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ÂÈÐÎÄÆÅÍÍßÌ ÍÀ ÏÎ×ÀÒÊÎÂIÉ ÏËÎÙÈÍI
Çíàéäåíî ÿâíi âèðàçè äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi òà âåêòîð-ôóíêöié

Ãðiíà êðàéîâèõ çàäà÷ äëÿ îäíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çi çðîñòàþ÷èìè
ïðè |x| → ∞ êîåôiöi¹íòàìè òà âèðîäæåííÿì íà ïî÷àòêîâié ïëîùèíi.

Expressions for the fundamental decision tasks Coshi and vector-founctsiy of the Grina regi-
onal tasks for one parabolic equations of the second order with growing at |x| → ∞ by coe�cients
and degeneration on initial to the plane as found.

Îäíi¹þ ç öåíòðàëüíèõ ïðîáëåì òåîði¨ ëi-
íiéíèé ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ¹ äå-
òàëüíå îïèñàííÿ îïåðàòîðà, îáåðíåíîãî äî
îïåðàòîðà êðàéîâî¨ çàäà÷i, â òîìó ÷èñëi
âñåái÷íå äîñëiäæåííÿ ÿäðà öüîãî îïåðàòî-
ðà � ìàòðèöi Ãðiíà. Íà äàíèé ÷àñ ¹ äî-
ñèòü ãëèáîêi ðåçóëüòàòè Ñ.Ä. Iâàñèøåíà òà
Ñ.Ä.Åéäåëüìàíà ïðî ìàòðèöþ Ãðiíà çàãàëü-
íèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ [1, 2], ùî
ñòîñóþòüñÿ äîñëiäæåííÿ âëàñòèâîñòåé ìà-
òðèöi Ãðiíà íà ñêií÷åííîìó iíòåðâàëi ÷à-
ñó. Íåäîñòàòíüî âèâ÷åíî ïèòàííÿ âïëèâó ìî-
ëîäøèõ ÷ëåíiâ â ðiâíÿííÿõ i êðàéîâèõ óìî-
âàõ íà öþ ïîâåäiíêó, îñîáëèâî ó âèïàäêó,
êîëè êîåôiöi¹íòè ðiâíÿííÿ ìîæóòü çðîñòà-
òè ïðè |x| → ∞.

Ó ñòàòòi çíàéäåíî âèðàçè ó ÿâíîìó âè-
ãëÿäi äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çà-
äà÷i Êîøi òà êîìïîíåíò âåêòîð-ôóíêöié Ãði-
íà êðàéîâèõ çàäà÷ äëÿ ñïåöiàëüíîãî ðiâíÿí-
íÿ, ùî âèíèêà¹ ó òåîði¨ äèôóçiéíèõ ïðîöåñiâ
iç çíà÷åííÿìè íà äiéñíié ïðÿìié, ç âèðîä-
æåííÿì íà ïî÷àòêîâi ïëîùèíi. Öi ðåçóëü-
òàòè óçàãàëüíþþòü âiäîìi ðåçóëüòàòè äëÿ
ðiâíÿííÿ Óëåíáåêà-Îðøòåéíà [3] i ÷àñòêîâî
àíîíñîâàíi â [4].

1. Íåõàé b � äèôåðåíöiéîâíà íà [0,∞)
ôóíêöiÿ òàêà, ùî b(0) = 0; B � ïåðâiñíà
ôóíêöi¨ b, ÿêà çàäîâîëüíÿ¹ óìîâó B(0) = 0;
a ∈ R; α òà β íåïåðåðâíi ïðè t ≥ 0, äëÿ ÿêèõ
α(t) > 0, β(t) > 0 ïðè t > 0, α(0)β(0) = 0,

ïðè÷îìó β ìîíîòîííî íåñïàäíà.
Ðîçãëÿíåìî äèôåðåíöiàëüíi âèðàçè

L ≡ α(t)∂t − β(t)
(
∂2

x + 2b(x)∂x + d
dx

b(x)+

+b2(x)− x2

4
+ 1

2

)− a exp{B(x)− x2

2
},

L0 ≡ α(t)∂t − β(t) (∂2
x + x∂x + 1)− a;

çàäà÷ó Êîøi
Lu(t, x) = f(t, x), t > τ, x ∈ R, (1)

u(t, x)
∣∣
t=τ

= ϕ(x), x ∈ R, (2)
äå τ � ôiêñîâàíå äiéñíå ÷èñëî, òà êðàéîâi çà-
äà÷i

Lu(t, x) = f(t, x), t > 0, x > 0, (3)
Mu(t, x)

∣∣
x=0

= g(t), t > 0, (4)

u(t, x)
∣∣
t=0

= ϕ(x), x > 0, (5)
äå óìîâà (4) çáiãà¹òüñÿ ç îäíi¹þ ç òàêèõ
óìîâ:

u(t, x)
∣∣
x=0

= g(t), t > 0, (41)
àáî

∂xu(t, x)
∣∣
x=0

= g(t), t > 0. (42)

