
ÓÄÊ 517.929

c©2006 ð. ß.É. Áiãóí
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi

ÁÀÃÀÒÎ×ÀÑÒÎÒÍI ÍÅËIÍIÉÍI ÊÎËÈÂÍI ÑÈÑÒÅÌÈ ÂÈÙÎÃÎ
ÍÀÁËÈÆÅÍÍß IÇ ÇÀÏIÇÍÅÍÍßÌ

Äëÿ áàãàòî÷àñòîòíèõ ñèñòåì âèùîãî íàáëèæåííÿ iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì i
âåêòîðîì ÷àñòîò, çàëåæíèì âiä ïîâiëüíèõ çìiííèõ, îäåðæàíî îöiíêó ïîõèáêè ìåòîäó óñåðå-
äíåííÿ íà ñêií÷åííîìó ïðîìiæêó. Îäåðæàíó îöiíêó çàñòîñîâàíî äëÿ îáãðóíòóâàííÿ ìåòîäó
óñåðåäíåííÿ çà øâèäêèìè çìiííèìè äëÿ ñèñòåì iç áàãàòîòî÷êîâèìè óìîâàìè.

Error estimate of aweraging method on �nite interval for multifrequency systems of higher
approximations with linearly transformed argument and dependent on slow variables harmonics
vector has been obtained. Found estimate has been applied for the substantiation of averaging
method on the fast variables for systems with multipoint boundary values.

1. Âñòóï. Ðîçãëÿíåìî ñèñòåìó âèùîãî
íàáëèæåííÿ iç ëiíiéíî ïåðåòâîðåíèì àðãó-
ìåíòîì âèãëÿäó

dx

dτ
=

r∑
ν=0

ενXν(τ, x, xλ)+

+εr+1X(τ, x, xλ, ϕ, ϕλ, ε),

dϕ

dτ
=

ω(τ, x, xλ)

ε
+

r−1∑
ν=0

ενYν(τ, x, xλ)+

+εrY (τ, x, xλ, ϕ, ϕλ, ε), (1)

äå r ≥ 0, Y−1(τ, x, xλ) ≡ 0, êîëè r = 0; ìàëèé
ïàðàìåòð ε ∈ (0, ε0], τ = εt ∈ [0, L], x ∈
D ⊂ Rn, ϕ ∈ Rm, xλ(τ) = x(λτ), ϕλ(τ) =
ϕ(λτ), λ ∈ (0, 1). Âåêòîð-ôóíêöi¨ X i Y 2π-
ïåðiîäè÷íi çà çìiííèìè ϕν , ϕλν , ν = 1, . . . , m.

Â ìîíîãðàôi¨ [1] äëÿ ñèñòåì âèùîãî íà-
áëèæåííÿ áåç çàïiçíåííÿ i ç âåêòîðîì ÷àñòîò
ω(τ, x) îäåðæàíî îöiíêó ïîõèáêè ìåòîäó óñå-
ðåäíåííÿ çà øâèäêèìè çìiííèìè ïîðÿäêó εα

äëÿ ïîâiëüíèõ i εα−1 äëÿ øâèäêèõ çìiííèõ,
äå

α = 1 + r + p−1,

p ≥ m. Â ðîáîòàõ [2, 3] äàíî îáãðóíòóâàííÿ
ìåòîäó óñåðåäíåííÿ, ÿêùî r = 0, ω = ω(x)
i ðåçîíàíñ (k, ω(x(0))) = 0 � içîëüîâàíèé íà
ïðîìiæêó [0, ε−1].

Ñèñòåìè (1) iç ïîâiëüíî çìiííèì âåêòî-
ðîì ÷àñòîò ω(τ) äîñëiäæóâàëèñÿ ìåòîäîì

óñåðåäíåííÿ â [4]. Íà âiäìiíó âiä òàêîãî âè-
ïàäêó äëÿ ñèñòåìè (1) óìîâà ðåçîíàíñó â òî-
÷öi τ çàäà¹òüñÿ ÷åðåç êîìïîíåíòó x(τ, ε) íà-
ïåðåä íåâiäîìîãî ðîçâ'ÿçêó:

γkl(τ, x(τ, ε)) := (k, ω(τ, x(τ, ε), x(λτ, ε))+

+λ(l, ω(λτ, x(λτ, ε), x(λ2τ, ε))) ∼= 0, (2)

äå k, l ∈ Zm, ‖k‖+ ‖l‖ 6= 0.
Óñåðåäíåíà ñèñòåìà íàáóâà¹ âèãëÿäó

dx

dτ
=

r∑
ν=0

ενXν(τ, x, xλ) + εr+1X(τ, x, xλ, ε),

(3)

dϕ

dτ
=

ω(τ, x, xλ)

ε
+

r−1∑
ν=0

Yν(τ, x, xλ)+

+εrY (τ, x, xλ, ε), (4)

Z(τ, x, xλ, ε) =

1

(2π)2m

2π∫

0

. . .

