
ÓÄÊ 517.98

c©2005 ð. Â.Ï. Ðàòóøíÿê
Êîëîìèéñüêèé åêîíîìiêî-ïðàâîâèé êîëåäæ âiä Êè¨âñüêîãî íàöiîíàëüíîãî

òîðãîâåëüíî-åêîíîìi÷íîãî óíiâåðñèòåòó, Êîëîìèÿ

ÏÑÅÂÄÎÄÈÔÅÐÅÍÖIÀËÜÍI ÎÏÅÐÀÒÎÐÈ ÍÅÑÊIÍ×ÅÍÍÎÃÎ
ÏÎÐßÄÊÓ ÒÀ �Õ ÇÀÑÒÎÑÓÂÀÍÍß

Ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ âñòàíîâëþ¹òüñÿ êîðåêòíà ðîçâ'ÿ-
çíiñòü çàäà÷i Êîøi äëÿ îäíîãî êëàñó åâîëþöiéíèõ ðiâíÿíü ç ïñåâäîäèôåðåíöiàëüíèìè îïå-
ðàòîðàìè íåñêií÷åííîãî ïîðÿäêó.

The correct solvability of the Cauchy problem is established on spaces of generalized functions
of distribution type for one class of evolutionary equations with pseudodi�erential operators of the
in�nite order.

Ó ïðàöi [1] ðîçãëÿäà¹òüñÿ åâîëþöiéíå ðiâ-
íÿííÿ
∂u

∂t
+ Au = 0, (t, x) ∈ (0, T ]×Rn ≡ Ω, (1)

äå A � îïåðàòîð, ÿêèé òðàêòó¹òüñÿ ÿê çâó-
æåííÿ íà L1(Rn) îïåðàòîðà çãîðòêè ñïåöi-
àëüíîãî âèãëÿäó, ùî äi¹ ó ïðîñòîði Φ′ ⊃
L1(Rn) � ïðîñòîði, òîïîëîãi÷íî ñïðÿæåíîìó
äî ïðîñòîðó Φ, åëåìåíòàìè ÿêîãî ¹ íåñêií-
÷åííî äèôåðåíöiéîâíi íà Rn ôóíêöi¨ ïîëiíî-
ìiàëüíîãî ïîðÿäêó ñïàäàííÿ íà íåñêií÷åí-
íîñòi. Ïðîñòið Φ âèçíà÷à¹òüñÿ òàê, ùî êëà-
ñè÷íèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê G çàäà-
÷i Êîøi äëÿ ðiâíÿííÿ (1) ¹ åëåìåíòîì ïðî-
ñòîðó Φ ïðè êîæíîìó t > 0. Ïðè öüîìó
Aϕ = F−1[aF [ϕ]], ∀ϕ ∈ Φ, äå a � ñòàëèé
íåãëàäêèé ó òî÷öi 0 ñèìâîë, çà ÿêèì áóäó-
¹òüñÿ îïåðàòîð A, òîáòî íà Φ îïåðàòîð A
çáiãà¹òüñÿ ç ïñåâäîäèôåðåíöiàëüíèì îïåðà-
òîðîì (ÏÄÎ), à âêàçàíå ðiâíÿííÿ âiäíîñè-
òüñÿ äî ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ïà-
ðàáîëi÷íîãî òèïó. Ó ïðàöi [2] çíàéäåíî óìî-
âè, çà ÿêèõ ó ïðîñòîði Φ âèçíà÷åíèé i íå-
ïåðåðâíèé ÏÄÎ íåñêií÷åííîãî ïîðÿäêó âè-

ãëÿäó
∞∑

k=0

ckA
k = F−1[f(a)F ], f =

∞∑

k=0

ckx
k,

ïîáóäîâàíèé çà íåãëàäêèì ó òî÷öi 0 ñèìâî-
ëîì.

Òóò îäåðæàíi â [2] ðåçóëüòàòè âèêîðèñòî-
âóþòüñÿ äëÿ âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿ-
çíîñòi çàäà÷i Êîøi ó ïðîñòîði óçàãàëüíåíèõ

ôóíêöié Φ′ äëÿ åâîëþöiéíèõ ðiâíÿíü iç ÏÄÎ
íåñêií÷åííîãî ïîðÿäêó âèãëÿäó

∂u

∂t
+

∞∑

k=0

ckA
ku = 0, (t, x) ∈ Ω.

1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-
íèõ ôóíêöié. Íåõàé γ � ôiêñîâàíå ÷èñëî
ç ìíîæèíè (1, +∞) \ {2, 3, ...}, γ0 := 1 + [γ],
M(x) := 1+|x|, x ∈ R. Åëåìåíòàìè ïðîñòîðó
Φγ, çà îçíà÷åííÿì, ¹ íåñêií÷åííî äèôåðåí-
öiéîâíi íà R ôóíêöi¨ ϕ, ÿêi çàäîâîëüíÿþòü
íåðiâíîñòi

|Dk
xϕ(x)| ≤ ck

(1 + |x|)γ0+k
, x ∈ R, k ∈ Z+.

