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ÔÓÍÄÀÌÅÍÒÀËÜÍÈÉ ÐÎÇÂ'ßÇÎÊ ÇÀÄÀ×I ÊÎØI ÄËß ÄÅßÊÈÕ
ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ Ç ÎÏÅÐÀÒÎÐÎÌ ÁÅÑÑÅËß I

ÇÐÎÑÒÀÞ×ÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ
Äëÿ îäíîãî êëàñó ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó çi çðîñòàþ÷èìè çà çìiííîþ

x ∈ Rn ïðè |x| → ∞ êîåôiöi¹íòàìè òà îïåðàòîðîì Áåññåëÿ çà çìiííîþ y ∈ R çíàéäåíi â
ÿâíîìó âèãëÿäi ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi òà âèâ÷åíi ¨õíi âëàñòèâîñòi.

Fundamental solutions of the Cauchy problem are found in an explicit form and their properti-
es are investigated for one class of parabolic second-order equations with growing coe�cients on a
variable x ∈ Rn as |x| → ∞ and with Bessel operator on a variable y ∈ R.

Ó òåîði¨ âèïàäêîâèõ ïðîöåñiâ i ñòàòèñòè-
÷íié ðàäiîòåõíiöi [1 � 3] âèíèêàþòü ïàðàáî-
ëi÷íi ðiâíÿííÿ âèãëÿäó

∂tu(t, x) =
1

2

n∑

j,l=1

∂xj
∂xl

(ajlu(t, x))+ (1)

+
n∑

j=1

∂xj

( n∑

l=1

bjlxlu(t, x)
)
, t > 0, x ∈ Rn,

êîåôiöi¹íòè ajl i bjl ÿêèõ ñòàëi, ïðè÷îìó ìà-
òðèöÿ

A ≡ (ajl)
n
j,l=1

ñèìåòðè÷íà i äîäàòíî âèçíà÷åíà. (2)

Ðiâíÿííÿ (1) ¹ ðiâíÿííÿì Ôîêêåðà-
Ïëàíêà-Êîëìîãîðîâà n-âèìiðíîãî íîðìàëü-
íîãî ìàðêîâñüêîãî ïðîöåñó. ßêùî ìàòðèöÿ
B ≡ (bjl)

n
j,l=1 òàêîæ ñèìåòðè÷íà i äîäàòíî

âèçíà÷åíà, òî çà äîïîìîãîþ âiäïîâiäíî¨ ëi-
íiéíî¨ çàìiíè çìiííèõ ðiâíÿííÿ (1) ìîæíà
çâåñòè äî ðiâíÿííÿ âèãëÿäó

∂tu(t, x) =
1

2

n∑

j,l=1

∂xj
∂xl

(ajlu(t, x))+

+
n∑

j=1

∂xj
(xju(t, x)), t > 0, x ∈ Rn, (3)

äëÿ ÿêîãî òàêîæ âèêîíó¹òüñÿ óìîâà (2).

Ç òî÷êè çîðó òåîði¨ ðiâíÿíü iç ÷àñòèííè-
ìè ïîõiäíèìè ðiâíÿííÿ (1) i (3) öiêàâi òèì,
ùî â íèõ êîåôiöi¹íòè ïðè ïåðøèõ ïîõiäíèõ
íåîáìåæåíî çðîñòàþòü ïðè |x| → ∞ i äëÿ
íèõ çíàõîäèòüñÿ â ÿâíîìó âèãëÿäi ôóíäà-
ìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ).
ßêùî n = 1, òî ôîðìóëà äëÿ ÔÐÇÊ â ïðà-
öi [2] îäåðæàíà çà äîïîìîãîþ äîñèòü ñêëà-
äíèõ îá÷èñëåíü, à â ïðàöi [4] � ç âèêîðèñòàí-
íÿì ìåòîäó ïåðåòâîðåííÿ Ôóð'¹ i ìåòîäó õà-
ðàêòåðèñòèê ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî
ïîðÿäêó. Ó âèïàäêó, êîëè n > 1, ajl = δjl

i bjl = 2δjl (δjl � ñèìâîë Êðîíåêåðà), ÿâ-
íà ôîðìóëà äëÿ ÔÐÇÊ ìîæå áóòè îäåðæàíà
àíàëîãi÷íèì ñïîñîáîì.

