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Äîñëiäæåíi óìîâè çàñòîñîâíîñòi äèôåðåíöiàëüíèõ îïåðàòîðiâ íåñêií÷åííîãî ïîðÿäêó âiä-
íîñíî óçàãàëüíåíîãî äèôåðåíöiþâàííÿ äî ïðîñòîðiâ ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ, ùî íàäi-
ëåíi íîðìàëüíîþ òîïîëîãi¹þ Êåòå.

The conditions of application of di�erential operators of in�nite order respectively to generali-
zed di�erentiation for spaces of formal power series equipped by normal K�othe topology are investi-
gated.

Ïðè âèâ÷åííi âëàñòèâîñòåé àíàëiòè÷íèõ
ðîçâ'ÿçêiâ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü íåñêií÷åííîãî ïîðÿäêó, óìîâ iñíóâà-
ííÿ òà ¹äèíîñòi öèõ ðîçâ'ÿçêiâ ïðèðîäíî
âèíèêà¹ çàäà÷à ïðî çíàõîäæåííÿ êðèòåði-
¨â çàñòîñîâíîñòi äèôåðåíöiàëüíèõ îïåðàòî-
ðiâ íåñêií÷åííîãî ïîðÿäêó äî ðiçíèõ êëà-
ñiâ àíàëiòè÷íèõ ôóíêöié. Ó ïðàöÿõ áàãà-
òüîõ ìàòåìàòèêiâ âèâ÷àëèñÿ óìîâè çàñòîñîâ-
íîñòi äèôåðåíöiàëüíèõ îïåðàòîðiâ íåñêií-
÷åííîãî ïîðÿäêó äî ðiçíèõ ïðîñòîðiâ àíà-
ëiòè÷íèõ ôóíêöié (äèâ. áiáëiîãðàôiþ â [1]).
Àëå çíà÷íà êiëüêiñòü ïðîñòîðiâ àíàëiòè÷íèõ
ôóíêöié iç çàãàëüíîïðèéíÿòèìè òîïîëîãiÿ-
ìè içîìîðôíi äåÿêèì ïðîñòîðàì ïîñëiäîâ-
íîñòåé, ÷è ïðîñòîðàì ôîðìàëüíèõ ñòåïåíå-
âèõ ðÿäiâ, ùî íàäiëåíi íîðìàëüíîþ òîïî-
ëîãi¹þ Êåòå [2]. Òîìó â öié ñòàòòi äîñëi-
äæóþòüñÿ êðèòåði¨ çàñòîñîâíîñòi äèôåðåí-
öiàëüíèõ îïåðàòîðiâ íåñêií÷åííîãî ïîðÿä-
êó âiäíîñíî óçàãàëüíåíîãî äèôåðåíöiþâàí-
íÿ äî øèðîêîãî êëàñó ïðîñòîðiâ ôîðìàëü-
íèõ ñòåïåíåâèõ ðÿäiâ, ùî íàäiëåíi íîðìàëü-
íîþ òîïîëîãi¹þ Êåòå. Ïðè îäåðæàííi íåîá-
õiäíèõ óìîâ çàñòîñîâíîñòi äèôåðåíöiàëüíèõ
îïåðàòîðiâ íåñêií÷åííîãî ïîðÿäêó âèêîðè-
ñòîâó¹òüñÿ ïðèíöèï ðiâíîìiðíî¨ îáìåæåíî-
ñòi. Íàâåäåíî äîâåäåííÿ îñíîâíèõ ðåçóëüòà-
òiâ, ùî àíîíñîâàíi â [3].

×åðåç H ïîçíà÷èìî âåêòîðíèé ïðîñòið
íàä ïîëåì êîìïëåêñíèõ ÷èñåë ôîðìàëüíèõ

ñòåïåíåâèõ ðÿäiâ (ô.ñ.ð.) âèãëÿäó

f(z) =
∞∑

n=0

fnzn,

äå fn ∈ C, n = 0, 1, . . .. Ââàæàòèìåìî, ùî
H ìiñòèòü óñi ìíîãî÷ëåíè. ×åðåç Hα ïîçíà-
÷èìî äâî¨ñòèé ïðîñòið äî H, òîáòî Hα � öå
ïðîñòið òàêèõ ô.ñ.ð. âèãëÿäó v(z) =

∞∑
n=0

vnz
n,

ùî ÷èñëîâi ðÿäè

pv(f) =
∞∑

n=0

|vn||fn|

çáiãàþòüñÿ äëÿ êîæíîãî åëåìåíòà f ∈ H.
Ñèñòåìà ïåðåäíîðì {pv : v ∈ Hα} çàäà¹
íîðìàëüíó òîïîëîãiþ ν (òîïîëîãiþ Êåòå) íà
ïðîñòîði H. Ââàæàòèìåìî, ùî ïðîñòið H äî-
ñêîíàëèé, òîáòî Hαα = H. ×åðåç M(H) ïî-
çíà÷èìî ìíîæèíó ìóëüòèïëiêàòîðiâ ïðîñòî-
ðó H, òîáòî M(H) ñêëàäà¹òüñÿ ç òèõ ô.ñ.ð.
g(z) =

