
ÓÄÊ 517.956.4
c©2005 ð. Â.Ì. Ëó÷êî

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi

ÏÐÎ ÏÅÐIÎÄÈ×ÍÈÉ ÐÎÇÂ'ßÇÎÊ ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
ÂÈÙÎÃÎ ÏÎÐßÄÊÓ ÏÎ t

Äîâåäåíî iñíóâàííÿ i âñòàíîâëåíî îöiíêè ïåðiîäè÷íîãî ðîçâ'ÿçêó ïàðàáîëi÷íîãî ðiâíÿííÿ
âèùîãî ïîðÿäêó ïî t.

The existance of periodical solution of parabolic equation of higher order by t was proved.

Äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü
[5] îòðèìàíî îçíàêè iñíóâàííÿ ñòiéêèõ ïå-
ðiîäè÷íèõ ðîçâ'ÿçêiâ. Äëÿ äîñëiäæåííÿ äà-
íî¨ çàäà÷i âèêîðèñòîâó¹òüñÿ ìåòîä, çàïðîïî-
íîâàíèé Ì.À. Êðàñíîñåëüñüêèì (îïåðàòîð-
íèé ìåòîä). Ó [6] äîñëiäæåíî êîðåêòíiñòü
êðàéîâèõ çàäà÷ ç ïåðiîäè÷íèìè óìîâàìè
(íà òîði) çà âèäiëåíîþ çìiííîþ òà ïåâíèìè
óìîâàìè çà iíøèìè êîîðäèíàòàìè äëÿ øè-
ðîêèõ êëàñiâ ëiíiéíèõ i êâàçiëiíiéíèõ ðiâ-
íÿíü òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïî-
õiäíèìè (ãiïåðáîëi÷íèõ, ïàðàáîëi÷íèõ, áåç-
òèïíèõ) ñêií÷åííîãî ïîðÿäêó, à òàêîæ ëi-
íiéíèõ ðiâíÿíü íåñêií÷åííîãî ïîðÿäêó òà
äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü. Äëÿ
âiäøóêóâàííÿ ïåðiîäè÷íîãî ðîçâ'ÿçêó çâè-
÷àéíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
ðîçâèíóòà òåîðiÿ Ôëîêå [1].

Ó äàíié ïðàöi ñòàâèòüñÿ çàäà÷à âiäøóêó-
âàííÿ ïåðiîäè÷íîãî ðîçâ'ÿçêó ïàðàáîëi÷íîãî
ðiâíÿííÿ âèùîãî ïîðÿäêó ïî t.

Ðîçãëÿíåìî ðiâíÿííÿ
∂mU

∂tm
=

=
∑

2bk0+|k|≤2bm

Ak0k(t)D
k0
t Dk

xU(t, x) + f(t, x),

(1)
(t, x) ∈ Π ≡ {(t, x), t ≥ 0, x ∈ <n}, äå Ak0k(t)
- âiäîìi íåïåðåðâíi ôóíêöi¨ ïðè t ≥ 0; êî-
åôiöi¹íòè òà íåîäíîðiäíiñòü ðiâíÿííÿ (1) ¹
ïåðiîäè÷íèìè ôóíêöiÿìè ç äåÿêèì ïåðiîäîì
ω > 0

Ak0k(t + ω) ≡ Ak0k(t), f(t + ω, x) ≡ f(t, x),

t ≥ 0, x ∈ <n. Íåõàé f(t, x) àïðiîði äîïó-
ñêà¹ ïåðåòâîðåííÿ Ôóð'¹. Çàñòîñó¹ìî äî ðiâ-
íÿííÿ (1) ïåðåòâîðåííÿ Ôóð'¹, ïiñëÿ ÷îãî
îòðèìà¹ìî çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿ-
ííÿ âèãëÿäó

dmV

dtm
=

∑

2bk0+|k|≤2bm

Ak0k(t)(i0σ)k dk0V

dtk0
+f̃(t, σ),

(2)
i20 = −1.

