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Äîâåäåíî ðîçâ'ÿçíiñòü â óçàãàëüíåíèõ ïðîñòîðàõ Ñîáîë¹âà ìiøàíî¨ çàäà÷i äëÿ íåëiíiéíèõ
ðiâíÿíü òðåòüîãî ïîðÿäêó.

The solvability in the generalized Sobolev spaces is proved for mixed problem for nonlinear
equations of the third order.

Ðîçâ'ÿçíiñòü çàäà÷ äëÿ ïàðàáîëi÷íèõ i ãi-
ïåðáîëi÷íèõ ðiâíÿíü ç ïåðøîþ òà äðóãîþ ïî-
õiäíîþ çà ÷àñîâîþ çìiííîþ â óçàãàëüíåíèõ
ïðîñòîðàõ Ñîáîë¹âà ðîçãëÿíóòî â [5, 6].

Ó öié ïðàöi äîñëiäæåíî ðîçâ'ÿçíiñòü ìi-
øàíî¨ çàäà÷i äëÿ ðiâíÿíü òðåòüîãî ïîðÿäêó
ç äðóãîþ ïîõiäíîþ çà ÷àñîâîþ çìiííîþ. Ðiâ-
íÿííÿ ìiñòÿòü çìiííi ñòåïåíåâi íåëiíiéíîñòi
â ãîëîâíié ÷àñòèíi òà â ìîëîäøèõ äîäàíêàõ.
Çàñòîñîâóþ÷è ìåòîä Ãàëüîðêiíà òà âëàñòè-
âîñòi óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà, äîâå-
äåíî ðîçâ'ÿçíiñòü öèõ çàäà÷ â óçàãàëüíåíèõ
ïðîñòîðàõ Ñîáîë¹âà.

Håõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü ç ìå-
æåþ Γ, ðåãóëÿðíîþ â ñåíñi Êàëüäåðîíà [1,
ñ. 45], Qτ = Ω × (0, τ), τ ∈ (0, T ], ST =
Γ×(0, T ), Ωτ = QT∩{t = τ}, Qs,τ = Ω×(s, τ),
s, τ ∈ [0, T ], s < τ.

Ïîçíà÷èìî ÷åðåç

L(u, f0) ≡ utt +
n∑

i=1

ci(x, t)uxi
+

+a0(x, t)|ut|q(x)−2ut + b0(x, t)u− f0(x, t) ≡
≡ L1(u, f0) + utt + a0(x, t)|ut|q(x)−2ut.

Ðîçãëÿíåìî â îáëàñòi QT çàäà÷ó

L(u, f0)−
n∑

i,j=1

(dij(x, t)uxit)xj
−

−
n∑

i=1

(ai(x, t)|uxit|p(x)−2uxit)xi
−

−
n∑

i,j=1

(bij(x, t)uxi
)xj

= −
n∑

i=1

fi,xi
(x, t), (1)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (2)

u|ST
= 0. (3)

Ïðèïóñêàòèìåìî, ùî äëÿ êîåôiöi¹íòiâ
ðiâíÿííÿ (1) âèêîíóþòüñÿ óìîâè:

(A): ai ∈ L∞(QT ), α0 6 ai(x, t) 6 α1

ìàéæå äëÿ âñiõ (x, t)∈QT , i=0, 1 . . . , n,
α0, α1 � äîäàòíi ñòàëi;

(B) : bij, bijt, b0∈L∞(QT ), bij(x, t) = bji(x, t)
ìàéæå äëÿ âñiõ (x, t) ∈ QT , i, j = 1, . . . , n;

β0|ξ|2 6
n∑

i,j=1

bij(x, t)ξiξj 6 β0|ξ|2

ìàéæå äëÿ âñiõ (x, t)∈QT i äëÿ âñiõ ξ ∈ Rn,
β0, β0 � äîäàòíi ñòàëi;

(C) : ci ∈ L∞(QT ), i = 1, . . . , n;

(D): dij ∈ L∞(QT ), dij(x, t) = dji(x, t),
n∑

i,j=1

dij(x, t)ξiξj > d0

n∑
i=1

|ξi|2

ìàéæå äëÿ âñiõ ξ ∈ RN , i, j = 1 . . . , n,
d0 � äîäàòíà ñòàëà;

(P) : p, q : Ω → (1, +∞), q, p ∈ L∞(Ω);
1 < p1 = ess inf

Ω
p(x) 6 ess sup

Ω
p(x) = p2,

1 < q1 = ess inf
Ω

q(x) 6 ess sup
Ω

q(x) = q2.
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(P1) : Âèêîíó¹òüñÿ îäíà ç óìîâ

1) p2 6 R(p1) =

{
np1

n−p1
, 1 6 p1 < n,

+∞, n 6 p1.
;

2) iñíóþòü ñòàëi sj, s∗j i âiäêðèòi ìíî-
æèíè Ωj ⊂ Ω, j = 1,m, ÿêi ñêëàäàþòüñÿ
çi ñêií÷åííîãî ÷èñëà êîìïîíåíò ç ëiïøi-
öåâîþ ãðàíèöåþ òàêi, ùî
mes(Ω \ ∪

16j6m
Ωj) = 0, 1 = s1 < s2 < s∗1 <

s3 < s∗2 < · · · < sm−1 < s∗m−2 < n < sm <
s∗m−1 < s∗m = +∞ i, êðiì òîãî,
sj 6 p(x) 6 s∗j ìàéæå äëÿ âñiõ x ∈ Ωj,
j = 1,m, s∗k < R(sk), k = 1,m− 1.

