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ÊÂÀÇIÎÏÒÈÌÀËÜÍÀ ÑÒÀÁIËIÇÀÖIß ËIÍIÉÍÈÕ ÊÅÐÎÂÀÍÈÕ
ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÈÕ ÑÈÑÒÅÌ IÇ ÇÀÏIÇÍÅÍÍßÌ
Ðîçãëÿäà¹òüñÿ ñèñòåìà ëiíiéíèõ êåðîâàíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì iç çàïiçíåííÿì.

Îäåðæàíî çîáðàæåííÿ iíòåãðàëüíèõ ìíîãîâèäiâ öi¹¨ ñèñòåìè. Ðîçâ'ÿçîê çàäà÷i êâàçiîïòèìàëü-
íî¨ ñòàáiëiçàöi¨ øóêà¹òüñÿ ó âèãëÿäi àñèìïòîòè÷íîãî ðîçêëàäó çà ñòåïåíÿìè ε.

We consider a linear singularly perturbed system of di�erence-di�erential equations with
control. We obtain a representation of an integral manifolds of this system. We search the solution
of the problem of quasioptimal stabilization in the form of expansion into a power series about ε.

Ðîçãëÿíåìî ñèñòåìó

dx

dt
= Lx(t) + My(t) + Ny(t− ε∆) + Au(t),

ε
dy

dt
= By(t) + Cy(t− ε∆) + Dx(t), (1)

äå ε � ìàëèé äîäàòíèé ïàðàìåòð, ∆ > 0, x ∈
Rn, y ∈ Rm, u ∈ Rr, âñi êîðåíi õàðàêòåðèñòè-
÷íîãî ðiâíÿííÿ det(B +C exp(−λ∆)−λE) =
0 ëåæàòü â ïiâïëîùèíi Re λ < 0. Êåðóâàííÿ
u(t) ïîâèííî áóòè âèáðàíå òàê, ùîá çàáåçïå-
÷èòè àñèìïòîòè÷íó ñòiéêiñòü ðîçâ'ÿçêiâ ñè-
ñòåìè (1) i ìiíiìiçóâàòè ôóíêöiîíàë

J(u) =

∞∫

0

(x′(t)Qx(t) + u′(t)Fu(t))dt, (2)

äå Q òà F � äîäàòíî âèçíà÷åíi ñèìåòðè-
÷íi ìàòðèöi, x(t) � ðîçâ'ÿçîê ñèñòåìè (1) íà
ìíîãîâèäi yt = p(ε)x(t). Òóò yt � åëåìåíò
ïðîñòîðó C = C[−ε∆, 0], çàäàíèé ôóíêöi¹þ
yt(θ) = y(t + θ), −ε∆ ≤ θ ≤ 0.

Ñòàáiëiçàöiÿ êåðîâàíèõ ñèñòåì iç çàïi-
çíåííÿì ðîçãëÿäàëàñÿ â [1, 2] òà ií. Ïðè
öüîìó çàäà÷à çâîäèëàñÿ äî ñòàáiëiçàöi¨ ñè-
ñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.
Ïðè êâàçiîïòèìàëüíié ñòàáiëiçàöi¨ [3, c. 226]
ðîçâ'ÿçîê øóêà¹òüñÿ ó âèãëÿäi àñèìïòîòè-
÷íîãî ðîçêëàäó çà ñòåïåíÿìè ìàëîãî ïàðà-
ìåòðà. Ó öié ñòàòòi âèêîðèñòîâó¹òüñÿ ìå-
òîä iíòåãðàëüíèõ ìíîãîâèäiâ äëÿ ñèíãóëÿð-
íî çáóðåíèõ ñèñòåì iç çàïiçíåííÿì [4 � 7].

Çíàéäåíî çîáðàæåííÿ iíòåãðàëüíèõ ìíîãî-
âèäiâ i íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i êâàçi-
îïòèìàëüíî¨ ñòàáiëiçàöi¨.