Ðiâíÿííÿ (1) áóäåìî íàçèâàòè ïàðàáîëi-
÷íèì, ÿêùî äiéñíi ÷àñòèíè êîðåíiâ λi(t, σ)
õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

λm −
∑

2bk0+|k|=2bm

Ak0k(t)(i0σ)kλk0 = 0

çàäîâîëüíÿþòü íåðiâíiñòü

Reλi(t, σ) ≤ −δ|σ|2b, δ > 0, σ ∈ <n. (3)

Iç [4,ñò.18] âèïëèâà¹, ùî äëÿ îäíîðiäíî-
ãî ðiâíÿííÿ (2) iñíó¹ ôóíäàìåíòàëüíà ñèñòå-
ìà ðîçâ'ÿçêiâ. Íåõàé K̃ = {Ki(t, σ)}m

i=1 ôóí-
äàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ âiäïîâiäíî-
ãî îäíîðiäíîãî ðiâíÿííÿ (2), ùî çàäîâîëüíÿ¹
ïî÷àòêîâi óìîâè

dj−1Ki(t, σ)

dtj−1

∣∣∣∣
t=0

= δij, i, j = 1,m, (4)

à ôóíêöiÿ K(t − τ, σ) ¹ ôóíêöi¹þ Ãðiíà çà-
äà÷i Êîøi îäíîðiäíîãî ðiâíÿííÿ (2) òà çàäî-
âîëüíÿ¹ óìîâè

dj−1K(t− τ, σ)

dtj−1

∣∣∣∣
t=τ

= δj−1,m−1, j = 1, m, (5)
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äå δij =

{
0, i 6= j,

1, i = j.

Òîäi çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (2) íà-
áóäå âèãëÿäó

V (t, σ) =
m∑

i=1

ciKi(t, σ)+

+

t∫

0

K(t− τ, σ)f̃(τ, σ)dτ. (6)

Äëÿ âiäøóêóâàííÿ ïåðiîäè÷íîãî ðîçâ'ÿç-
êó ðiâíÿííÿ (2) ñêîðèñòó¹ìîñÿ òèì, ùî ïîõi-
äíà âiä ïåðiîäè÷íî¨ ôóíêöi¨ ¹ òàêîæ ïåðiîäè-
÷íà ôóíêöiÿ. Äëÿ îäíîçíà÷íîñòi ðîçâ'ÿçêó
âèêîðèñòà¹ìî óìîâó ïåðiîäè÷íîñòi ôóíêöi¨
äî m− 1 ïîõiäíî¨





V (t + ω, σ) = V (t, σ),

V
′
t (t + ω, σ) = V

′
t (t, σ),

. . . . . . . . . . . . . . . . . . . . . . . . ,

V
(m−1)
t (t + ω, σ) = V

(m−1)
t (t, σ).

(7)

Îñêiëüêè (7) âèêîíó¹òüñÿ ïðè äîâiëüíèõ
t ≥ 0, òî ïîêëàäàþ÷è t = 0 òà âðàõîâóþ÷è
(4), (5), îòðèìà¹ìî

(E − A(ω, σ))c =

ω∫

0

F̃ (ω − τ, σ)f̃(τ, σ)dτ,

äå E - îäèíè÷íà ìàòðèöÿ, c =




c1

. . .
cm


 ,

F̃ (ω − τ, σ) =
(

dj−1K(t+ω−τ,σ)
dtj−1

∣∣∣
t=0

)m

j=1
,

A(ω, σ) =

=




K1(ω, σ) . . . Km(ω, σ)
K

′
1(ω, σ) . . . K

′
m(ω, σ)

. . . . . . . . .

K
(m−1)
1 (ω, σ) . . . K

(m−1)
m (ω, σ)


 .