Íàäàëi ïðèïóñêàòèìåìî, ùî ïîñëiäîâíiñòü
{ck, k ∈ Z+} çàäîâîëüíÿ¹ óìîâó

∃ c > 0 ∃A > 0 ∀ k ∈ Z+ : |ck| ≤ cAkkk.

Ó Φγ ââîäèòüñÿ ñòðóêòóðà çëi÷åííî íîðìî-
âàíîãî ïðîñòîðó çà äîïîìîãîþ íîðì:

‖ϕ‖p := sup
x∈R

{
p∑

k=0

M(x)γ0+k|Dk
xϕ(x)|

}
,

ϕ ∈ Φγ, p ∈ Z+.

Î÷åâèäíî, ùî

‖ϕ0‖ ≤ ‖ϕ‖1 ≤ ‖ϕ2‖ ≤ ..., ϕ ∈ Φγ,
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òîáòî öi íîðìè ¹ ïîïàðíî çðiâíÿíèìè. Ïî-
çíà÷èìî ÷åðåç Φp ïîïîâíåííÿ Φγ çà ðiâ-
íîìiðíîþ íîðìîþ. Â [1] äîâåäåíî, ùî Φγ

� ïîâíèé äîñêîíàëèé çëi÷åííî íîðìîâàíèé
ïðîñòið, ïðè÷îìó âêëàäåííÿ Φp+1 ⊂ Φp ¹ íå-
ïåðåðâíèìè, ùiëüíèìè i êîìïàêòíèìè.

Ôóíêöi¨ ç ïðîñòîðó Φγ àáñîëþòíî iíòå-
ãðîâíi íà R, òîìó íà íèõ âèçíà÷åíà îïåðàöiÿ
ïåðåòâîðåííÿ Ôóð'¹ F :

F [ϕ](ξ) =

∫

R

ϕ(x)eixξdx, ϕ ∈ Φγ.

Ñèìâîëîì Ψγ ïîçíà÷èìî Ôóð'¹-îáðàç ïðî-
ñòîðó Φγ: Ψγ = F [Φγ]. Î÷åâèäíî, ùî êîæíà
ôóíêöiÿ F [ϕ], ϕ ∈ Φγ, îáìåæåíà i íåïåðåðâ-
íà íà R. Ðîçãëÿíåìî îñíîâíi âëàñòèâîñòi ïå-
ðåòâîðåííÿ Ôóð'¹ ôóíêöié ç ïðîñòîðó Φγ,
âñòàíîâëåíi â [2].

ßêùî ϕ ∈ Φγ, òî F [ϕ] ∈ L1(R); F [ϕ]
� íåñêií÷åííî äèôåðåíöiéîâíà íà R \ {0}
ôóíêöiÿ; ó ôóíêöi¨ Dk

ξ [ϕ](ξ), ξ 6= 0, k ∈
Z+, iñíóþòü ñêií÷åííi îäíîñòîðîííi ãðàíè-
öi lim

ξ→±0
Dk

ξ F [ϕ](ξ); êîæíà ôóíêöiÿ F [ϕ] ó òî-
÷öi 0 çàäîâîëüíÿ¹ óìîâó Äiíi; ïåðåòâîðåí-
íÿ Ôóð'¹ F âiäîáðàæà¹ Φγ −Ψγ âçà¹ìíîî-
äíîçíà÷íî i íåïåðåðâíî; ξkF (m)[ϕ] ∈ L1(R),
{k,m} ⊂ Z+, k ≥ m; äëÿ ôóíêöié ç ïðîñòîðó
Ψγ ïðàâèëüíèìè ¹ íåðiâíîñòi:

∀ {k, m} ⊂ Z+, k ≥ m, ∃ ck > 0 ∃ cm > 0 :

sup
ξ∈R\{0}

|ξkF (m)[ϕ](ξ)| ≤ ckcm, ϕ ∈ Φγ, (2)

äå ck ≤ cAkkk (c, A > 0; ñòàëi c, A çàëåæàòü
ëèøå âiä ôóíêöi¨ F [ϕ]).

Óðàõóâàâøè (2), ââåäåìî â ïðîñòîði Ψγ

ñòðóêòóðó çëi÷åííî íîðìîâàíîãî ïðîñòîðó,
ïîêëàâøè

‖ϕ‖p := sup
ξ∈R\{0}

{
p∑

k=0

|ξ|k|Dk
ξ ϕ(ξ)|

}
,

}

ϕ ∈ Ψγ, p ∈ Z+.