Íåõàé Ω1 = {x : 1 < p(x) < 2},
Ω2 = {x : p(x) > 2},

Q1,T = Ω1 × (0, T ), Q2,T = Ω2 × (0, T ),

r(x) =

{
2, ÿêùî x ∈ Ω1,

p(x), ÿêùî x ∈ Ω2,

1/r(x) + 1/r′(x) = 1. Ç óìîâè (P) âèïëèâà¹,
ùî r(x) ∈ L∞(Ω). Êðiì òîãî, r(x) ∈ [2;∞).

Ââåäåìî ïðîñòîðè: Ls(x)(Ω), s(x) ∈
{p(x), q(x)} (óçàãàëüíåíèé ïðîñòið Ëåáåãà)
[2] ç íîðìîþ

‖v;Ls(x)(Ω)‖=inf{µ > 0:

∫

Ω

|v|s(x)/µs(x) dx61};

W
1,m(x)
x,0 (QT ) = {v : vxi

∈Lm(x)(QT ), v|ST
=0},

äå m(x) ∈ {p(x), r(x)};
W 1,2

x,0 (QT ) = {v : v, vxi
∈ L2(QT ), v|ST

= 0};
W

1,p(x)
0 (Ω) = {v : vxi

∈ Lp(x)(Ω), v|Γ = 0};
W

1,r(x),q(x)
x,0 (QT ) = W

1,p(x)
x,0 (QT )∩

∩Lq(x)(QT ) ∩W 1,2
x,0 (QT );

W
1,r(x),q(x)
0 (Ω) = W

1,p(x)
0 (Ω)∩

∩Lq(x)(Ω) ∩W 1,2
0 (Ω).

Íåõàé u ∈ W
1,p(x)
0 (Ω) ∩ W 1,2

0 (Ω). Òîäi ôóí-
êöiîíàëè

∫
QT

|∇u|p(x) dx dt,
∫

QT

|∇u|2 dx dt

îáìåæåíi. Çà âëàñòèâîñòÿìè ií-
òåãðàëiâ òàêîæ ¹ îáìåæåíèìè

∫
Q2,T

|∇u|p(x) dx dt,
∫

Q1,T

|∇u|2 dx dt. Çâiäñè,

îñêiëüêè
∫

QT

|∇u|r(x) dx dt =
∫

Q1,T

|∇u|2 dx dt +

∫
Q2,T

|∇u|p(x) dx dt, òî öåé ôóíêöiîíàë ¹

îáìåæåíèì i u ∈ W
1,r(x)
x,0 (QT ), çà óìîâè (P1).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìî-
âè (A), (B), (Ñ), (D), (P), (P1) i, êðiì òî-
ãî, f0 ∈ Lq′(x)(QT ), fi ∈ Lr′(x)(QT ), i =
1, . . . , n, u0 ∈ H1

0 (Ω), u1 ∈ L2(Ω). Òî-
äi iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1) �
(3) (â ñåíñi ðîçïîäiëiâ) òàêèé, ùî u ∈
C([0, T ]; H1

0 (Ω)), ut ∈ W
1,r(x),q(x)
x,0 (QT ) ∩

C([0, T ]; (W
1,r(x),q(x)
0 (Ω))∗).

Äîâåäåííÿ. Håõàé {ϕk(x) : k > 1} �
áàçà ïðîñòîðó W

1,r(x),q(x)
0 (Ω), îðòîíîðìîâàíà

â L2(Ω). Ðîçãëÿíåìî ïîñëiäîâíiñòü ôóíêöié

uN(x, t)=
N∑

k=1

cN
k (t)ϕk(x), N = 1, 2, ...,

äå cN
1 (t), . . . , cN

N ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi
∫

Ωτ

[
L(uN , f0)ϕ

k +
n∑

i,j=1

dij(x, t)uN
xit

ϕk
xj

+

+
n∑

i=1

ai(x, t)|uN
xit
|p(x)−2uN

xit
ϕk

xi
+

n∑
i,j=1

bij(x, t)×

×uN
xi

ϕk
xj
−

n∑
i=1

fi(x, t)ϕk
xi

]
dx = 0; (4)

cN
k (0) = uN

0,k, cN
kt(0) = uN

1,k, (5)

k = 1, N, τ ∈ [0, T ].

Òóò uN
0 (x) =

N∑
k=1

uN
0,kϕ

k(x), uN
1 (x) =

N∑
k=1

uN
1,kϕ

k(x), lim
N→∞

‖u0 − uN
0 ‖H1

0 (Ω) = 0,

‖u1 − uN
1 ‖L2(Ω) = 0.

Íà ïiäñòàâi òåîðåìè Êàðàòåîäîði [4, c. 54]
iñíó¹ ðîçâ'ÿçîê çàäà÷i (4) � (5), ÿêèé ìà¹ àá-
ñîëþòíî íåïåðåðâíó ïîõiäíó i âèçíà÷åíèé íà
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ïðîìiæêó [0, t0], t0 ∈ (0, T ]. Ç îöiíîê, îòðè-
ìàíèõ íèæ÷å, âèïëèâàòèìå, ùî t0 = T.

