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ÀÑÈÌÏÒÎÒÈ×ÍÀ ÏÎÂÅÄIÍÊÀ ÐÎÇÂ'ßÇÊÓ ÑÈÍÃÓËßÐÍÎ� ÇÀÄÀ×I
ÊÎØI F (t, x, x′) = 0, x(0) = 0

Ïðîâåäåíî ÿêiéñíèé àíàëiç çàäà÷i Êîøi äëÿ ñèíãóëÿðíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ,
íå ðîçâ'ÿçàíîãî âiäíîñíî ïîõiäíî¨. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi â
ìàëîìó îêîëi ïî÷àòêîâî¨ òî÷êè.

For the problem a qualitative analysis was performed. The existence and the uniqueness of a
solution x : (0, ρ] → R (ρ > 0 is small enough) were proved.

Ñèíãóëÿðíà çàäà÷à Êîøi äëÿ äèôåðåí-
öiàëüíèõ ðiâíÿíü âèãëÿäó x′ = f(t, x) âè-
â÷åíà äîñèòü äåòàëüíî, îñîáëèâî ïèòàííÿ
iñíóâàííÿ òà êiëüêîñòi ðîçâ'ÿçêiâ [3], [11],
[12], [15] òà iíøi. Â òîé æå ÷àñ äëÿ äèôå-
ðåíöiàëüíèõ ðiâíÿíü âèãëÿäó F (t, x, x′) = 0
íàâiòü ðåãóëÿðíà çàäà÷à Êîøi âèâ÷åíà ïî-
ðiâíÿíî ìàëî [17], [18], à òàêîæ [1], [14], [19],
[20]. Çíà÷íà óâàãà çâåðòàëàñü íà ïèòàííÿ
ðîçâ'ÿçíîñòi òà çáiæíîñòi äî ðîçâ'ÿçêó ïîñëi-
äîâíîñòåé íàáëèæåíü. Ùî æ äî àñèìïòîòè-
÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ, òî âîíà ïðàêòè-
÷íî íå äîñëiäæåíà. Äëÿ ñèíãóëÿðíî¨ çàäà-
÷i Êîøi ïîòðiáíî âiäïîâiñòè íà âñi ïåðåëi÷å-
íi ïèòàííÿ íàâiòü ó íàéïðîñòiøèõ âèïàäêàõ.
Òîìó àâòîðè îáðàëè îá'¹êòîì äîñëiäæåííÿ
àñèìïòîòè÷íó ïîâåäiíêó ðîçâ'ÿçêiâ çàäà÷i
Êîøi äëÿ ðiâíÿíü âèãëÿäó F (t, x, x′) = 0, ÿê
ðåãóëÿðíèõ, òàê i ñèíãóëÿðíèõ. Öÿ ðîáîòà
ïðîäîâæó¹ àíàëiç, ðîçïî÷àòèé ó [6]-[10]. Âè-
êîðèñòàíî ìåòîäè ÿêiñíî¨ òåîði¨ äèôåðåíöi-
àëüíèõ ðiâíÿíü [2], [3], [13], à òàêîæ [4], [5].
Çàïðîïîíîâàíà ñõåìà ìiðêóâàíü äîçâîëèëà
äîâåñòè iñíóâàííÿ òà ¹äèíiñòü íåïåðåðâíî
äèôåðåíöiéîâíîãî ðîçâ'ÿçêó, ÿêå âèçíà÷åíî
â äîñèòü ìàëîìó ïðàâîìó ïiâîêîëi ïî÷àòêî-
âî¨ òî÷êè òà ìà¹ ó öüîìó ïiâîêîëi ïîòðiáíi
àñèìïòîòè÷íi âëàñòèâîñòi. Îäíî÷àñíî äîñëi-
äæåíî é àñèìïòîòè÷íó ïîâåäiíêó ïåðøî¨ ïî-
õiäíî¨ çíàéäåíîãî ðîçâ'ÿçêó.

Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi
∑

06i+j+k6m

aijkt
ixj(x′)k + f(t, x, x′) = 0, (1)

x(0) = 0, (2)

äå t ∈ (0, τ),
x : (0, τ) → R �íåâiäîìà äiéñíà ôóíêöiÿ
çìiííî¨ t, âñi aijk � ñòàëi (i, j, k � íåâiä'¹ìíi
öiëi ÷èñëà),

a000 = 0, a001 = . . . = a00m = 0,
a101 = . . . = a10(l−1) = 0, a10l 6= 0

(m, l � íàòóðàëüíi, 2 6 l 6 m − 1),
f : D → R � íåïåðåðâíà ôóíêöiÿ,

D = {(t, x, y) : t ∈ (0, τ), |x| < r1t, |y| < r2},
ÿêà çàäîâîëüíÿ¹ óìîâó

|f(t, x, y)| 6 tmα(t), (t, x, y) ∈ D.

Íåïåðåðâíà ôóíêöiÿ α : (0, τ) → (0, +∞) òà-
êà, ùî

lim
t→+0

α(t) = 0, lim
t→+0

α(t)

t
= σ, 0 6 σ 6 +∞;

ÿêùî σ = +∞, òî α � íåïåðåðâíî äèôåðåí-
öiéîâíà ôóíêöiÿ, α′(t) > 0, t ∈ (0, τ).

Ïðèïóñòèìî, ùî

|f(t, x1, y1)− f(t, x2, y2)| 6
6 L1t(|x1 − x2|+ |y1 − y2|),

(t, xi, yi) ∈ D, i ∈ {1, 2},
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äå L1 � äåÿêà ñòàëà.
Ðîçãëÿíåìî ðiâíÿííÿ

P (c) = 0, (3)
äå

P (c) =
m−1∑

k=0

a10kc
k +

m−1∑

k=0

a01kc
k+1.

Ïðèïóñòèìî, ùî ðiâíÿííÿ (3) ìà¹ äiéñíèé
êîðiíü c = c1, ÿêèé çàäîâîëüíÿ¹ íàñòóïíi
óìîâè:

1) c1 � ïðîñòèé êîðiíü ðiâíÿííÿ (3), òîáòî,
P (c1) = 0, P ′(c1) 6= 0;

2) 0 < |c1| < min{r1, r2};

3)
m−1∑
k=0

(k + 1)|a01k||c1|k + L1 + L2 <

< l|a10l||c1|l−1,
(4)

äå

L2 = max

{∣∣∣∣∣
m−1∑

k=l+1

ka10kc
k−1
1

∣∣∣∣∣,
∣∣∣∣∣
m−2∑

k=0

(2a02kc1 + a11k)c
k
1

∣∣∣∣∣

}
.

Íåõàé ôóíêöiÿ S : R → R âèçíà÷åíà ðiâ-
íiñòþ

S(t) =
m∑

k=1

ckt
k, (5)

äå ïîñòiéíi êîåôiöi¹íòè c1, . . . , cm îáðàíi òà-
êèì ÷èíîì: c1 � çàçíà÷åíèé âèùå êîðiíü ðiâ-
íÿííÿ (3), à c2, . . . , cm ïiäiáðàíi òàê, ùîá âè-
êîíóâàëàñü óìîâà:

∑
16i+j+k6m

aijkt
i(S(t))j(S ′(t))k =

= ββO(tm+1), t → +0.
(6)

Íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî âñi êî-
åôiöi¹íòè c2, . . . , cm ó ïðàâié ÷àñòèíi ðiâíÿí-
íÿ (5) çà çàäàíèì çíà÷åííÿì c1 çíàõîäÿòüñÿ
îäíîçíà÷íî.

Ïîçíà÷èìî ÷åðåç U(ρ,M) ìíîæèíó
âñiõ íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié
u : (0, ρ] → R òàêèõ, ùî

|u(t)− S(t)| 6 Mtmβ(t), t ∈ (0, ρ], (7)
|u′(t)− S ′(t)| 6 Mtm−1β(t), t ∈ (0, ρ], (8)

äå ôóíêöiÿ β : (0, τ) → (0, +∞) âèçíà÷à¹-
òüñÿ ðiâíiñòþ

β(t) =

{
α(t), ÿêùî σ = +∞,
t, ÿêùî σ < +∞;

òóò ρ,M � ñòàëè, ρ < τ.