Ñèìâîëîì Φ
′
γ ïîçíà÷èìî ïðîñòið óñiõ ëi-

íiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà Φγ çi
ñëàáêîþ çáiæíiñòþ. Îñêiëüêè â îñíîâíîìó
ïðîñòîði Φγ ââåäåíà òîïîëîãiÿ ïðîåêòèâíî¨

ãðàíèöi áàíàõîâèõ ïðîñòîðiâ Φp, ïðè÷îìó
âêëàäåííÿ Φp+1 ⊂ Φp, p ∈ Z+, íåïåðåðâíi,
ùiëüíi òà êîìïàêòíi, òî (äèâ. [1])

Φ
′
γ = ( lim

p→∞
pr Φp)

′ = lim
p→∞

ind Φ
′
p,

ïðè öüîìó ñëàáêà çáiæíiñòü â Φ
′
γ çáiãà¹òüñÿ ç

ñèëüíîþ, îñêiëüêè Φγ � äîñêîíàëèé ïðîñòið.
ßêùî f ∈ Φ

′
γ, ϕ ∈ Φγ, òî iñíó¹ çãîðòêà f ∗ϕ,

ÿêà âèçíà÷à¹òüñÿ ôîðìóëîþ

f ∗ ϕ =< f, T−xϕ̌(·) >, ϕ ∈ Φγ,

äå T−x � îïåðàòîð çñóâó àðãóìåíòó â ïðî-
ñòîði Φγ, ϕ̌(ξ) = ϕ(−ξ). ßêùî f ∗ ϕ ∈ Φγ,
∀ϕ ∈ Φγ, òî ôóíêöiîíàë f ∈ Φ

′
γ íàçèâà¹-

òüñÿ çãîðòóâà÷åì ó ïðîñòîði Φ
′
γ. Äëÿ çãîð-

òóâà÷iâ ó ïðîñòîði Φγ ïðàâèëüíèì ¹ íàñòó-
ïíå òâåðäæåííÿ, äîâåäåíå â [2]: ÿêùî f ∈ Φ

′
γ

� çãîðòóâà÷ ó ïðîñòîði Φγ, òî F [f ∗ ϕ] =
F [f ] · F [ϕ] äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ Φγ.

2. Ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè
íåñêií÷åííîãî ïîðÿäêó â ïðîñòîði Φγ,
ïîáóäîâàíi çà íåãëàäêèìè ñèìâîëàìè.
Íåõàé a : R → [0, +∞) íåïåðåðâíà îäíîði-
äíà ïîðÿäêó γ ∈ (1, +∞) \ {2, 3, 4, ...} ôóí-
êöiÿ, òîáòî a(λξ) = λγa(ξ), λ > 0, ÿêà:

1) íåñêií÷åííî äèôåðåíöiéîâíà ïðè ξ 6= 0;
2) ïîõiäíi ôóíêöi¨ a çàäîâîëüíÿþòü íåðiâ-

íîñòi

∀ k ∈ N ∃ck > 0 ∀ ξ ∈ R \ {0} :

|a(k)(ξ)| ≤ ck|ξ|γ−k,

ïðè÷îìó ïîñëiäîâíiñòü {ck, k ≥ 1} çàäîâîëü-
íÿ¹ óìîâó:

∃ c̃ > 0 ∃ Ã > 0 ∀ k ∈ N : ck ≤ c̃Ãkkk;

3) iñíóþòü ñòàëi c0, c̃0 > 0, δ ≥ γ òàêi, ùî

c0|ξ|γ ≤ a(ξ) ≤ c̃0(1 + |ξ|δ), ξ ∈ R.

Íåõàé f(x) =
∞∑

n=0

cnxn, x ∈ R � ôóíêöiÿ,

ÿêà äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ
êîìïëåêñíó ïëîùèíó i çàäîâîëüíÿ¹ óìîâè:

À) ∃ d0 > 0 ∀x ∈ R : f(x) ≥ d0|x|;
Á) ∀α ∈ Z+ ∃ pα ∈ N ∃ bα > 0 ∀ ξ ∈ R :

|Dα
ξ f(ξ)| ≤ bα(1 + |ξ|)pα ;
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Â) ∀ ε > 0 ∃ cε > 0 ∀ z = x + iy ∈ C :

|f(z)| ≤ b0cε(1 + |ξ|)p0eε|y|1/δ (òóò δ � ñòàëà ç
óìîâè 3), p0 � ñòàëà ç óìîâè Á).

Çàçíà÷èìî, ùî ç óìîâè Á) âèïëèâà¹ òîé
ôàêò, ùî ôóíêöiÿ f ¹ ìóëüòèïëiêàòîðîì ó
ïðîñòîði Φγ.

