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IÍÒÅÃÐÀËÜÍI ÌÍÎÃÎÂÈÄÈ ÏÎÂIËÜÍÈÕ ÇÌIÍÍÈÕ ËIÍIÉÍÈÕ
ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÈÕ ÏÅÐIÎÄÈ×ÍÈÕ

ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ
Óñòàíîâëåíî óìîâè iñíóâàííÿ iíòåãðàëüíèõ ìíîãîâèäiâ ëiíiéíî¨ ñèíãóëÿðíî çáóðåíî¨ ñè-

ñòåìè iç çàïiçíåííÿì. Äîñëiäæåíî âëàñòèâîñòi ïåðiîäè÷íîñòi òà ìàéæå ïåðiîäè÷íîñòi ôóíêöié,
ùî îïèñóþòü iíòåãðàëüíi ìíîãîâèäè.

The conditions for the existence of integral manifolds of linear singularly perturbed system
with delay were established. The periodicity and almost periodicity integral manifolds are investi-
gated.

Âñòóï. Ìåòîä iíòåãðàëüíèõ ìíîãîâèäiâ ¹
åôåêòèâíèì àëãîðèòìîì äîñëiäæåííÿ ñèí-
ãóëÿðíî çáóðåíèõ ñèñòåì âèñîêî¨ ðîçìiðíî-
ñòi. Âií äîçâîëÿ¹ çäiéñíèòè ÿêiñíå âèâ÷åííÿ
ïîâåäiíêè ÿê îêðåìèõ ðîçâ'ÿçêiâ, òàê i öiëèõ
¨õ ìíîæèí.

Ó ñòàòòi äîñëiäæóþòüñÿ óìîâè iñíóâà-
ííÿ iíòåãðàëüíèõ ìíîãîâèäiâ ïîâiëüíèõ
çìiííèõ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ
äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü
òà âèâ÷àþòüñÿ äåÿêi ¨õ âëàñòèâîñòi. Äëÿ
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü òàêi
ïèòàííÿ âèâ÷àëèñÿ â ïðàöÿõ [1 � 3], à äëÿ
äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü �
â [4 � 5].

1. Iñíóâàííÿ iíòåãðàëüíèõ ìíîãîâè-
äiâ ïîâiëüíèõ çìiííèõ. Ðîçãëÿíåìî ñèñòå-
ìó ðiâíÿíü

dx

dt
= A(t)x(t) + L1(t)yt,

ε
dy

dt
= B(t)x(t) + L2(t)yt, (1)

äå x ∈ Rn, y ∈ Rm, yt = y(t + θ), t ∈ R, θ ∈
[−ε∆, 0], A(t), B(t) � ìàòðèöi ðîçìiðíîñòåé
n × n, n ×m, L1, L2 � ëiíiéíi ôóíêöiîíàëè
çi çíà÷åííÿìè â Rn i Rm âiäïîâiäíî, ∆ > 0,
ε � ìàëèé äîäàòíèé ïàðàìåòð.

Çãiäíî ç òåîðåìîþ Ðiñà [6], îïåðàòîðè
L1, L2 ìîæíà ïðåäñòàâèòè ó âèãëÿäi iíòåãðà-

ëiâ Ñòiëüòü¹ñà

Li(t)ϕ =

0∫

−∆

[dηi(t, θ)]ϕ(θ), i = 1, 2,

äå ηi(t, θ) � ìàòðèöi ðîçìiðíîñòåé n×n, n×
m âiäïîâiäíî, åëåìåíòè ÿêèõ ¹ ôóíêöiÿìè
îáìåæåíî¨ âàðiàöi¨ ïî θ äëÿ êîæíîãî t i íå-
ïåðåðâíèìè ïî t ðiâíîìiðíî âiäíîñíî θ.

Ïðèïóñòèìî, ùî
|Li(t)ϕ| ≤ mi(t)|ϕ|, i = 1, 2 (2)

äëÿ âñiõ t ∈ R, ϕ ∈ C.
Íåõàé äëÿ ñèñòåìè (1) ñïðàâäæóþòüñÿ

óìîâè:
I) ìàòðèöi A,B òà ôóíêöi¨ m1,m2 îáìå-

æåíi ïðè t ∈ R äåÿêîþ äîäàòíîþ ñòàëîþ M ;
II) óñi êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿí-

íÿ

Φ(λ) = det


λE −

0∫

−∆

[dη2(t, θ)]e
λθ


 = 0

ëåæàòü ó ëiâié ïiâïëîùèíi Re λ ≤ −2µ < 0
äëÿ âñiõ t ∈ R.