2π∫

0

Z(τ, x, xλ, ϕ, ψ, ε)dϕdψ,

Z = (X,Y ).

Ïîêàæåìî, ùî ïðè âèêîíàííi ïåâíèõ óìîâ
iñíó¹ ¹äèíèé ðîçâ'ÿçîê z(τ, y, ψ, ε) = (x, εϕ)
ñèñòåìè (1), z(0, y, ψ, ε) = (y, ψ), i äëÿ âñiõ
(τ, ε) ∈ [0, L]×(0, ε0], ε0 ≤ ε0, ñïðàâäæó¹òüñÿ
îöiíêà

‖z(τ, y, ψ, ε)− z(τ, y, ψ, ε)‖ ≤ c1ε
α, (5)
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c1 = const > 0, p ≥ 2m. Îäåðæàíó îöiíêó
çàñòîñó¹ìî äëÿ îáãðóíòóâàííÿ ìåòîäó óñå-
ðåäíåííÿ äëÿ m−÷àñòîòíî¨ ñèñòåìè iç áàãà-
òîòî÷êîâèìè óìîâàìè.

2. Ïî÷àòêîâà çàäà÷à. Ââåäåìî ïîçíà-
÷åííÿ: C l

u(S, a) � ìíîæèíà âåêòîð-ôóíêöié
f(u, ε), (u, ε) ∈ S × [0, ε0], ÿêi ïðè êîæíîìó
ôiêñîâàíîìó ε ìàþòü íåïåðåðâíi ÷àñòèííi
ïîõiäíi äî ïîðÿäêó l, à ñàìà ôóíêöiÿ, ∂f

∂u
òà

¨¨ ÷àñòèííi ïîõiäíi âèùèõ ïîðÿäêiâ ðiâíîìið-
íî îáìåæåíi â S ñòàëîþ a; G1 = [0, L]×D×D,
G = G1 × Rm × Rm × [0, ε0], u = (τ, x, xλ),
v = (ϕ, ϕλ).

Ââàæàòèìåìî, ùî âèêîíàíi íàñòóïíi óìî-
âè:

10. ω ∈ Cp0
u (G1, a1); (Xν , Yν , Xr, X, Y ) ∈

Cp1
u (G1, a1), min(p0 − 1, p1) ≥ 2m− 1.
20. Z ∈ Cp2,p3

u,v (G, a1),
(

∂Z

∂τ
,
∂Z

∂x
,
∂Z

∂y

)
∈

Cp4
u (G, a1), p2 ≥ 1, min(p3−1, p4) ≥ 2m+1+q,

q ≥ 0.
30. Íåõàé äëÿ ôiêñîâàíîãî y ∈ D iñíó¹

ðîçâ'ÿçîê x̃ = x̃(τ, y), x̃(0, y) = y, ñèñòåìè
ðiâíÿíü ïåðøîãî íàáëèæåííÿ

dx̃

dτ
= X0(τ, x̃, x̃λ), (6)

ÿêèé äëÿ âñiõ τ ∈ [0, L] ëåæèòü â D ðàçîì iç
ρ-îêîëîì.

Â [1] ïðè îáãðóíòóâàííi ìåòîäó óñåðå-
äíåííÿ óìîâà ïðîõîäæåííÿ áàãàòî÷àñòîòíî¨
ñèñòåìè ÷åðåç ðåçîíàíñ çàïèñàíà â òåðìi-
íàõ ìàòðèöi Wp(τ, x), ñêëàäåíî¨ ç êîìïîíåí-
òiâ âåêòîðà ω(τ, x), é îá÷èñëåíèõ óçäîâæ
ðîçâ'ÿçêó ñèñòåìè ïåðøîãî íàáëèæåííÿ, êî-
ëè (τ, x) ∈ [0, L] × D, u ∈ D1 ⊂ D. Ñôîð-
ìóëþ¹ìî àíàëîãi÷íó óìîâó äëÿ (p × 2m)-
ìàòðèöi Wp(τ, x