Ó ïðàöi [5] ðîçãëÿíóòà çàäà÷i Êîøi äëÿ
ðiâíÿíü

∂tu(t, x, y) = ∂2
xu(t, x, y) + ∂x(xu(t, x, y))+

+Byu(t, x, y),

∂tu(t, x, y) = ∂2
xu(t, x, y) + 2b(x)∂xu(t, x, y)+

+
(1

2
−x2

4
+b2(x)+b′(x)

)
u(t, x, y)+Byu(t, x, y),

t > 0, x ∈ R, y > 0, (4)

äå By ≡ ∂2
y + ((2ν + 1)/y)∂y � îïåðàòîð Áåñ-

ñåëÿ ïîðÿäêó ν ≥ 0, b � íåïåðåðâíî äèôå-
ðåíöiéîâíà ôóíêöiÿ â R i b′ � ¨¨ ïîõiäíà. Ðiâ-
íÿííÿ (4) ìiñòÿòü âèðîäæåííÿ, ùî ñïðè÷è-
íåíi, ïî-ïåðøå, íàÿâíiñòþ â íèõ îïåðàòîðà
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Áåññåëÿ çà çìiííîþ y, êîåôiöi¹íò ÿêîãî íå-
îáìåæåíèé â îêîëi òî÷êè y = 0, i, ïî-äðóãå,
êîåôiöi¹íòè ðiâíÿíü íåîáìåæåíi íà íåñêií-
÷åííîñòi. Äëÿ òàêèõ ðiâíÿíü ó [5] çíàéäåíî
â ÿâíîìó âèãëÿäi ÔÐÇÊ, âñòàíîâëåíî êîðå-
êòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi â ñïåöiàëüíèõ
âàãîâèõ Lp-ïðîñòîðàõ, çíàéäåíî íåîáõiäíi òà
äîñòàòíi óìîâè çîáðàæåííÿ ðîçâ'ÿçêiâ iíòå-
ãðàëàìè Ïóàññîíà, ïðè öüîìó îïèñàíî ìíî-
æèíè ïî÷àòêîâèõ çíà÷åíü ðîçâ'ÿçêiâ.

Ó äàíié ñòàòòi àíàëîãi÷íi ðåçóëüòàòè
îäåðæàíi äëÿ ðiâíÿííÿ âèãëÿäó

(Lu)(t, x, y) ≡ ∂tu(t, x, y)−

−
n∑

j,l=1

∂xj
∂xl

(ajlu(t, x, y))−

−
n∑

j=1

∂xj
(xju(t, x, y))−Byu(t, x, y), (5)

∂tw(t, x, y)−
n∑

j=1

(
∂2

xj
+ 2bj(xj)∂xj

+

+
(1

2
− x2

j

4
+ b2

j(xj) + b′j(xj)
))

w(t, x, y)−
−Byw(t, x, y) = 0, t > 0, (x, y) ∈ Rn+1

+ , (6)

äå ajl, {j, l} ⊂ {1, . . . , n}, çàäîâîëüíÿþòü
óìîâó (2), bj, j ∈ {1, . . . , n} � íåïåðåðâíî äè-
ôåðåíöiéîâíi ôóíêöi¨ â R, à Rn+1

+ ≡ {(x, y) ∈
Rn+1| y > 0}.

1. Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ðiâíÿí-
íÿ (5) ç ïî÷àòêîâîþ óìîâîþ â òî÷öi t = τ ,
òîáòî çàäà÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêó u
ðiâíÿííÿ (5) ïðè t > τ , ÿêèé çàäîâîëüíÿ¹
óìîâè

u(t, x, y)|t=τ = ϕ(x, y), (x, y) ∈ Rn+1
+ , (7)

∂yu(t, x, y)|y=0 = 0, t > τ, x ∈ Rn. (8)