Äîìíîæèìî êîæíå ðiâíÿííÿ ñèñòåìè (4)
âiäïîâiäíî íà ôóíêöiþ cN

kt(t)e
−κt, κ > 0, ïiä-

ñóìó¹ìî çà k âiä 1 äî N , ïðîiíòåãðó¹ìî çà t
ïî ïðîìiæêó [0, τ ], τ 6 T . Ïiñëÿ âèêîíàííÿ
öèõ îïåðàöié îäåðæèìî ðiâíiñòü

∫

Qτ

[
L(uN , f0)u

N
t +

n∑
i,j=1

dij(x, t)uN
xit

uN
xjt+

+
n∑

i=1

ai(x, t)|uN
xit
|p(x) +

n∑
i,j=1

bij(x, t)uN
xi

uN
xjt−

−
n∑

i=1

fi(x, t)uN
xit

]
e−κt dx dt = 0. (6)

Âðàõóâàâøè óìîâè (A), (B), (C), (P),
îäåðæèìî

I1 :=

∫

Qτ

uN
tt u

N
t e−κt dx dt=

1

2

∫

Ωτ

|uN
t |2e−κτ dx+

+
κ
2

∫

Qτ

|uN
t |2e−κt dx dt− 1

2

∫

Ω0

|uN
1 |2 dx;

I2 :=

∫

Qτ

n∑
i,j=1

dij(x, t)uN
xit

uN
xjte

−κt dx dt >

> d0

∫

Qτ

n∑
i=1

(uN
xit

)2e−κt dx dt;

I3 :=

∫

Qτ

[ n∑
i=1

ai(x, t)|uN
xit
|p(x)+

+a0(x, t)|uN
t |q(x)

]
e−κt dx dt >

> α0

∫

Qτ

[ n∑
i=1

|uN
xit
|p(x) + |uN

t |q(x)

]
e−κt dx dt;

I4 :=

∫

Qτ

[ n∑
i,j=1

bij(x, t)uN
xi

uN
xjt + b0(x, t)uN×

×uN
t

]
e−κt dx dt > β0

2

∫

Ωτ

|∇uN |2e−κτ dx−

−β0

2

∫

Ωτ

|∇uN
0 |2 dx +

1

2

∫

Qτ

[
(κβ0 − β1)|∇uN |2−

−δ0|uN |2 − β2

δ0

|uN
t |2

]
e−κt dx dt,

äå δ0 > 0, β1 = ess sup
QT

√
n∑

i,j=1

b2
ijt(x, t), β2 =

ess sup
QT

b2
0(x, t), ∇u = (ux1 , ux2 , . . . , uxn);

I5 :=

∫

Qτ

n∑
i=1

ci(x, t)uN
xi

uN
t e−κt dx dt 6

6 1

2

∫

Qτ

(γ0|∇uN |2 + |uN
t |2)e−κt dx dt,

äå γ0 = ess sup
QT

n∑
i=1

c2
i (x, t).

Çãiäíî ç óìîâàìè òåîðåìè ùîäî ôóíêöié
fi, i = 0, 1, . . . , n îäåðæèìî

I6 :=

∫

Qτ

[
f0(x, t)uN

t +
n∑

i=1

fi(x, t)uN
xit

]
e−κt dx dt 6

6
∫

Qτ

(
δ1

q(x)
|uN

t |q(x)+
δ2

r(x)

n∑
i=1

|uN
xit
|r(x)

)
e−κt dx dt+

+

∫

Qτ

[
M1(δ1)

q′(x)
|f0(x, t)|q′(x)+

+
M2(δ2)

r′(x)

n∑
i=1

|fi(x, t)|r′(x)

]
e−κt dx dt,

äå δ1 > 0, δ2 > 0,
1

q(x)
+

1

q′(x)
= 1,

1

p(x)
+

1

p′(x)
= 1, r′(x) =

{
2, ÿêùî x ∈ Ω1,

p′(x), ÿêùî x ∈ Ω2.

Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ I1 �I6, ç
(6) ìàòèìåìî íåðiâíiñòü

∫

Ωτ

[
(uN

t )2 + β0|∇uN |2] e−κτ dx+
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+

∫

Qτ

[2d0|∇ut|2+(κβ0 − β1 − γ0)|∇uN |2+

+
(
κ − β2

δ0

− 1
)|uN

t |2 + 2α0

n∑
i=1

|uN
xit
|p(x)−

− 2δ2

r(x)

n∑
i=1

|uN
xit
|r(x) − δ0|uN |2 +

(
2α0 − 2δ1

q(x)

)×

×|uN
t |q(x)]e−κt dx dt6

∫

Ω0

(|uN
1 |2+β0|∇uN

0 |2) dx+

+2

∫

Qτ

[
M1(δ1)

q′(x)
|f0(x, t)|q′(x)+

+
M2(δ2)

r′(x)

n∑
i,j=1

|fi(x, t)|r]′(x)

]
e−κt dx dt, (7)

τ ∈ [0, T ], â ÿêié ñòàëi M1,M2 íå çàëåæàòü
âiä N .

Âèêîðèñòîâóþ÷è íåðiâíiñòü Ôðiäðiõñà [1,
ñ. 50], âèáåðåìî δ0 òàê, ùîá

δ0

∫

Qτ

|uN |2 dx dt 6
∫

Qτ

|∇uN |2 dx dt, τ ∈ (0, T ].

Êðiì òîãî, íåõàé κ, δ1, δ2 çàäîâîëüíÿþòü
óìîâè δ1 = q1α0

2
; δ2 = min{α0p1

2
, d0}; κ =

max{β2

δ0
+ 3; β1+γ0+2

β0
}. Òîäi ç (7), óìîâè (P1) i

ëåì 1, 5 [7] îäåðæó¹ìî îöiíêè

‖uN‖L∞((0,T );H1
0 (Ω)) 6 M3,

‖uN
t ‖L∞((0,T );L2(Ω)) 6 M3, (8)

‖uN
t ‖W

1,r(x),q(x)
x,0 (QT )