Ïðè âèêîíàííi óìîâè II äëÿ ôóíäàìåí-
òàëüíî¨ ìàòðèöi Y (t, s) óêîðî÷åíîãî ðiâíÿí-
íÿ

ε
dy

dt
= L2(t)yt, (3)

ñïðàâäæó¹òüñÿ íåðiâíiñòü [7]
|Y (t, s)| ≤ Ke−

µ
ε
(t−s), t ≥ s, K > 0. (4)
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Âèçíà÷èìî îïåðàòîð çñóâó çà ðîçâ'ÿçêà-
ìè ðiâíÿííÿ (3)

T (t, s) : C[−ε∆, 0] → C[−ε∆, 0], t ≥ s

ñïiââiäíîøåííÿì

T (t, s)ϕ(θ) = y(t + θ, s, ϕ) = yt(s, ϕ),

äå yt(s, ϕ) � ðîçâ'ÿçîê ðiâíÿííÿ (3) ç ïî÷à-
òêîâîþ ôóíêöi¹þ ϕ(θ) ïðè t = s.

Òîäi ñïðàâäæó¹òüñÿ ðiâíiñòü

Yt(θ, s) = T (t, s)Y0(θ),

äå Y0(θ) = 0 äëÿ −ε∆ ≤ θ < 0, Y0(0) = E, à
ç óìîâè II âèïëèâà¹ îöiíêà [8]

|T (t, s)ϕ| ≤ K1e
−µ

ε
(t− s)|ϕ|, K1 > 0,

ϕ ∈ C. (5)

Çàïèøåìî ñèñòåìó (1) â åêâiâàëåíòíié
iíòåãðî-äèôåðåíöiàëüíié ôîðìi [8]

dx

dt
= A(t)x(t) + L1(t)yt,

yt = T (t, t0)yt0 +
1

ε

t∫

t0

T (t, s)Y0B(s)x(s)ds,

(6)
äå iíòåãðàë ðîçóìi¹ìî ÿê iíòåãðàë ó Rm äëÿ
êîæíîãî θ ∈ [−ε∆, 0].

Îçíà÷åííÿ 1. Íåïåðåðâíà ðiâíîìiðíî
îáìåæåíà ìàòðèöÿ Pt , t ∈ R, θ ∈ [−ε∆, 0]
îïèñó¹ iíòåãðàëüíèé ìíîãîâèä ïîâiëüíèõ
çìiííèõ ñèñòåìè (6), ÿêùî äëÿ äîâiëüíèõ
t0, x0 i ðîçâ'ÿçêó ñèñòåìè

dx

dt
= [A(t) + L1(t)Pt(θ)]x(t)

ç ïî÷àòêîâîþ óìîâîþ x(t0) = x0 ôóíêöi¨
x(t), yt = Pt(θ)x(t) çàäîâîëüíÿþòü äðóãå ðiâ-
íÿííÿ ñèñòåìè (6).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
I, II. Òîäi iñíó¹ ε0 > 0 òàêå, ùî äëÿ âñiõ
0 < ε ≤ ε0 iñíó¹ iíòåãðàëüíèé ìíîãîâèä ñè-
ñòåìè (6), ÿêèé ìîæíà ïîäàòè ó âèãëÿäi

yt = Pt(θ)x(t). (7)

Äîâåäåííÿ. Ðîçãëÿíåìî iòåðàöiéíèé
ïðîöåñ

P 0
t = 0, P n+1

t =
1

ε

t∫

−∞

T (t, s)Y0B(s)Xn(s, t)ds,

n = 0, 1, .... (8)

äå Xn(t, s) � ôóíäàìåíòàëüíà ìàòðèöÿ ðiâ-
íÿííÿ

dx

dt
= [A(t) + L1(t)P

n
t ]x(t). (9)

Íà ïiäñòàâi ïðèïóùåííÿ I ìà¹ìî, ùî ôóíäà-
ìåíòàëüíà ìàòðèöÿ X0(t, s) çàäîâîëüíÿ¹ íå-
ðiâíiñòü
|X0(t, s)| ≤ K0e

α|t−s|, K0 > 0, α ≥ 0. (10)

Òîäi iç (5), (8), (10) äiñòà¹ìî

|P 1
t | ≤

1

ε

t∫

−∞

K1e
−µ

ε
(t−s)MK0e

α(t−s)ds ≤

≤ 2K0K1M

µ
= K2,

ïðè ε <
µ

2α
.