Ðîçâ'ÿçîê öi¹¨ çàäà÷i øóêà¹ìî ó âèãëÿäi
îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ íå-
âiäîìî¨ ôóíêöi¨ v [6, 7], òîáòî ó âèãëÿäi

u(t, x, y) = F−1
σ→xF

−1
B,η→y[v(t, σ, η)] =

= 2−2ν(2π)−n(Γ(ν + 1))−2

∫

Rn+1
+

ei(x,σ)v(t, σ, η)×

×jν(ηy)η2ν+1dσdη, t > τ, (x, y) ∈ Rn+1
+ , (9)

äå
jν(y) ≡ 2νΓ(ν + 1)y−νJν(y), y > 0, (10)

Jν � ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó ïîðÿä-
êó ν, Γ � ãàììà-ôóíêöiÿ Åéëåðà, (x, σ) ≡

n∑
j=1

xjσj.

Ïiäñòàâèìî (9) ó (5) i (7). Ïðèïóñòèâ-
øè, ùî äèôåðåíöiþâàííÿ ìîæíà çäiéñíþâà-
òè ïiä çíàêîì iíòåãðàëà i ùî σjv(t, σ, η) → 0
ïðè |σ| → ∞, òà ñêîðèñòàâøèñü ðiâíîñòÿìè

∫

Rn

ixje
i(x,σ)σjv(t, σ, η)dσ =

= −
∫

Rn

ei(x,σ)∂σj
(σjv(t, σ, η))dσ,

Byjν(ηy) = −η2jν(ηy),

îäåðæèìî äëÿ ôóíêöi¨ v ðiâíÿííÿ
(
∂t +

n∑
j=1

σj∂σj

)
v(t, σ, η) =

= −
( n∑

j,l=1

ajlσjσl + η2
)
v(t, σ, η),

t > τ, (σ, η) ∈ Rn+1
+ . (11)

ßêùî ïðèïóñòèòè, ùî äëÿ ôóíêöi¨ ϕ
iñíó¹ ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ

ψ(σ, η) ≡ Fx→σFB,y→η[ϕ(x, y)] ≡

≡
∫

Rn+1
+

e−i(x,σ)ϕ(x, y)jν(ηy)y2ν+1dxdy,

(σ, η) ∈ Rn+1
+ , (12)

òî iç (7) i (9) äiñòàíåìî ïî÷àòêîâó óìîâó
v(t, σ, η)|t=τ = ψ(σ, η), (σ, η) ∈ Rn+1

+ . (13)

Ðîçâ'ÿæåìî çàäà÷ó (11), (13) ìåòîäîì õà-
ðàêòåðèñòèê. Âiäïîâiäíà ñèñòåìà õàðàêòå-
ðèñòè÷íèõ ðiâíÿíü ìà¹ âèãëÿä
dt

1
=

dσ1

σ1

= · · · = dσn

σn

= − dv( n∑
j,l=1

ajlσjσl + η2
)
v
.
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�¨ n+1 íåçàëåæíèìè ïåðøèìè iíòåãðàëà-
ìè ¹

σje
−t = Cj, j ∈ {1, . . . , n},

àáî
σe−t = C ≡ (C1, . . . , Cn), (14)

v exp
{ t∫

τ

( n∑

j,l=1

ajlσjσl + η2
)
dθ

}
= C ′. (15)

Ç (14) i (15) ìà¹ìî

v = C ′ exp
{
−

t∫

τ

( n∑

j,l=1

ajlCjCle
2θ + η2

)
dθ

}
=

= C ′ exp
{
−1

2

n∑

j,l=1

ajlCjCl(e
2t−e2τ )−η2(t−τ)

}
.

(16)
Íåõàé σ̂ i v̂ � çíà÷åííÿ ïðè t = τ âiä-

ïîâiäíî σ i v. Òîäi σ̂ = Ceτ i v̂ = C ′.
Îñêiëüêè ç (13) âèïëèâà¹, ùî v̂ = ψ(σ̂, η),
òî C ′ = ψ(Ceτ , η) i íà ïiäñòàâi (14) i (16)
îäåðæó¹ìî ðîçâ'ÿçîê çàäà÷i (11), (13)

v(t, σ, η) = exp
{
−1

2

n∑

j,l=1

ajlσjσl(1− e−2(t−τ))−

−η2(t− τ)
}

ψ(σe−(t−τ), η),

t ≥ τ, (σ, η) ∈ Rn+1
+ . (17)

