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ÎÏÅÐÀÒÎÐÍÅ ×ÈÑËÅÍÍß ÄËß ÎÄÍÎÃÎ ÊËÀÑÓ
ÓÇÀÃÀËÜÍÅÍÈÕ ÔÓÍÊÖIÉ

Ïîáóäîâàíî îïåðàòîðíå ÷èñëåííÿ äëÿ n-ïàðàìåòðè÷íèõ (Co)-ãðóï îïåðàòîðiâ ó çãîðòêî-
âié àëãåáði ðîçïîäiëiâ ç êîìïàêòíèìè íîñiÿìè. Ðîçãëÿíóòî çàñòîñóâàííÿ öüîãî ÷èñëåííÿ äî
îïåðàòîðiâ ìíîæåííÿ íà íåçàëåæíó çìiííó òà äèôåðåíöiþâàííÿ.

The operator calculus for n-parametric (Co)-groups of operators in convolution algebra of distri-
butions with compact supports is constructed. An application of such calculus to multiplication
operator by an independent variable and to operator of di�erentiation is considered.

Âñòóï. Çàäà÷i ìàòåìàòè÷íî¨ ôiçèêè çâè-
÷àéíî çâîäÿòüñÿ äî ðîçâ'ÿçóâàííÿ ëiíié-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííè-
ìè ïîõiäíèìè ç ïî÷àòêîâèìè àáî êðàéîâè-
ìè óìîâàìè. Â öié îáëàñòi çäàâíà âèêîðèñòî-
âóþòüñÿ ðiçíîìàíiòíi ñèìâîëüíi ìåòîäè. Äå-
ÿêi îïåðàöiéíi ÷èñëåííÿ áóëè ñòâîðåíi ç ìå-
òîþ ðîçâ'ÿçóâàííÿ êîíêðåòíèõ çàäà÷ ìàòå-
ìàòè÷íî¨ ôiçèêè [1-3], i âçàãàëi âñi îïåðàòîð-
íi ìåòîäè âèïðîáîâóâàëèñü ñàìå íà òàêèõ çà-
äà÷àõ.

Ó öié ñòàòòi áóäó¹òüñÿ îïåðàòîð-
íå ÷èñëåííÿ äëÿ ãåíåðàòîðiâ n-ïàðà-
ìåòðè÷íèõ (Co)-ãðóï îïåðàòîðiâ íàä äå-
ÿêèì êîìïëåêñíèì áàíàõîâèì ïðîñòîðîì
(X, ‖ · ‖) ó çãîðòêîâié àëãåáði E ′(Rn) óçà-
ãàëüíåíèõ ôóíêöié ç êîìïàêòíèìè íîñiÿìè.
Íàâåäåíî êîíêðåòíi ïðèêëàäè îïåðàòîðiâ
ìíîæåííÿ íà íåçàëåæíó çìiííó òà äèôå-
ðåíöiþâàííÿ.

1. Íåõàé (X , ‖ · ‖) � áàíàõîâèé ïðîñòið.
Âiäîìî, ùî X n =X × · · · × X = X òàêîæ ¹
áàíàõîâèì. Ðîçãëÿíåìî −iA : X → X � ãå-
íåðàòîð n-ïàðàìåòðè÷íî¨ (Co)-ãðóïè ëiíié-
íèõ îïåðàòîðiâ Rn 3 t → e−itA, äå A =
(A1, . . . , An), ÿêi äiþòü â áàíàõîâîìó ïðîñòî-
ði X. Óñi íåñêií÷åííî ãëàäêi X-çíà÷íi ôóí-
êöi¨ x(t) ç êîìïàêòíèìè íîñiÿìè â Rn áóäåìî
ïîçíà÷àòè ÷åðåç D(X). Ó ïðîñòîði X âèçíà-
÷èìî ïiäïðîñòið

D̂(X) ≡
{

x̂ =

∫

Rn

e−itAx(t)dt : x(t) ∈ D(X)

}
.