Îçíà÷åííÿ. Äëÿ êîæíîãî ρ ∈ (0, τ)
áóäåìî íàçèâàòè ρ-ðîçâ'ÿçêîì çàäà÷i (1),
(2) íåïåðåðâíî äèôåðåíöiéîâíó ôóíêöiþ
x : (0, ρ] → R, ÿêà çàäîâîëüíÿ¹ óìîâè:

1) (t, x(t), x′(t)) ∈ D, t ∈ (0, ρ];
2) x òîòîæíî çàäîâîëüíÿ¹ ðiâíÿííÿ (1)

ïðè âñiõ t ∈ (0, ρ].

Òåîðåìà. Iñíóþòü òàêi ρ,M, ùî çàäà÷à
(1), (2) ìà¹ ¹äèíèé ρ-ðîçâ'ÿçîê, ÿêèé íàëå-
æèòü ìíîæèíi U(ρ,M).

Äîâåäåííÿ. Ñïî÷àòêó âèáåðåìî ρ,M .
Íåðiâíîñòi, ùî âèçíà÷àþòü öåé âèáið, òóò íå
íàâîäÿòüñÿ ÷åðåç îáìåæåíiñòü îáñÿãó ðîáî-
òè. Âiäçíà÷èìî ëèøå, ùî M ¹ äîñèòü âåëè-
êèì, à ρ äîñèòü ìàëèì i âèáið ρ,M çàáåçïå-
÷ó¹ êîðåêòíiñòü óñiõ íàñòóïíèõ ìiðêóâàíü.

Ïîçíà÷èìî ÷åðåç B ïðîñòið íåïåðåðâíî
äèôåðåíöiéîâíèõ ôóíêöié x : [0, ρ] → R ç
íîðìîþ

‖x‖B = max
t∈[0,ρ]

(|x(t)|+ |x′(t)|).

Íåõàé U � ïiäìíîæèíà B, êîæíèé åëå-
ìåíò u : [0, ρ] → R ÿêî¨ çàäîâîëüíÿ¹ íåðiâíî-
ñòi (7), (8), ïðè÷îìó u(0) = 0, u′(0) = c1.
Ìíîæèíà U çàìêíåíà é îáìåæåíà.

Ïåðåòâîðèìî äèôåðåíöiàëüíå ðiâíÿííÿ
(1). Íåõàé

ϕ(t, x, x′) =
m−1∑

k=l+1

a10kt(x
′)k+

+
∑

16i+j+k6m,
i+j>2

aijkt
ixj(x′)k.

Òîäi iç (1) ìà¹ìî

a100t + a010x + a10lt(x
′)l +

m−1∑

k=1

a01kx(x′)k+

+ϕ(t, x, x′) + f(t, x, x′) = 0,
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à óìîâà (6) íàáóäå âèãëÿäó

a100t + a010S(t) + a10lt(S
′(t))l+

+
m−1∑
k=1

a01kS(t)(S ′(t))k+

+ϕ(t, S(t), S ′(t)) = ββO(tm+1), t → +0.
(9)

Îñêiëüêè

(x′)l = (S ′(t) + (x− S ′(t))l =

= (S ′(t))l + l(S ′(t))l−1(x′ − S ′(t)) +

+
l∑

k=2

Ck
l (S ′(t))l−k(x′ − S ′(t))k,

òî

−a10lt l (S ′(t))l−1(x′ − S ′(t)) =

= a100t + a010x + a10lt(S
′(t))l +

+a10lt

l∑

k=2

Ck
l (S ′(t))l−k(x′ − S ′(t))k +

+
m−1∑

k=1

a01kx(x′)k + ϕ(t, x, x′) + f(t, x, x′).

Íà ïiäñòàâi ðiâíîñòi (9) ìà¹ìî

a10lt(S
′(t))l = −a100t− a010S(t)−

−
m−1∑

k=1

a01kS(t)(S ′(t))k −

−ϕ(t, S(t), S ′(t)) + ββO(tm+1),

òîìó

−la10lt(S
′(t))l−1(x′ − S ′(t)) = a010(x− S(t)) +

+a10lt

l∑

k=2

Ck
l (S ′(t))l−k(x′ − S ′(t))k +

+
m−1∑

k=1

a01k(x(x′)k − S(t)(S ′(t))k) + (10)

+ϕ(t, x, x′)− ϕ(t, S(t), S ′(t)) +

+ββO(tm+1) + f(t, x, x′).