Ïiäñòàâèâøè âèðàç (17) ó (9), îòðèìà¹ìî,
ùî

u(t, x, y) = W (t− τ, x, y)⊗
⊗F−1

σ→xF
−1
B,η→y[ψ(σe−(t−τ), η)],

t > τ, (x, y) ∈ Rn+1
+ , (18)

äå

W (t, x, y) ≡ F−1
σ→xF

−1
B,η→y

[
exp

{
−1

2
×

×
n∑

j,l=1

ajlσjσl(1− e−2t)− η2t
}]

,

t > 0, (x, y) ∈ Rn+1
+ , (19)

⊗ � îïåðàöiÿ çãîðòêè, òîáòî

(f ⊗ g)(x, y) ≡
∫

Rn+1
+

T η
y [f(x− ξ, y)]g(ξ, η)×

×η2ν+1dξdη. (20)

Òóò T η
y � îïåðàòîð óçàãàëüíåíîãî çñóâó, ÿêèé

âèçíà÷à¹òüñÿ ôîðìóëîþ

T η
y [f(y)] ≡ Γ(ν + 1)(

√
πΓ(ν + 1/2))−1×

×
π∫

0

f(
√

y2 + η2 − 2yη cos ϕ) sin2ν ϕdϕ,

y > 0, η > 0, (21)

i âëàñòèâîñòi ÿêîãî äîñëiäæåíi â [6].
Çàéìåìîñü äîñëiäæåííÿì ôóíêöi¨ (19),

ÿêó ïåðåïèøåìî ó âèãëÿäi

W (t, x, y) = W1(t, x)W2(t, y),

t > 0, (x, y) ∈ Rn+1
+ , (22)

äå
W1(t, x) ≡ F−1

σ→x

[
exp

{
−1

2
×

×
n∑

j,l=1

ajlσjσl(1− e−2t)
}]

,

W2(t, y) ≡ F−1
B,η→y[exp{−η2t}].

Îá÷èñëèìî W1(t, x). ßêùî çðîáèòè çàìi-
íó ξj =

√
α(t)/2σj, j ∈ {1, . . . , n}, äå α(t) ≡

1− e−2t, òî òîäi ìàòèìåìî

W1(t, x) = (2π
√

α(t)/2)−n×

×
∫

Rn

exp
{

i(x/
√

α(t)/2, ξ)−
n∑

j,l=1

ajlξjξl}dξ.

Âèêîðèñòàâøè ôîðìóëó (38) iç [9, c. 172],
îäåðæèìî

W1(t, x) = (2πα(t))−n/2(det A)−1/2×

× exp
{
−(2α(t))−1

n∑

j,l=1

a′jlxjxl}, (23)

äå a′jl, {j, l} ⊂ {1, . . . , n}, � åëåìåíòè ìàòðè-
öi, îáåðíåíî¨ äî A.
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Çà äîïîìîãîþ ðiâíîñòi (10) i ôîðìóëè Âå-
áåðà [8, c. 100]

∞∫

0

exp{−η2t}Jν(ηy)ην+1dη =

= (2t)−ν−1yν exp{−y2/(4t)}
îòðèìó¹ìî, ùî

W2(t, y) = 2−2ν(Γ(ν + 1))−2

∞∫

0

exp{−η2t}×

×jν(ηy)η2ν+1dη = 2−ν(Γ(ν + 1))−1y−ν×

×
∞∫

0

exp{−η2t}Jν(ηy)ην+1dη =

= 2−2ν−1(Γ(ν + 1))−1t−ν−1 exp{−y2/(4t)},
t > 0, y > 0. (24)

Ç (22) � (24) âèïëèâà¹ ôîðìóëà

W (t, x, y) = (2π)−n/22−2ν−1(Γ(ν + 1))−1×
×(det A)−1/2t−ν−1(α(t))−n/2 exp{−(2α(t))−1×

×
n∑

j,l=1

a′jlxjxl − y2/(4t)}. (25)