λ
p), åëåìåíòàìè ÿêî¨ ¹ ïîõiäíi

(
dj−1

dτ j−1
ων(τ, x, xλ)

)p,2m

j,ν=1

,

äå p ≥ 2m, xλ
p = (x, x(1), . . . , x(p+1)),

x(i)(τ, y) = x(λiτ, y), ωm+ν = ων(λτ, x(1), x(2)),
ν = 1, . . . , m.

40. Äëÿ âñiõ τ ∈ [0, L]

∆p(τ, x̃
λ
p(τ, y)) := det(W T

p (τ, x̃λ(τ, y))×

×Wp(τ, x̃
λ
p(τ, y))) 6= 0. (7)

Ââåäåìî ùå òàêi ïîçíà÷åííÿ: x̃(τ, y, [0, L]) �
òðà¹êòîðiÿ ðîçâ'ÿçêó x̃(τ, y), êîëè τ ∈ [0, L],

x̃p(τ, y, [0, L]) =

p+1∏
ν=0

x̃(λντ, y, [0, L]) � âiäïîâiä-

íà x̃p(τ, y) òðà¹êòîðiÿ â Dp+2; Dρ(x̃p) � ρ-îêië
òðà¹êòîði¨ x̃p â Dp+2.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
10 � 40, q = 1. Òîäi çíàéäåòüñÿ äîñèòü ìàëå
ε0 > 0 òàêå, ùî äëÿ âñiõ (τ, ε) ∈ [0, L] ×
(0, ε0] iñíó¹ ¹äèíèé ðîçâ'ÿçîê z = z(τ, y, ψ, ε)
ñèñòåìè (1) i ìà¹ ìiñöå îöiíêà (5).

Äîâåäåííÿ. Iç íåïåðåðâíîñòi åëåìåíòiâ
ìàòðèöi Wp(τ, x

λ
p) òà ç óìîâè 40 âèïëèâà¹

iñíóâàííÿ òàêîãî ρ1, 0 < ρ1 < ρ, ùî â ρ1-
îêîëi òðà¹êòîði¨ x̃p(τ, y, [0.L])

∆p(τ, x
λ
p) ≥ c > 0, xλ

p ∈ Dρ1(x̃p).

ßê âèïëèâà¹ iç ðiâíÿíü (3) i (6)

‖x(τ, y, ε)− x̃(τ, y)‖ ≤ a1n(1 + λ−1)×

×
1∫

0

‖x(s, y, ε)− x̃(s, y)‖ds + 2a1ε.

Íà ïiäñòàâi ëåìè Ãðîíóîëëà-Áåëëìàíà
äëÿ (τ, ε) ∈ [0, L]× [0, ε0]

‖x(τ, y, ε)− x̃(τ, y)‖ ≤ 2a1c2ε ≡ c3ε, (8)

äå c2 = exp[a1n(1 + λ−1)L].
Íåõàé

ε1 = min

(
ε0, 0.5,

ρ1

c3(p + 2)
,

(
ρ

4a1c2
2

) 1
r+1

)
.

Òîäi ðîçâ'ÿçîê x(τ, y, ε) ðiâíÿííÿ (3) âè-
çíà÷åíèé äëÿ âñiõ τ ∈ [0, L], xp(τ, y, [0, L]) ∈
Dρ1(x̃p) i äëÿ öüîãî ðîçâ'ÿçêó âèêîíó¹òüñÿ
íåðiâíiñòü (7).

Âðàõîâóþ÷è (8) òà óìîâó 10 îäåðæèìî

∆p(τ, x
λ
p(τ, y, ε)) = ∆p(τ, x̃

λ
p(τ, y)) + εc4,

c4 = const.