Çà äîïîìîãîþ çàìiíè
u(t, x) = exp

{−B(x) + x2

4

}
v(t, x) (6)

çàäà÷i (1), (2) òà (3) � (5) çâîäÿòüñÿ âiäïî-
âiäíî äî çàäà÷
L0v(t, x) = f 0(t, x), t > τ, x ∈ R, (7)

v(t, x)
∣∣
t=0

= ϕ0(x), x ∈ R, (8)
òà
L0v(t, x) = f 0(t, x), t > 0, x > 0, (9)

Mv(t, x)
∣∣
x=0

= g(t), t > 0, (10)

v(t, x)
∣∣
t=0

= ϕ0(x), x > 0, (11)
äå óìîâà (10) çáiãà¹òüñÿ ç îäíi¹þ ç òàêèõ
óìîâ:

v(t, x)
∣∣
x=0

= g(t), t > 0, (101)
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àáî
∂xv(t, x)

∣∣
x=0

= g(t), t > 0, (102)
à

f 0(t, x) ≡ exp
{
B(x)− x2

4

}
f(t, x), t > 0, x > 0,

ϕ0(x) ≡ exp
{
B(x)− x2

4

}
ϕ(x), x > 0.

Çàäà÷à (3), (41), (5) íàçèâà¹òüñÿ çàäà÷åþ
Äiðiõëå, à (3), (42), (5) � çàäà÷åþ Íåéìàíà.

Îçíà÷åííÿ. Âåêòîð-ôóíêöi¹þ Ãðiíà çà-
äà÷i (3) − (5) íàçèâà¹òüñÿ âåêòîð-ôóíöiÿ−→
G = (G0, G1, G2) òàêà, ùî äëÿ äîâiëüíèõ
äîñèòü ãëàäêèõ i ôiíiòíèõ ôóíêöié f, ϕ, g
ðîçâ'ÿçîê çàäà÷ (3)−(5) çîáðàæó¹òüñÿ ó âè-
ãëÿäi

u(t, x) =
t∫

0

β(τ)
α(τ)

dτ
∞∫
0

G0(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

0

G1(t, x; τ)g(τ)β(τ)
α(τ)

dτ +
∞∫
0

G2(t, x; ξ)ϕ(ξ)dξ,

t > 0, x > 0.
2. Ðîçãëÿíåìî çàäà÷ó Êîøi (1), (2) òà çà-

äà÷ó Êîøi (7), (8), äå τ � ôiêñîâàíå äiéñíå
÷èñëî; ϕ � çàäàíà ôóíêöiÿ, ÿêó ââàæàòèìå-
ìî äîñèòü õîðîøîþ. Äëÿ öi¹¨ çàäà÷i âèçíà-
÷èìî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê â ÿâíîìó
âèãëÿäi.

Ðîçâ'ÿçîê çàäà÷i Êîøi (7), (8) øóêàòèìå-
ìî ó âèãëÿäi îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹
âiä äåÿêî¨ ôóíêöi¨ ω, òîáòî

v(t, x) = 1
2π

∫
R
eixσω(t, σ)dσ,

t > τ, x ∈ R. (12)
Ââàæàþ÷è, ùî ïiä çíàêîì iíòåãðàëà ìî-

æíà ïðîâîäèòè óñi íåîáõiäíi îïåðàöi¨, ïiä-
ñòàâèìî (12) â (7) i (8). Âiäíîñíî ω îäåðæè-
ìî çàäà÷ó Êîøi äëÿ ëiíiéíîãî íåîäíîðiäíî-
ãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè
ïîõiäíèìè ïåðøîãî ïîðÿäêó

α(t)∂tω(t, σ) + β(t)(σ2 − σ∂σ)ω(t, σ)−
−aω(t, σ) = 0, t > τ, σ ∈ R,

ω(t, σ)|t=τ = ψ(σ), σ ∈ R,
äå

ψ(σ) =
∫
R
e−ixσϕ0(x)dx.

Ìà¹ìî
dt

α(t)
= dω

ω(a−β(t)σ2)
= dσ

β(t)σ
.

Ç ðiâíîñòi
dt

α(t)
= dσ

β(t)σ
îäåðæó¹ìî

β(t)
α(t)

dt = dσ
σ

.

Ïðîiíòåãðóâàâøè, ìà¹ìî
B(t, τ) = ln|σ| − ln|C1|, C1 ∈ R\{0},

äå
B(t, τ) ≡

t∫
τ

β(θ)
α(θ)

dθ.

Îòæå,
σ = C1eB(t,τ), C1 ∈ R\{0}.

Ç ðiâíîñòi
dω

ω(a−β(t)σ2)
= dt

α(t)
ìà¹ìî

dω
ω

= a dt
α(t)

− β(t)
α(t)

σ2dt.

