε(s) ≤ α

(
1 +

1 + α

1− α

( |1 + Γ∗1|+ ρ∗1
|1 + Γ∗1| − ρ∗1

+

+
s−1∑

k=1

[(k−1)/2]+1∏

l=1

η2l−1





 . (31)

Äîâåäåííÿ. Âðàõîâóþ÷è ôîðìóëó (6),
äëÿ âiäíîñíî¨ ïîõèáêè s -ãî ïiäõiäíîãî äðî-
áó ìà¹ìî îöiíêó∣∣ε(s)

∣∣ ≤

|α0|+ |1 + α0|
s∑

k=1

N∑
i2,i4,...,i2[k/2]=1

∣∣γi(k)

∣∣
k∏

l=1

∣∣∣q(s)
i(l)

∣∣∣.

Îöiíèìî çâåðõó âåëè÷èíè
∣∣∣q(s)

i(2l+1)

∣∣∣ ,

i (2l + 1) ∈ I2l+1, l = 0, [k/2− 1], k = 2, s.

Ïåðåòâîðèìî: q
(s)
i(2l+1) =

_
ai(2l+1)

_

Q
(s)

i(2l)

_

Q
(s)

i(2l+1)

=

_
ai(2l+1)/

_

Q
(s)

i(2l+1)

1 +
_
ai(2l+1)/

_

Q
(s)

i(2l+1)

= 1− 1

1 +
_
ai(2l+1)/

_

Q
(s)

i(2l+1)

.

Âðàõîâóþ÷è òå, ùî _
ai(2l+1)/

_

Q
(s)

i(2l+1) ∈
Vi(2l+1), äå

Vi(2k+1) =
{
z ∈ C : Rez ≥ −pi(2k+1)

}
,

i (2k + 1) ∈ I2k+1, k ≥ 0, � ïiäïîñëiäîâíiñòü
ïîñëiäîâíîñòi ìíîæèí çíà÷åíü

{
Vi(k)

}
, ùî

âiäïîâiäàþòü ïîñëiäîâíîñòi ìíîæèí åëåìåí-
òiâ (28), (29), ìà¹ìî

1−
(

1 +
_
ai(2l+1)/

_

Q
(s)

i(2l+1)

)−1

∈ V ′
i(2l+1),

äå V ′
i(2l+1) = 1− (

1 + Vi(2l+1)

)−1
. Îòæå,

∣∣∣∣1−
(
1 + ai(2l+1)/Q

(s)
i(2l+1)

)−1
∣∣∣∣ ≤ sup

v∈V ′
i(2l+1)

|v| .

Îñêiëüêè 0 < pi(2k+1) ≤ 1

2
, òî ôó-

íêöiÿ w =
1

z
âiäîáðàæà¹ ìíîæèíó 1 +

Vi(2l+1) =
{
z ∈ C : Re (z − 1) ≥ −pi(2l+1)

}
â

êðóã 1

1 + Vi(2l+1)

=

=
{∣∣∣2z −

(
1− pi(2l+1)

)−1
∣∣∣ ≤

(
1− pi(2l+1)

)−1
}

i sup
v∈V ′

i(2l+1)

|v| =
∣∣∣∣1−

1

2

(
1− pi(2l+1)

)−1

∣∣∣∣+
1

2

(
1− pi(2l+1)

)−1
= 1.

Äëÿ âåëè÷èíè
N∑

i2l=1

∣∣∣q(s)
i(2l)

∣∣∣, i (2l − 1) ∈
I2l−1, l = 1, [k/2]− 1, k = 4, s,

N∑
i2k=1

∣∣∣q(s)
i(2k)γ

(s)
i(2k)

∣∣∣, i (2k − 1) ∈ I2k−1, k =

1, [s/2], ñïðàâäæóþòüñÿ îöiíêè (25), (26)
âiäïîâiäíî.