Òîìó äëÿ (τ, ε) ∈ [0, L]× [0, ε1]

∆p(τ, x
λ
p(τ, y, ε)) ≥ 1

2
c
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i, ñêîðèñòàâøèñü óìîâîþ 10, îäåðæèìî

‖(W T
p (τ, xλ

p(τ, y, ε))W−1
p (τ, xλ

p(τ, y, ε)))×

×Wp(τ, x
λ
p(τ, y, ε))‖ ≤ c4. (9)

Iç (1) i (3) ìà¹ìî

‖x(τ, y, ψ, ε)− x(τ, y, ε)‖ ≤ c5ε
r+1,

(τ, ε) ∈ [0, L]× [0, ε1],

äå c5 = 2a1c
2
2. Îñêiëüêè c5ε1

r+1 ≤ ρ/2, òî
ðîçâ'ÿçîê ñèñòåìè (1) iñíó¹ äëÿ âñiõ (τ, ε) ∈
[0, L]× (0, ε1].

Iç (1), (3) i (4) îäåðæèìî

‖z(τ, y, ψ, ε)− z(τ, y, ψ, ε)‖ ≤ 4a1(n + m)×

×(1 + λ−1)

τ∫

0

‖z(s, y, ψ, ε)− z(s, y, ψ, ε)‖ds+

(10)

+εr+1
∑

‖k‖+‖l‖6=0

‖
τ∫

0

fkl(τ, ε)×

× exp{ i

ε

s∫

0

γkl(s1, x(s1, y, ε))ds1}ds‖,

äå ôóíêöiÿ γkl(τ, x) âèçíà÷åíà â (2),
fkl(τ, ε) = Zkl(τ, x(τ, y, ε), xλ(τ, y, ε))×
× exp{i(k, ϕ) + i(l, ϕλ)−

i

ε

τ∫

0

γkl(s, x(s, y, ε))ds}.

Ç óìîâ 10 i 20 òà îöiíêè (9) âèïëèâà¹ âè-
êîíàííÿ âñiõ óìîâ â òåîðåìi 3 [5] äëÿ ôóí-
êöié fkl(τ, ε) i γkl(τ, x(τ, y, ε)), òîìó ñïðàâ-
äæó¹òüñÿ îöiíêà

∑

‖k‖+‖l‖6=0

‖
τ∫

0

fkl(s, ε) exp{ i

ε
×

×
s∫

0

γkl(s1, x(s1, y, ε))ds1}ds‖ ≤ c6ε
1
p ,

äëÿ âñiõ (τ, ε) ∈ [0, L]× (0, ε2], ε2 ≤ ε1.

Íà ïiäñòàâi öi¹¨ îöiíêè iç (10) ìà¹ìî

‖z(τ, y, ψ, ε)− z(τ, y, ψ, ε)‖ ≤
≤ c6 exp[4a1(n + m)(1 + λ−1)L]εα ≡ c1ε

α.

ßêùî c1ε
α
3 < ρ, òî îäåðæàíà îöiíêà âè-

êîíó¹òüñÿ äëÿ âñiõ τ ∈ [0, L] i ε ∈ (0, ε0], äå
ε0 = min(ε2, ε3).

Òåîðåìó äîâåäåíî.
Íåõàé ïî÷àòêîâà óìîâà y = y(ε). Çîêðå-

ìà, öå ìàòèìå ìiñöå äëÿ çàäà÷i ç áàãàòîòî-
÷êîâèìè óìîâàìè. Ïðèïóñòèìî, ùî

‖y(ε)− y(0)‖ ≤ dεχ, χ > 0, ε ∈ [0, ε0]. (11)

Òîäi

‖x̃(τ, y(ε))− x̃(τ, y(0))‖ ≤ c2dεχ

i äëÿ ε ≤ (ρ1/(2c2d(p + 2)))1/χ òðà¹êòîðiÿ
x̃p(τ, y(ε), [0, L]) ∈ Dρ1/2(x̃p(τ, y(0))). Êðiì
òîãî,

∆p(τ, x̃
λ
p(τ, y(ε))) ≥ 1

2
c > 0, (τ, ε) ∈ [0, L]×[0, ε∗),

â ðàçi âèêîíàííÿ óìîâè (7) äëÿ x̃ =
x̃(τ, y(0)), τ ∈ [0, L].

Íà ïiäñòàâi òåîðåìè 1 îäåðæó¹òüñÿ òàêå
òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé: 1) âèêîíóþòüñÿ óìî-
âè 10 i 20, q = 1; 2) äëÿ ôiêñîâàíîãî y ∈
D iñíó¹ ðîçâ'ÿçîê x̃ = x̃(τ, y(ε)) ñèñòå-
ìè ðiâíÿíü ïåðøîãî íàáëèæåííÿ (6), ÿêèé
ëåæèòü â D ðàçîì iç ρ-îêîëîì äëÿ âñiõ
(τ, ε) ∈ [0, L]×[0, ε0] é óçäîâæ öüîãî ðîçâ'ÿç-
êó âèêîíó¹òüñÿ óìîâà (7); 4) âèêîíó¹òüñÿ
íåðiâíiñòü (11). Òîäi ñïðàâäæó¹òüñÿ âèñíî-
âîê òåîðåìè 1.