Ïðîiíòåãðóâàâøè, îäåðæèìî
ln|ω| = aA(t, τ)−

t∫
τ

β(θ)
α(θ)

σ2dθ,

äå
A(t, τ) ≡

t∫
τ

dθ
α(θ)

Âðàõóâàâøè âèðàç äëÿ σ, îäåðæó¹ìî
ln|ω| = aA(t, τ)− σ2

2

(
1− e−2B(t,τ)

)
.

Òîäi ç (12), çàñòîñóâàâøè îáåðíåíå ïåðåòâî-
ðåííÿ Ôóð'¹ äî ω, îäåðæó¹ìî

v(t, x) = 1
2π
eaA(t,τ)

∫
R

ϕ0(ξ)

(
∫
R

exp

{
ixσ−

σ2

2

(
1− e−2B(t,τ)

)
−−iξσeB(t,τ)

}
dσ

)
dξ.

Îñêiëüêè
iσ

(
x− ξeB(t,τ)

)− σ2

2

(
1− e−2B(t,τ)

)
=

= −
(

σ√
2

√
1− e−2B(t,τ) − i x−ξeB(t,τ)√

2(1−e−2B(t,τ))

)2

−

− (x−ξeB(t,τ))
2

2(1−e−2B(t,τ))
,

çâiäêè
∫
R

exp

{
−

(
σ√
2

√
1− e−2B(t,τ)−

−i x−ξeB(t,τ)√
2(1−e−2B(t,τ))

)2}
dσ =

= 1√
1−e−2B(t,τ)

∫
R
e− z2

2 dz =
√

π√
1−e−2B(t,τ)

,

òî
v(t, x) = 1√

2π
eaA(t,τ)

√
π√

1−e−2B(t,τ)
×

× ∫
R

exp

{
− (x−ξeB(t,τ))

2

2(1−e−2B(t,τ))

}
ϕ0(ξ)dξ.

Îäåðæàëè ðîçâ'ÿçîê çàäà÷i Êîøi (7), (8)
ó âèãëÿäi
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v(t, x) =
∫
R

Z0(t, x; τ, ξ)ϕ0(ξ)dξ,

t > τ, x ∈ R, (13)
äå

Z0(t, x; τ, ξ) = eaA(t,τ)√
2π(1−e−2B(t,τ))

×
× exp

{
− (x−e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}
,

t > τ ≥ 0, {x, ξ} ⊂ R, (14)

A(t, τ) =
t∫

τ

dθ
α(θ)

, B(t, τ) =
t∫

τ

β(θ)
α(θ)

dθ.

Ïîâåðíåìîñü äî ðiâíÿííÿ (1). Çãiäíî ç
ôîðìóëîþ (6) äëÿ ðîçâ'ÿçêó çàäà÷i (1), (2)
îäåðæó¹ìî ôîðìóëó

u(t, x) =
∫
R

Z(t, x; τ, ξ)ϕ(ξ)dξ,

t > τ, x ∈ R, (15)
ó ÿêié
Z(t, z; τ, ξ) = exp

{
−B(x) + B(ξ) + x2−ξ2

4

}
×

×Z0(t, x; τ, ξ), t > τ, {x, ξ} ⊂ R. (16)
Iíòåãðàë (13) íàçèâàþòü iíòåãðàëîì Ïó-

àññîíà ôóíêöi¨ ϕ0 äëÿ ðiâíÿííÿ (7), à iíòå-
ãðàë (15) � iíòåãðàëîì Ïóàññîíà ôóíêöi¨ ϕ
äëÿ ðiâíÿííÿ (1).

Ðîçãëÿíåìî ñïðÿæåíèé âèðàç äî L

L∗ ≡ −∂τ − β(τ)
α(τ)

(
∂2

ξ − 2b(ξ)∂ξ +

(
1
2
−

− ξ2

4
− b2(ξ)− d

dξ
b(ξ)

))
− a,

τ < t, ξ ∈ R. (16)
Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ñïðÿæåíîãî
ðiâíÿííÿ

L∗u′ = 0,

u′(τ, ξ)

∣∣∣∣
τ=t

= ϕ′(ξ), ξ ∈ R.

Çäiéñíèâøè çàìiíó, àíàëîãi÷íó (6)
u′(τ, ξ) = exp

{
B(ξ)− ξ2

4

}
v′(τ, ξ),

τ ≤ t, ξ ∈ R,
îäåðæó¹ìî çàäà÷ó

−∂τv
′(τ, ξ)− β(τ)

α(τ)

(
∂2

ξ − ξ∂ξ

)
v′(τ, ξ)−

−av′(τ, ξ) = 0, τ < t, ξ ∈ R, (17)

v′(τ, ξ)

∣∣∣∣
τ=t

= ψ′(ξ), ξ ∈ R. (18)

äå
ψ′(ξ)ε ≡ exp

{
−B(ξ) + ξ2

4

}
ϕ′(ξ).