Íåõàé iñíó¹ îáåðíåíà ìàòðèöÿ (E −
−A(ω, σ))−1, òî ïåðiîäè÷íèé ðîçâ'ÿçîê
ðiâíÿííÿ (2) ìîæíà ïîäàòè ó âèãëÿäi

V (t, σ) =

ω∫

0

K̃(t, σ)(E−A(ω, σ))−1F̃ (ω−τ, σ)×

×f̃(τ, σ)dτ +

t∫

0

K(t− τ, σ)f̃(τ, σ)dτ. (8)

Çàñòîñîâóþ÷è äî (8) îáåðíåíå ïåðåòâîðåí-
íÿ Ôóð'¹ i êîðèñòóþ÷èñü òåîðåìîþ ïðî ïå-
ðåòâîðåííÿ Ôóð'¹ çãîðòêè, îòðèìà¹ìî ôîð-
ìàëüíî çîáðàæåííÿ ïåðiîäè÷íîãî ðîçâ'ÿçêó
ðiâíÿííÿ (1) ó âèãëÿäi

U(t, x) =

ω∫

0

∫

<n

G1(t, τ, x− ξ)f(τ, ξ)dξ+

+

t∫

0

∫

<n

G(t, τ, x− ξ)f(τ, ξ)dξ, (9)

äå

G1(t, τ, x− ξ) =
1

(2π)n

∫

<n

ei0(x−ξ)σK̃(t, σ)×

×(E − A(ω, σ))−1F̃ (ω − τ, σ)dσ,

G(t, τ, x− ξ) =
1

(2π)n

∫

<n

ei0(x−ξ)σK(t− τ, σ)dσ.

Âèâ÷èìî äåÿêi âëàñòèâîñòi ìàòðèöi A(ω, σ).
Ëåìà. Âèçíà÷íèê ìàòðèöi A(ω, σ) âiä-

ìiííèé âiä íóëÿ äëÿ σ ∈ <n, ω > 0.
Äîâåäåííÿ. Ïîêàæåìî, ùî K̃ = {Ki(t +

ω, σ)}m
i=1 òàêîæ ¹ ôóíäàìåíòàëüíîþ ñèñòå-

ìîþ îäíîðiäíîãî ðiâíÿííÿ (2), äëÿ öüîãî
ñêîðèñòó¹ìîñÿ òèì, ùî êîìïîíåíòè ôóíäà-
ìåíòàëüíî¨ ñèñòåìè ¹ ðîçâ'ÿçêàìè îäíîði-
äíîãî ðiâíÿííÿ (2), òîáòî

dmKi(t, σ)

dtm
=

∑

2bk0+|k|≤2bm

Ak0k(t)(i0σ)k dk0Ki

dtk0
,

îòðèìà¹ìî
dmKi(t + ω, σ)

dtm
=

∑

2bk0+|k|≤2bm

Ak0k(t+ω)(i0σ)k×

×dk0Ki(t + ω, σ)

dtk0
=

∑

2bk0+|k|≤2bm

Ak0k(t)(i0σ)k×

×dk0Ki(t + ω, σ)

dtk0
,
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òàêèì ÷èíîì K̃ = {Ki(t + ω, σ)}m
i=1 ¹ ôóíäà-

ìåíòàëüíîþ ñèñòåìîþ îäíîðiäíîãî ðiâíÿííÿ
(2).

Íà îñíîâi öüîãî ìîæíà çàïèñàòè ðiâíiñòü



K1(t + ω, σ) . . . Km(t + ω, σ)
K

′
1(t + ω, σ) . . . K

′
m(t + ω, σ)

. . . . . . . . .

K
(m−1)
1 (t + ω, σ) . . . K

(m−1)
m (t + ω, σ)


 =

= c




K1(t, σ) . . . Km(t, σ)
K

′
1(t, σ) . . . K

′
m(t, σ)

. . . . . . . . .