Çíàéäåìî îöiíêè çâåðõó äëÿ âåëè÷èí
N∑

i2k=1

∣∣∣q(s)
i(2k)

∣∣∣
∣∣∣q(s)

i(2k+1)γ
(s)
i(2k+1)

∣∣∣, k = 0, [(s− 1) /2],

äå q
(s)
0 = 1 :

äëÿ k = 1, [(s− 1) /2] ìà¹ìî
N∑

i2k=1

∣∣∣q(s)
i(2k)

∣∣∣
∣∣∣q(s)

i(2k+1)γ
(s)
i(2k+1)

∣∣∣ =

N∑
i2k=1

∣∣∣∣∣∣∣

_
ai(2k)

(
1 +

_
αi(2k)

)

Q
(s)
i(2k−1)

_

Q
(s)

i(2k)

∣∣∣∣∣∣∣

∣∣∣∣∣
ai(2k+1)αi(2k+1)

Q
(s)
i(2k)Q

(s)
i(2k+1)

∣∣∣∣∣ ≤

max
i(2k)∈I2k

{∣∣∣∣
αi(2k)1

1 + αi(2k)

∣∣∣∣
}

N∑
i2k=1

(∣∣Γi(2k)

∣∣ + ρi(2k)

)

∣∣∣1 + Γ∗i(2k−1)

∣∣∣− ρ∗i(2k−1)

≤ α (1− α)−1 η2k−1,
äëÿ k = 0 ìà¹ìî
∣∣∣q(s)

1 γ
(s)
1

∣∣∣ =

∣∣∣∣∣∣

_
a1

_
α1

_

Q
(s)

0

_

Q
(s)

i(1)

∣∣∣∣∣∣

∣∣∣∣∣∣

_

Q
(s)

1

Q
(s)
1

∣∣∣∣∣∣
≤

α (1− α)−1 (|1 + Γ∗1|+ ρ∗1) (|1 + Γ∗1| − ρ∗1)
−1 .

Îòæå, äëÿ âiäíîñíî¨ ïîõèáêè s-ãî ïiäõi-
äíîãî äðîáó ÃËÄ (27) ñïðàâäæó¹òüñÿ îöiíêà
(31).

Ïîâòîðþþ÷è äîâåäåííÿ òåîðåìè 2, äîõî-
äèìî âèñíîâêó, ùî çáiæíiñòü ðÿäó (30) çà-
áåçïå÷ó¹ âèêîíàííÿ óìîâ 1), 2) îçíà÷åííÿ
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îáëàñòåé âiäíîñíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ
(27). Òåîðåìó äîâåäåíî.

Íåõàé
{
Gi(k)

}
, Gi(k) ⊂ C � ïîñëiäîâíiòü

îáëàñòåé åëåìåíòiâ ÃËÄ
(

b0 +
∞
D
k=1

N∑
ik=1

1

bi(k)

)−1

, (32)

òîáòî bi(k) ∈ Gi(k) , i (k) ∈ Ik , k ≥ 0 .
Òåîðåìà 4. Íåõàé âiäíîñíi ïîõèáêè åëå-

ìåíòiâ ÃËÄ (32) ¹ ðiâíîìiðíî îáìåæåíèìè
∣∣βi(k)

∣∣ ≤ β < 1, i (k) ∈ Ik, k ≥ 0, (33)

i íåõàé pi(k), i (k) ∈ Ik, k ≥ 0, � äiéñíi äîäàòíi
÷èñëà. Òîäi ïîñëiäîâíiñòü îáëàñòåé
Gi(k) =
{
z ∈ C : Rez ≥ pi(k)

}
, i (k) ∈ Ik, k ≥ 0, (34)

¹ ïîñëiäîâíiñòþ îáëàñòåé âiäíîñíî¨ ñòiéêîñòi
äî çáóðåíü ÃËÄ (32), ÿêùî çáiãà¹òüñÿ ðÿä

∞∑

k=1

√
1 +

ηk

4

k−1∏

l=0

ηl, (35)

äå ηk = max
i(k)∈Ik

{
p−1

i(k)

N∑
ik+1=1

p−1
i(k+1)

}
, i (k) ∈

Ik, k ≥ 0, ïðè÷îìó äëÿ âiäíîñíî¨ ïîõèáêè s-
ãî ïiäõiäíîãî äðîáó ñïðàâäæó¹òüñÿ îöiíêà∣∣ε(s)

∣∣ ≤

β

1− β

(√
1 +

η0

4
+

s∑

k=1

√
1 +

ηk

4

k−1∏

l=0

ηl

)
.