Ãîâîðèòèìåìî, ùî â ïðîñòîði Φγ çàäà-
íî ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð íåñêií-
÷åííîãî ïîðÿäêó f(A) :=

∞∑
n=0

cnAn, ÿêùî äëÿ
äîâiëüíî¨ îñíîâíî¨ ôóíêöi¨ ϕ ∈ Φγ ðÿä

(f(A)ϕ)(x) :=
∞∑

n=0

cn(Anϕ)(x),

Aϕ = F−1[aF [ϕ]], ϕ ∈ Φγ,

çîáðàæà¹ äåÿêó îñíîâíó ôóíêöiþ ç ïðî-
ñòîðó Φγ. Ó ïðàöi [2] äîâåäåíî òàêå òâåð-
äæåííÿ: ÿêùî ôóíêöiÿ f çàäîâîëüíÿ¹ óìî-
âè Á), Â), òî â ïðîñòîði Φγ âèçíà÷åíèé i ¹
íåïåðåðâíèì ïñåâäîäèôåðåíöiàëüíèé îïåðà-
òîð íåñêií÷åííîãî ïîðÿäêó f(A) ≡ Af , ïðè
öüîìó Afϕ = F−1[f(a)F [ϕ]], ∀ϕ ∈ Φγ, òîá-
òî Af � ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð,
ïîáóäîâàíèé çà ñèìâîëîì f(a).

3. Çàäà÷à Êîøi. Ðîçãëÿíåìî ðiâíÿííÿ
∂u

∂t
+ Afu = 0, (t, x) ∈ (0, T ]× R ≡ Ω, (3)

äå Af � ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð,
ïîáóäîâàíèé çà ôóíêöiÿìè a, f , ÿêi çàäî-
âîëüíÿþòü âiäïîâiäíi óìîâè, ñôîðìóëüîâàíi
ó ïóíêòi 2.

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (3) ðîçóìiòèìå-
ìî ôóíêöiþ u : (0, T ] → u(t, ·) ∈ Φγ, ÿêà
äèôåðåíöiéîâíà ïî t i çàäîâîëüíÿ¹ ðiâíÿííÿ
(3).

ßêùî äëÿ ðiâíÿííÿ (3) çàäàíî ïî÷àòêîâó
óìîâó

u(t, ·)|t=0 = g, (4)

äå g ∈ Φ
′
γ, òî ïiä ðîçâ'ÿçêîì çàäà÷i Êî-

øi (3), (4) ðîçóìiòèìåìî ðîçâ'ÿçîê ðiâíÿííÿ
(3), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (4)
ó òîìó ñåíñi, ùî u(t, ·) → g ïðè t → +0 ó
ïðîñòîði Φ

′
γ, òîáòî

∀ϕ ∈ Φγ : < u(t, ·), ϕ >→< g, ϕ >, t → +0.

Îñíîâíîþ ìåòîþ öüîãî ïóíêòó ¹ âñòàíîâëå-
ííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi (3),
(4) ó âèïàäêó, êîëè ïî÷àòêîâi äàíi íàëåæàòü
äî ïðîñòîðó Φ

′
γ.

Ëåìà 1. Äëÿ ïîõiäíèõ ôóíêöi¨
exp{−tf(a(ξ))}, ξ 6= 0, ïðàâèëüíèìè ¹
îöiíêè:

∣∣∣∣∣
ds

dξs
exp{−tf(a(ξ))}

∣∣∣∣∣ ≤

≤ βts exp{−d0t|ξ|γ}|ξ|ω−s, s ∈ N,

äå t > 0 � ôiêñîâàíèé ïàðàìåòð, β = β(s) >
0, d0 > 0 � ñòàëà, íåçàëåæíà âiä t òà s,

ω =

{
δp̃ss + sγ, |ξ| ≥ 1,

γ, |ξ| < 1, ξ 6= 0,

δps = max{p1, ..., ps} (p1, ..., ps � ñòàëi ç
óìîâè Á), ÿêó çàäîâîëüíÿ¹ ôóíêöiÿ f).

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ
ñêîðèñòà¹ìîñÿ ôîðìóëîþ Ôàà äå Áðóíî äè-
ôåðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨

ds

dξs
F (g(ξ)) =

=
s∑

m=1

dm

dgm
F (g)

∑
m1+...+ml=m

m1+2m2+...+lml=s

s!

m1!...ml!
×

×
(

1

1!

d

dξ
g(ξ)

)m1

...