Ðîçâ'ÿçóþ÷è çàäà÷ó (17), (18) àíàëîãi÷íî
äî çàäà÷i (7), (8), îäåðæó¹ìî

v′(τ, ξ) =
∫
R

Z∗
0(τ, ξ; t, x)ψ′(x)dx,

τ < t, ξ ∈ R,
äå

Z∗
0(τ, ξ; t, x) = eaA(τ,t)√

2π(1−e−2B(τ,t))
×

× exp
{
− (ξ−e−B(τ,t)x)2

2(1−e−2B(τ,t))

}
, τ < t, {x, ξ} ∈ R.

Òîäi
u′(τ, ξ) =

∫
R

Z∗(τ, ξ; t, x)ψ′(x)dx, τ < t, ξ ∈ R,

äå
Z∗(τ, ξ; t, x) ≡ exp

{
−B(x) + B(ξ) + x2−ξ2

4

}
×

×Z∗
0(τ, ξ; t, x), τ < t, {x, ξ} ∈ R.

Iç âèðàçiâ äëÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿç-
êiâ Z, Z∗, Z0 òà Z∗

0 âèïëèâà¹ âëàñòèâiñòü
íîðìàëüíîñòi

Z∗(τ, ξ; t, x) ≡ Z(t, x; τ, ξ),
Z∗

0(τ, ξ; t, x) ≡ Z0(t, x; τ, ξ),
τ < t, {x, ξ} ∈ R.

3. Ðîçãëÿíåìî çàäà÷ó Äiðiõëå äëÿ ðiâíÿ-
ííÿ

L0
0u(t, x) = f 0(t, x), x > 0, t > 0, (19)

äå
L0

0 ≡ α(t)∂t − β(t) (∂2
x + x∂x + 1) ,

ç ïî÷àòêîâîþ óìîâîþ (11) i ïåðøîþ êðàéî-
âîþ óìîâîþ (101).

Ïðèïóñòèìî ñïî÷àòêó, ùî ïî÷àòêîâà óìî-
âà ¹ íóëüîâîþ, òîáòî

u
∣∣
t=0

= 0. (20)

Íåõàé g ç óìîâè (101) � íåïåðåðâíà òà
îáìåæåíà ôóíêöiÿ.

Ðîçâ'ÿçîê çàäà÷i (19), (20), (101) øóêà¹ìî
ó âèãëÿäi ïîòåíöiàëó ïîäâiéíîãî øàðó

u(t, x) =
t∫

0

∂ξZ
0
0(t, x; τ, ξ)

∣∣∣∣
ξ=0

µ(τ)β(τ)
α(τ)

dτ,

t > 0, x > 0, ξ > 0, (21)
äå Z0

0 � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i
Êîøi äëÿ ðiâíÿííÿ (19). Âií âèçíà÷à¹òüñÿ
ôîðìóëîþ

Z0
0(t, x; τ, ξ) = 1√

2π(1−e−2B(t,τ))
×

× exp
{
− (x−e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}
,

t > τ ≥ 0, x > 0, ξ > 0, (22)
à µ � íåâiäîìà ôóíêöiÿ, ÿêó ââàæàòèìåìî
íåïåðåðâíîþ i îáìåæåíîþ.

Îñêiëüêè
∂Z0

0 (t,x;τ,ξ)

∂ξ
= 1√

2π(1−e−2B(t,τ))
×

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2005. Âèïóñê 269. Ìàòåìàòèêà. 83



× exp
{
− (x−e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}
e−B(t,τ)(x−e−B(t,τ)ξ)

1−e−2B(t,τ) ,

òî ôîðìóëà (21) ïåðåïèøåòüñÿ òàê:
u(t, x) = x√

2π

t∫
0

e−B(t,τ)

(1−e−2B(t,τ))3/2×

× exp
{
− x2

2(1−e−2B(t,τ))

}
µ(τ)β(τ)

α(τ)
dτ,

t > 0, x > 0, ξ > 0.

Ïiäáåðåìî ôóíêöiþ µ òàê, ùîá (21) çàäî-
âîëüíÿëà óìîâó (101). Äëÿ öüîãî çàïèøåìî
îñòàííié âèðàç ó âèãëÿäi
u(t, x) = M(t, x) + N(t, x)µ(t), t > 0, x > 0,
äå

M(t, x) = x√
2π

t∫
0

e−B(t,τ)

(1−e−2B(t,τ))3/2×

× exp
{
− x2

2(1−e−2B(t,τ))

}
[µ(τ)− µ(t)]β(τ)

α(τ)
dτ,

N(t, x) = x√
2π

t∫
0

e−B(t,τ)

(1−e−2B(t,τ))3/2×

× exp
{
− x2

2(1−e−2B(t,τ))

}
β(τ)
α(τ)

dτ.