Çàóâàæåííÿ 1. ßêùî â òåîðåìi 1 óìîâà
20 âèêîíó¹òüñÿ äëÿ q = 1, òî ïðàâèëüíîþ ¹
òàêîæ îöiíêà äëÿ ïîõiäíèõ [6]:

‖ ∂

∂y
(z(τ, y, ψ, ε)− z(τ, y, ψ, ε))‖+ (10)

+‖ ∂

∂ψ
(z(τ, ψ, y, ε)− z(τ, ψ, y, ε))‖ ≤ c7ε

α.

Çàóâàæåííÿ 2. Íåõàé X0 = X0(τ, x) i
ω = ω(τ, x). Òîäi, ÿê i â [1], îá÷èñëþþ÷è
ïîâíi ïîõiäíi óçäîâæ ðîçâ'ÿçêó ñèñòåìè (6)
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ìîæíà âèìàãàòè âèêîíàííÿ óìîâè (7) äëÿ
(τ, x) ∈ [0, L] × D. Ó öüîìó âèïàäêó îöií-
êà (5) ïðàâèëüíà äëÿ áóäü-ÿêîãî ðîçâ'ÿç-
êó óñåðåäíåíî¨ çàäà÷i (3), (4), òàêîãî, ùî
y ∈ D1 ⊂ D i êðèâà x(τ, y) ëåæèòü â D ðàçîì
iç ρ-îêîëîì.

3. Êðàéîâà çàäà÷à. Ðîçãëÿíåìî ñèñòå-
ìó iç m ÷àñòîòàìè âèãëÿäó

dx

dτ
= A(τ, x, xλ, ε) + εr+1X(τ, x, xλ, ϕ, ϕλ, ε),

dϕ

dτ
=

ω(τ, x, xλ)

ε
+ εrY (τ, x, xλ, ϕ, ϕλ, ε),

(13)
äå r ≥ 0, τ ∈ [0, L]. Çîêðåìà, ñèñòå-
ìà (12) âêëþ÷à¹ (1), êîëè X0(τ, x, xλ) =
A(τ, x, xλ, 0).

Çàäàìî áàãàòîòî÷êîâi óìîâè
N∑

ν=0

Aν(ε)x|τ=τν = d, (14)

N∑
ν=0

Bν(ε)(εϕ)|τ=τν = f(x|τ=τ0 , . . . , x|τ=τN
, ε),

(15)
äå 0 ≤ τ0 < τ1 < · · · < τN ≤ L, Aν i Bν

� çàäàíi n i m-ìàòðèöi âiäïîâiäíî, åëåìåíòè
ÿêèõ - íåïåðåðâíi íà [0, ε0] ôóíêöi¨, d � n-
âåêòîð, f(·, ε) � äåÿêèé ôóíêöiîíàë äëÿ êî-
æíîãî ε ∈ (0, ε0].

Áàãàòî÷àñòîòíi ñèñòåìè áåç çàïiçíåííÿ,
êîëè r = 0, à óìîâà (14), � íåëiíiéíà, äî-
ñëiäæåíi ìåòîäîì óñåðåäíåííÿ â [1].

Ïîáóäó¹ìî âiäïîâiäíó (13) óñåðåäíåíó ñè-
ñòåìó

dx

dτ
= A(τ, x, xλ, ε) + εr+1X(τ, x, xλ, ε),

dϕ

dτ
=

ω(τ, x, xλ)

ε
+ εrY (τ, x, xλ, ε). (16)

Áàãàòîòî÷êîâi óìîâè äëÿ ñèñòåìè (16) ìà-
þòü âèãëÿä (14), (15). Íåõàé x̃ = x̃(τ, y), äå
y = y(ε), � ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü

dx̃

dτ
= A(τ, x̃, x̃λ, 0), τ ∈ [0, L], (17)

ÿêèé çàäîâîëüíÿ¹ áàãàòîòî÷êîâi óìîâè
N∑

ν=0

Aν(ε)x̃|τ=τν = d. (18)

Ââåäåìî ïîçíà÷åííÿ:

Q1(ε) =
N∑

ν=0

Aν(ε)
∂x̃(τν , y(ε))

∂y
,

Q2(ε) =
N∑

ν=0

Bν(ε).