Äàëi ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿí-
íÿ, ÿêå îòðèìàíî ç (10):

x′ = S ′(t)−
−(la10lt(S

′(t))l−1)−1

(
a010(x− S(t))+

+a10lt
l∑

k=2

Ck
l (S ′(t))l−k(u′(t)− S ′(t))k+

+
m−1∑
k=1

a01k(x(u′(t))k − S(t)(S ′(t))k)+

+ϕ(t, u(t), u′(t))− ϕ(t, S(t), S ′(t))+

+ββO(tm+1) + f(t, u(t), u′(t))

)

(11)

ç ïî÷àòêîâîþ óìîâîþ (2), äå u ∈ U � äîâiëü-
íà ôiêñîâàíà ôóíêöiÿ.

Äîâåäåìî, ùî çàäà÷à (11), (2) ìà¹ ¹äèíèé
ðîçâ'ÿçîê xu : (0, ρ] → R òàêèé, ùî

|xu(t)− S(t)|6 Mtmβ(t), t ∈ (0, ρ], (12)
|x′u(t)− S ′(t)|6 Mtm−1β(t), t ∈ (0, ρ].(13)

ßêùî äîâèçíà÷èòè xu, x
′
u ïðè t = 0, ââà-

æàþ÷è xu(0) = 0, x′u(0) = c1, òî ôóíêöiÿ
xu : [0, ρ] → R íàëåæàòèìå ìíîæèíi U . Òî-
äi ìîæíà çàïðîâàäèòè îïåðàòîð T : U → U ,
ââàæàþ÷è

Tu = xu. (14)
Ïîêàæåìî äàëi, ùî öåé îïåðàòîð ¹ îïåðàòî-
ðîì ñòèñêó. Òîìó, ó âiäïîâiäíîñòi ç ïðèíöè-
ïîì Áàíàõà ñòèñíóòèõ âiäîáðàæåíü, ó íüîãî
iñíó¹ ¹äèíà íåðóõîìà òî÷êà x0 ∈ U . Çâiä-
ñè âèïëèâà¹, ùî x0 : (0, ρ] → R � ¹äèíèé
ρ-ðîçâ'ÿçîê çàäà÷i (1), (2) ç ïîòðiáíèìè âëà-
ñòèâîñòÿìè.

Äiþ÷è ó âiäïîâiäíîñòi çà öèì ïëàíîì, ïî-
êëàäåìî:

Φ1 = {(t, x) : t ∈ (0, ρ], |x− S(t)| = Mtmβ(t)},
D1 = {(t, x) : t ∈ (0, ρ], |x− S(t)| < Mtmβ(t)},
H = {(t, x) : t = ρ, |x− S(ρ)| < Mρmβ(ρ)}
òà ðîçãëÿíåìî ôóíêöiþ

A1 : (0, ρ]× R→ [0, +∞),

çàäàíó ðiâíiñòþ

A1(t, x) = (x− S(t))2(tmβ(t))−2.
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Íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî ç íåðiâíî-
ñòi

m−1∑
k=0

(k + 1)|a01k||c1|k+

+

∣∣∣∣
m−1∑

k=l+1

ka10kc
k−1
1

∣∣∣∣ < ml|a10l||c1|l−1
(15)

i äèôåðåíöiàëüíîãî ðiâíÿííÿ (11) âèïëèâà¹,
ùî ïîõiäíà ôóíêöi¨ A1 âiä'¹ìíà ïðè âñiõ
(t, x) ∈ Φ1. Çàçíà÷èìî, ùî îöiíêà (15) îäåð-
æó¹òüñÿ ç óìîâè (4). Òîìó (äèâ. [4], ñòîð.
758) ñåðåä iíòåãðàëüíèõ êðèâèõ ðiâíÿííÿ
(11), ùî ïåðåòèíàþòü H, çíàéäåòüñÿ õî÷à á
îäíà iíòåãðàëüíà êðèâà, ÿêà âèçíà÷åíà ïðè
âñiõ t ∈ (0, ρ] i ëåæèòü óD1 ïðè âñiõ t ∈ (0, ρ].
Ïîçíà÷èìî öþ iíòåãðàëüíó êðèâó ÷åðåç
Ju : (t, xu(t)). Îòæå,

|xu(t)− S(t)| 6 Mtmβ(t), t ∈ (0, ρ].