Ïîðÿä iç ñèñòåìîþ (1) ðîçãëÿíåìî ñèñòå-
ìó
dx

dt
= Lx(t) + My(t) + Ny(t− ε∆) + Agx(t),

ε
dy

dt
= By(t) + Cy(t− ε∆) + Dx(t), (3)

äå ìàòðèöþ g ðîçìiðíîñòi r × n áóäåìî ââà-
æàòè ïàðàìåòðîì. Ñèñòåìà (3) åêâiâàëåíòíà
òàêié ñèñòåìi ðiâíÿíü
dx

dt
= Lx(t) + My(t) + Ny(t− ε∆) + Agx(t),

yt = T (t)y0 +

t∫

0

T (t− s)X0Dx(s)ds,

äå X0(θ) = 0, −ε∆ ≤ θ < 0, X0(0) = E, E �
îäèíè÷íà ìàòðèöÿ; T (t) � îïåðàòîð çñóâó çà
ðîçâ'ÿçêàìè ðiâíÿííÿ

ε
dy

dt
= By(t) + Cy(t− ε∆).

Äëÿ îïåðàòîðà T ñïðàâäæó¹òüñÿ îöiíêà

|T (t)ϕ| ≤ K1|ϕ| exp

[
−αt

ε

]
,

äå t ≥ 0, α > 0, K1 > 0, ϕ ∈ C, | · | � íîðìà â
ïðîñòîði C.
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Òåîðåìà 1. Íåõàé âiäíîñíî ñèñòåìè (1)
âèêîíóþòüñÿ âèùåâêàçàíi óìîâè. Òîäi ìî-
æíà âêàçàòè òàêå ε0 > 0, ùî ïðè 0 <
ε < ε0 iñíó¹ iíòåãðàëüíèé ìíîãîâèä ñèñòå-
ìè (3), ùî ìîæå áóòè çîáðàæåíèé ó âèãëÿ-
äi yt = p(ε, g)x, äå p(ε, g): Rn → C � ëiíiéíèé
îáìåæåíèé îïåðàòîð.

Äîâåäåííÿ. Ðîçãëÿíåìî ñèñòåìó iíòå-
ãðàëüíèõ ðiâíÿíü

x(t) = H(t)−
0∫

t

H(t−s)[My(s)+Ny(s−ε∆)]ds,

yt =
1

ε

t∫

−∞

T (t− s)X0Dx(s)ds, (4)

äå H(t) � ôóíäàìåíòàëüíà ìàòðèöÿ ðiâíÿí-
íÿ dx

dt
= Lx + Agx, H(t) = exp[(L + Ag)t].

Iñíóâàííÿ ðîçâ'ÿçêiâ ñèñòåìè (4) äîâåäå-
ìî çà äîïîìîãîþ ìåòîäó ïîñëiäîâíèõ íàáëè-
æåíü

y
(0)
t = 0, xn(t) = H(t)−

0∫

t

H(t−s)[My(n)(s)+

+Ny(n)(s− ε∆)]ds,

y
(n+1)
t =

1

ε

t∫

−∞

T (t− s)X0Dxn(s)ds,

n = 0, 1, 2, . . .

Âèêîíó¹òüñÿ íåðiâíiñòü |H(t)| ≤
exp[−M1t], t ≤ 0, M1 > 0.

Äîâåäåìî, ùî ñïðàâäæó¹òüñÿ îöiíêà

|y(q)
t − y

(q−1)
t | ≤ N1

2q
exp

[
α + εM1

2ε
(−t)

]
, (5)

äå q = 1, 2, . . . , N1 =
4K1M1

α
, ε < min

(
α

2M1

,
α2

32K1M2
1

)
, t ≤ 0.

Ïðè q = 1 íåðiâíiñòü (5) ñïðàâäæó¹òüñÿ.
Íåõàé íåðiâíiñòü (5) ñïðàâäæó¹òüñÿ ïðè

q = n. Òîäi îäåðæèìî

|xn(t)− xn−1(t)| ≤ 2M1N1ε

2n(α− εM1)
×

× exp

[
α + εM1

2ε
(−t)

]
.

Çâiäñè çíàõîäèìî

|y(n+1)
t − y

(n)
t | ≤

t∫

−∞

exp
[α

ε
(s− t)

]
×

× 2K1M
2
1 N1

(α− εM1)2n
exp

[
α + εM1

2ε
(−s)

]
ds =

=
4εK1M

2
1 N1

(α− εM1)22n
exp

[
α + εM1

2ε
(−t)

]
≤

≤ 32K1M
2
1 εN1

α2 · 2n+1
exp

[
α + εM1

2ε
(−t)

]
.