Çäiéñíèâøè çàìiíó x√
2(1−e−2B(t,τ))

= γ,

îäåðæó¹ìî
N(t, x) =

√
2√
π

∞∫
0

exp{−γ2} γ√
2γ2−x2

χ[C(t,x),∞)dγ,

äå χA � õàðàêòåðèñòè÷íà ôóíêöiÿ ìíîæèíè
A, C(t, x) ≡ x√

2(1−e−2B(t,0))
. Íà ïiäñòàâi òåîðå-

ìè Ëåáåãà ïðî îáìåæåíó çáiæíiñòü ìà¹ìî

lim
x→0

N(t, x) =
1

2
. (23)

Òåïåð äîâåäåìî, ùî

lim
x→∞

M(t, x) = 0 (24)

äëÿ êîæíîãî ôiêñîâàíîãî t > 0. Íåõàé ε > 0
çàäàíå. Ç íåïåðåðâíîñòi ôóíêöi¨ µ âèïëèâà¹,
ùî

∃η > 0 ∀τ ∈ (t− η, t] :
|µ(τ)− µ(t)| < ε

eB(η,0) .
Çàïèøåìî

M(t, x) = x√
2π

t−η∫
0

e−B(t,τ)

(1−e−2B(t,τ))3/2×

× exp
{
− x2

2(1−e−2B(t,τ))

}
[µ(τ)− µ(t)]β(τ)

α(τ)
dτ+

+ x√
2π

t∫
t−η

e−B(t,τ)

(1−e−2B(t,τ))3/2 exp
{
− x2

2(1−e−2B(t,τ))

}
×

×[µ(τ)− µ(t)]β(τ)
α(τ)

dτ ≡ M1(t, x) + M2(t, x).

Âðàõîâóþ÷è íåïåðåðâíiñòü ôóíêöi¨ µ, ìà-
¹ìî

|M2(t, x)| ≤ ε
2
.

Ç îáìåæåíîñòi ôóíêöi¨ µ âèïëèâà¹, ùî
∃K > 0 ∀τ ∈ (0, t− η) : |µ(τ)| ≤ K,

çâiäêè

|M1(t, x)| < 2KeB(0,t)√
π

C(η,x)∫
C(t,x)

exp{−γ2}dγ.

Ïiäáåðåìî òàêå δ > 0, ùîá

∀x ∈ (0, δ) :
C(η,x)∫
C(t,x)

exp{−γ2}dγ ≤ ε
√

π

4KeB(t,0) ,

òîäi îäåðæó¹ìî, ùî
∀x ∈ (0, δ) : |M1(t, x) < ε

2
,

à, îòæå, ñïðàâäæó¹òüñÿ (24).
Âðàõîâóþ÷è (101), (23), (24), îäåðæó¹ìî

lim
x→0

u(t, x) = g(t) =
1

2
µ(t),

çâiäêè
µ(t) = 2g(t).

Îòæå, ðîçâ'ÿçîê çàäà÷i (19), (20), (101) âè-
çíà÷à¹òüñÿ ôîðìóëîþ
u(t, x) = 2

t∫
0

∂ξZ0(t, x; τ, ξ)

∣∣∣∣
ξ=0

g(τ)β(τ)
α(τ)

dτ =

=
t∫

0

G0
11(t, x; τ)g(τ)β(τ)

α(τ)
dτ, t > 0, x > 0,

äå
G0

11(t, x; τ) ≡
√

2xe−B(t,τ)√
π(1−e−2B(t,τ))3/2×

× exp
{
− x2

2(1−e−2B(t,τ))

}
,

t > τ ≥ 0, x > 0. (25)
Ôóíêöiÿ G0

11 ¹ ÿäðîì Ïóàññîíà çàäà÷i
(19), (20), (101).

Ðîçãëÿíåìî çàäà÷ó (19), (101), (11). Îäíî-
ðiäíó ôóíêöiþ Ãðiíà G0

01 öi¹¨ çàäà÷i øóêà¹-
ìî ó âèãëÿäi

G0
01(t, x; τ, ξ) = Z0

0(t, x; τ, ξ)− V (t, x; τ, ξ),
t > τ ≥ 0 x > 0, ξ > 0, (26)

äå Z0
0 � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i

Êîøi äëÿ ðiâíÿííÿ (19), à V (t, x; τ, ξ) ïðè
äîâiëüíèõ ôiêñîâàíèõ τ ≥ 0 i ξ > 0 ¹ ðîçâ'ÿç-
êîì çàäà÷i

L0
0V = 0,

V
∣∣
t=τ

= 0,

V (t, x; τ, ξ)
∣∣
x=0

= Z0
0(t, x; τ, ξ)