Íåñêëàäíî îäåðæàòè é òàêó îöiíêó
|x′u(t)− S ′(t)| 6 Mtm−1β(t), t ∈ (0, ρ].

Ïîêëàäåìî çà îçíà÷åííÿì xu(0) = 0,
x′u(0) = c1. Òîäi xu ∈ U . Äîâåäåìî òåïåð,
ùî Ju : (t, xu(t)) � ¹äèíà iíòåãðàëüíà êðèâà
ðiâíÿííÿ (11) ç òàêèìè âëàñòèâîñòÿìè. Îò-
æå, äîâåäåìî, ùî ÿêùî âçÿòè áóäü-ÿêó òî-
÷êó (t0, x0) ∈ D1\{(0, 0)}, ùî íå íàëåæèòü
iíòåãðàëüíié êðèâié Ju, òî iíòåãðàëüíà êðè-
âà ðiâíÿííÿ (11), ÿêà ïðîõîäèòü ÷åðåç òî÷êó
(t0, x0), çàëèøèò ìíîæèíó D1\{(0, 0)} ïðè
çìåíøåííi t òà íå çìîæå çíîâó ïîòðàïèòè
â öþ ìíîæèíó ïðè íàñòóïíîìó çìåíøåííi t.

Ç öi¹þ ìåòîþ ðîçãëÿäàþòüñÿ îäíîïàðàìå-
òðè÷íà ñiì'ÿ êðèâèõ
Φ2(ν) = {(t, x) : t ∈ (0, ρ], |x− xu(t)| = νt},
i îäíîïàðàìåòðè÷íà ñiì'ÿ ìíîæèí
D2(ν) = {(t, x) : t ∈ (0, ρ], |x− xu(t)| < νt},
äå ν � ïàðàìåòð, 0 < ν 6 1. Íåõàé ôóíêöiÿ
A2 : (0, ρ]× R→ [0, +∞) çàäàíà ðiâíiñòþ

A2(t, x) = (x− xu(t))
2t−2.

Íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî ïðè âèêî-
íàííi óìîâè

m−1∑

k=0

|a01k||c1|k < l|a10l||c1|l−1, (16)

ïîõiäíà ôóíêöi¨ A2 íà ïiäñòàâi äèôåðåíöi-
àëüíîãî ðiâíÿííÿ (11) âiä'¹ìíà â óñiõ òî÷êàõ
ìíîæèíè (0, ρ]×R, çà âèíÿòêîì òî÷îê êðèâî¨
Ju : (t, xu(t)). Çîêðåìà, öÿ ïîõiäíà âiä'¹ìíà ó
êîæíié òî÷öi êîæíî¨ êðèâî¨ Φ2(ν), ν ∈ (0, 1].
Çâiäñè (äèâ. [4], ñ. 758-759) âèïëèâà¹ ïðà-
âèëüíiñòü òâåðäæåííÿ, ÿêå äîâîäèòüñÿ. Òå-
ïåð âèçíà÷èìî îïåðàòîð T : U → U ðiâíiñòþ
(14). Äîâåäåìî, ùî T : U → U � îïåðàòîð
ñòèñêàííÿ.

Íåõàé ui ∈ U , i ∈ {1, 2}, � äîâiëüíi ôiêñî-
âàíi ôóíêöi¨,

‖u1 − u2‖B = h, h > 0.

Ïîçíà÷èìî Tu1 = x1, Tu2 = x2. Ïîêëàäåìî

Φ3 = {(t, x) : t ∈ (0, ρ], |x− x2(t)| = th},
D3 = {(t, x) : t ∈ (0, ρ], |x− x2(t)| < th}.