(
1

l!

dl

dξl
g(ξ)

)ml

,

äå ïîêëàäåìî F = eg, g = −tf(a(ξ)). Òîäi

ds

dξs
e−tf(a(ξ)) =

= e−tf(a(ξ))

s∑
m=1

∑
m1+...+ml=m

m1+2m2+...+lml=s

s!

m1!...ml!
×

×(−t)m1+2m2+...+lmlΛ, ξ 6= 0,

ñèìâîëîì Λ òóò ïîçíà÷åíî âèðàç

Λ :=

(
d

dξ
f(a(ξ))

)m1
(

1

2!

d2

dξ2
f(a(ξ))

)m2

×
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×...

(
1

l!

dl

dξl
f(a(ξ))

)ml

.

Äëÿ âiäøóêàííÿ ïîõiäíèõ ôóíêöi¨
f(a(ξ)), ξ 6= 0, ùå ðàç çàñòîñó¹ìî ôîð-
ìóëó Ôàà äå Áðóíî. Â ðåçóëüòàòi äiñòàíåìî
íàñòóïíi îöiíêè ïîõiäíèõ ôóíêöi¨ f(a):

ξ 6= 0 :

∣∣∣∣∣
dj

dξj
f(a(ξ))

∣∣∣∣∣ ≤

≤ j!(2e)j

j∑
α=1

bα(1 + c̃0|ξ|δ)pα(c̃Ãe)α|ξ|γα−j ≤

≤ βj(1 + c̃0|ξ|δ)p̃j

j∑
α=1

|ξ|γα−j,

p̃j = max{p1, ..., pj}, 1 ≤ j ≤ l,

äå βj = j!(2e)j max{c̃Ãe, ..., (c̃Ãe)j}. Âðàõó-
âàâøè îñòàííi íåðiâíîñòi, à òàêîæ òå, ùî
p̃j ≤ p̃l = max{p1, ..., pl}, 1 ≤ j ≤ l, çíà-
éäåìî, ùî

Λ ≤ (β1(1 + c̃0|ξ|δ)p̃l)m1×
×(β2(1 + c̃0|ξ|δ)p̃l)m2 ...(βl(1 + c̃0|ξ|δ)p̃l)ml×

×(|ξ|γ−1)m1

(
2∑

α=1

|ξ|γα−2

)m2

×

×...×
(

l∑
α=1

|ξ|γα−l

)ml

≤

≤ βm1
1 ...βml

l (1 + c̃0|ξ|δ)p̃l(m1+...+mn)×
×|ξ|(γ−1)m1(|ξ|γ−2 + |ξ|2γ−2)m2×

×(|ξ|γ−3 + |ξ|2γ−3 + |ξ|3γ−3)m3 ...(|ξ|γ−l+

+|ξ|2γ−l + ... + |ξ|lγ−l)ml ≤ β̃m
l (1 + c̃0|ξ|δ)p̃m

s ×
×(|ξ|γm1(|ξ|γ + |ξ|2γ)m2 ...(|ξ|γ + |ξ|2γ)m2+

+... + |ξ|lγ)ml)(|ξ|m1+2m2+...+lml)−1,

äå β̃l = max{β1, ..., βl}, p̃l ≤ p̃s =
max{p1, ..., ps}. Çàçíà÷èìî òàêîæ, ùî

β̃l ≤ β0B
s
0s

s, β0 > 0, B0 > 0, ∀ l.

Äàëi çäiéñíèìî îöiíêó Λ çà óìîâè |ξ| ≥ 1
òà |ξ| < 1.

à) Íåõàé |ξ| < 1, ξ 6= 0. Òîäi

Λ ≤ β0B
s
0s

s(1 + c̃0)
p̃sm2m23m3 ...lml×

×|ξ|
m1γ|ξ|m2γ...|ξ|mlγ

|ξ|s ≤

≤ β0B̃
s
0s

slm1+...+ml|ξ|γ(m1+...+ml)−s ≤
≤ β0B̃

s
0s

ssm|ξ|γm−s ≤
≤ β0B̃

s
0s

sss|ξ|γm−s, B̃0 = B0(1 + c̃0)
p̃s .

Îòæå, äëÿ ξ 6= 0, |ξ| < 1 ñïðàâäæó¹òüñÿ íå-
ðiâíiñòü

Λ ≤
≈
β1|ξ|γm−s,

≈
β1 =

≈
β1(s) > 0. (5)

Íà ïiäñòàâi îäåðæàíèõ îöiíîê òà óìîâ,
ÿêi çàäîâîëüíÿþòü ôóíêöi¨ f òà a ñòâåðäæó-
¹ìî, ùî ÿêùî ξ 6= 0 i |ξ| < 1, òî
∣∣∣∣∣

ds

dξs
e−tf(a(ξ))

∣∣∣∣∣ ≤ tse−tf(a(ξ))β∗(s)
s∑

m=1

|ξ|γm−s ≤

≤ β∗(s)tse−d0t|a(ξ)|s|ξ|γ−s ≤
≤ β∗1(s)t

se−d̃0t|ξ|γ |ξ|γ−s,

β∗1(s) = sβ∗(s), d̃0 = d0c0.