Ç òåîði¨ òåíçîðíèõ äîáóòêiâ òîïîëîãi÷íèõ
ïðîñòîðiâ À. Ãðîòåíäiêà [4] âèïëèâà¹ ñïðà-
âåäëèâiñòü òîïîëîãi÷íîãî içîìîðôiçìó ïðî-
ñòîðiâ D(X) i D⊗̃X, äå ⊗̃ � ïîïîâíåííÿ òåí-
çîðíîãî äîáóòêó â ïðîåêòèâíié òîïîëîãi¨, D
� ïðîñòið íåñêií÷åííî-äèôåðåíöiéîâàíèõ ôi-
íiòíèõ ôóíêöié, çàäàíèõ íà Rn.

Âèçíà÷èìî ïðîñòið Dν(Rn) = {ϕ ∈
D(Rn) : suppϕ ⊂ [−ν, ν] × · · · × [−ν, ν] =
[−ν, ν]n, ν > 0},

Òâåðäæåííÿ 1. Äëÿ äîâiëüíîãî åëåìåí-
òà x = x(t) ∈ D(X) çíàéäåòüñÿ òàêå ÷èñëî
ν > 0, ùî x(t) ∈ Dν(Rn)⊗̃X i x(t) ìîæíà
ïîäàòè ó âèãëÿäi àáñîëþòíî çáiæíîãî ðÿäó
â ïðîñòîði Dν(Rn)⊗̃X çà ôîðìóëîþ

x(t) =
∞∑

m=1

λmxm ⊗ ϕm(t), (1)

äå
∑
m

|λm| < ∞ i ïîñëiäîâíîñòi {ϕm(t)}
òà {xm} ïðÿìóþòü äî íóëÿ â ïðîñòîðàõ
Dν(Rn) i X âiäïîâiäíî.

Äîâåäåííÿ. Ç îçíà÷åííÿ ïðîñòîðó D(X)
òà âèêîíàííÿ òîïîëîãi÷íèõ içîìîðôiçìiâ
D(X) ' D(Rn)⊗̃X ' lim ind

ν→∞
Dν(Rn)⊗̃X âè-

ïëèâà¹ ñïðàâåäëèâiñòü ïåðøî¨ ÷àñòèíè òâåð-
äæåííÿ.

Î÷åâèäíî, ùî ïðîñòîðè X i Dν(Rn) � ìå-
òðèçîâíi. Òîìó äëÿ äîâiëüíîãî åëåìåíòà x ∈
Dν(Rn)⊗̃X ìîæíà çàñòîñóâàòè òåîðåìó [4]
ïðî çîáðàæåííÿ åëåìåíòiâ ïîïîâíåííÿ ïðî-
åêòèâíîãî òåíçîðíîãî äîáóòêó ìåòðèçîâíèõ
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ïðîñòîðiâ, ÿêà çàáåçïå÷ó¹ íàì ðîçêëàä x(t)
ó ðÿä (1).

Âiäçíà÷èìî, ùå îäíå âàæëèâå òâåðäæåí-
íÿ äëÿ ââåäåíîãî ïðîñòîðó D̂(X).

Òâåðäæåííÿ 2. ßêùî {e−itA : t ∈ Rn}
� n-ïàðàìåòðè÷íà ãðóïà êëàñó (Co), òî ïiä-
ïðîñòið D̂(X) ùiëüíèé â X.

Äîâåäåííÿ. Äëÿ äîâiëüíîãî m ∈ N
ìîæíà âèçíà÷èòè ãëàäêó ôiíiòíó
ôóíêöiþ ϕm = ϕm(t), ÿêà ìà¹ òà-
êi âëàñòèâîñòi ϕm(t) ≥ 0, suppϕm ⊂
[− 1

m
, 1

m
] × · · · × [− 1

m
, 1

m
] = [− 1

m
, 1

m
]n,∫

Rn

ϕm(t)dt = 1 [5, ï.1.1, ñ.16]. Äàëi â ïðîñòî-

ði D(X) äëÿ äîâiëüíîãî y ∈ X ïîáóäó¹ìî
ïîñëiäîâíiñòü ym = y ⊗ ϕm. Òîäi

‖ŷm − y‖ = ‖
∫

Rn

ϕm(t)e−itAydt−

−
∫

Rn

ϕm(t)ydt‖ ≤

≤
∫

Rn

‖e−itAy − y‖ϕm(t)dt ≤

≤ sup
t∈[− 1

m
, 1
m

]n
‖e−itAy − y‖.