Îñêiëüêè

F−1
σ→xF

−1
B,η→y[ψ(σe−t, η)] = 2−2ν(2π)−n×

×(Γ(ν + 1))−2

∫

Rn+1
+

ei(x,σ)ψ(σe−t, η)jν(ηy)×

×η2ν+1dσdη,

òî ïiñëÿ çàìiíè çìiííî¨ iíòåãðóâàííÿ çà ôîð-
ìóëîþ σe−t = β òà âèêîðèñòàííÿ ôîðìóëè
(12) îäåðæèìî

F−1
σ→xF

−1
B,η→y[ψ(e−tσ, η)] =

= entF−1
β→xetF

−1
B,η→y[ψ(β, η)] =

= entF−1
B,η→yF

−1
β→xet [Fx→βFB,y→η[ϕ(x, y)]] =

= entϕ(xet, y). (26)

Ç ôîðìóë (18) � (20), (25) i (26) âèïëèâà¹
ðiâíiñòü

u(t, x, y) = (2π)−n/22−2ν−1(Γ(ν + 1))−1×
×(det A)−1/2(t− τ)−ν−1(α(t− τ))−n/2en(t−τ)×

×
∫

Rn+1
+

exp{−(2α(t−τ))−1

n∑

j,l=1

a′jl(xj−ξj)(xl−ξl)}×

×T η
y [exp{−y2/(4(t−τ))}]ϕ(et−τξ, η)η2ν+1dξdη.

Çäiéñíèâøè â íié çàìiíó et−τξ = β i çàìiñòü
β íàïèñàâøè ξ, ìàòèìåìî

u(t, x, y) =

∫

Rn+1
+

G(t, x, y; τ, ξ, η)ϕ(ξ, η)×

×η2ν+1dξdη, t > τ, (x, y) ∈ Rn+1
+ , (27)

äå

G(t, x, y; τ, ξ, η) ≡ G1(t− τ, x, ξ)G2(t− τ, y, η),
(28)

G1(t, x, ξ) ≡ (2πα(t))−n/2(det A)−1/2×

× exp{−
n∑

j,l=1

a′jl(xj − e−tξj)(xl − e−tξl)×

×(2α(t))−1}, (29)

G2(t, y, η) ≡ 2−2ν−1(Γ(ν + 1))−1t−ν−1×
×T η

y [exp{−y2/(4t)}],
t > 0, {(x, y), (ξ, η)} ⊂ Rn+1

+ . (30)

Çà äîïîìîãîþ ðiâíîñòi [7]

T η
y [exp{−y2/(4t)}] = (−1)−3ν/222νtνΓ(ν + 1)×

×(yη)−ν exp{−(y2 + η2)/(4t)}Jν(−iyη/(2t))

ôîðìóëà (30) íàáóâà¹ âèãëÿäó

G2(t, y, η) = (−1)−3ν/2(2t)−1(yη)−ν×
×Jν(−iyη/(2t)) exp{−(y2 + η2)/(4t)},

t > 0, y > 0, η > 0.

Îòæå, äëÿ ðîçâ'ÿçêó çàäà÷i (5), (7), (8)
îäåðæàíà ôîðìóëà (27). ßêùî ïðèïóñêàòè,
ùî ϕ � íåïåðåðâíà é îáìåæåíà â Rn+1

+ ôóíê-
öiÿ, òî ìîæíà áåçïîñåðåäíüî ïåðåêîíàòèñÿ,
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ùî ôîðìóëà (27) ñïðàâäi âèçíà÷à¹ ðîçâ'ÿ-
çîê çàäà÷i (5), (7), (8), òîáòî ùî ôóíêöiÿ G ¹
ÔÐÇÊ äëÿ ðiâíÿííÿ (5). Öå òàêîæ âèïëèâà¹
ç òîãî, ùî ôóíêöi¨ G1 i G2 ¹ ÔÐÇÊ âiäïîâiä-
íî äëÿ ðiâíÿíü

∂tu(t, x)−
n∑

j,l=1

ajl∂xj
∂xl

u(t, x)−

−
n∑

j=1

∂xj
(xju(t, x)) = 0, t > 0, x ∈ Rn,

i

∂tu(t, y)−Byu(t, y) = 0, t > 0, y > 0.