∣∣
x=0

.
Âèêîðèñòîâóþ÷è ÿäðî Ïóàññîíà çàäà÷i

(19), (101), (11), äëÿ V îäåðæó¹ìî âèðàç
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V (t, x; τ, ξ) =
t∫

τ

G0
11(t, x; γ)Z0

0(γ, 0; τ, ξ)β(γ)
α(γ)

dγ,

t > τ ≥ 0, x > 0, ξ > 0.
Âðàõîâóþ÷è (23) i (26), îäåðæó¹ìî
V (t, x; τ, ξ) = x

π

t∫
τ

e−B(t,γ)

(1−e−2B(t,γ))3/2(1−e−2B(γ,τ))1/2×

× exp
{
− x2

2(1−e−2B(t,γ))
− e−2B(γ,τ)ξ2

2(1−e−2B(γ,τ))

}
β(γ)
α(γ)

dγ.

Â îñòàííüîìó iíòåãðàëi, çðîáèâøè çàìiíó
çìiííèõ iíòåãðóâàííÿ òà âèêîíàâøè åëåìåí-
òàðíi ïåðåòâîðåííÿ, îäåðæó¹ìî

V (t, x; τ, ξ) = 1√
2π(1−e−2B(t,τ))

×
× exp

{
− (x+e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}
.

Îäåðæàëè òàêi ôîðìóëè äëÿ êîìïîíåíò
âåêòîð-ôóíêöi¨ Ãðiíà

−→
G0

1 ≡ (G0
01, G

0
11, G

0
21)

çàäà÷i (26), (101), (11):
G0

01(t, x; τ, ξ) = 1√
2π(1−e−2B(t,τ))

×

×
[

exp
{− (x−e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}−

− exp
{− (x2+e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}]
,

t > τ ≥ 0, x > 0, ξ > 0; (27)

G0
11(t, x; τ) =

√
2xe−B(t,τ)√

π(1−e−2B(t,τ))3/2×
× exp

{
− x2

2(1−e−2B(t,τ))

}
, t > τ ≥ 0, x > 0;

G0
21(t, x; ξ) = G0

01(t, x; 0, ξ) = 1√
2π(1−e−2B(t,0))

×

×
[

exp
{− (x−e−B(t,0)ξ)2

2(1−e−2B(t,0))

}−

− exp
{− (x2+e−B(t,0)ξ)2

2(1−e−2B(t,0))

}]
,

t > 0, x > 0, ξ > 0. (28)

Çà äîïîìîãîþ (6) îäåðæó¹ìî ôîðìóëè
äëÿ êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà çàäà-
÷i Äiðiõëå (3), (41), (5) ç a = 0:

G01(t, x; τ, ξ) = exp
{−B(x) + x2

4

}×
×G0

01(t, x; τ, ξ), t > τ ≥ 0, x > 0, ξ > 0;

G11(t, x; τ) = exp
{
−B(x) + x2

4

}
G0

11(t, x; τ),

t > τ ≥ 0, x > 0;

G21(t, x; ξ) = exp
{
−B(x) + x2

4

}
G0

21(t, x; ξ),

t > 0, x > 0, ξ > 0,
äå G0

01, G0
11, G0

21 âèçíà÷àþòüñÿ ôîðìóëàìè
(27), (25) òà (28) âiäïîâiäíî.

4. Ðîçãëÿíåìî çàäà÷ó Íåéìàíà (19), (25),
(102) ç íóëüîâîþ ïî÷àòêîâîþ óìîâîþ.

Íåõàé g � íåïåðåðâíà òà îáìåæåíà ôóíê-
öiÿ. Ðîçâ'ÿçîê öi¹¨ çàäà÷i øóêàòèìåìî ó âè-
ãëÿäi ïîòåíöiàëó ïðîñòîãî øàðó

u(t, x) =
t∫

0

Z0
0(t, x; τ, 0)µ(τ)β(τ)

α(τ)
dτ,

t > 0, x > 0, (29)
äå Z0

0 � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i
Êîøi äëÿ ðiâíÿííÿ (19) i âèçíà÷à¹òüñÿ çà
ôîðìóëîþ (22), à µ � íåâiäîìà ôóíêöiÿ, ÿêó
ïðèïóñêàòèìåìî íåïåðåðâíîþ é îáìåæåíîþ.

Îñêiëüêè ôóíêöiÿ Z0
0(t, x; τ, 0) ïðè x > 0

i t > τ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (19), òî ïðè t
> 0 i x > 0 ôóíêöiÿ (29) äëÿ äîâiëüíî¨ îáìå-
æåíî¨ òà íåïåðåðâíî¨ ôóíêöi¨ µ ¹ ðîçâ'ÿç-
êîì öüîãî ðiâíÿííÿ, ÿêèé çàäîâîëüíÿ¹ óìî-
âó (20). Ïiäáåðåìî ôóíêöiþ µ òàê, ùîá (29)
çàäîâîëüíÿëà óìîâó (102).