6 M3, (9)

äå ñòàëà M3 íå çàëåæèòü âiä N. Ââåäåìî îïå-
ðàòîð

A : W
1,r(x),q(x)
x,0 (QT ) → (W

1,r(x),q(x)
x,0 (QT ))∗

çà ôîðìóëîþ

〈Au, v〉0,T =

∫

Qτ

[ n∑
i=1

ai(x, t)|uN
xi
|p(x)−2uN

xi
vxi

+

+a0(x, t)|uN |q(x)−2uNv+
n∑

i,j=1

dij(x, t)uN
xi

vN
xj

]
dxdt,

u, v ∈ W
1,r(x),q(x)
x,0 (QT ),

äå ÷åðåç 〈·, ·〉s,τ ïîçíà÷åíî ñêàëÿðíèé äî-
áóòîê ìiæ ïðîñòîðàìè (W

1,r(x),q(x)
x,0 (Qs,τ ))

∗ i
W

1,r(x),q(x)
x,0 (Qs,τ ). Òîäi ç óìîâè (A) é îöiíêè

(9) âèïëèâà¹, ùî

‖AuN
t ‖(W

1,r(x),q(x)
x,0 (QT ))∗ 6 M4, (10)

äå ñòàëà M4 íå çàëåæèòü âiä N. Îòæå, çãiäíî
ç (8) � (10), iñíó¹ ïiäïîñëiäîâíiñòü {uNk}∞k=1

ïîñëiäîâíîñòi {uN
t }∞N=1 òàêà, ùî

uNk
t (·, T ) → ξ ñëàáêî â L2(Ω),

uNk → u ∗ �ñëàáêî â L∞((0, T ); H1
0 (Ω)),

uNk
t → ut ∗ -ñëàáêî â L∞((0, T ); L2(Ω)),

uNk
t → ut ñëàáêî â W

1,r(x),q(x)
x,0 (QT ),

uNk → u â L2(QT ),

AuNk
t → χ ñëàáêî â (W

1,r(x),q(x)
x,0 (QT ))∗,

uNk
t → ut ñëàáêî â W 1,2

x,0 (QT ) (11)

ïðè k →∞.
Íåõàé N0 äîâiëüíå ôiêñîâàíå íàòóðàëüíå

÷èñëî. Òîäi, âèêîðèñòàâøè (11), ç (4) îäåð-
æó¹ìî ðiâíiñòü
∫

ΩT

ξvN0 dx +

∫

Qτ

[
−utv

N0
t +

n∑
i,j=1

bij(x, t)uxi
vN0

xj
+

+L1(u, f0)v
N0 −

n∑
i=1

fi(x, t)vN0
xi

]
dxdt+

+〈χ, vN0〉0,T =
∫
Ω0

u1(x)vN0(x, 0) dx, (12)

ïðàâèëüíó äëÿ äîâiëüíî¨ ôóíêöi¨ vN0 ∈
MN0 , äå

MN0 = {w : w(x, t) =

N0∑

k=1

zN0
k (t)ϕk(x),

zN0
k ∈ C1([0, T ]), k = 1, . . . , N0}.

Íåõàé M =
∞⋃

N0=1

MN0 . Ìíîæèíà M ùiëü-
íà ó ïðîñòîði òàêèõ ôóíêöié v, ùî v ∈
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W
1,r(x),q(x)
x,0 (QT ), vt ∈ L2(QT ). Òîìó ç (12)

îäåðæó¹ìî ðiâíiñòü
∫

ΩT

ξv dx +

∫

Qτ

[− utvt +
n∑

i,j=1

bij(x, t)uxi
vxj

+

+L1(u, f0)v −
n∑

i=1

fi(x, t)vxi

]
dxdt+

+〈χ, v〉0,T =

∫

Ω0

u1(x)v(x, 0) dx, (13)

ïðàâèëüíó äëÿ äîâiëüíèõ ôóíêöié v òàêèõ,
ùî v ∈ W

1,r(x),q(x)
x,0 (QT ), vt ∈ L2(QT ).

Çãiäíî ç ëåìîþ 1.2 [3, ñ. 20] u ∈
C([0, T ]; L2(Ω)). Òîìó uNk(·, 0) → u(·, 0)
ñëàáêî â L2(Ω). Ç iíøîãî áîêó uNk(·, 0) =
uNk

0 → u0 â L2(Ω). Îòæå, u(x, 0) = u0(x) äëÿ
ìàéæå âñiõ x ∈ Ω.

Ç (13), âèïëèâà¹, ùî

utt = −
n∑

i,j=1

(bij(x, t)uxi
)xj
−

n∑
i=1

ci(x, t)uxi
−

−b0(x, t)u + f0(x, t)−
n∑

i=1

fi,xi
(x, t)− χ.

Âðàõóâàâøè ãëàäêiñòü ïðàâî¨ ÷àñòèíè öi¹¨
ðiâíîñòi, îäåðæèìî âêëàäåííÿ

utt ∈ (W
1,r(x),q(x)
x,0 (QT ))∗ ⊂

⊂ Lr0((0, T ); Lq′(x)(Ω) + (W
1,r(x)
0 (Ω))∗),

äå r0 = min{2; ess inf
Ω

q′(x)}. Îñêiëüêè

ut ∈ Lr0((0, T ); Lq(x)(Ω) ∩W
1,r(x)
0 (Ω)),

òî íà ïiäñòàâi ëåìè 1.2 [3, ñ. 20]
ut ∈ C([0, T ]; Lq′(x)(Ω) + (W

1,r(x)
0 (Ω))∗),

òîáòî ut(·, 0) ìà¹ ñåíñ.
Ââåäåìî ïðîñòið

W (QT ) = {w : w ∈ W
1,r(x),q(x)
x,0 (QT )),

wt ∈ (W
1,r(x),q(x)
x,0 (QT ))∗}.