Äëÿ ôóíêöi¨ G2 öå äîâåäåíî â [7], à äî-
âåäåííÿ äëÿ G1 àíàëîãi÷íå äîâåäåííþ äëÿ
âèïàäêó ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïî-
ðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè [10, 11].

2. Ç ôîðìóë (28) � (30) ëåãêî îäåðæó¹ìî
òàêi îöiíêè äëÿ ÔÐÇÊ G:

|∂k
x∂m

ξ G(t, x, y; τ, ξ, η)| ≤

≤ Ckm(α(t− τ))−(n+|k|+|m|)/2(t− τ)−ν−1×
× exp{−|m|(t−τ)−c|x−e−(t−τ)ξ|2/α(t−τ)}×

×T η
y [exp{−1

4
y2/(t− τ)}], t > τ,

{(x, y), (ξ, η)} ⊂ Rn+1
+ , {k,m} ⊂ Zn

+, (31)

äå Ckm i c � äîäàòíi ñòàëi.
Çàóâàæèìî, ùî äëÿ áóäü-ÿêîãî c2 ∈

(0, 1/4) ïðàâèëüíà îöiíêà

T η
y [exp{−1

4
y2/t}] ≤ exp{−c2(y − η)2/t}×

×T η
y [exp{−(

1

4
− c2)y

2/t}],
t > 0, y > 0, η > 0. (32)

Ñïðàâäi, çà äîïîìîãîþ (21) îòðèìó¹ìî, ùî

T η
y [exp{−1

4
y2/t}] = Γ(ν+1)(

√
πΓ(ν+1/2))−1×

×
π∫

0

exp{−c2(y
2 + η2 − 2yη cos ϕ)/t}×

× exp{−(
1

4
− c2)(y

2 + η2 − 2yη cos ϕ)/t}×

× sin2ν ϕdϕ ≤
≤ exp{−c2(y− η)2/t}T η

y [exp{−(
1

4
− c2)y

2/t}].
Ç (31) i (32) âèïëèâàþòü îöiíêè

|∂k
x∂m

ξ G(t, x, y; τ, ξ, η)| ≤

≤ Ckm(α(t− τ))−(n+|k|+|m|)/2(t− τ)−ν−1×
× exp{−|m|(t− τ)− c|x− e−(t−τ)ξ|2/α(t− τ)−

−c2(y−η)2/(t−τ)}T η
y [exp{−(

1

4
−c2)y

2/(t−τ)}],

t > τ, {(x, y), (ξ, η)} ⊂ Rn+1
+ , {k,m} ⊂ Zn

+.
(33)

Äîâåäåìî ïðàâèëüíiñòü ðiâíîñòi

I ≡
∫

Rn+1
+

G(t, x, y; τ, ξ, η)η2ν+1dξdη = en(t−τ).

(34)
ßêùî âèêîðèñòàòè ôîðìóëè (28) � (30),

òî ìàòèìåìî

I = (2πα(t− τ))−n/2(det A)−1/22−2ν−1×
×(Γ(ν + 1))−1(t− τ)−ν−1I1I2, (35)

äå

I1 ≡
∫

Rn

exp{−
n∑

j,l=1

a′jl(xj − e−(t−τ)ξj)×

×(xl − e−(t−τ)ξl)(2α(t− τ))−1}dξ,

I2 ≡
∞∫

0

T η
y [exp{−y2/(4(t− τ))}η2ν+1]dη.

Â iíòåãðàëi I1 çðîáèìî çàìiíó z = (e−(t−τ)ξ−
x)(2α(t− τ))−1/2 i ñêîðèñòà¹ìîñÿ ôîðìóëîþ
(38) iç [9, c. 172]. Òîäi îäåðæèìî

I1 = (2α(t− τ))n/2en(t−τ)×

×
∫

Rn

exp{−
n∑

j,l=1

a′jlzjzl}dz = (2α(t− τ))n/2×

×en(t−τ)Fz→0[exp{−(A−1z, z)}] =
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= (2πα(t− τ))n/2(det A−1)−1/2 =

= (2πα(t− τ))n/2(det A)1/2. (36)

Çãiäíî ç âëàñòèâîñòÿìè îïåðàòîðà óçà-
ãàëüíåíîãî çñóâó ìà¹ìî

I2 = 2ν+1(t− τ)ν+1Γ(ν + 1). (37)

Iç (35) � (37) âèïëèâà¹ ðiâíiñòü (34).