K
(m−1)
1 (t, σ) . . . K

(m−1)
m (t, σ)


 , (10)

äå ñ - äåÿêà ìàòðèöÿ. Ïîêëàäàþ÷è t = 0 â
òîòîæíiñòü (10) i âðàõîâóþ÷è óìîâè (5), çíà-
éäåìî

c =




K1(ω, σ) . . . Km(ω, σ)
K

′
1(ω, σ) . . . K

′
m(ω, σ)

. . . . . . . . .

K
(m−1)
1 (ω, σ) . . . K

(m−1)
m (ω, σ)


 .

Òàêèì ÷èíîì


K1(t + ω, σ) . . . Km(t + ω, σ)
K

′
1(t + ω, σ) . . . K

′
m(t + ω, σ)

. . . . . . . . .

K
(m−1)
1 (t + ω, σ) . . . K

(m−1)
m (t + ω, σ)


 =

=




K1(ω, σ) . . . Km(ω, σ)
K

′
1(ω, σ) . . . K

′
m(ω, σ)

. . . . . . . . .

K
(m−1)
1 (ω, σ) . . . K

(m−1)
m (ω, σ)


×

×




K1(t, σ) . . . Km(t, σ)
K

′
1(t, σ) . . . K

′
m(t, σ)

. . . . . . . . .

K
(m−1)
1 (t, σ) . . . K

(m−1)
m (t, σ)


 .

Iç îñòàííüî¨ ðiâíîñòi îòðèìó¹ìî òâåðäæåííÿ
ëåìè, ùî detA(ω, σ) 6= 0. Ìàòðèöÿ A(ω, σ)
íîñèòü íàçâó ìàòðèöi ìîíîäðîìi¨.

Áóäåìî ââàæàòè, ùî çáiæíèé iíòåãðàë

I(t, c, ω) =

∫

<n

e−c|σ|2bt(E −A(ω, σ))−1dσ. (A)

Ó ïðàöi [2, ñ.55] äëÿ ôóíêöié Ki(t, σ) òà
K(t − τ, σ) i ¨õ ïîõiäíèõ, çà óìîâè ïàðàáî-
ëi÷íîñòi, îòðèìàíi îöiíêè ïðè êîìïëåêñíèõ

àðãóìåíòàõ s = σ + i0γ

| d
k0

dtk0
Ki(t, s)| ≤ c1k0t

i−k0−1×

×exp{(−δ1|σ|2b + F1|γ|2b)t}, (11)

| d
k0

dtk0
K(t− τ, s)| ≤ c2k0(t− τ)m−k0−1×

×exp{(−δ2|σ|2b + F2|γ|2b)(t− τ)}, (12)

i = 1,m, δ1 > 0, δ2 > 0.
Çãiäíî ç (11) òà (12), äëÿ ïîõiäíèõ

G1(t, τ, x− ξ) ìà¹ìî

|Dk0
t Dk

xG1(t, τ, x− ξ)| ≤ ck0k

∫

<n

|σ||k|(E−

−A(ω, σ))−1(t− τ +ω)m−k0−1e−δ1|σ|2b(t−τ+ω)dσ.

Çà óìîâè (À) îòðèìà¹ìî

|Dk0
t Dk

xG1(t, τ, x− ξ)| ≤

≤ ck0k(t− τ + ω)m−k0−1− |k|
2b I(t + ω − τ, δ, ω),

(13)
δ = min(δ1, δ2).
ßêùî äëÿ íîðìè ìàòðèöi A(ω, σ) âèêîíó¹-
òüñÿ íåðiâíiñòü

‖A‖ ≤ a < 1, σ ∈ <n, (B)

òîäi äîïóñòèìå ðîçâèíåííÿ â ðÿä

(E − A(ω, σ))−1 =
∞∑

k=0

Ak.