Íà ïiäñòàâi òåîðåìè 2 [7] ïðàâèëüíà ôîðìó-
ëà

〈utt, ute
−κt〉s,τ =

1

2

∫

Ωτ

u2
t e
−κτdx−

−1

2

∫

Ωs

u2
t e
−κsdx +

κ
2

∫

Qs,τ

u2
t e
−κtdxdt (14)

ìàéæå äëÿ âñiõ s, τ, s < τ ç ïðîìiæêà [0, T ].
Çàçíà÷èìî, ùî
〈utt, ϕ

j〉
((W

1,r(x),q(x)
0 (Ω))∗,W 1,r(x),q(x)

0 (Ω))
∈ Lr0(0, T ).

Âðàõîâóþ÷è ãëàäêiñòü ôóíêöié uN , ç (4)
îòðèìó¹ìî

〈uNk
tt , ϕj〉

((W
1,r(x),q(x)
0 (Ω))∗,W 1,r(x),q(x))

0 (Ω))
→

→ 〈utt, ϕ
j〉

((W
1,r(x),q(x)
0 (Ω))∗,W 1,r(x),q(x))

0 (Ω))

ñëàáêî â Lr0(0, T ) äëÿ âñiõ j ∈ N. Îòæå, íà
ïiäñòàâi ëåìè 1.2 [3, ñ. 20], îäåðæèìî

∫

Ω

uNk
t (x, 0)ϕj(x)dx →

∫

Ω

ut(x, 0)ϕj(x)dx.

Ç iíøîãî áîêó,
∫

Ω

uNk
t (x, 0)ϕj(x)dx →

∫

Ω

u1(x)ϕj(x)dx.

Òîìó ut(x, 0) = u1(x). Àíàëîãi÷íî äîâîäèìî,
ùî ut(x, T ) = ξ(x).

Óçÿâøè äî óâàãè (14), àíàëîãi÷íî ÿê (13)
îäåðæèìî ðiâíiñòü

1

2

∫

Ωτ

u2
t e
−κτdx− 1

2

∫

Ωs

u2
t e
−κsdx +

∫

Qs,τ

[
−κ

2
u2

t +

+
n∑

i,j=1

bij(x, t)uxi
uxjt −

n∑
i=1

fi(x, t)uxit+

+L1(u, f0)ut] e
−κtdxdt+〈χ, ute

−κt〉s,τ=0 (15)
äëÿ ìàéæå âñiõ s, τ, s < τ ç ïðîìiæêà [0, T ].
Îñêiëüêè ut ∈ L∞((0, T ); L2(Ω)), òî iñíó¹ òà-
êà ïîñëiäîâíiñòü {sm} ⊂ [0, T ], lim

m→+∞
sm = 0

íåâèêëþ÷íèõ òî÷îê äëÿ ôóíêöi¨ t → ut(x, t),
ùî ut(·, sm) → ut(·, 0) ñëàáêî â L2(Ω). Òîäi ç
(15) íà ïiäñòàâi ëåìè 5.3 [1, ñ. 20] ç (15) îòðè-
ìó¹ìî íåðiâíiñòü

1

2

∫

Ωτ

u2
t e
−κτdx+

∫

Qτ

[
−κ

2
u2

t+
n∑

i,j=1

bij(x, t)uxi
uxjt+
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+L1(u, f0)ut −
n∑

i=1

fi(x, t)uxit

]
e−κtdxdt+

+〈χ, ute
−κt〉0,τ >

∫

Ω0

u2
1(x)dx (16)

ìàéæå äëÿ âñiõ τ ∈ (0, T ). Çîêðåìà, ÿêùî
u1 = 0, òî (16) áóäå ðiâíiñòþ.

Çãiäíî ç ëåìîþ 2.2 [1, ñ. 57], ÿêà çàëèøà¹-
òüñÿ ïðàâèëüíîþ i äëÿ îïåðàòîðà A, i ëåìîþ
1.3 [1, ñ. 84], îïåðàòîð A ñåìiíåïåðåðâíèé.
Ðîçãëÿíåìî ïîñëiäîâíiñòü yk, äå

yk = 〈A(uNk
t )− A(v), (uNk

t − v)e−κt〉0,T ,

v ∈ W
1,r(x),q(x)
x,0 (QT ).

Î÷åâèäíî,

0 6 yk = 〈A(uNk
t ), uNk

t e−κt〉0,T−
−〈A(uNk

t ), ve−κt〉0,T −〈Av, (uNk
t −v)e−κt〉0,T =

=

∫

Qτ

[
−L1(u

Nk , f0)u
Nk
t +

n∑
i=1

fi(x, t)uNk
xit−

−uNk
tt uNk

t −
n∑

i,j=1

bij(x, t)uNk
xi

uNk
xjt

]
e−κt dx dt=

= −1

2

∫

Ωτ

[
|uNk

t |2 +
n∑

i,j=1

bij(x, t)uNk
xi

uNk
xj

]
dx+

+
1

2

∫

Ω0

[
|uNk

1 |2 +
n∑

i,j=1

bij(x, 0)uNk
0,xi

uNk
0,xj

]
dx+

+

∫

Qτ

[
−L1(u

Nk , f0)u
Nk
t +

n∑
i=1

fi(x, t)uNk
xit−

κ
2

u2
t−

−1

2

n∑
i,j=1

(κbij(x, t)−bijt(x, t))uNk
xi

uN
xj

]
e−κt dx dt−

−〈A(uNk
t ), ve−κt〉0,T − 〈A(v, (uNk

t − v)e−κt〉0,T .