Íåõàé P n
t âèçíà÷åíî i äëÿ íüîãî ñïðàâå-

äëèâà îöiíêà
|P n

t | ≤ K2.

Òîäi ç (9) îäåðæó¹ìî
|Xn(t, s)| ≤ K0e

(α+βK2)|t−s|, β ≥ 0. (11)

Âðàõîâóþ÷è íåðiâíîñòi (5), (11), äiñòà¹ìî
îöiíêó

|P n+1
t | ≤ 1

ε

t∫

−∞

K1e
−µ

ε
(t−s)MK0e

(α+βK2)(t−s)ds ≤

≤ K0K1M

µ− ε(α + βK2)
≤ K2, (12)

ïðè ε <
µ

2(α + βK2)
.

Îòæå, ïîñëiäîâíiñòü P n
t âèçíà÷åíà i ðiâ-

íîìiðíî îáìåæåíà ñòàëîþ K2 äëÿ âñiõ n =

0, 1, ... ïðè ε ≤ ε1 <
µ

2(α + βK2)
.
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Ðîçãëÿíåìî ðiçíèöþ

P n+1
t − P n

t =
1

ε

t∫

−∞

T (t, s)Y0B(s)×

×[Xn(s, t)−Xn−1(s, t)]ds. (13)

Äëÿ ðiçíèöi Xn(t, s) − Xn−1(t, s) çàïèøåìî
ðiâíÿííÿ

d

dt
[Xn(t, s)−Xn−1(t, s)] =

= [A(t) + L1(t)P
n
t ][Xn(t, s)−Xn−1(t, s)]+

+L1(t)(P
n
t − P n−1

t )Xn−1(t, s).

Âðàõîâóþ÷è, ùî Xn(s, s) = Xn−1(s, s) = E,
ìà¹ìî

Xn(t, t0)−Xn−1(t, t0) =

t∫

t0

Xn(t, s)L1(s)×

×(P n
s − P n−1

s )Xn−1(s, t0)ds.

Ïðè t ≤ t0 äiñòà¹ìî îöiíêó

|Xn(t, t0)−Xn−1(t, t0)| ≤
t0∫

t

K0e
(α+βK2)(s−t)×

×M sup
s,θ
|P n

s − P n−1
s |K0e

(α+βK2)(t0−s)ds =

= K2
0M sup

s,θ
|P n

s − P n−1
s |e(α+βK2)(t0−t)(t0 − t).

(14)
Ïîçíà÷èìî

δn+1 = sup
t,θ
|P n+1

t (θ)− P n
t (θ)|.

Òîäi ç (13), âðàõîâóþ÷è íåðiâíiñòü (14),
îäåðæèìî

δn+1 ≤ 1

ε

t∫

−∞

Ke−
µ
ε
(t−s)MK2

0δn×

×e(α+βK2)(t−s)(t− s)ds.

Ïiñëÿ iíòåãðóâàííÿ îñòàííÿ íåðiâíiñòü
íàáóâà¹ âèãëÿäó

δn+1 ≤ εM2K2
0K

[µ− ε(α + βK2)]
δn.

Âèáèðàþ÷è 0 < ε ≤ ε0 =

min

{
ε1,

µ2

8M2K2
0K

}
, äiñòà¹ìî

δn+1 ≤ 1

2
δn.

Îòæå, ïîñëiäîâíiñòü P n
t ðiâíîìiðíî çái-

æíà ïðè n →∞ äëÿ âñiõ ε ∈ (0, ε0].
Ïîêëàäåìî

Pt(θ) = lim
n→∞

P n
t (θ).

Íà îñíîâi íåðiâíîñòi (12) ìà¹ìî

|Pt(θ)| ≤ K2.

Ïîêàæåìî, ùî ñïiââiäíîøåííÿ (7) âèçíà-
÷à¹ iíòåãðàëüíèé ìíîãîâèä ñèñòåìè (6). Íå-
õàé X(t, t0) � ôóíäàìåíòàëüíà ìàòðèöÿ ñè-
ñòåìè

dx

dt
= [A(t) + L1(t)Pt]x(t). (15)

Òîäi äiñòà¹ìî

X(t, t0) = lim
n→∞

Xn(t, t0),

Pt(θ) =
1

ε

t∫

−∞

T (t, s)Y0B(s)X(s, t)ds. (16)

Íåõàé x(t) = ϕ(t, t0, x0) ðîçâ'ÿçîê ðiâíÿí-
íÿ (15) òàêèé, ùî ϕ(t0, t0, x0) = x0. Ïîäàìî
éîãî ó âèãëÿäi

x(t) = X(t, t0)x0.