Òîìó äëÿ ôóíêöi¨

Ψ(t, ω, σ) ≡ K̃(E − A)−1

íà îñíîâi îöiíîê (11) ïðè êîìïëåêñíèõ àðãó-
ìåíòàõ σ ñïðàâåäëèâà íåðiâíiñòü

|Ψ(t, ω, σ)| ≤ c ·exp{(−δ|σ|2b +F |γ|2b)(t+ω)}.
Çãiäíî iç ëåìîþ 1.1 [2, ñ.38], óòî÷íþ¹òüñÿ
îöiíêà (13) ôóíêöi¨ G1

|Dk0
t Dk

xG1(t, τ, x− ξ)| ≤

×ck0k(t− τ + ω)m−k0−1− |k|+n
2b ×
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×exp{−c1|x− ξ| 2b
2b−1 (t + ω − τ)−

1
2b−1}. (14)

Ïîçíà÷èìî ÷åðåç H(1,α) êëàñ ôóíêöié U ∈
C

(α)
x (Π)

⋂
L1(<n) ç íîðìîþ [3, ñ.47]:

|U |(α)
1 = |U |α+sup

t≥0

∫

<n

|U(t, x)|dx ≡ |U |α+|U |1.

Òåîðåìà 1. ßêùî ðiâíÿííÿ (1) ïàðàáîëi÷íî-
ãî òèïó, êîåôiöi¹íòè Ak0k(t) íåïåðåðâíi ïðè
t ≥ 0, íåîäíîðiäíiñòü ðiâíÿííÿ f(t, x) òà
êîåôiöi¹íòè ¹ ïåðiîäè÷íèìè ç äåÿêèì ïå-
ðiîäîì ω > 0, âèêîíó¹òüñÿ óìîâà (À), òî
äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H(1,α) ïåðiîäè-
÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (1) âèçíà÷à¹òüñÿ
ôîðìóëîþ (9) i äëÿ éîãî ïîõiäíèõ âèêîíóþ-
òüñÿ íåðiâíîñòi

|Dk0
t Dk

xU(t, x)| ≤ ck0kt
m−k0−1− |k|

2b×
×|f |1I(t, δ, ω) + c|f |α. (15)

ßêùî âèêîíó¹òüñÿ óìîâà (Â), òî äëÿ
ðîçâ'ÿçêó ðiâíÿííÿ (1) òà éîãî ïîõiäíèõ
ñïðàâåäëèâà íåðiâíiñòü

|Dk0
t Dk

xU(t, x)| ≤ ck0kt
m−k0−1− |k|

2b |f |H(1,α) ,
(16)

2bk0 + |k| ≤ 2bm.
Äîâåäåííÿ òåîðåìè àíàëîãi÷íå äîâåäåííþ
òåîðåìè iç [7, ñò.54].

ßêùî âèçíà÷íèê ìàòðèöi (E − A(ω, σ))
äîðiâíþ¹ íóëåâi (ðåçîíàíñíèé âèïàäîê), òî
íåîäíîðiäíå ðiâíÿííÿ (1) íå çàâæäè äîïó-
ñêà¹ ïåðiîäè÷íèé ðîçâ'ÿçîê.

Ðîçãëÿíåìî ñïðÿæåíå ðiâíÿííÿ äî (1) [2,
ñò.58]

∂mU1

∂(−τ)m
=

=
∑

2bk0+|k|≤2bm

∂k0

∂(−τ)k0
(A

′
k0k(τ)×

×(−1)|k|Dk
xU1(τ, x)), (17)

â îáðàçàõ Ôóð'¹ äàíå ðiâíÿííÿ ìà¹ âèãëÿä
dmV1

d(−τ)m
=

=
∑

2bk0+|k|≤2bm

dk0

d(−τ)k0
(A

′
k0k(τ)(−1)|k|×

×(i0σ)kV1(τ, σ)). (18)