Íà ïiäñòàâi ëåìè 5.3 [1, ñ. 20] i (11) ïðè äî-
ñòàòíüî âåëèêîìó κ îäåðæèìî

06 lim
k→∞

sup yk 6−1

2

∫

Ωτ

[
u2

t+
n∑

i,j=1

bij(x, t)uxi
uxj

]
×

×e−κτ dx+
1

2

∫

Ωτ

[
u2

1+
n∑

i,j=1

bij(x, 0)u0,xi
u0,xj

]
dx+

+

∫

Qτ

[
−L1(u, f0)ut+

n∑
i,j=1

fi(x, t)uxit −
κ
2

u2
t−

−1

2

n∑
i=1

(κbij(x, t)−bijt(x, t))uxi
uxj

]
e−κt dx dt−

−〈χ, ve−κt〉0,T − 〈A(v), (ut − v)e−κt〉0,T . (17)

Äîäàþ÷è (16) äî (17), îòðèìà¹ìî

〈χ− A(v), (ut − v)e−κt〉0,T > 0

äëÿ äîâiëüíî¨ v ∈ W
1,r(x),q(x)
x,0 (QT ). Çâiäñè âè-

ïëèâà¹, ùî χ = A(ut), îòæå, u ¹ ðîçâ'ÿçêîì
çàäà÷i (1) � (3) â ñåíñi ðîçïîäiëiâ.

Äîâåäåìî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1) �
(3). Håõàé iñíó¹ äâà ðîçâ'ÿçêè u(1), u(2) çàäà-
÷i (1) � (3). Òîäi äëÿ u

def
= u(1)−u(2) ïðàâèëü-

íà ðiâíiñòü

1

2

∫

Ωτ

u2
t e
−κτdx+

∫

Qτ

[ n∑
i=1

ai(x, t)(|u(1)
xit|p(x)−2u

(1)
xit−

−|u(2)
xit|p(x)−2u

(2)
xit)uxit +

n∑
i,j=1

dij(x, t)uxituxjt+

+
n∑

i,j=1

bij(x, t)uxi
uxjt +

n∑
i=1

ci(x, t)uxi
ut+

+a0(x, t)(|u(1)
t |q(x)−2u

(1)
t − |u(2)

t |q(x)−2u
(2)
t )+

+b0(x, t)uut

]
e−κt dx dt = 0. (18)

Êðiì òîãî, u(x, 0) = 0.
Îöiíêè äîäàíêiâ öi¹¨ ðiâíîñòi àíàëîãi÷íi

äî I1 � I6, à íà ïiäñòàâi óìîâè (A)
∫

QT

[ n∑
i=1

ai(x, t)(|u(1)
xit|p(x)−2u

(1)
xit − |u(2)

xit|p(x)−2×

×u
(2)
xit)uxit + a0(x, t)(|u(1)

t |q(x)−2u
(1)
t −

−|u(2)
t |q(x)−2u

(2)
t )uN

t

]
e−κt dx dt > 0.
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Òîäi ç (18) âèïëèâà¹ íåðiâíiñòü
∫

QT

[
d0|∇ut|2 + (κβ0 − β1 − γ0)|∇u|2+

+

(
κ − β2

δ0

− 1

)
|ut|2 − δ0|u|2

]
e−κt dx dt 6 0.

Âèáðàâøè δ0, κ òàêèìè æ ÿê i ïðè äîâåäåííi
iñíóâàííÿ ðîçâ'ÿçêó, îäåðæèìî îöiíêó

∫

QT

[
|∇u|2 + |∇ut|2 + |ut|2

]
e−κt dx dt 6 0,

çâiäêè u ≡ u(1)−u(2) ≡ 0 ìàéæå âñþäè â QT .
Îòæå, u(1) = u(2). Òåîðåìó äîâåäåíî.

Íåõàé òåïåð dij ≡ 0 äëÿ âñiõ i, j =
1, . . . , n, ôóíêöiÿ u1 ≡ 0, fi ≡ 0 äëÿ âñiõ i =

1, . . . , n. Ïîçíà÷èìî ÷åðåç W
1,p(x),q(x)
x,0 (QT ) =

W
1,p(x)
x,0 (QT ) ∩ Lq(x)(QT ).

Ðîçãëÿíåìî ìiøàíó çàäà÷ó

L(u, f0)−
n∑

i=1

(ai(x, t)|uxit|p(x)−2uxit)xi
−

−
n∑

i,j=1

(bij(x, t)uxi
)xj

= 0, (19)

u(x, 0) = u0(x), ut(x, 0) = 0, x ∈ Ω, (20)

u|ST
= 0. (21)

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìî-
âè (A), (B), (Ñ), (P), (P1) i, êðiì òîãî,
ai,xi

, ait, bijtt, bkjxj
, ckt, b0t ∈ L∞(QT ), i =

0, . . . n, k, j = 1, . . . , n; f0, f0t ∈ L2(QT ), u0 ∈
H2(Ω) ∩ H1

0 (Ω). Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê u çàäà÷i (1) � (3) (â ñåíñi ðîçïîäi-
ëiâ) òàêèé, ùî u ∈ C([0, T ]; H1

0 (Ω)), ut ∈
W

1,p(x),q(x)
x,0 (QT ) ∩ C([0, T ]; L2(Ω)), utt ∈

L∞((0, T ); L2(Ω)).