ßêùî æ |ξ| ≥ 1, òî ç óðàõóâàííÿì (5)
∣∣∣∣∣

ds

dξs
e−tf(a(ξ))

∣∣∣∣∣ ≤ β∗2(s)t
se−d̃0t|ξ|γ |ξ|δp̃ss+s(γ−1).

Îá'¹äíóþ÷è öi íåðiâíîñòi â îäíó, ïðèéäå-
ìî äî îöiíîê:
∣∣∣∣∣

ds

dξs
e−tf(a(ξ))

∣∣∣∣∣ ≤ β(s)tse−d0t|ξ|γ |ξ|ω−s, ξ 6= 0,

äå

ω =

{
δp̃ss + sγ, |ξ| ≥ 1,

γ, |ξ| < 1, ξ 6= 0.

Ëåìà äîâåäåíà.
Çàóâàæåííÿ 1. Iç íàâåäåíîãî òâåð-

äæåííÿ âèïëèâà¹, ùî ôóíêöiÿ Q(t, ξ) :=
exp{−tf(a(ξ))} ÿê ôóíêöiÿ ξ ïðè êîæíîìó
t > 0 ¹ åëåìåíòîì ïðîñòîðó Ψγ.
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Óâåäåìî ïîçíà÷åííÿ:

G(t, x) = (2π)−1

∫

R

e−tf(a(ξ))−ixξdξ ≡

≡ F−1[e−tf(a(ξ))].

Iç çàóâàæåííÿ 1 âèïëèâà¹, ùî ïðè êîæíî-
ìó t > 0 ôóíêöiÿ G(t, ·) ÿê ôóíêöiÿ x ¹ åëå-
ìåíòîì ïðîñòîðó Φγ = F−1[Ψγ]. Âèäiëèìî â
îöiíêàõ ôóíêöi¨ G òà ¨¨ ïîõiäíèõ (ïî x) çà-
ëåæíiñòü âiä ïàðàìåòðà t.

Ëåìà 2. Äëÿ ôóíêöi¨ G òà ¨¨ ïîõiäíèõ
ïðàâèëüíèìè ¹ îöiíêè:
|G(t, x)| ≤ ct−(δp̃0+γ)(1+[γ])/γ(1 + |x|)−(1+[γ]),

c > 0, 0 < t ≤ 1,

p̃0 = max{p1, ..., p1+[γ]}, x ∈ R,

|Dk
xG(t, x)| ≤

≤ ckt
−(δp̃k+γ)(1+[γ]+k)/γ(1 + |x|)−(1+[γ]+k),

0 < t ≤ 1, ck > 0, x ∈ R,

p̃k = max{p1, p2, ..., p1+[γ]+k}, k ∈ N
(òóò p1, p2, ... � ñòàëi ç óìîâè Á), ÿêó çàäî-
âîëüíÿ¹ ôóíêöiÿ f).

Ëåìà 3. Ôóíêöiÿ G(t, ·) ÿê àáñòðàêòíà
ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè ó ïðî-
ñòîði Φγ, äèôåðåíöiéîâíà ïî t.

Äîâåäåííÿ. Íåîáõiäíî äîâåñòè, ùî ãðà-
íè÷íå ñïiââiäíîøåííÿ

Φ∆t(x) :=

:=
G(t + ∆t, x)−G(t, x)

∆t
→

∆t→0

∂

∂t
G(t, x)

âèêîíó¹òüñÿ ó ðîçóìiííi çáiæíîñòi ó ïðîñòî-
ði Φγ, òîáòî:

1) ∀m ∈ Z+ Dm
x Φ∆t ⇒ Dm

x

(
∂
∂t

G(t, ·)
)
,

∆t → +0, íà êîæíîìó âiäðiçêó [a, b] ⊂ R;
2) ∀ p ∈ Z+ ∃ cp > 0 : ‖Φ∆t‖p ≤ cp, äå

ñòàëà cp íå çàëåæèòü âiä ∆t.
Ôóíêöiÿ G äèôåðåíöiéîâíà ïî t ó çâè÷àé-

íîìó ðîçóìiííi, òîìó Φ∆t(x) = G
′
t(t+θ∆t, x),

0 < θ < 1. Îòæå,

Dm
x Φ∆t(x) = −(2π)−1

∫

R

(−iξ)mf(a(ξ))×

×e−(t+θ∆t)f(a(ξ))−ixξdξ, m ∈ Z+,

à

Dm
x

(
∂

∂t
G(t, x)

)
= −(2π)−1

∫

R

(−iξ)mf(a(ξ))×

×e−tf(a(ξ))−ixξdξ, m ∈ Z+.