(36)

Äîâåäåííÿ. Iç ôîðìóëè (6) âèïëèâà¹ îöií-
êà âiäíîñíî¨ ïîõèáêè s-ãî ïiäõiäíîãî äðîáó
ÃËÄ (32)
∣∣ε(s)

∣∣ ≤ max
i(k)∈Ik,k=0,s

{∣∣∣β′i(k)

∣∣∣
} (∣∣∣∣1−

N∑
i1=1

q
(s)
i(1)

∣∣∣∣ +

s∑

k=1

N∑
i1,i2,...,ik=1

∣∣∣∣∣∣
1−

N∑
ik+1=1

q
(s)
i(k+1)

∣∣∣∣∣∣

N∏

l=1

q
(s)
i(l)


 .

Îñêiëüêè 0 /∈ Gi(k), òî ôóíêöiÿ w =
1

z
âiäîáðàæà¹ îáëàñòü Gi(k) â êðóã ç öåíòðîì â

òî÷öi
(
2pi(k)

)−1 ðàäióñà
(
2pi(k)

)−1
. Òîäi

N∑
ik=1

1

Gi(k)

=

{
z :

∣∣∣∣∣z −
N∑

ik=1

(
2pi(k)

)−1

∣∣∣∣∣ ≤
N∑

ik=1

(
2pi(k)

)−1

}

i îáëàñòü Gi(k−1)+
N∑

ik=1

1

Gi(k)

¹ íàïiâïëîùèíîþ
{
z ∈ : Rez ≥ pi(k−1)

}
. Òàêèì ÷èíîì, ñóêó-

ïíiñòü îáëàñòåé (34) ¹ ïîñëiäîâíiñòþ îáëà-
ñòåé çíà÷åíü çàëèøêiâ ÃËÄ (32) òà çáóðå-
íîãî äî íüîãî ÃËÄ i äëÿ çàëèøêiâ Q

(s)
i(k),

_

Q
(s)

i(k) ñïðàâäæóþòüñÿ îöiíêè
∣∣∣Q(s)

i(k)

∣∣∣ ≥ pi(k),∣∣∣∣
_

Q
(s)

i(k)

∣∣∣∣ ≥ pi(k), i (k) ∈ Ik, k = 0, s, s ≥ 0. Òî-

äi
N∑

ik=1

∣∣∣g(s)
i(k)

∣∣∣ ≤ p−1
i(k−1)

N∑
ik=1

p−1
i(k),

N∑
ik=1

∣∣∣_
g

(s)

i(k)

∣∣∣ ≤

p−1
i(k−1)

N∑
ik=1

p−1
i(k), i (k − 1) ∈ Ik−1, k = 1, s,

s ≥ 1.

Îöiíèìî çâåðõó âåëè÷èíè
∣∣∣∣1−

N∑
ik=1

g
(s)
i(k)

∣∣∣∣ ,

i (k − 1) ∈ Ik−1, k = 1, s, s ≥ 1. Ïåðåòâîðèìî:
1−

N∑
ik=1

g
(s)
i(k) =

bi(k−1)

Q
(s)
i(k−1)

=

(
1 +

1

bi(k−1)

N∑
ik=1

1

Q
(s)
i(k)

)−1

.