∞∑
n=0

gnzn, äîáóòîê ÿêèõ çà Êîøi ç êî-
æíèì åëåìåíòîì f(z) ïðîñòîðó H íàëåæèòü
ïðîñòîðîâi H i îïåðàòîð (g ·f)(z) = g(z)f(z)
íåïåðåðâíî äi¹ â (H, ν). Ââàæàòèìåìî òà-
êîæ, ùî ïðîñòið H (à çíà÷èòü, i Hα âíàñëi-
äîê äîñêîíàëîñòi H) ìà¹ òàêó âëàñòèâiñòü:

C) iñíó¹ ìîíîòîííî ñïàäíà ïîñëiäîâíiñòü
äîäàòíèõ ÷èñåë (cn)∞n=0 òàêà, ùî ðÿä

∞∑
n=0

cn

çáiãà¹òüñÿ i äëÿ êîæíîãî ô.ñ.ð. f(z) =
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∞∑
n=0

fnzn ç ïðîñòîðó H ô.ñ.ð. g(z) =
∞∑

n=0

fn

cn
zn

òàêîæ íàëåæèòü H.
Çàóâàæèìî, ùî â [3] ïðè âèçíà÷åííi

âëàñòèâîñòi C) äëÿ ïðîñòîðó H äîïóùåíà
îïèñêà: çàìiñòü íàëåæíîñòi ô.ñ.ð. g(z) =
∞∑

n=0

fncnz
n äî ïðîñòîðó H ïîòðiáíî âèìàãàòè,

ùîá äî H íàëåæàâ ô.ñ.ð. g(z) =
∞∑

n=0

fn

cn
zn.

Ââàæàòèìåìî äàëi, ùî ïîáóäîâàíèé çà
ïîñëiäîâíiñòþ íåíóëüîâèõ êîìïëåêñíèõ ÷è-
ñåë (αn)∞n=0 îïåðàòîð óçàãàëüíåíîãî äèôå-
ðåíöiþâàííÿ Dα äi¹ â H çà ïðàâèëîì:

Dαf(z) =
∞∑

n=0

αn

αn+1

fn+1z
n.

Òîäi îïåðàòîð Dα äi¹ ëiíiéíî òà íåïåðåðâíî
â ïðîñòîði H. Äîâåäåìî îñíîâíå òâåðäæåííÿ
ñòàòòi.

Òåîðåìà. Íåõàé äîñêîíàëèé âåêòîðíèé
ïðîñòið ô.ñ.ð. H ìà¹ âëàñòèâiñòü C) i
¹ áî÷êîâèì âiäíîñíî íîðìàëüíî¨ òîïîëî-
ãi¨. Íåõàé, êðiì òîãî, ïîáóäîâàíèé çà ïî-
ñëiäîâíiñòþ íåíóëüîâèõ êîìïëåêñíèõ ÷èñåë
(αn)∞n=0 îïåðàòîð óçàãàëüíåíîãî äèôåðåíöi-
þâàííÿ Dα äi¹ â H i ψn ∈ M(H), n =
0, 1, . . ..

Äëÿ òîãî, ùîá ðÿä
∞∑

n=0

ψn(z)Dn
αf(z) (1)

çáiãàâñÿ â (H, ν) äëÿ êîæíîãî ô.ñ.ð. f ∈ H,
íåîáõiäíî é äîñòàòíüî, ùîá âèêîíóâàëàñü
óìîâà

∀u ∈ Hα ∃v ∈ Hα ∀n ≥ 0 ∀k ≥ n :
(2)∣∣∣∣

αk−n

αk

∣∣∣∣ pu(z
k−nψn(z)) ≤ |vk|.

Äîâåäåííÿ. Íåîáõiäíiñòü. Ïðèïóñòè-
ìî, ùî ðÿä (1) çáiãà¹òüñÿ â (H, ν) äëÿ êîæíî-
ãî ô.ñ.ð f ∈ H. Ðîçãëÿíåìî ïîñëiäîâíiñòü ëi-
íiéíèõ íåïåðåðâíèõ îïåðàòîðiâ (Tn)∞n=0, Tn :
H → H,

(Tnf)(z) = ψn(z)Dn
αf(z), , n = 0, 1, . . . .

Îñêiëüêè ðÿä (1) çáiãà¹òüñÿ â H äëÿ êîæíî-
ãî ô.ñ.ð. f(z) ∈ H, òî òèì áiëüøå äëÿ êî-
æíîãî ô.ñ.ð. f(z) ∈ H ïîñëiäîâíiñòü åëåìåí-
òiâ (ψn(z)Dαf(z))∞n=0 ¹ îáìåæåíîþ â H. Òî-
ìó ïîñëiäîâíiñòü îïåðàòîðiâ (Tn)∞n=0 ¹ ïîòî-
÷êîâî îáìåæåíîþ. Îñêiëüêè ïðîñòið H ¹ áî-
÷êîâèì, òî äëÿ ïîñëiäîâíîñòåé ëiíiéíèõ íå-
ïåðåðâíèõ âiäîáðàæåíü öüîãî ïðîñòîðó ïðà-
âèëüíèì ¹ ïðèíöèï ðiâíîìiðíî¨ îáìåæåíî-
ñòi. Îòæå, ïîñëiäîâíiñòü îïåðàòîðiâ (Tn)∞n=0

¹ îäíîñòàéíî íåïåðåðâíîþ. Òîìó äëÿ íå¨ âè-
êîíó¹òüñÿ óìîâà

∀u ∈ Hα ∃v ∈ Hα ∀f ∈ H ∀n ≥ 0
(3)

pu(Tnf) ≤ pv(f).