Ïîçíà÷àþ÷è yt = Pt(θ)x(t), îäåðæèìî

yt =
1

ε

t∫

−∞

T (t, s)Y0B(s)X(s, t)ds · x(t) =

=
1

ε

t∫

−∞

T (t, s)Y0B(s)x(s)ds. (17)

Âðàõîâóþ÷è ïiâãðóïîâó âëàñòèâiñòü îïåðà-
òîðà T

T (t, s) = T (t, t0)T (t0, s),
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ïåðåïèøåìî ðiâíiñòü (17) ó âèãëÿäi

yt = T (t, t0)
1

ε

t0∫

−∞

T (t0, s)Y0B(s)x(s)ds+

+
1

ε

t∫

t0

T (t, s)Y0B(s)x(s)ds.

Çi ñïiââiäíîøåííÿ (17) ìà¹ìî

yt = T (t, t0)yt0 +
1

ε

t∫

t0

T (t, s)Y0B(s)x(s)ds.

Îòæå, ôóíêöi¨ x(t), yt = Pt(θ)x(t) çàäî-
âîëüíÿþòü äðóãå ðiâíÿííÿ ñèñòåìè (6), à öå
îçíà÷à¹, ùî ñïiââiäíîøåííÿ (7) âèçíà÷à¹ ií-
òåãðàëüíèé ìíîãîâèä ñèñòåìè (6). Òåîðåìà 1
äîâåäåíà.

2. Iíòåãðàëüíi ìíîãîâèäè ïåðiîäè-
÷íèõ i ìàéæå ïåðiîäè÷íèõ ñèñòåì.

Òåîðåìà 2. ßêùî â ñèñòåìi (1) ìàòðè-
öi A(t), B(t), ηi(t, θ), i = 1, 2 ïåðiîäè÷íi ïî
t ç ïåðiîäîì ω, òîäi ìàòðèöÿ Pt(θ), ùî
âèçíà÷à¹ iíòåãðàëüíèé ìíîãîâèä (7), ïåði-
îäè÷íà ïî t ç ïåðiîäîì ω. ßêùî ìàòðèöi
A(t), B(t) ìàéæå ïåðiîäè÷íi ïî t, à ìàòðèöi
ηi(t, θ), i = 1, 2 ìàéæå ïåðiîäè÷íi ïî t ðiâíî-
ìiðíî âiäíîñíî θ ∈ [−ε∆, 0], òîäi ìàòðèöÿ
Pt(θ) � ìàéæå ïåðiîäè÷íà ïî t ðiâíîìiðíî
âiäíîñíî θ ∈ [−ε∆, 0].

Äîâåäåííÿ. ßêùî ìàòðèöi A(t) i η2(t, θ)
ïåðiîäè÷íi ïî t ç ïåðiîäîì ω, òîäi ñïðàâäæó-
þòüñÿ ðiâíîñòi

T (t + ω, s + ω) = T (t, s),

X0(t + ω, t0 + ω) = X0(t, t0).

Íåõàé ìàòðèöÿ B(t) � ïåðiîäè÷íà ïî t ç
ïåðiîäîì ω. Ó öüîìó âèïàäêó îäåðæó¹ìî

P 1
t+ω(θ) =

1

ε

t+ω∫

−∞

T (t+ω, s)Y0B(s)X0(s, t+ω)ds =

=
1

ε

t∫

−∞

T (t + ω, s + ω)Y0B(s + ω)×

×X0(s + ω, t + ω)ds = P 1
t (θ).

Çíà÷èòü, ìàòðèöÿ P 1
t (θ) ïåðiîäè÷íà ïî t ç

ïåðiîäîì ω. Ïðèïóñòèìî, ùî P n
t (θ) ïåðiîäè-

÷íà ïî t ç ïåðiîäîì ω, òîäi ç ïåðiîäè÷íîñòi
A(t), η1(t, θ) ïî t äiñòà¹ìî

Xn(t + ω, t0 + ω) = Xn(t, t0).

Ïåðiîäè÷íiñòü ìàòðèöi P n+1
t (θ) äîâîäè-

òüñÿ ÿê i äëÿ P 1
t (θ), à ïåðiîäè÷íiñòü ìàòðèöi

Pt(θ) âèïëèâà¹ ç ðiâíîìiðíî¨ çáiæíîñòi ïî-
ñëiäîâíîñòi P n

t (θ).
Íåõàé òåïåð ìàòðèöi A(t), B(t) ìàéæå

ïåðiîäè÷íi ïî t, à ìàòðèöi η1(t, θ), η2(t, θ)
ìàéæå ïåðiîäè÷íi ïî t ðiâíîìiðíî âiäíîñíî
θ ∈ [−∆, 0]. Ïîçíà÷èìî ÷åðåç τ ¨õ ñïiëüíèé
ìàéæå-ïåðiîä.