Iç âèêîíàííÿ íåðiâíîñòi (5) ïðè q = n
âèïëèâà¹ âèêîíàííÿ ïðè q = n + 1. Îò-
æå, íåðiâíiñòü ñïðàâäæó¹òüñÿ ïðè âñiõ íà-
òóðàëüíèõ q. Iç (5) âèïëèâà¹, ùî ïîñëiäîâ-
íiñòü (xn(t), y

(n)
t ) çáiãà¹òüñÿ äî äåÿêî¨ ôóí-

êöi¨ (x(t), yt), ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè (4).
Ïiäñòàâëÿþ÷è â (5) t = 0, îäåðæèìî çî-

áðàæåííÿ iíòåãðàëüíîãî ìíîãîâèäó

p(ε, g) = y0 =
1

ε

0∫

−∞

T (−s)X0Dx(s)ds.

ßêùî ïðîñóìóâàòè íåðiâíîñòi (5) ïî q i ïiä-
ñòàâèòè t = 0, òî îäåðæèìî îöiíêó |p(ε, g)| ≤
N1.

Òåîðåìà äîâåäåíà.
Çàóâàæåííÿ 1. Îïåðàòîð p(ε, g) ¹ íåïå-

ðåðâíî äèôåðåíöiéîâíèì âiäíîñíî ε, g.
Äèôåðåíöiéîâíiñòü âiäíîñíî g âèïëè-

âà¹ iç äèôåðåíöiéîâíîñòi ïîñëiäîâíîñòi
(xn(t), y

(n)
t ).

Àíàëîãi÷íî [7] çíàéäåìî íàáëèæåíå çî-
áðàæåííÿ îïåðàòîðà p(ε, g), çâiäêè áóäå âè-
ïëèâàòè äèôåðåíöiéîâíiñòü âiäíîñíî ε ïðè
ε = 0. Iíòåãðàëüíèé ìíîãîâèä ñèñòåìè (3)
áóäåìî øóêàòè ó âèãëÿäi y(t) = (P0 +
εQ)x(t) + O(ε2), äå P0 = −(B + C)−1D, à
ìàòðèöþ Q âèçíà÷èìî ïiçíiøå. Òîäi

y(t + θ) = P0x(t + θ) + εQx(t) + O(ε2) =

= P0x(t) + θP0
dx

dt
+ εQx(t) + O(ε2) =
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= P0x(t) + θΨx(t) + εQx(t) + O(ε2),

äå Ψ = P0[L+Ag +(M +N)P0]. Çâiäñè y(t−
ε∆) = (P0 − ε∆Ψ + εQ)x(t) + O(ε2). Òîìó

By(t) + Cy(t− ε∆) + Dx(t) =

= ε(BQ + CQ−∆CΨ)x(t) + O(ε2).

Êðiì òîãî,
dy

dt
= P0

dx

dt
+ O(ε) = Ψx(t) + O(ε).

Ïiäñòàâëÿþ÷è çíàéäåíi âèðàçè â ñèñòå-
ìó (3) i çáåðiãàþ÷è òiëüêè ÷ëåíè ïîðÿäêó ε,
îäåðæèìî

εΨx(t) = ε(BQ + CQ−∆CΨ)x(t),

çâiäêè çíàõîäèìî

Q = (B + C)−1(E + ∆C)Ψ.

Îòæå, iíòåãðàëüíèé ìíîãîâèä ñèñòåìè (3)
ìîæíà çîáðàçèòè ó âèãëÿäi yt = p(ε, g)x, äå
p(ε, g) = P0 + εQ + θΨ + O(ε2), −ε∆ ≤ θ ≤ 0.

Àíàëîãi÷íî [4, 6] ìîæíà âêàçàòè òàêå ε1 >
0, ùî ïðè 0 < ε < ε1 iñíó¹ iíòåãðàëüíèé
ìíîãîâèä ñèñòåìè (3), ùî ìîæå áóòè çîáðà-
æåíèé ó âèãëÿäi x = h(ε, g)yt, äå h(ε, g):
C→ Rn � ëiíiéíèé îáìåæåíèé îïåðàòîð.