Òåîðåìà 3. Íåõàé:
1) âèêîíóþòüñÿ óìîâè 10, 20 äëÿ q = 1;
2) iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (16),

(17), ÿêèé ëåæèòü â D ðàçîì iç ρ-îêîëîì
äëÿ âñiõ (τ, ε) ∈ [0, L]× [0, ε0];

3) âèêîíó¹òüñÿ óìîâà (7) óçäîâæ
ðîçâ'ÿçêó x̃ = x̃(τ, y(ε)), êîëè (τ, ε) ∈
[0, L]× [0, ε0], i íåðiâíiñòü (11);

4) ‖Q−1
ν (ε)‖ ≤ dνε

−χν , dν = const,
χν ≥ 0, 2χ1 < α, χ1 + χ2 < α, ν = 1, 2;
5) f : DN+1 × (0, ε0] → Rm i äëÿ âñiõ ε ∈

(0, ε0] f ∈ C2
u(DN+1, a2);

6) ðiâíîìiðíî âiäíîñíî (τ, x, xλ) ∈ G1

‖A(τ, x, xλ, ε)− A(τ, x, xλ, 0)‖ ≤ a3ε.

Òîäi çíàéäóòüñÿ =
ε0 > 0 i cν > 0, ν = 8, 9, 10

òàêi, ùî äëÿ âñiõ (τ, ε) ∈ [0, L] × (0,
=
ε0] çà-

äà÷à (13) � (15) ìà¹ ¹äèíèé ðîçâ'ÿçîê x =
x(τ, y + µ, ψ + ξ, ε), εϕ = θ(τ, y + µ, ψ + ξ, ε) i
âèêîíó¹òüñÿ íåðiâíiñòü

εχ1‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y)‖+

εχ1+χ2‖θ(τ, y+µ, ψ+ξ, ε)−θ(τ, y+µ, ψ+ξ, ε)‖
≤ c8ε

α,

‖µ‖ ≤ c9ε
α−χ1 , ‖ξ‖ ≤ c10ε

α−χ1−χ2 .

Äîâåäåííÿ. Iç (17) òà ïåðøîãî ç ðiâíÿíü
(16) ìà¹ìî

‖x(τ, y, ε)− x̃(τ, y)‖ ≤ (a1 + a3)c2nLε ≡

c11ε ≤ ρ/4,

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 288. Ìàòåìàòèêà. 15



ÿêùî ε ≤ ρ/(4c11). Òàêîæ iç (16) âèïëèâà¹
‖x(τ, y + µ, ε)− x(τ, y, ε)‖ ≤ c2

2‖µ‖ ≤ ρ/4,

ÿê òiëüêè ‖µ‖ ≤ ρ/(4c2
2).

Îòæå, äëÿ (τ, ε) ∈ [0, L] × (0, ε1], ε1 =
min(ε0, ρ/(4c11)) ìà¹ìî

‖x(τ, y + µ, ε)− x̃(τ, y)‖ ≤ ρ/2

i x(τ, y+µ, ε) çàëèøà¹òüñÿ â ρ/2-îêîëi êðèâî¨
x̃(τ, y). Íà ïiäñòàâi òåîðåì 1 i 2 ïðàâèëüíèìè
¹ îöiíêè (5) i (10).

Ðîçâ'ÿçîê çàäà÷i (13), (14) øóêà¹ìî ó âè-
ãëÿäi z = z(τ, y + µ, ψ + ξ, ε). Iç ïåðøîãî ç
ðiâíÿíü (13) òà óìîâè (14) äëÿ x i âiäïîâiä-
íî¨ óìîâè äëÿ x çíàõîäèìî

µ = M1(µ, ε),

äå M1(µ, ε) = −Q−1
1 (ε)

N∑
ν=0

Aν(ε)[(x(τν , y +

ν, ψ+ +ξ, ε)− x(τν , y + µ, ε)) + Rν(µ, ε)],

Rν(µ, ε) = x(τν , y + µ, ε)− x(τν , y, ε)+

+
∂x

∂y
(τν , y, ε)µ.