Òîäi 1−
N∑

ik=1

g
(s)
i(k) ∈

(
1 +

1

bi(k−1)

N∑
ik=1

1

Gi(k)

)−1

,

äå
(

1 +
1

bi(k−1)

N∑
ik=1

1

Gi(k)

)−1

=





z :

∣∣∣∣∣∣∣∣∣
z −

2
∣∣bi(k−1)

∣∣2 + bi(k−1)

N∑
ik=1

p−1
i(k)

2

(∣∣bi(k−1)

∣∣2 + Rebi(k−1)

N∑
ik=1

p−1
i(k)

)

∣∣∣∣∣∣∣∣∣

≤

∣∣bi(k−1)

∣∣ N∑
ik=1

p−1
i(k)

2

(∣∣bi(k−1)

∣∣2 + Rebi(k−1)

N∑
ik=1

p−1
i(k)

)





.
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Íåñêëàäíî îá÷èñëèòè, ùî

sup
pi(k−1)≤x<+∞,
−∞<y<+∞

1

2

(
x2 + y2 + x

N∑
ik=1

p−1
i(k)

)−1

×

(√(
2 (x2 + y2) + xp∗i(k−1)

)2

+ y2p∗2i(k−1)+

+p∗i(k−1)

√
x2 + y2

)
=

√
1 +

p∗i(k−1)

4pi(k−1)

,

äå p∗i(k−1) =
N∑

ik=1

p−1
i(k). Îòæå,

∣∣∣∣1−
N∑

ik=1

g
(s)
i(k)

∣∣∣∣ ≤
√

1 +
p∗i(k−1)

4pi(k−1)

≤
√

1 +
ηk−1

4
. Îñêiëüêè

_

b i(k) ∈
Gi(k), òî òàêi æ îöiíêè ñïðàâäæóþòüñÿ äëÿ

âåëè÷èí
∣∣∣∣1−

N∑
ik=1

_
g

(s)

i(k)

∣∣∣∣ .

Îòæå, äëÿ âiäíîñíî¨ ïîõèáêè s-ãî ïiäõi-
äíîãî äðîáó ÃËÄ (32) ñïðàâäæó¹òüñÿ îöiíêà
(36). Iç îöiíêè (36) âèïëèâà¹, ùî çáiæíiñòü
ðÿäó (35) çàáåçïå÷ó¹ âèêîíàííÿ óìîâ 1), 2)
îçíà÷åííÿ îáëàñòåé âiäíîñíî¨ ñòiéêîñòi äî
çáóðåíü ÃËÄ (32). Òåîðåìó äîâåäåíî.

Ïåðåòâîðåííÿ ãiëëÿñòîãî ëàíöþãîâîãî
äðîáó, ùî çàëèøà¹ íåçìiííèìè çíà÷åííÿ
âñiõ éîãî ïiäõiäíèõ äðîáiâ, íàçèâà¹òüñÿ åêâi-
âàëåíòíèì. Ëåãêî ïåðåâiðèòè, ùî ÃËÄ

g0a0

(
g0b0 +

∞
D
k=1

N∑
ik=1

gi(k−1)gi(k)ai(k)

gi(k)bi(k)

)−1

,

(37)

äå gi(k), gi(k) 6= 0, i (k) ∈ Ik, k ≥ 0, � äîâiëüíi
êîìïëåêñíi ÷èñëà, åêâiâàëåíòíèé ÃËÄ (32).

Òâåðäæåííÿ. Âåëè÷èíè g
(s)
i(p), ùî âèçíà-

÷àþòüñÿ çãiäíî ç (2), iíâàðiàíòíi âiäíîñíî ïå-
ðåòâîðåíü åêâiâàëåíòíîñòi (37).

Äîâåäåííÿ. Íåõàé Q
(s)∗
i(p) � çàëèøêè s-ãî

ïiäõiäíîãî äðîáó ÃËÄ (37). Ïîêàæåìî, ùî
Q

(s)∗
i(p) = ρi(p)Q

(s)
i(p), i (p) ∈ Ip, p = 0, s, s ≥ 0.

Çàñòîñó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨ âiä-
íîñíî p, p = s, s− 1, . . . 0. Ïðè p = s ðiâíiñòü
î÷åâèäíà. Ïðèïóñòèâøè, ùî âîíà ñïðàâäæó-
¹òüñÿ äëÿ äåÿêîãî p = k + 1, 1 ≤ k + 1 ≤ s,

ïðè p = k ìà¹ìî

Q
(s)∗
i(k) = ρi(k)bi(k) +

N∑
ik+1=1

ρi(k)ρi(k+1)ai(k+1)

Q
(s)∗
i(k+1)

=

ρi(k)


bi(k) +

N∑
ik+1=1

ai(k+1)

Q
(s)
i(k+1)


 = ρi(k)Q

(s)
i(k).