Îñêiëüêè {e−itA : t ∈ Rn} � n-
ïàðàìåòðè÷íà (Co)-ãðóïà, òî äëÿ âñiõ y ∈ X
ç îçíà÷åííÿ (Co)-ãðóïè â [6, ï.2.15, ñ.39] áóäå
âèïëèâàòè çáiæíiñòü sup

t∈[− 1
m

, 1
m

]n
‖e−itAy−y‖ →

0, ïðè m → ∞. Îòæå, lim
m→∞

ŷm = y äëÿ âñiõ
y ∈ X.

2. Ðîçãëÿíåìî E ′ = E ′(Rn) � àëãåáðó óçà-
ãàëüíåíèõ ôóíêöié ç êîìïàêòíèìè íîñiÿìè
ç îïåðàöi¹þ çãîðòêè "∗" çàìiñòü ìíîæåííÿ.
Äëÿ êîæíîãî ðîçïîäiëó f ∈ E ′ i êîæíî¨ ôóí-
êöi¨ x(t) ∈ D(X), êîðèñòóþ÷èñü ðîçêëàäîì
îñòàííüî¨ â àáñîëþòíî çáiæíèé ðÿä (1), âè-
çíà÷èìî çãîðòêó çà ôîðìóëîþ

(f ∗ x)(t) =
∞∑

m=1

λmxm(f ∗ ϕm)(t).

Äëÿ äîâiëüíèõ f ∈ E ′ i ϕ ∈ D(Rn) ìà¹ìî
(f ∗ ϕ)(t) ∈ D(Rn), òîìó i (f ∗ x)(t) ∈ D(X).
Òåïåð êîæíîìó ðîçïîäiëó f ∈ E ′ ïîñòàâèìî

ó âiäïîâiäíiñòü îïåðàòîð f(A), âèçíà÷åíèé
íà ïðîñòîði D̂(X), ùî äi¹ çà ôîðìóëîþ

f(A)x̂ =

∫

Rn

e−itA(f ∗ x)(t)dt. (2)

Âiäîáðàæåííÿ

E ′ 3 f → f(A) ∈ L(D̂(X))

íàçâåìî ôóíêöiîíàëüíèì ÷èñëåííÿì â àëãå-
áði E ′.

Òåîðåìà 1. Íåõàé e−itA � (Co)-ãðóïà. Òî-
äi âiäîáðàæåííÿ

E ′ 3 f → f(A)x̂ ∈ D̂(X) (3)

ëiíiéíå i íåïåðåðâíå äëÿ êîæíîãî x̂ ∈ D̂(X).
Äîâåäåííÿ. Ëiíiéíiñòü âiäîáðàæåííÿ

(3) î÷åâèäíà, òîìó íàì äîñòàòíüî äîâåñòè
éîãî íåïåðåðâíiñòü. Äëÿ n-ïàðàìåòðè÷íî¨
(Co)-ãðóïè e−itA âiäîìà îöiíêà

‖e−itA‖ ≤ Meβ|t|, t ∈ Rn,

äå ÷èñëà M ≥ 0, β ∈ R íå çàëåæàòü âiä t. Âè-
êîðèñòîâóþ÷è öþ îöiíêó, äîâåäåìî, ùî âiä-
îáðàæåííÿ (3) íåïåðåðâíå äëÿ êîæíîãî x̂ ∈
D̂(X), äå x(t) = y⊗ϕ(t), y ∈ X, ϕ(t) ∈ D(Rn).
Îòæå,

‖fm(A)x̂− f(A)x̂‖ =

= ‖
∫

Rn

((fm − f) ∗ ϕ)(t)e−itAydt‖ ≤

≤ M‖y‖
∫

Rn

|((fm − f) ∗ ϕ)(t)|eβ|t|dt.