Äëÿ îïåðàòîðà h(ε, g) ñïðàâäæó¹òüñÿ
îöiíêà |h(ε, g)| ≤ εγ, γ > 0, i ìîæíà îäåð-
æàòè çîáðàæåííÿ

h(ε, g)yt = ε(M + N)(B + C)−1y(t)+

+[M(B + C)−1C −N(B + C)−1B]×

×
0∫

−ε∆

y(t + θ)dθ + O(ε2).

Äëÿ ïåðåâiðêè äîñèòü ïðîäèôåðåíöiþâà-
òè ëiâó i ïðàâó ÷àñòèíó ñèñòåìè (3) i âiä-
êèíóòè äîäàíêè ïîðÿäêó O(ε). Â ðåçóëüòàòi
îäåðæèìî ðiâíiñòü

My(t) + Ny(t− ε∆) = (M + N)(B + C)−1×
×(By(t) + Cy(t− ε∆)) + [M(B + C)−1C−

−N(B + C)−1B](y(t)− y(t− ε∆)).

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè y(t) òà
y(t − ε∆), ïåðåêîíó¹ìîñÿ, ùî ìè îäåðæàëè
òîòîæíiñòü.

Ðîçãëÿíåìî çàäà÷ó êâàçiîïòèìàëüíî¨ ñòà-
áiëiçàöi¨ ñèñòåìè (1). Ïiäñòàâèâøè ε = 0,
îäåðæèìî âèðîäæåíó ñèñòåìó, iç ÿêî¨ çíà-
éäåìî y(t) = −(B + C)−1Dx(t). Òîäi ïåðøå
ðiâíÿííÿ ñèñòåìè (1) íàáóäå âèãëÿäó

dx

dt
= [L + (M + N)P0]x(t) + Au(t), (6)

äå P0 = −(B + C)−1D. Íåõàé ñèñòåìà (6)
öiëêîì êåðîâàíà. Òîäi iñíó¹ ðîçâ'ÿçîê çàäà-
÷i (6), (2), ïðè÷îìó u(t) = g0x(t), äå g0 =
−F−1A′K0, ñèìåòðè÷íà äîäàòíî âèçíà÷åíà
ìàòðèöÿ K0 ¹ ðîçâ'ÿçêîì ìàòðè÷íîãî àëãå-
áðà¨÷íîãî ðiâíÿííÿ Ðiêêàòi KL0 + L′0K −
KRK + Q = 0, R = AF−1A′, L0 = L + (M +
N)P0.

Ùîá îäåðæàòè íàñòóïíå íàáëèæåííÿ,
ïîáóäó¹ìî iíòåãðàëüíèé ìíîãîâèä yt =
p(ε, g0)x ñèñòåìè (3), â ÿêié g = g0. Ïiäñòà-
âèâøè â ïåðøå ðiâíÿííÿ ñèñòåìè (1), îäåð-
æèìî

dx

dt
= L1(ε)x(t) + Au(t), (7)

äå L1(ε) = L0 + εG1, G1 = MQ + NQ −
∆NΨ. Ðîçâ'ÿçóþ÷è çàäà÷ó (7), (2), îäåðæè-
ìî u(t) = g(ε)x(t), g(ε) = −F−1A′K(ε),
äå ñèìåòðè÷íà äîäàòíî âèçíà÷åíà ìàòðèöÿ
K(ε) ¹ ðîçâ'ÿçêîì ìàòðè÷íîãî àëãåáðà¨÷íî-
ãî ðiâíÿííÿ Ðiêêàòi

KL1(ε) + L′1(ε)K −KRK + Q = 0. (8)

Ðîçâ'ÿçîê ðiâíÿííÿ (8) ìà¹ âèãëÿä K(ε) =
K0 + εH +O(ε2), äå ìàòðèöÿ H çàäîâîëüíÿ¹
ðiâíÿííÿ Ëÿïóíîâà

H(L0−RK0)+(L0−RK0)
′H = −K0G1−G′

1K0.
(9)

Îñêiëüêè ìàòðèöÿ L0−RK0 ñòiéêà, òî iñíó¹
¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (9), ùî ìà¹ âè-
ãëÿä