Äëÿ öüîãî îá÷èñëèìî ïðè x > 0 ïîõiäíó
∂xu(t, x) = − x√

2π

t∫
0

1√
2π(1−e−2B(t,τ))

3×

× exp
{
− x2

2(1−e−2B(t,τ))

}
µ(τ)β(τ)

α(τ)
dτ ≡

≡ −Q(t, x)−R(t, x)µ(t),
äå

Q(t, x) ≡ x√
2π

t∫
0

1
(1−e−2B(t,τ))3/2×

× exp
{
− x2

2(1−e−2B(t,τ))

}
β(τ)
α(τ)

[µ(τ)− µ(t)]dτ,

R(t, x) ≡ x√
2π

t∫
0

1
(1−e−2B(t,τ))3/2×

× exp
{
− x2

2(1−e−2B(t,τ))

}
β(τ)
α(τ)

dτ.

Àíàëîãi÷íî ÿê äëÿ N(t, x) òà M(t, x) ç 3
îäåðæó¹ìî âiäïîâiäíî

lim
x→0

R(t, x) =
1

2
òà

lim
x→0

Q(t, x) = 0.

Òîäi

lim
x→0

∂xu(t, x) = g(t) = −1

2
µ(t),

çâiäêè
µ(t) = −2g(t).

Îòæå, ðîçâ'ÿçîê çàäà÷i (19),(20),(102)
âèçíà÷à¹òüñÿ ôîðìóëîþ

u(t, x) =
t∫

0

Z0
0(t, x; τ, 0)g(τ)β(τ)

α(τ)
dτ =
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t∫
0

G0
12(t, x; τ)g(τ)β(τ)

α(τ)
dτ, t > 0, x > 0,

äå
G0

12(t, x; τ) ≡ −
√

2√
π(1−e−2B(t,τ))

×

× exp
{
− x2

2(1−e−2B(t,τ))

}
,

t > τ ≥ 0, x > 0. (30)
Ôóíêöiÿ G0

12 ¹ ÿäðîì Ïóàññîíà çàäà÷i
(19), (20), (102).

Çíàéäåìî îäíîðiäíó ôóíêöiþ Ãðiíà çàäà-
÷i (19), (102), (11). Âîíà øóêà¹òüñÿ ó âèãëÿäi
(26), äå Z0

0(γ, y; τ, ξ) âèçíà÷à¹òüñÿ ôîðìóëîþ
(22), à V (·, ·; t, x) ïðè äîâiëüíèõ ôiêñîâàíèõ
t i x ¹ ðîçâ'ÿçêîì çàäà÷i

L0
0V = 0,

V

∣∣∣∣
τ=t

= 0,

∂ξV (τ, ξ; t, x)

∣∣∣∣
ξ=0

= ∂ξZ0(τ, ξ; t, x)

∣∣∣∣
ξ=0

.

Òîìó
V (t, x; τ, ξ) =

t∫
τ

G0
12(t, x; γ)×

× ∂
∂y

Z0
0(γ, y; τ, ξ)

∣∣∣∣
y=0

β(γ)
α(γ)

dγ,

t > τ ≥ 0, x > 0, ξ > 0.
Îñêiëüêè

∂Z0
0 (γ,y;τ,ξ)

∂y

∣∣∣∣
y=0

= e−B(γ,τ)ξ√
2π(1−e−2B(t,τ))3/2×

× exp
{
− e−2B(γ,τ)ξ2

2(1−e−2B(γ,τ))

}
,

òî ç óðàõóâàííÿì (30) ìà¹ìî
V (t, x; τ, ξ) =

= − ξ
π

t∫
τ

e−B(γ,τ)

(1−e−2B(γ,τ))3/2(1−e−2B(t,γ))3/2×

× exp
{
− x2

2(1−e−2B(t,γ))
− ξ2

2(1−e−2B(γ,τ))

}
β(γ)
α(γ)

dγ.

Âèêîíàâøè ïåðåòâîðåííÿ, îäåðæó¹ìî
V (t, x; τ, ξ) = − 1√

2π(1−e−2B(t,τ))
×

× exp
{
− (x+e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}
.