Íà ïiäñòàâi óìîâè 10 îäåðæèìî
‖Rν(µ, ε)‖ ≤ c12‖µ‖2, c12 = const, ν = 0, . . . , N.

Äàëi ñêîðèñòà¹ìîñü îöiíêîþ (5) òà óìî-
âîþ 4 òåîðåìè 3. Ìàòèìåìî

‖M1(µ, ε)‖ ≤ (c1ε
α + c12‖µ‖2)d1d3ε

−χ1 ,

äå
N∑

ν=0

(‖Aν(ε)‖+ ‖Bν(ε)‖) ≤ d3.

Íåõàé c9 = 2c1d1d3 i

‖µ‖ ≤ c9ε
α−χ1 , (19)

ε2 = min

(
ε1,

(
c9

2c12

c1

) 1
2χ1−α

,

(
ρ1

4c2
2c3

) 1
α−χ1

)
.

Òîäi äëÿ âñiõ ε ∈ (0, ε2] ‖M1(µ, ε)‖ ≤
c9ε

α−χ1 . Îòæå, M1 : S1 → S1, S1 = {µ :
‖µ‖ ≤ c9ε

α−χ1 , ε ∈ [0, ε2]}. Äàëi ìà¹ìî

∂M1(µ, ε)

∂µ
= −Q−1

1 (ε)
N∑

ν=0

Aν(ε)×

×
[

∂

∂µ
(x(τν , y + µ, ψ + ξ, ε)− x(τν , y + µ, ε))+

+
(∂x(τν , y + µ, ε)

∂y
− ∂x(τν , y, ε)

∂y

)]
.

Iç (10) óìîâ 10 i 4 òåîðåìè 2 âèïëèâà¹
∥∥∥∥∥
∂M1(µ, ε)

∂µ

∥∥∥∥∥ ≤ d1ε
α−χ1(c7ε

α + c13‖µ‖) ≤ 1

2
,

c13 = const, ÿêùî

ε ≤ ε3 = min
(
ε2, (4c7d1)

1
χ1−α , (4c13d1)

1
2χ1−α

)
.

Îòæå, âiäîáðàæåííÿ M1 � ñòèñêàþ÷å, òî-
ìó äëÿ êîæíîãî ε ∈ (0, ε3] iñíó¹ ¹äèíèé
ðîçâ'ÿçîê µ = µ(ε), ÿêèé çàäîâîëüíÿ¹ íåðiâ-
íiñòü (19).

Òåïåð iç óìîâè (15) çíàõîäèìî

ξ = −Q−1
2 (ε)

[ N∑
ν=0

Bν(ε)((θ(τν , y +µ, ψ + ξ, ε)−

−θ(τν , y + µ, ψ + ξ, ε))+

+(θ(τν , y + µ, 0, ε)− θ(τν , y, 0, ε)))+

+f(x|τ=τ0 , . . . , x|τ=τN
, ε)−

−f(x|τ=τ0 , . . . , x|τ=τN
, ε)

]
≡ M2(µ, ξ, ε).

Iç äðóãîãî ðiâíÿííÿ ñèñòåìè (16) òà îöií-
êè (19) îäåðæèìî

‖θ(τ, y+µ, ψ+ξ, ε)−θ(τ, y, ψ, ε)‖ ≤ c14τνε
α−χ1 ,
(20)

äå ñòàëà c14 = 3a1c2
2c9m. Ñêîðèñòàâøèñü íå-

ðiâíîñòÿìè (5) i (20) òà óìîâîþ 5 òåîðåìè 3
äiñòàíåìî

‖M2(µ, ξ, ε)‖ ≤

d2ε
α−χ1−χ2

(
N∑

ν=0

‖Bν‖(c1ε
χ1 + c14τν)ε

χ2)+

a2m(N + 1)(c1ε
χ1 + c2

2c9)ε
χ2)

)
≤

c10ε
α−χ1−χ2 , äå c10 = d2((c1d3 + c14L)d3 +

a2m(N + 1)× (c11 + c2
2c9).

16 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2006. Âèïóñê 288. Ìàòåìàòèêà.