Ñïðàâåäëèâà òåîðåìà.
Òåîðåìà 2. Íåõàé êîåôiöi¹íòè Ak0k ìà-

þòü k0 íåïåðåðâíèõ ïîõiäíèõ ïðè t ≥ 0,
îäíîðiäíå ðiâíÿííÿ (2) äîïóñêà¹ s ëiíiéíî
íåçàëåæíèõ ðîçâ'ÿçêiâ Ks(t, σ), 1 ≤ s ≤ m.
Òîäi ðiâíÿííÿ (18), ìà¹ òàêîæ s ëiíiéíî íå-
çàëåæíèõ ðîçâ'ÿçêiâ, òà âiäïîâiäíå íåîäíî-
ðiäíå ðiâíÿííÿ (1) ìà¹ ïåðiîäè÷íèé ðîçâ'ÿ-
çîê òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ
óìîâà

ω∫

0

dτ

∫

<n

(Dj
tG(t + ω, τ, x− ξ), f(τ, ξ))dξ = 0,

(19)
j = 0,m− 1.

Äîâåäåííÿ. Iç [2,ñò. 58] âiäîìî, ùî
Ki(t, σ) = K∗

i (t,−σ), îòæå, ñïðÿæåíå ðiâíÿ-
ííÿ (18), ìà¹ òàêîæ s ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ.

Íåõàé V (t, σ) - äåÿêèé ïåðiîäè÷íèé
ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ (2), ÿêèé
çà óìîâ ïåðiîäè÷íîñòi (7) çàäîâîëüíÿ¹ óìî-
âè

(E−A(t+ω, σ))c =

ω∫

0

F̃ (t+ω−τ, σ)f̃(τ, σ)dτ,

äå F̃ (t, σ) =
(

dj−1K(t,σ)
dtj−1

)m

j=1
. Íåõàé V1(t, σ) äå-

ÿêèé ïåðiîäè÷íèé íåòðèâiàëüíèé ðîçâ'ÿçîê
ñïðÿæåíîãî ðiâíÿííÿ (18)

V1(t, σ) =
s∑

i=1

ciK
∗
i (t, σ).

Òîäi
(E − A∗(t + ω, σ))c̃ = 0,

òàêèì ÷èíîì

0 = ([E − A∗(t + ω, σ)]c̃, c) =

= (c̃, [E − A∗(t + ω, σ)]c) =

= (c̃,

ω∫

0

F̃ (t + ω − τ, σ)f̃(τ, σ)dτ) =
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=

ω∫

0

(c̃, F̃ (t + ω − τ, σ)f̃(τ, σ))dτ =

=

ω∫

0

(F̃ (t + ω − τ, σ)c̃, f̃(τ, σ))dτ,

òîáòî
ω∫

0

(F̃ (t + ω − τ, σ)c̃, f̃(τ, σ))dτ = 0. (20)

Äî ïðàâî¨ òà ëiâî¨ ÷àñòèíè (20) çàñòîñó¹-
ìî îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹, îòðèìà¹ìî
∫

<n

ei0σx

(
ω∫
0

(F̃ (t + ω − τ, σ), f̃(τ, σ))dτ

)
dσ = 0.

Ìiíÿþ÷è ïîðÿäîê iíòåãðóâàííÿ i íà îñíîâi
îöiíîê (12) ìà¹ìî

ω∫

0

dτ

∫

<n

(Dj
t

∫

<n

ei0σ(x−ξ)×

×K(t + ω − τ, σ)dσ, f(τ, ξ))dξ = 0,

òîáòî
ω∫

0

dτ

∫

<n

(Dj
tG(t + ω, τ, x− ξ), f(τ, ξ))dξ = 0.

Òåîðåìà äîâåäåíà.
Âèñíîâîê. Äëÿ ðiâíÿííÿ (1) âñòàíîâëå-

íi òåîðåìè ïðî iñíóâàííÿ i ¹äèíiñòü ïåðiî-
äè÷íîãî ðîçâ'ÿçêó òà îòðèìàíî îöiíêè éîãî
ïîõiäíèõ.
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