Äîâåäåííÿ. Håõàé {ϕk(x) : k > 1} �
áàçà ïðîñòîðó H2(Ω)∩H1

0 (Ω)∩W 1,p(x),q(x)(Ω)
îðòîíîðìîâàíà â L2(Ω). Òîäi äëÿ ïîñëiäîâ-
íîñòi {uN}∞N=1, ïîáóäîâàíié ïðè äîâåäåííi

òåîðåìè 1, ïðàâèëüíi îöiíêè (8) � (10), â
ÿêèõ çàìiñòü ïðîñòîðó W

1,r(x),q(x)
x,0 (QT ) áó-

äå ïðîñòið W
1,p(x),q(x)
x,0 (QT ). Êðiì òîãî, d0 ≡

0 i äëÿ ïîñëiäîâíîñòi {AuN
t }∞N=1 ïðàâèëüíà

îöiíêà (10) ïðè r(x) = p(x).
Ïðîäèôåðåíöiþ¹ìî (4) çà çìiííîþ t (çà-

çíà÷èìî, ùî çãiäíî ç óìîâàìè òåîðåìè 2 öå
ìîæëèâî):

∫

Ωτ

[ n∑
i=1

(p(x)− 1)ai(x, t)|uN
xit
|p(x)−2uN

xitt
ϕk

xi
+

+
n∑

i=1

ait(x, t)|uN
xit
|p(x)−2uN

xit
ϕk

xi
+

+
n∑

i,j=1

bij(x, t)uN
xit

ϕk
xj

+
n∑

i,j=1

bijt(x, t)uN
xi

ϕk
xj

+

+(L(uN , f0))tϕ
k

]
dx = 0. (22)

Ïîìíîæèìî êîæíå ðiâíÿííÿ (22) âiäïî-
âiäíî íà ôóíêöiþ cN

ktt(t)e
−ρt, ρ > 0, ïiäñóìó-

¹ìî ¨õ çà k âiä 1 äî N , ïðîiíòåãðó¹ìî çà t
ïî ïðîìiæêó [0, τ ], τ 6 T . Ïiñëÿ âèêîíàííÿ
öèõ îïåðàöié îäåðæèìî ðiâíiñòü

∫

Qτ

[ n∑
i=1

(p(x)− 1)ai(x, t)|uN
xit
|p(x)−2(uN

xitt
)2+

+
n∑

i=1

ait(x, t)|uN
xit
|p(x)−2uN

xit
uN

xitt
+

+
n∑

i,j=1

bij(x, t)uN
xit

uN
xjtt+

n∑
i,j=1

bijt(x, t)uN
xi

uN
xjtt+

+(L(uN , f0))tu
N
tt

]
e−ρt dx dt = 0. (23)

Î÷åâèäíî, ùî

I7 :=

∫

Qτ

uN
tttu

N
tt e

−ρt dx dt =
1

2

∫

Ωτ

|uN
tt |2e−ρτ dx +

+
ρ

2

∫

Qτ

|uN
tt |2e−ρt dx dt− 1

2

∫

Ω0

|uN
tt |2 dx.

Íà ïiäñòàâi óìîâè (A)

I8 :=

∫

Qτ

[
(p(x)−1)

n∑
i=1

ai(x, t)|uN
xit
|p(x)−2(uN

xitt
)2+
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+(q(x)− 1)a0(x, t)|uN
t |q(x)−2(uN

tt )
2

]
e−ρt dx dt>

>α0

∫

Qτ

[
(p(x)− 1)

n∑
i=1

|uN
xit
|p(x)|uN

xitt
|2+

+(q(x)− 1)|uN
t |q(x)−2(uN

tt )
2

]
e−ρt dx dt.

Çãiäíî ç óìîâàìè òåîðåìè 2

I9 :=

∫

Qτ

[ n∑
i=1

ait(x, t)|uN
xit
|p(x)−2uN

xit
uN

xitt
+

+a0t(x, t)|uN
t |q(x)−2uN

t uN
tt

]
e−ρt dx dt 6

6 1

2

∫

Qτ

[
δ2

n∑
i=1

|uN
xit
|p(x)−2|uN

xitt
|2+α2

δ2

|uN
xit
|p(x)+

+δ2|uN
t |q(x)−2|uN

tt |2+
α2

δ2

|uN
t |q(x)

]
e−ρt dx dt,

äå α2 = max
i=0,1,...,n

ess sup
QT

a2
it(x, t), δ2 > 0.

Íà ïiäñòàâi óìîâè (B) òà óìîâ òåîðåìè

I10 :=

∫

Qτ

n∑
i,j=1

(bij(x, t)uN
xit

+ bijt(x, t)uN
xi

)uN
xjtt×

×e−ρt dx dt =
1

2

∫

Ωτ

[ n∑
i,j=1

bij(x, t)uN
xit

uN
xjt+

+2
n∑

i,j=1

bijt(x, t)uN
xi

uN
xjt

]
e−ρτ dx+

+
1

2

∫

Qτ

[ n∑
i,j=1

(ρbij(x, t)− 3bijt(x, t))uN
xit

uN
xjt+

+2
n∑

i,j=1

(ρbijt(x, t)− bijtt(x, t))uN
xi

uN
xjt

]
×

×e−ρt dx dt >
∫

Ωτ

[(
β0

2
− δ2

)
|∇uN

t |2−

−β2
1

δ2

|∇uN |2
]
e−ρτ dx +

1

2

∫

Qτ

[
(
ρβ0

2
− 3β1

2
−

−δ2)|∇uN
t |2−

(
ρ2β2

1

δ2

+
β2

3

δ2

)
|∇uN |2

]
e−ρt dx dt,

äå β3 = ess sup
QT

√
n∑

i,j=1

b2
ijtt(x, t). Çãiäíî ç óìî-

âîþ (C) òà óìîâàìè òåîðåìè ùîäî ci

I11 :=

∫

Qτ

[ n∑
i=1

ci(x, t)uN
xit

uN
tt +

n∑
i=1

cit(x, t)uN
xi
×

×uN
tt

]
e−ρt dx dt 6 1

2

∫

Qτ

(δ2|∇uN
t |2+

+γ1|∇uN |2 +
(γ0

δ2

+ 1
)|uN

tt |2)e−ρt dx dt,

äå γ1 = ess sup
QT

n∑
i=1

c2
it(x, t). Êðiì òîãî,

I12 :=

∫

Qτ

(b0(x, t)uN
t +b0t(x, t)uN)uN

tt e
−ρt dx dt 6

6 1

2

∫

Qτ

(2|uN
tt |2 + β2|uN

t |2 + β4|uN |2)e−ρt dx dt,

äå β4 = ess sup
QT

b2
0t(x, t);