Âiäîìî [5, ï.4.2, ñ.70], ùî îïåðàöiÿ
çãîðòêè íåïåðåðâíà â E ′, òîìó âèðàç
ñïðàâà ïðÿìó¹ äî íóëÿ ïðè fm

E ′−→ f.
Òåïåð, âèáèðàþ÷è â ïðåäñòàâëåííi
x(t) = y ⊗ ϕ(t) çàìiñòü y i ϕ(t) åëåìåíòè
áàçèñiâ ó ïðîñòîðàõ X i D(Rn) âiäïîâiäíî,
ðîáèìî âèñíîâîê, ùî ‖fm(A)x̂− f(A)x̂‖ → 0

äëÿ âñiõ x̂ ∈ D̂(X).
Òåîðåìà 2. Ôóíêöiîíàëüíå ÷èñëåííÿ â

àëãåáði E ′ âîëîäi¹ òàêèìè âëàñòèâîñòÿìè:
1) ñïðàâåäëèâi ñïiââiäíîøåííÿ

∂m
j δ(A)x̂ = (−iAj)

mx̂, (4)
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∂m
j f(A)x̂ = (−iAj)

mf(A)x̂ = f(A)(−iAj)
mx̂,
(5)

äëÿ âñiõ f ∈ E ′, x̂ ∈ D̂(X), j = 1, . . . , n, ;
2) îïåðàòîð δ(A) äi¹ ÿê îäèíè÷íèé íàä

D̂(X) i äîïóñêà¹ ðîçøèðåííÿ äî îäèíè÷íîãî
îïåðàòîðà ïðîñòîðó X, òîáòî

δ(A)x = lim
m→∞

δ(A)x̂m = x, ∀x ∈ X,

äå xm(t)=x⊗ϕm(t), à ïîñëiäîâíiñòü {ϕm(t)}
âçÿòà ç äîâåäåííÿ òâåðäæåííÿ 2;

3) âèêîíó¹òüñÿ ôîðìóëà

(f ∗ h)(A)x̂ = h(A)f(A)x̂ = f(A)h(A)x̂,

äëÿ âñiõ f, h ∈ E ′, x̂ ∈ D̂(X).
Äîâåäåííÿ. Iç ðÿäêà ðiâíîñòåé

(∂m
j δ ∗ x)(t) = 〈∂m

j δ(ξ), x(t− ξ)〉 =

= (−1)m〈δ(ξ), ∂m
j x(t− ξ)〉 = (−1)m∂m

j x(t)

áóäå âèïëèâàòè, ùî

∂m
j δ(A)x̂ =

∫

Rn

e−itA(∂m
j δ ∗ x)(t)dt =

= (−1)m

∫

Rn

e−itA∂m
j x(t)dt,

äå j = 1, . . . , m.
Âèêîðèñòîâóþ÷è iíòåãðóâàííÿ ÷àñòèíà-

ìè m ðàçiâ, îòðèìà¹ìî ôîðìóëó (4).
Ôîðìóëà (5) âèïëèâà¹ ç (4) òà ç òàêèõ ðiâ-

íîñòåé

∂m
j f(A)x̂ =

∫

Rn

e−itA((∂m
j δ ∗ f) ∗ x)(t)dt =

=

∫

Rn

e−itA(∂m
j δ ∗ (f ∗ x))(t)dt =

= ∂m
j δ(A)f(A)x̂ =

= f(A)∂m
j δ(A)x̂, j = 1, . . . , n.

Äðóãà âëàñòèâiñòü âèïëèâà¹ áåçïîñåðå-
äíüî ç òâåðäæåííÿ 2. Âèêîðèñòîâóþ÷è àñî-
öiàòèâíiñòü îïåðàöi¨ çãîðòêè â ïðîñòîði E ′,
äîñèòü ëåãêî äîâåñòè òðåòþ âëàñòèâiñòü.

3. Ðîçãëÿíåìî êîíêðåòíi ïðèêëàäè ãåíå-
ðàòîðiâ n-ïàðàìåòðè÷íèõ (Co)-ãðóï.

1) Íåõàé X = C ∪ B(Rn) � áà-
íàõiâ ïðîñòið íåïåðåðâíèõ îáìå-
æåíèõ ôóíêöié x(ξ) ç íîðìîþ
‖x‖ = sup

ξ∈Rn

|x(ξ)|. Âiçüìåìî Ax(ξ) = ξx(ξ).