Òîäi

|Dm
x

(
Φ∆t(x)− ∂

∂t
G(t, x)

)
| ≤

≤ (2π)−1

∫

R

|ξ|m|f(a(ξ))|×

×e−tf(a(ξ))|e−θ∆tf(a(ξ)) − 1|dξ ≤
≤ cθ2∆t

∫

R

|ξ|m(f(a(ξ)))2e−tf(a(ξ))dξ ≤ ct,m∆t

(çáiæíiñòü îñòàííüîãî iíòåãðàëà âèïëèâà¹ ç
óìîâ, ÿêi çàäîâîëüíÿþòü ôóíêöi¨ f òà a).
Çâiäñè âæå äiñòà¹ìî, ùî

Dm
x Φ∆t → Dm

x

(
∂

∂t
G(t, ·)

)
, ∆t → +0

ðiâíîìiðíî ïî x ∈ [a, b] ⊂ R, ùî é ïîòðiáíî
áóëî äîâåñòè.

Äîâåäåìî, ùî óìîâà 2) òàêîæ âèêîíó¹-
òüñÿ. Äëÿ öüîãî, ïåðåäóñiì, çäiéñíèìî îöií-
êè ïîõiäíèõ (ïî x) ôóíêöi¨ Φ∆t. Îòæå,

Dm
x Φ∆t(x) = Dm

x

(
∂

∂t
G(t + θ∆t, x)

)
=

= −(2π)−1Dm
x ×

×
(∫

R

f(a(ξ))e−(t+θ∆t)f(a(ξ))−ixξdξ

)
=

= −(2π)−1(−i)m×
×

∫

R

ξmf(a(ξ))e−(t+θ∆t)f(a(ξ))−ixξdξ.

ßêùî x 6= 0, ξ 6= 0, òî iíòåãðóþ÷è s = 1 +
[γ] + m ðàçiâ ÷àñòèíàìè çíàéäåìî, ùî

|Dm
x Φ∆t(x)| =
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=
c

|x|s

∣∣∣∣∣D
s
ξ(ξ

mf(a(ξ))e−(t+θ∆t)f(a(ξ)))e−ixξdξ

∣∣∣∣∣.

Îòæå,
|Dm

x Φ∆t(x)| ≤

≤ c

|x|s
∫

R

∣∣∣∣∣D
s
ξ(ξ

mf(a(ξ))e−(t+θ∆t)f(a(ξ)))

∣∣∣∣∣dξ ≤

≤ c

|x|s
s∑

k=0

Cs
k

∫

R

|Dk
ξ (ξ

mf(a(ξ))|×

×|Ds−k
ξ e−(t+θ∆t)f(a(ξ)))|dξ ≤

≤ c

|x|s
s∑

k=0

Cs
kβs−k(t + θ∆t)s−k

∫

R

e−d0t|ξ|γ×

×|ξ|ω−(s−k)|Dk
ξ (ξ

mf(a(ξ))|dξ,

ïðè öüîìó

|Dk
ξ (ξ

mf(a(ξ)))| ≤

≤ |ξmDk
ξ f(a(ξ))|+ mk|ξm−1Dk−1

ξ f(a(ξ))|+

+
1

2!
m(m− 1)k(k − 1)|ξm−2Dk−2

ξ f(a(ξ))|+
+... + m(m− 1)...(m− k)|ξm−kf(a(ξ))|.
ßêùî |ξ| < 1, òî

|Dk−j
ξ f(a(ξ))| ≤ αk−j|ξ|−(k−j), 0 ≤ j ≤ k,

à ïðè ω = γ (äèâ. ëåìó 1)

|ξ|ω−(s−k)|ξ|m−j|Dk−j
ξ f(a(ξ))| ≤

≤ αk−j|ξ|γ−s+k−m−j−k+j =

= αk−j|ξ|γ−s+m, 0 ≤ j ≤ k, 0 ≤ k ≤ s.

ßêùî s = 1 + [γ] + m, òî ó îêîëi òî÷êè
ξ = 0 ïiäiíòåãðàëüíà ôóíêöiÿ ó êîæíîìó äî-
äàíêó âèãëÿäó

∫

R

e−d0t|ξ|γ |ξ|ω−(s−k)|ξ|m−j|Dk−j
ξ f(a(ξ))|dξ,

0 ≤ j ≤ k, 0 ≤ k ≤ s,

åêâiâàëåíòíà ôóíêöi¨ |ξ|−(s−γ−m) =
|ξ|−(1+[γ]−γ), äå 0 < 1 + [γ] − γ < 1, òîá-
òî âñi òàêi íåâëàñíi iíòåãðàëè ç îñîáëèâîþ