Äëÿ ðiçíèöi X0(t + τ, s + τ)−X0(t, s) ïðè
s < t iç ðiâíÿííÿ (9) ìà¹ìî îöiíêó

|X0(t+τ, s+τ)−X0(t, s)| ≤ K2
0

2α
sup

t
|A(t+τ)−

−A(t)|e2α(s−t). (18)

Âðàõîâóþ÷è îçíà÷åííÿ îïåðàòîðà T (t, s)
i ðiâíîñòi

T (s + τ, s + τ) = T (s, s) = E,

ìà¹ìî ðiâíÿííÿ

[T (t + τ, σ + τ)− T (t, σ)]E =

=
1

ε

t∫

σ

T (t+τ, s+τ)[L2(s+τ)−L2(s)]T (s, σ)Eds.

Iç îñòàííüî¨ ðiâíîñòi òà îöiíêè (5) äiñòà¹ìî

|[T (t + τ, σ + τ)− T (t, σ)]E| ≤

≤ 1

ε

t∫

σ

K1e
−µ

ε
(t−s) Var

θ∈[−∆,0]
[η2(s+τ, θ)−η2(s, θ)]×

×e−
µ
ε
(s−σ)ds ≤

≤ K2
1

ε
sup

t
Var

θ∈[−∆,0]
[η2(t + τ, θ)− η2(t, θ)]×

×e−
µ
ε
(t−σ)(t− σ), t ≥ σ. (19)
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Ðîçãëÿíåìî ðiçíèöþ P 1
t+τ (θ) − P 1

t (θ). Iç (8),
âðàõîâóþ÷è (18), (19), ìà¹ìî, ùî ïðè 0 <

ε ≤ ε0 <
µ

2α

|P 1
t+τ (θ)− P 1

t (θ)| = 1

ε

∣∣∣∣∣

t+τ∫

−∞

T (t + τ, s)B(s)×

×Y0X0(s, t+τ)ds−
t∫

−∞

T (t, s)Y0B(s)X0(s, t)ds

∣∣∣∣∣ =

=
1

ε

t∫

−∞

[T (t+τ, s+τ)Y0B(s+τ)X0(s+τ, t+τ)−

−T (t, s)Y0B(s)X0(s, t)]ds =

=
1

ε

∣∣∣∣∣

t∫

−∞

{
T (t + τ, s + τ)Y0[B(s + τ)−B(s)]×

×X0(s + τ, t + τ) + [T (t + τ, s + τ)− T (t, s)]×
×Y0B(s)X0(s + τ, t + τ) + T (t, s)Y0B(s)×

×[X0(s + τ, t + τ)−X0(s, t)]

}
ds

∣∣∣∣∣ ≤

≤ K1K0

µ− εα
sup

t
|B(t + τ)−B(t)|+ K2

1K0M

(µ− εα)2
×

× sup
t

Var
θ∈[−∆,0]

[η2(t + τ, θ)− η2(t, θ)]+

+
K1MK2

0

2(µ− 2εα)α
sup

t
|A(t + τ)− A(t)|.

Îòæå, ìàòðèöÿ P 1
t (θ) ìàéæå ïåðiîäè÷íà

ïî t ðiâíîìiðíî âiäíîñíî θ ∈ [−ε∆, 0].
ßêùî ìàòðèöÿ P n

t (θ) ìàéæå ïåðiîäè÷íà
ïî t ðiâíîìiðíî âiäíîñíî θ ∈ [−ε∆, 0], òî-
äi çà äîïîìîãîþ àíàëîãi÷íèõ ìiðêóâàíü íå-
ñêëàäíî ïîêàçàòè, ùî P n+1

t (θ) ìàéæå ïåðiî-
äè÷íà ïî t ðiâíîìiðíî âiäíîñíî θ ∈ [−ε∆, 0].
Íà ïiäñòàâi ðiâíîìiðíî¨ çáiæíîñòi ïîñëiäîâ-
íîñòi P n

t (θ) äiñòà¹ìî, ùî ãðàíè÷íà ìàòðèöÿ
Pt(θ) ìàéæå ïåðiîäè÷íà ïî t ðiâíîìiðíî âiä-
íîñíî θ ∈ [−ε∆, 0]. Òåîðåìà 2 äîâåäåíà.
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