Ñêîðèñòà¹ìîñü âiäîìèì [7, ãë.4, ï.3, òåîð.
6] ñïiââiäíîøåííÿì äëÿ ïåðåòâîðåííÿ Ôóð'¹
f̂ ∗ ϕ = (2π)

n
2 ϕ̂ · f̂ , äå f ∈ E ′, ϕ ∈ D(Rn).

Çâiäñè, êîðèñòóþ÷èñü òèì, ùî àáñîëþòíî
çáiæíèé ðÿä ìîæíà ïî÷ëåííî iíòåãðóâàòè,
îäåðæèìî

f(A)x̂ =

∫

Rn

e−i(t, ξ)(f ∗ x)(t)dt =

=

∫

Rn

e−i(t, ξ)

∞∑
m=1

λmxm(f ∗ ϕm)(t)dt =

=
∞∑

m=1

λmxm

∫

Rn

e−i(t, ξ)(f ∗ ϕm)(t)dt =

=
∞∑

m=1

λmxmf̂ ∗ ϕm =

= (2π)
n
2 f̂(ξ)

∫

Rn

e−i(t, ξ)

∞∑
m=1

λm(xm⊗ϕm)(t)dt =

= (2π)
n
2 f̂(ξ) · x̂(ξ),

òîáòî, êîëè A � îïåðàòîð ìíîæåííÿ íà íåçà-
ëåæíó çìiííó, ìè îäåðæèìî, ùî

f(A)x̂ = (2π)
n
2 f̂ · x̂.

2) Íåõàé A = (A1, . . . , An) =(
∂

∂ξ1
, . . . , ∂

∂ξn

)
� îïåðàòîð ÷àñòèííîãî äèôå-

ðåíöiþâàííÿ. Ç òîãî ôàêòó, ùî Aj = ∂
∂ξj

¹
ãåíåðàòîðîì ãðóïè çñóâó ïî êîæíié çìiííié
ξj, j = 1, . . . , n [7, ãë.9, ï.5], òà iç òåîðåìè ïðî
ïðåäñòàâëåííÿ îïåðàòîðà n-ïàðàìåòðè÷íî¨
ãðóïè ó âèãëÿäi äîáóòêó îïåðàòîðiâ îäíî-
ïàðàìåòðè÷íèõ ãðóï [8, ï.9.7, ñ.243] áóäå
âèïëèâàòè, ùî

e
−i

(
t1

∂
∂ξ1

+···+tn
∂

∂ξn

)
x(ξ) =

= x(ξ1 − t1, . . . , ξn − tn) = x(ξ − t),

äå x(ξ) ∈ C ∪B(Rn).
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Òîäi

f(A)x̂ =

∫

Rn

e
−i

(
t1

∂
∂ξ1

+···+tn
∂

∂ξn

)
(f ∗ x)(t)dt =

=

∫

Rn

e
−i

(
t1

∂
∂ξ1

+···+tn
∂

∂ξn

)
×

×
∞∑

m=1

λm(f ∗ ϕm)(t)xm(ξ)dt =

=

∫

Rn

∞∑
m=1

λm(f ∗ ϕm)(t)×

×e
−i

(
t1

∂
∂ξ1

+···+tn
∂

∂ξn

)
xm(ξ)dt =

=

∫

Rn

∞∑
m=1

λm(f ∗ ϕm)(t)xm(ξ − t)dt =

=
∞∑

m=1

λm(f ∗ ϕm ∗ xm)(t).

Ç òîãî, ùî

x̂ =

∫

Rn

e
−i

(
t1

∂
∂ξ1

+···+tn
∂

∂ξn

)
x(t)dt =

=

∫

Rn

∞∑
m=1

λme
−i

(
t1

∂
∂ξ1

+···+tn
∂

∂ξn

)
xm⊗ϕm(t)dt =

=

∫

Rn

∞∑
m=1

λmxm(ξ − t)ϕm(t)dt =

=
∞∑

m=1

λm

∫

Rn

xm(ξ − t)ϕm(t)dt =

=
∞∑

m=1

λm(xm ∗ ϕm)(t),

îäåðæèìî

f(A)x̂ = f ∗ x̂, äå A =

(
∂

∂t1
, . . . ,

∂

∂tn

)
.
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