Îòæå, êîìïîíåíòè âåêòîð-ôóíêöi¨ Ãðiíà−→
G0

2 ≡ (G0
02, G

0
12, G

0
22) çàäà÷i (19), (102), (11)

âèçíà÷àþòüñÿ ôîðìóëàìè
G0

02(t, x; τ, ξ) = 1√
2π(1−e−2B(t,τ))

×

×
[

exp
{
− (x−e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

}
+

+ exp
{
− (x+e−B(t,τ)ξ)2

2(1−e−2B(t,τ))

} ]
,

t > τ ≥ 0, x > 0, ξ > 0; (31)

G0
12(t, x; τ) = −

√
2√

π(1−e−2B(t,τ))
×

× exp
{
− x2

2(1−e−2B(t,τ))

}
, t > τ ≥ 0, x > 0;

G0
22(t, x; ξ) = G0

02(t, x; 0, ξ) = 1√
2π(1−e−2B(t,0))

×
[

exp
{
− (x−e−B(t,0)ξ)2

2(1−e−2B(t,0))

}
+

+ exp
{
− (x+e−B(t,0)ξ)2

2(1−e−2B(t,0))

} ]
,

t > 0, x > 0, ξ > 0. (32)
Çãiäíî ç (6) îäåðæó¹ìî ôîðìóëè äëÿ êîì-

ïîíåíò ôåêòîð-ôóíêöi¨ Ãðiíà çàäà÷i Íåéìà-
íà (3), (42), (5) ç a = 0:

G02(t, x; τ, ξ) = exp
{
−B(x) + x2

4

}
×

×G0
02(t, x; τ, ξ),

t > τ ≥ 0, x > 0, ξ > 0;

G12(t, x; τ) = exp
{
−B(x) + x2

4

}
G0

12(t, x; τ),

t > τ ≥ 0, x > 0;

G22(t, x; ξ) = exp
{
−B(x) + x2

4

}
G0

22(t, x; ξ),

t > 0, x > 0, ξ > 0,
äå G0

02, G0
12, G0

22 âèçíà÷àþòüñÿ ôîðìóëàìè
(31), (30) òà (32) âiäïîâiäíî.

Çàóâàæåííÿ 1. Ó âèïàäêó a 6= 0 ÿâíi
âèðàçè äëÿ êîìïîíåíò âåêòîð-ôóíêöi¨ Ãði-
íà îäåðæàòè íå âäà¹òüñÿ. Ó öüîìó âèïàäêó
îäåðæóþòüñÿ îöiíêè.

Çàóâàæåííÿ 2. Àíàëîãi÷íi ôîðìóëè
îäåðæóþòüñÿ i äëÿ êîìïîíåíò âåêòîð-
ôóíêöi¨ Ãðiíà êðàéîâèõ çàäà÷, ñïðÿæåíèõ
äî çàäà÷ (3) � (5) òà (9) � (11). Çàóâàæèìî,
ùî äëÿ îäíîðiäíèõ ôóíêöié Ãðiíà âèêîíó¹-
òüñÿ ðiâíiñòü

G∗
0(τ, ξ; t, x) = G0

0(t, x; τ, ξ),
t > τ ≥ 0, x > 0, ξ > 0,

òîáòî ïðàâèëüíà âëàñòèâiñòü íîðìàëüíîñòi.
ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Èâàñèøåí Ñ.Ä., Ýéäåëüìàí Ñ.Ä. Ëèíåéíûå
ïàðàáîëè÷åñêèå ãðàíè÷íûå çàäà÷è: ïðèìåðû, òåîðå-
ìû î êîððåêòíîñòè, ïðèëîæåíèÿ // Ìàòåìàòèêà ñå-
ãîäíÿ' 88: Íàó÷.-ìåòîä. ñá. � Ê.: Âûùà øê., 1988. �
Ñ. 76-104.

2. Èâàñèøåí Ñ.Ä. Ëèíåéíûå ïàðàáîëè÷åñêèå
ãðàíè÷íûå çàäà÷è.� Ê.: Âûùà øê. Ãîëîâíîå èçä-âî,
1989.� 72 ñ.� (Ñîâðåìåííûå äîñòèæåíèÿ ìàòåìàòè-

86 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2005. Âèïóñê 269. Ìàòåìàòèêà.



êè è åå ïðèëîæåíèÿ).
3. Áåðåçàí Ë.Ï., Iâàñèøåí Ñ.Ä., Ïàñi÷íèê Ã.Ñ.

Âåêòîð-ôóíêöiÿ Ãðiíà äåÿêèõ ïàðàáîëi÷íèõ êðàéî-
âèõ çàäà÷ äëÿ ðiâíÿííÿ äðóãîãî ïîðÿäêó.� ×åðíiâå-
öüêèé äåðæ. óí-ò. ×åðíiâöi.� 1996.� 34 ñ.� Äåï. â
ÄÍÒÁ Óêðà¨íè 08.04.96, �904-Óê96.

4. Ïàñi÷íèê Ã.Ñ., Ìåëüíè÷óê Â.Ô. Ïðî êðà-
éîâi çàäà÷i äëÿ îäíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ çi
çðîñòàþ÷èìè êîåôiöi¹íòàìè // International conf.
"Modern problems and new trends in probability
theory" (Chernivtsi, June 19-26, 2005), T.2.� Ê.,
2005.� C.88.

Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi�� 10.10.2005

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2005. Âèïóñê 269. Ìàòåìàòèêà. 87