Òîäi g
(s)∗
i(p) =

ρi(p−1)ρi(p)ai(p)

Q
(s)∗
i(p−1)Q

(s)∗
i(p)

=
ai(p)

Q
(s)
i(p−1)Q

(s)
i(p)

=

g
(s)
i(p), i (p) ∈ Ip, p = 1, s, s ≥ 0. Òâåðäæåííÿ
äîâåäåíî.

Òåîðåìà 5. Íåõàé âiäíîñíi ïîõèáêè åëå-
ìåíòiâ ÃËÄ (32) çàäîâîëüíÿþòü óìîâè (33)
i íåõàé pi(k), pi(k) > 0, i (k) ∈ Ik, k ≥ 0, ϕ,
−π < ϕ ≤ π, � çàäàíi äiéñíi ÷èñëà.

Ñóêóïíiñòü ìíîæèí

Gi(2k+1) =
{
z ∈ C : Re (z exp (iϕ)) ≥ pi(2k+1)

}
(38)

i (2k + 1) ∈ I2k+1, k ≥ 0,

Gi(2k) =
{
z ∈ C : Re (z exp (−iϕ)) ≥ pi(2k)

}
,

(39)

i (2k) ∈ I2k, k ≥ 0, ¹ ïîñëiäîâíiñòþ îáëàñòåé
âiäíîñíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ (32),
ÿêùî çáiãà¹òüñÿ ðÿä (35), ïðè÷îìó äëÿ âiä-
íîñíî¨ ïîõèáêè s-ãî ïiäõiäíîãî äðîáó ñïðàâ-
äæó¹òüñÿ îöiíêà (36).

Äîâåäåííÿ. Ðîçãëÿíåìî ÃËÄ

ρ0

(
ρ0b0 +

∞
D
k=1

N∑
ik=1

ρi(k−1)ρi(k)

ρi(k)bi(k)

)−1

,

ρ0

(
ρ0

_

b0 +
∞
D
k=1

N∑
ik=1

ρi(k−1)ρi(k)

ρi(k)

_

b i(k)

)−1

åêâiâàëåíòíi âiäïîâiäíî äî ÃËÄ (32) òà çáó-
ðåíîãî äî íüîãî ÃËÄ, äå ρi(2k) = eiϕ, i (2k) ∈
I2k, ρi(2k+1) = e−iϕ, i (2k + 1) ∈ I2k+1, k ≥ 0, i
bi(k),

_

b i(k) ∈
{
z ∈ C : Rez ≥ pi(k)

}
, i (k) ∈ Ik,

k ≥ 0. Òîäi âåëè÷èíè bi(2k)e
iϕ,

_

b i(2k)e
iϕ ∈

Gi(2k), bi(2k+1)e
−iϕ,

_

b i(2k+1)e
−iϕ ∈ Gi(2k+1), äå

Gi(2k+1), Gi(2k) âèçíà÷àþòüñÿ çãiäíî ç (38),
(39).
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Âðàõîâóþ÷è òåîðåìó 4 i íàâåäåíå òâåð-
äæåííÿ äîõîäèìî âèñíîâêó, ùî äëÿ âiäíî-
ñíî¨ ïîõèáêè s-ãî ïiäõiäíîãî äðîáó ÃËÄ
(32), îáëàñòÿìè åëåìåíòiâ ÿêîãî ¹ îáëàñòi
(38), (39) , ñïðàâäæó¹òüñÿ îöiíêà (36). Iç
îöiíêè (36) âèïëèâà¹, ùî çáiæíiñòü ðÿäó (35)
çàáåçïå÷ó¹ âèêîíàííÿ óìîâ 1), 2) îçíà÷åííÿ
îáëàñòåé âiäíîñíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ
(32). Òåîðåìó äîâåäåíî.
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