I13 := − ∫
Qτ

f0t(x, t)uN
tt e

−ρt dx dt 6

6 1
2

∫
Qτ

(|uN
tt |2 + |f0t(x, t)|2)e−ρt dx dt.

Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ I7 �I13, ç
(23) îäåðæèìî íåðiâíiñòü

∫

Ωτ

[
(uN

tt )
2 + (β0 − 2δ2)|∇uN

t |2
]
e−ρτ dx+

+

∫

Qτ

[(
ρ− γ0

δ2

− 4

)
|uN

tt |2 + (2α0(p(x)− 1)−

−δ2)
n∑

i=1

|uN
xit
|p(x)−2|uN

xitt
|2+(2α0(q(x)− 1)−

−δ2)|uN
t |q(x)−2|uN

tt |2+(ρβ0−3β1−3δ2)|∇uN
t |2

]
×

×e−ρt dx dt6
∫

Ω0

|uN
tt |2 dx+

∫

Qτ

[
α2

δ2

n∑
i=1

|uN
xit
|p(x)+
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+
α2

δ2

n∑
i=1

|uN
t |q(x)+

(
2ρ2β2

1

δ2

+
2β2

3

δ2

+γ1

)
|∇uN |2+

+β2|uN
t |2 + β4|uN |2

]
e−ρt dx dt+

+2β1

δ2

∫
Ωτ

|∇uN |2e−ρτ dx, (24)

äå τ ∈ [0, T ].
Çíîâó, âèêîðèñòîâóþ÷è (4), îòðèìà¹ìî

ðiâíiñòü
∫

Ω0

[
|uN

tt |2−
n∑

i,j=1

(bij(x, 0)uN
0,xi

)xj
uN

tt+
n∑

i=1

ci(x, 0)×

×uN
0,xi

uN
tt + b0(x, 0)uN

0 uN
tt − f0(x, 0)uN

tt

]
dx = 0.

Çâiäñè
∫
Ω0

|uN
tt |2 dx 6 5

∫
Ω0

[
(n3β5 + γ1

2
)|∇uN

0 |2 +

+β6

n∑
i=1

|uN
0,xixj

|2 + β2|uN
0 |2 + f 2

0 (x, 0)

]
dx,

äå β5 = ess sup
Ω

n∑
i,j=1

b2
ijxj

(x, 0), β6 =

ess sup
Ω

n∑
i,j=1

b2
ij(x, 0).

Òîäi, âðàõîâóþ÷è óìîâè òåîðåìè ùîäî
ôóíêöi¨ u0, îäåðæèìî

∫
Ω0

|uN
tt |2 dx 6 K1, (25)

ïðè÷îìó ñòàëà K1 íå çàëåæèòü âiä N. Âèáå-
ðåìî â (24) δ2 = min{β0

4
, α0(p1−1); α0(q1−1)},

ρ = max{γ0

δ2
+ 5; 3β1+3δ2+1

β0
}. Îòæå, âðàõîâóþ-

÷è (8), (9), (19), îäåðæèìî îöiíêó
∫

Ωτ

(|uN
tt |2 + |∇uN

t |2) dx +

∫

Qτ

(|uN
tt |2+

+|∇uN
t |2) dx dt 6 K2, τ ∈ [0, T ], (26)

äå ñòàëà K2 íå çàëåæèòü âiä N.

Íà ïiäñòàâi îöiíîê (8) � (10), (26) ìîæåìî
ñòâåðäæóâàòè iñíóâàííÿ òàêî¨ ïiäïîñëiäîâ-
íîñòi {uNk}∞k=1 ïîñëiäîâíîñòi {uN}∞N=1, ùî

uNk → u ∗ �ñëàáêî â L∞((0, T ); H1
0 (Ω)),

∇uNk
t → ∇ut ∗ �ñëàáêî â

L∞((0, T ); L2(Ω)) ∩ Lq(x)(QT ),

uNk
tt → utt � ñëàáêî â L∞((0, T ); L2(Ω)),

AuNk
t → χ � ñëàáêî â (W

1,p(x),q(x)
x,0 (QT ))∗

ïðè k →∞. Äàëi, àíàëîãi÷íî ÿê â òåîðåìi 1,
äîâîäèìî, ùî u çàäîâîëüíÿ¹ âêëþ÷åííÿ u ∈
C([0, T ]; H1

0 (Ω)), ut ∈ L∞((0, T ); H1
0 (Ω)) ∩

Lq(x)(QT ) ∩ C([0, T ]; L2(Ω)) i ïî÷àòêîâi óìî-
âè (20), à òàêîæ, ùî χ = A(ut). Îòæå, u áóäå
ðîçâ'ÿçêîì (ó ñåíñi ðîçïîäiëiâ) çàäà÷i (19) �
(21).

�äèíiñòü ðîçâ'ÿçêó u äîâîäèìî àíàëîãi-
÷íî äî âiäïîâiäíîãî äîâåäåííÿ òåîðåìè 1.
Òåîðåìó äîâåäåíî.
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