Íåõàé ôóíêöiÿ A3 : (0, ρ]× R→ [0, +∞) çà-
äàíà ðiâíiñòþ

A3(t, x) = (x− x2(t))
2t−2.

Ïîçíà÷èìî ÷åðåç (11)∗ ðiâíÿííÿ (11), â ÿêî-
ìó u = u1. Íåâàæêî ïåðåâiðèòè, ùî ïðè âè-
êîíàííi óìîâè (4) ïîõiäíà ôóíêöi¨ A3 íà ïiä-
ñòàâi äèôåðåíöiàëüíîãî ðiâíÿííÿ (11)∗ âiä'-
¹ìíà ïðè âñiõ (t, x) ∈ Φ3. Çâiäñè âèïëèâà¹
(äèâ. [4], ñòîð. 758), ùî ÿêùî P0(t0, x0) ∈
Φ3 � áóäü-ÿêà òî÷êà, òî iíòåãðàëüíà êðèâà
J0 : (t, x0(t)), ÿêà ïðîõîäèòü ÷åðåç òî÷êó P0,
ðîçòàøîâàíà òàê:

{
ÿêùî t0 − δ < t < t0, òî (t, x0(t)) ∈ D3;
ÿêùî t0 < t < t0 + δ, òî (t, x0(t)) ∈ D3.

(òóò δ > 0 � äîñòàòíüî ìàëå, 0 < t 6 ρ).
Îòæå, ïðè äîñèòü ìàëèõ |t− t0| iíòåãðàëüíà
êðèâà J0 : (t, x0(t)) ëåæèòü â D3 ïðè t > t0 i
ëåæèòü ïîçà D3 ïðè t < t0. Ïðè öüîìó

|x1(t)− x2(t)| 6 |x1(t)− S(t)|+
+|x2(t)− S(t)| 6 2Mtmβ(t) < th,

ÿêùî t ∈ (0, t(h)], äå t(h) ∈ (0, ρ) âèçíà÷à¹-
òüñÿ çà óìîâîþ

tm−1β(t) <
h

2M
ïðè t ∈ (0, t(h)].
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Öå îçíà÷à¹, ùî iíòåãðàëüíà êðèâà
J1 : (t, x1(t)) ðiâíÿííÿ (11)∗ ëåæèòü ó
D3 ïðè t ∈ (0, t(h)]. ßêùî t ìîíîòîííî
çáiëüøó¹òüñÿ âiä t = t(h) äî t = ρ òî,
íà ïiäñòàâi äîâåäåíîãî, iíòåãðàëüíà êðèâà
J1 : (t, x1(t)) íå ìîæå ìàòè ñïiëüíèõ òî÷îê ç
Φ3. Òîìó äàíà iíòåãðàëüíà êðèâà ëåæèòü ó
D3 ïðè âñiõ t ∈ (0, ρ]. Îòæå,

|x1(t)− x2(t)| < th, t ∈ (0, ρ]. (17)

ßêùî ïîêëàñòè â (11) âiäïîâiäíî u = ui,
x = xi, i ∈ {1, 2}, òî îòðèìà¹ìî äâi òîòî-
æíîñòi, ÿêi ïðàâèëüíi ïðè âñiõ t ∈ (0, ρ].

Ç öèõ òîòîæíîñòåé òà âðàõîâóþ÷è (17),
îòðèìà¹ìî íåðiâíiñòü

|x′1(t)−x′2(t)| 6 (c∗+¯̄o(1))h, t ∈ (0, ρ], (18)

äå

c∗ = (l|a10l||c1|l−1)−1 ×

×
(

m−1∑

k=0

(k + 1)|a01k||c1|k + L1 + L2

)
.

Ó âiäïîâiäíîñòi ç (4), c∗ < 1.
Iç (17), (18) ìà¹ìî
|x1(t)− x2(t)|+ |x′1(t)− x′2(t)| 6

6 (c∗ + ¯̄o(1))h, t ∈ (0, ρ].
(19)

Ïîçíà÷èìî

θ =
c∗ + 1

2
.