3. Íåòðóäíî ïåðåêîíàòèñÿ, ùî ñïðÿæå-
íîþ äî îïåðàöi¨ L iç (5) ¹ îïåðàöiÿ

L∗ ≡ −∂τ −
n∑

j,l=1

ajl∂ξj
∂ξl

+
n∑

j=1

ξj∂ξj
−Bη

i ùî ïðàâèëüíà ôîðìóëà

(vLu− uL∗v)(β, σ, ζ) = (∂β(vu)−

−
n∑

j=1

∂σj
(

n∑

l=1

ajl(v∂σl
u− u∂σlv)+

+σjvu)− ζ−2ν−1∂ζ(ζ
2ν+1v∂ζu−

−ζ2ν+1u∂ζv))(β, σ, ζ). (38)

Ðîçãëÿíåìî ñïðÿæåíó çàäà÷ó Êîøi

(L∗v)(τ, ξ, η) = 0, τ < t, (ξ, η) ∈ Rn+1
+ ,

v(τ, ξ, η)|τ=t = ϕ(ξ, η), (ξ, η) ∈ Rn+1
+ ,

∂ηv(τ, ξ, η)|η=0 = 0, τ < t, ξ ∈ Rn. (39)

Öÿ çàäà÷à ðîçâ'ÿçó¹òüñÿ çà äîïîìîãîþ ïå-
ðåòâîðåííÿ Ôóð'¹-Áåññåëÿ i ìåòîäó õàðàêòå-
ðèñòèê òàê ñàìî, ÿê i çàäà÷à (5), (7), (8). Äëÿ
ðîçâ'ÿçêó v çàäà÷i (3) îäåðæó¹òüñÿ ôîðìóëà

v(τ, ξ, η) =

∫

Rn+1
+

G∗(τ, ξ, η; t, x, y)ϕ(x, y)×

×y2ν+1dxdy, τ < t, (ξ, η) ∈ Rn+1
+ ,

äå

G∗(τ, ξ, η; t, x, y) ≡ (2πα(t− τ))−n/22−2ν−1×
×(Γ(ν + 1))−1(det A)−1/2(t− τ)−ν−1×

× exp{−
n∑

j,l=1

a′jl(xj−e−(t−τ)ξj)(xl−e−(t−τ)ξl)×

×(2α(t− τ))−1}T η
y [exp{−y2/(4(t− τ))}],

τ < t, {(ξ, η), (x, y)} ⊂ Rn+1
+ . (40)

Ïîðiâíÿâøè ôîðìóëè (28) � (30) i (40) áà-
÷èìî, ùî

G(t, x, y; τ, ξ, η) = G∗(τ, ξ, η; t, x, y),

t > τ, {(x, y), (ξ, η)} ⊂ Rn+1
+ , (41)

òîáòî ÔÐÇÊ G ìà¹ âëàñòèâiñòü íîðìàëüíî-
ñòi.

Äëÿ ôóíêöi¨ G ïðàâèëüíà òàêîæ ôîðìó-
ëà çãîðòêè

G(t, x, y; τ, ξ, η) =

∫

Rn+1
+

G(t, x, y; β, σ, ζ)×

×G(β, σ, ζ; τ, ξ, η)ζ2ν+1dσdζ,

τ < β < t, {(x, y), (ξ, η)} ⊂ Rn+1
+ . (42)