Ïîêëàäàþ÷è â (3) f(z) = zk i âðàõîâóþ÷è
òîé ôàêò, ùî

Dn
αzk =

αk−n

αk

zk−n

ïðè k ≥ n, îäåðæó¹ìî, ùî (2) âèêîíó¹òüñÿ.
Íåîáõiäíiñòü óìîâ òåîðåìè äîâåäåíî.

Äîñòàòíiñòü. Íåõàé óìîâà (2) âèêîíó-
¹òüñÿ. Çàôiêñó¹ìî äîâiëüíèé ô.ñ.ð f(z) =
∞∑

n=0

fnzn ∈ H i ïîêàæåìî, ùî âiäïîâiäíèé
ðÿä (1) çáiãà¹òüñÿ â H. Îñêiëüêè ïðîñòið H
¹ äîñêîíàëèì, òî ïðîñòið (H, ν) ¹ ïîâíèì [2].
Òîìó äëÿ çáiæíîñòi ðÿäó (1) äîñèòü äîâå-
ñòè, ùî ïîñëiäîâíiñòü éîãî ÷àñòèííèõ ñóì ¹
ôóíäàìåíòàëüíîþ, òîáòî ùî äëÿ íå¨ âèêî-
íó¹òüñÿ óìîâà
∀u ∈ Hα ∀ε > 0 ∃N ∈ N ∀m ≥ N ∀p = 1, 2, . . .

(4)

pu

(
m+p∑

n=m+1

ψn(z)Dn
αf(z)

)
< ε

Îñêiëüêè ô.ñ.ð. f(z) =
∞∑

n=0

fnz
n ∈ H, òî çà

âëàñòèâiñòþ C) âèáåðåìî ìîíîòîííî ñïàäíó
ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë (cn)∞n=0 òàêó,
ùî ÷èñëîâèé ðÿä

∞∑
n=0

cn çáiãà¹òüñÿ i ô.ñ.ð.

g(z) =
∞∑

n=0

fn

cn
zn ∈ H.

Çàôiêñó¹ìî äîâiëüíèé åëåìåíò u(z) =
∞∑

n=0

unz
n ∈ Hα. Äëÿ íüîãî âèáåðåìî ô.ñ.ð.
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v(z) =
∞∑

n=0

vnz
n ∈ Hα çãiäíî ç óìîâîþ (2).

Ïîçíà÷èìî pv(g) = S.
Çàôiêñó¹ìî äîâiëüíå ε > 0. Íåõàé N �

òàêå íàòóðàëüíå ÷èñëî, ùî

∀m ≥ N i ∀p = 1, 2, . . .

(5)
m+p∑

n=m+1

cn <
ε

S
.

Òîäi, âèêîðèñòîâóþ÷è (2) i (5), îäåðæèìî,
ùî äëÿ äîâiëüíîãî m ≥ N i äîâiëüíîãî p ∈
N :

pu

(
m+p∑

n=m+1

ψn(z)Dn
αf(z)

)
=

= pu

(
m+p∑

n=m+1

ψn(z)
∞∑

k=n

fk
αk−n

αk

zk−n

)
≤

≤
m+p∑

n=m+1

∞∑

k=n

|fk|
∣∣∣∣
αk−n

αk

∣∣∣∣ pu(z
k−nψn(z)) ≤

≤
m+p∑

n=m+1

∞∑

k=n

|fk||vk| =
m+p∑

n=m+1

∞∑

k=n

ck
|fk|
ck

|vk| ≤

≤
m+p∑

n=m+1

cnS < ε.

Îòæå, óìîâà (4) âèêîíó¹òüñÿ, ÷èì i çàâåð-
øó¹òüñÿ äîâåäåííÿ òåîðåìè.

Îñêiëüêè âëàñòèâiñòü C) ïðèòàìàííà
áiëüøîñòi ïðîñòîðiâ ô.ñ.ð., içîìîðôíèõ ïðî-
ñòîðàì ïîñëiäîâíîñòåé, ùî âõîäÿòü äî êëà-
ñèôiêàöi¨ [1], òî ç öi¹¨ òåîðåìè îäåðæó¹-
ìî êðèòåði¨ çàñòîñîâíîñòi äèôåðåíöiàëüíèõ
îïåðàòîðiâ íåñêií÷åííîãî ïîðÿäêó âiäíîñíî
óçàãàëüíåíîãî äèôåðåíöiþâàííÿ äî ðiçíèõ
êëàñiâ ïiäïðîñòîðiâ ïðîñòîðó öiëèõ ôóíêöié
[1].
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