Î÷åâèäíî, ùî 0 < θ < 1. Çà ïðèïóùåííÿì,
ρ � íàñòiëüêè ìàëå, ùî â (19)

¯̄o(1) <
1

2
(1− c∗)

ïðè t ∈ (0, ρ]. Òîìó ç (19) âèïëèâà¹, ùî
|x1(t)− x2(t)|+ |x′1(t)− x′2(t)| 6 θh,

t ∈ (0, ρ].
(20)

Êðiì òîãî, xi(0) = 0, x′i(0) = c1, i ∈ {1, 2},
áî xi ∈ U , i ∈ {1, 2}. Îòæå,

max
t∈[0,ρ]

(|x1(t)− x2(t)|+ |x′1(t)− x′2(t)|) 6 θh,

àáî
‖x1 − x2‖B 6 θh,

ùî â ïiäñóìêó äà¹
‖Tu1 − Tu2‖B 6 θ‖u1 − u2‖B, 0 < θ < 1.

Ïðîâåäåíi ìiðêóâàííÿ íå çàëåæàòü âiä âè-
áîðó åëåìåíòiâ ui ∈ U , i ∈ {1, 2}. Îòæå,
T : U → U � îïåðàòîð ñòèñêó.

Ó âiäïîâiäíîñòi ç ïðèíöèïîì Áàíàõà ñòè-
ñíóòèõ âiäîáðàæåíü îïåðàòîð T : U → U
ìà¹ â U ¹äèíó íåðóõîìó òî÷êó, òîáòî, iñíó¹
¹äèíèé åëåìåíò x0 ∈ U , òàêèé ùî Tx0 = x0.
Îòæå, çàäà÷à Êîøi (1), (2) ìà¹ ¹äèíèé ρ-
ðîçâ'ÿçîê x0 : (0, ρ] → Rn ç âëàñòèâîñòÿìè

|x0(t)− S(t)| 6 Mtmβ(t),
|x′0(t)− S ′(t)| 6 Mtm−1β(t), t ∈ (0, ρ].

Òåîðåìó äîâåäåíî.
Ïðèêëàä. Ðîçãëÿíåìî çàäà÷ó Êîøi

t(x′)4 = −t + x− t3 + x(x′)4 + t3x′+
+t3(x′)5 − t3(x′)4,

x(0) = 0.
(21)

Ç îäíîãî áîêó, çàäà÷ó (21) ìîæíà çàïèñàòè
ó âèãëÿäi

t(x′)4 = −t + x + x(x′)4 + f(t, x, x′),
x(0) = 0,

äå
f(t, x, x′) = −t3 + t3x′ + t3(x′)5 − t3(x′)4.

Òóò
P (c) = −1 + c + c5 − c4, m = 5.

Ðiâíÿííÿ P (c) = 0 ïåðåòâîðèìî äî âèãëÿäó
(c− 1)(c4 + 1) = 0,

çâiäêè ìà¹ìî, c1 = 1. Ïîòiì çíàõîäèìî
S(t) = t. Çãiäíî ç äîâåäåíîþ òåîðåìîþ, çàäà-
÷à (21) ìà¹ ¹äèíèé ρ-ðîçâ'ÿçîê x : (0, ρ] → R
òàêèé, ùî

|x(t)− t| 6 Mt5 · t,
|x′(t)− 1| 6 Mt4 · t, t ∈ (0, ρ];

òóò ρ 6 1.
Ç iíøîãî áîêó, çàäà÷ó (21) ìîæíà çàïèñà-

òè ó âèãëÿäi
(t3x′ + x− t− t3)(1 + (x′)4) = 0,

x(0) = 0
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i çíàéòè çàãàëüíèé ðîçâ'ÿçîê öüîãî äèôåðåí-
öiàëüíîãî ðiâíÿííÿ:

x = t + Ce
1

2t2 ,

C � äîâiëüíà ñòàëà ç R. Çâiäñè âèïëèâà¹, ùî
äëÿ áóäü-ÿêîãî ρ > 0 çàäà÷à (21) ìà¹ ¹äèíèé
ðîçâ'ÿçîê x : (0, ρ] → R, à ñàìå: x(t) = t,
ùî óçãîäæó¹òüñÿ ç òâåðäæåííÿì äîâåäåíî¨
òåîðåìè.
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