Ùîá äîâåñòè öþ ôîðìóëó, ñêîðèñòà¹ìîñÿ
ôîðìóëîþ Ãðiíà-Îñòðîãðàäñüêîãî

t1∫

t0

dβ

∫

KR

dσ

R∫

0

(vLu− uL∗v)(β, σ, ζ)ζ2ν+1dζ =

=

∫

KR

dσ

R∫

0

(vu)(β, σ, ζ)ζ2ν+1dζ|t1β=t0
−

−
n∑

j=1

t1∫

t0

dβ

∫

SR

R∫

0

(
n∑

l=1

ajl(v∂σl
u− u∂σl

v)+

+σjvu)(β, σ, ζ)ζ2ν+1µjdsσdζ−

−
t1∫

t0

dβ

∫

KR

ζ2ν+1(v∂ζu− u∂ζv)(β, σ, ζ)dσ|Rζ=0,

(43)
äå KR ≡ {σ ∈ Rn| | σ| ≤ R} � êóëÿ, SR �
¨¨ ìåæà, (µ1, ..., µn) � îðò çîâíiøíüî¨ íîðìàëi
äî SR, t0 < t1.

Ôîðìóëà (43) îäåðæó¹òüñÿ, ÿêùî òîòî-
æíiñòü (38) çiíòåãðóâàòè ïî ìíîæèíi [t0, t1]×
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KR× (0, R) âiäíîñíî ìiðè λ, ïîâ'ÿçàíî¨ ç ìi-
ðîþ Ëåáåãà ðiâíiñòþ

λ(A) =

∫

A

ζ2ν+1dβdσdζ,

òà ñêîðèñòàòèñÿ ôîðìóëîþ Ãàóññà-
Îñòðîãðàäñüêîãî.

ßêùî â (43) âçÿòè t0 = β, t1 =
t − ε, äå ε > 0 òàêå, ùî β < t − ε,
u(β, σ, ζ) = G(β, σ, ζ; τ, ξ, η), v(β, σ, ζ) =
G∗(β, σ, ζ; t, x, y), ñêîðèñòàòèñÿ ðiâíiñòþ (41)
i ïåðåéòè äî ãðàíèöi ñïî÷àòêó ïðè R → ∞,
à ïîòiì ïðè ε → 0, òî îäåðæèìî ôîðìóëó
(42).

4. Ðîçãëÿíåìî òåïåð çàäà÷ó Êîøi äëÿ ðiâ-
íÿííÿ (6) ç óìîâàìè

w(t, x, y)|t=τ = ψ(x, y), (x, y) ∈ Rn+1
+ , (44)

∂yw(t, x, y)|y=0 = 0, t > τ, x ∈ Rn. (45)

Ïåðåéäåìî â íié âiä ôóíêöi¨ w äî íîâî¨
ôóíêöi¨ u çà äîïîìîãîþ çàìiíè

w(t, x, y) = exp{−
n∑

j=1

(Pj(xj)−x2
j/4)}u(t, x, y),

t > τ, (x, y) ∈ Rn+1
+ , (46)

äå Pj � ïåðâiñíà ôóíêöi¨ bj. Äëÿ ôóíêöi¨ u
îäåðæèìî çàäà÷ó (5), (7), (8), â ÿêié ajl = δjl,
{j, l} ⊂ {1, . . . , n}, à

ϕ(x, y) ≡ ψ(x, y) exp{
n∑

j=1

(Pj(xj)− x2
j/4)},

(x, y) ⊂ Rn+1
+ . (47)

Âèêîðèñòîâóþ÷è ôîðìóëó (27) äëÿ
ðîçâ'ÿçêó çàäà÷i (5), (7), (8) òà ðiâíîñòi (46)
i (47), äëÿ ðîçâ'ÿçêó çàäà÷i (6), (44), (45)
îäåðæó¹ìî ôîðìóëó

w(t, x, y) =

∫

Rn+1
+

Z(t, x, y; τ, ξ, η)ψ(ξ, η)×

×η2ν+1dξdη, t > τ, (x, y) ∈ Rn+1
+ ,

â ÿêié

Z(t, x, y; τ, ξ, η) ≡ exp{
n∑

j=1

(−Pj(xj) + Pj(ξj)+

+(x2
j − ξ2

j )/4)}G(t, x, y; τ, ξ, η),

t > τ, {(x, y), (ξ, η)} ⊂ Rn+1
+ .

Öÿ ôóíêöiÿ ¹ ÔÐÇÊ äëÿ ðiâíÿííÿ (6).
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