Òàêèì ÷èíîì, M2 : S2 → S2, S2 = {ξ :
‖ξ‖ ≤ c10ε

α−χ1−χ2 , ε ∈ (0, ε3.}
Âðàõîâóþ÷è (5), óìîâè 5 i 6 òåîðåìè 3

îäåðæèìî
∥∥∥∥∥
∂M2

∂ξ

∥∥∥∥∥ ≤ d2ε
−χ2

∥∥∥∥∥
N∑

ν=0

Bν(ε)
∂

∂ξ
(ϕ(τν , y+

+µ, ψ + ξ, ε)− ϕ(τν , y + µ, ψ + ξ, ε))−

−
(∂f

∂ξ
(x|τ=τ0 , . . . , x|τ=τN

, ε)−

−∂f

∂ξ
(x|τ=τ0 , . . . , x|τ=τN

, ε)
)∥∥∥∥∥ ≤

≤ d2(c7d3 + a2m(c1 + c2
2c9)(N + 1))×

×εα−χ1−χ2 ≡ c16ε
α−χ1−χ2 ≤ 1

2
,

ÿêùî ε ≤ ε4 = min(ε3, (2c16)
1/(χ1+χ2−α)).

Îòæå, iñíó¹ ¹äèíèé ðîçâ'ÿçîê
(µ(ε), ξ(µ, ε)), äëÿ ÿêîãî ‖µ‖ ≤ c9ε

α−χ1 ,
‖ξ‖ ≤ c10ε

α−χ1−χ2 , c9 = 2c1d1d2.
Íà äåÿêîìó ïðîìiæêó [0, τ ], τ ∈ (0, L], íà

ïiäñòàâi (5), óìîâè 10 òà îöiíîê äëÿ ‖µ‖ i ‖ξ‖
îäåðæèìî

εχ1‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y, ε)‖+
+εχ1+χ2‖θ(τ, y + µ, ψ + ξ, ε)− θ(τ, y, ψ, ε)‖ ≤
≤ εχ1(‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y + µ, ε)‖+

‖x(τ, y + µ, ε)− x(τ, y, ε)‖) + εχ1+χ2×
(‖θ(τ, y +µ, ψ ++ξ, ε)− θ(τ, y +µ, ψ + ξ, ε)‖+
‖θ(τ, y + µ, ψ + ξ, ε)−−θ(τ, y, ψ, ε)‖) ≤

(2c1 + c2
2c9 + c14 + c15)ε

α = c8ε
α

ßêùî ε ≤ min(ε4, (ρ/(2c8)))
1

α−χ1−χ2 =
=
ε0,

òî îöiíêà ïîõèáêè ìåòîäó óñåðäíåííÿ âèêî-
íó¹òüñÿ íà [0, L]. Òåîðåìó 3 äîâåäåíî.

4. Ðîçãëÿíåìî âèïàäîê, êîëè â óìîâi (13)
ìàòðèöi Aν íå çàëåæàòü âiä ε. Òîäi x̃ =
x̃(τ, y) i, ÿê i â òåîðåìi 1, ìîæíà âèìàãàòè âè-
êîíàííÿ óìîâè (7) óçäîâæ ðîçâ'ÿçêó x̃p(τ, y)
ñèñòåìè (16). Àíàëîãi÷î, ÿê òåîðåìà 3, äîâî-
äèòüñÿ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé:

1) âèêîíóþòüñÿ óìîâè 10, 20 äëÿ q = 1 i
íåðiâíiñòü (7) óçäîâæ ðîçâ'ÿçêó x̃(τ, y) ñè-
ñòåìè (16) â ïðèïóùåííi, ùî âií iñíó¹ òà
çàäîâîëüíÿ¹ óìîâó (17);

2) iñíóþòü ìàòðèöi Q−1
1 i Q−1

2 (ε), ε ∈
(0, ε0], êðiì òîãî, ‖Q−1

2 (ε)‖ ≤ d2ε
−χ2, 0 ≤

χ2 < α;
4) ∀ε ∈ (0, ε0] f(·, ε): DN+1

ρ1
× (0, ε0] → Rm

i f(·, ε) ∈ C2
u(Dρ1(x̃N+1), a2).

Òîäi iñíó¹ ε∗ > 0 òàêå, ùî äëÿ âñiõ
(τ, ε) ∈ [0, L]× (0, ε∗) çàäà÷à (12) � (14) ìà¹
¹äèíèé ðîçâ'çîê i ñïðàâäæóþòüñÿ îöiíêè â
òâåðäæåííi òåîðåìè 3 iç χ1 = 0.
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