òî÷êîþ ξ = 0 ¹ çáiæíèìè. Çáiæíiñòü öèõ
iíòåãðàëiâ íà íåñêií÷åííîñòi çàáåçïå÷ó¹òüñÿ
òèì, ùî ôóíêöiÿ f(a) ðàçîì ç óñiìà ñâî¨ìè
ïîõiäíèìè íà íåñêií÷åííîñòi ìà¹ ëèøå ïîëi-
íîìiàëüíèé ïîðÿäîê çðîñòàííÿ. Ââàæàþ÷è,
ùî ∆t ≤ 1, ïðèéäåìî äî íåðiâíîñòåé:

|Dm
x Φ∆t(x)| ≤ cm

(1 + |x|)1+[γ]+m
≡

≡ cmM(x)−(γ0+m),

äå cm = cm(t, γ) íå çàëåæèòü âiä ∆t òà x. Òîäi
äëÿ äîâiëüíî ôiêñîâàíîãî p ∈ Z+ òà ∆t ∈
(0, 1] ìà¹ìî, ùî

sup
x∈R

{
p∑

m=0

M(x)γ0+m|Dm
x Φ∆t(x)|

}
≤ cp,

äå c = c(p, t, γ0) i c íå çàëåæèòü âiä ∆t. Ií-
øèìè ñëîâàìè,

∀ p ∈ Z+ ∃ cp > 0 : ‖Φ∆t‖ ≤ cp.

Ëåìà äîâåäåíà.
Íàñëiäîê 1. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(g ∗G)(t, ·) =

(
g ∗ ∂

∂t
G

)
(t, ·),

∀ g ∈ Φ
′
γ, t ∈ (0, T ].

Íàñëiäîê 2. Íåõàé óçàãàëüíåíà ôóíêöiÿ
g ∈ Φ

′
γ � çãîðòóâà÷ ó ïðîñòîði Φγ,

ω(t, x) = (g ∗G)(t, x), (t, x) ∈ (0, T ]× R.

Òîäi ãðàíè÷íå ñïiââiäíîøåííÿ ω(t, ·) → g,
t → +0, âèêîíó¹òüñÿ ó ïðîñòîði Φ

′
γ.

Ñèìâîëîì Φ
′
γ,∗ ïîçíà÷èìî ñóêóïíiñòü óñiõ

óçàãàëüíåíèõ ôóíêöié ç ïðîñòîðó Φ
′
γ, ÿêi ¹

çãîðòóâà÷àìè ó ïðîñòîði Φγ. Íåõàé g ∈ Φ
′
γ,∗.

Òîäi

F [(g ∗G)(t, x)](ξ) = F [g](ξ)F [G(t, x)](ξ) =

= F [g](ξ)Q(t, xß),

Afω(t, x) = F−1[f(a(ξ))F [(g∗G)(t, x)](ξ)](x) =

= F−1[f(a(ξ))Q(t, ξ)F [g](ξ)](x) =

= −F−1

[
∂

∂t
Q(t, ξ)F [g](ξ)

]
(x) =
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= −F−1

[
F

[
∂

∂t
G(t, x)

]
(ξ)F [g](ξ)

]
(x) =

= −F−1

[
F

[(
g ∗ ∂

∂t
G

)
(t, x)

]
(ξ)

]
(x) =

= −
(

g ∗ ∂

∂t
G

)
(t, x).

Çâiäñè òà ç íàñëiäêó 1 âèïëèâà¹, ùî ôóíêöiÿ
ω(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (3).
Ç íàñëiäêó 2 âèïëèâà¹, ùî ω(t, ·) → g ïðè
t → +0 ó ïðîñòîði Φ

′
γ, òîáòî ω(t, x) = (g ∗

G)(t, x) � ðîçâ'ÿçîê çàäà÷i Êîøi (3), (4) ç
ïî÷àòêîâîþ óìîâîþ g ∈ Φ

′
γ,∗.

Ïiäñóìó¹ìî îäåðæàíi ðåçóëüòàòè ó âèãëÿ-
äi òàêîãî òâåðäæåííÿ.

Òåîðåìà. Çàäà÷à Êîøi (3), (4) êîðå-
êòíî ðîçâ'ÿçíà â êëàñi óçàãàëüíåíèõ ôóí-
êöié Φ

′
γ,∗.

Ðîçâ'ÿçîê ïîäà¹òüñÿ ó âèãëÿäi çãîðòêè:

u(t, x) = (g ∗G)(t, x), g ∈ Φ
′
γ,∗, (t, x) ∈ Ω.

Çàçíà÷èìî, ùî íàâåäåíi òóò òâåðäæåííÿ
ïðàâèëüíi é ó âèïàäêó n íåçàëåæíèõ çìií-
íèõ.
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