H =

∞∫

0

exp[(L0 −RK0)
′t](K0G1 + G′

1K0)×

× exp[(L0 −RK0)t]dt.
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Àíàëîãi÷íî ìîæíà çíàõîäèòè âèùi íà-
áëèæåííÿ. Íåõàé âiäîìå íàáëèæåííÿ ìàòðè-
öi g(ε) âèãëÿäó g(ε) = g0 + εg1 + · · · +
εk−1gk−1+O(εk), k = 2, 3, . . . . Òîäi iíòåãðàëü-
íèé ìíîãîâèä ñèñòåìè (3), äå g = g(ε), áóäå-
ìî øóêàòè ó âèãëÿäi y(t) = (P0 + εP1 + · · ·+
εkPk)x(t)+O(εk+1). Çíàõîäæåííÿ ìàòðèöi Pk

çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ ðiâíÿííÿ âèãëÿ-
äó (B +C)Pk = Ψk. Öå äîçâîëèòü çíàéòè íà-
ñòóïíå íàáëèæåííÿ K(ε) = K0 + εK1 + · · ·+
εkKk + O(εk+1) ðîçâ'ÿçêó ìàòðè÷íîãî ðiâíÿ-
ííÿ Ðiêêàòi. Çíàõîäæåííÿ Kk çâîäèòüñÿ äî
ðîçâ'ÿçóâàííÿ ðiâíÿííÿ Ëÿïóíîâà âèãëÿäó
Kk(L0 − RK0) + (L0 − RK0)

′Kk = Gk. Çâiä-
ñè çíàéäåìî íàñòóïíå íàáëèæåííÿ ìàòðèöi
g(ε) = −F−1A′K(ε). Òàêèì ìåòîäîì ìîæíà
øóêàòè àñèìïòîòè÷íi íàáëèæåííÿ ðîçâ'ÿç-
êó.

Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i êâàçiîïòè-
ìàëüíî¨ ñòàáiëiçàöi¨ âèïëèâà¹ iç òåîðåìè ïðî
íåÿâíó ôóíêöiþ [8, c. 492]. Ó íàñ p(ε, g(ε)) òà
K(ε) çíàõîäÿòüñÿ ÿê íåÿâíi ôóíêöi¨ âiä ε.

Ïîçíà÷èìî ξ(ε) = p(ε)|θ=0, η(ε) =
p(ε)|θ=−ε∆ i ðîçãëÿíåìî ñèñòåìó

dv

dt
= (L + Mξ(ε) + Nη(ε) + Ag(ε))v,

dw

dt
= Bw(t) + Cw(t− ε∆) + Dh(ε)wt. (10)

Àíàëîãi÷íî [4, 6] ìîæíà ïîêàçàòè, ùî ñè-
ñòåìà (10) çà äîïîìîãîþ çàìiíè x = v +
h(ε)wt, yt = wt + p(ε)v çâîäèòüñÿ äî âèãëÿ-
äó (3), äå g = g(ε). Iç àñèìïòîòè÷íî¨ ñòiéêî-
ñòi ðîçâ'ÿçêiâ ñèñòåìè (10) âèïëèâà¹ àñèì-
ïòîòè÷íà ñòiéêiñòü ðîçâ'ÿçêiâ ñèñòåìè (3), äå
g = g(ε).

Çàóâàæåííÿ 2. Ó âèïàäêó N = C = 0
ñèñòåìà (1) áóäå ñèñòåìîþ çâè÷àéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü. Òîäi çàäà÷à êâàçiîïòè-
ìàëüíî¨ ñòàáiëiçàöi¨ çâîäèòüñÿ äî ðîçâ'ÿçó-
âàííÿ âiäíîñíî ìàòðèöü p, K ñèñòåìè ðiâ-
íÿíü

KL1 + L′1K −KAF−1A′K + Q = 0,

εp(L1 + Ag) = Bp + D,

äå L1 = L + Mp, g = −F−1A′K.

Çàóâàæåííÿ 3. Äëÿ ðîçâ'ÿçóâàííÿ
ìàòðè÷íèõ àëãåáðà¨÷íèõ ðiâíÿíü Ðiêêàòi
òà Ëÿïóíîâà ìîæíà çàñòîñîâóâàòè ìå-
òîä Íüþòîíà-Ðàôñîíà, ìåòîä ìàòðè÷íî¨
ñèãíóì-ôóíêöi¨ àáî QR-àëãîðèòì [3].
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