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ÅÂÎËÞÖIÉÍI ÐIÂÍßÍÍß Ç ÃÀÐÌÎÍIÉÍÈÌ ÎÑÖÈËßÒÎÐÎÌ
Ó ÏÐÎÑÒÎÐÀÕ ÒÈÏÓ S ÒÀ S ′

Çíàéäåíî çîáðàæåííÿ ãëàäêèõ ðîçâ'ÿçêiâ åâîëþöiéíèõ ðiâíÿíü ç îïåðàòîðîì, ÿêèé òðà-
êòó¹òüñÿ ÿê ãàðìîíiéíèé îñöèëÿòîð íåñêií÷åííîãî ïîðÿäêó. Îïèñàíi ìíîæèíè ïî÷àòêîâèõ
çíà÷åíü òàêèõ ðîçâ'ÿçêiâ. Âñòàíîâëåíà êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ âiäïîâiäíîãî
ðiâíÿííÿ ó ïðîñòîðàõ óëüòðàðîçïîäiëiâ òèïó S′.

The representation of a smooth solutions is found for the evolutionary equations with operator,
which is described as harmonic oscillator of the in�nite order. The sets of the initial values of
such solutions are described. The correct solvability of the Cauchy problem is established for the
corresponding equation on the spaces of ultra-distributions of type S′

Ó ðîçâèòêó áàãàòüîõ âàæëèâèõ íàïðÿìiâ
ìàòåìàòèêè i ôiçèêè çíà÷íó ðîëü âiäiãðà-
ëè ïîíÿòòÿ òà ìåòîäè, ÿêi âèíèêëè ïðè âè-
â÷åííi ðiâíÿííÿ Øòóðìà-Ëióâiëëÿ òà ïîâ'ÿ-
çàíîãî ç öèì ðiâíÿííÿì îïåðàòîðà Øòóðìà-
Ëióâiëëÿ A = − d2

dx2
+ q(x). Âîíè áóëè äæå-

ðåëîì íîâèõ iäåé òà çàäà÷ äëÿ ñïåêòðàëüíî¨
òåîði¨ îïåðàòîðiâ i ñóìiæíèõ ðîçäiëiâ àíàëi-
çó. Ã. Ãàðäíåð, Ì. Êðóñêàë i Ð. Ìióðà çíà-
éøëè çâ'ÿçîê ñïåêòðàëüíî¨ òåîði¨ îïåðàòî-
ðiâ Øòóðìà-Ëióâiëëÿ ç äåÿêèìè íåëiíiéíè-
ìè åâîëþöiéíèìè ðiâíÿííÿìè ç ÷àñòèííèìè
ïîõiäíèìè. Æ. Äåëüñàðò òà Á.Ì. Ëåâiòàí
ó òåîði¨ îïåðàòîðiâ óçàãàëüíåíîãî çñóâó âè-
êîðèñòàëè îïåðàòîðè ïåðåòâîðåííÿ, ÿêi âè-
íèêëè â ïðîöåñi âèâ÷åííÿ ðiâíÿíü Øòóðìà-
Ëióâiëëÿ. Â.À. Ìàð÷åíêî çàñòîñóâàâ îïåðà-
òîðè ïåðåòâîðåííÿ ïðè äîñëiäæåííi îáåðíå-
íèõ çàäà÷ ñïåêòðàëüíîãî àíàëiçó òà àñèì-
ïòîòè÷íî¨ ïîâåäiíêè ñïåêòðàëüíî¨ ôóíêöi¨
îïåðàòîðà Øòóðìà-Ëióâiëëÿ.

ÎïåðàòîðØòóðìà-Ëióâiëëÿ ïîðîäæó¹ ði-
çíi êðàéîâi çàäà÷i: ðåãóëÿðíi (x ïåðåáiãà¹
ñêií÷åííèé iíòåðâàë) òà ñèíãóëÿðíi (âèïà-
äîê íåñêií÷åííîãî ïðîìiæêó). Âîíè, ÿê âiäî-
ìî, âiäðiçíÿþòüñÿ ïîñòàíîâêàìè çàäà÷, ìå-
òîäàìè äîñëiäæåííÿ òà ñôåðàìè çàñòîñó-
âàíü. Ôóíêöiÿ q íàçèâà¹òüñÿ ïîòåíöiàëîì;
ÿêùî q(x) = x2, x ∈ R, òî îïåðàòîð A íà-
çèâà¹òüñÿ ãàðìîíiéíèì îñöèëÿòîðîì. Âiäî-

ìî [1], ùî ãàðìîíiéíèé îñöèëÿòîð ¹ íåâiä'¹ì-
íèì ñàìîñïðÿæåíèì îïåðàòîðîì ó ïðîñòîði
L2(R). Åâîëþöiéíå ðiâíÿííÿ âèãëÿäó

u′(t) + Au(t) = 0, t ∈ (0, T ], (1)

ç òàêèì îïåðàòîðîì âiäíîñèòüñÿ äî ðiâíÿíü
ïàðàáîëi÷íîãî òèïó, êîåôiöi¹íòè ÿêèõ íåî-
áìåæåíî çðîñòàþòü ïðè |x| → ∞. Ó êíè-
çi [1] äîâåäåíî, ùî iíòåãðîâíèé ç êâàäðàòîì
ìîäóëÿ ïî x ðîçâ'ÿçîê u(t, x) ðiâíÿííÿ (1)
çàâæäè ìà¹ ãðàíè÷íå çíà÷åííÿ ó ïðîñòîðàõ
óçàãàëüíåíèõ ôóíêöié íåñêií÷åííîãî ïîðÿä-
êó òèïó S ′ i çà íèì çàâæäè îäíîçíà÷íî âiä-
íîâëþ¹òüñÿ, òîáòî ïðîñòîðè òèïó S ′ ¹ ïðî-
ñòîðàìè ïî÷àòêîâèõ äàíèõ ãëàäêèõ ðîçâ'ÿç-
êiâ çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1) (ïðîñòîðè
òèïó S âïåðøå áóëè ââåäåíi I.Ì. Ãåëüôàí-
äîì òà Ã.�. Øèëîâèì â [2]). Ó äàíié ïðàöi
ðîçãëÿäà¹òüñÿ åâîëþöiéíå ðiâíÿííÿ

u′(t) + ϕ(A)u(t) = 0, t ∈ (0, T ], (2)

äå ϕ(A) òðàêòó¹òüñÿ ÿê ãàðìîíiéíèé îñöèëÿ-
òîð íåñêií÷åííîãî ïîðÿäêó. Çíàéäåíî çîáðà-
æåííÿ ãëàäêèõ ðîçâ'ÿçêiâ âêàçàíîãî ðiâíÿ-
ííÿ, îïèñàíî ìíîæèíè ïî÷àòêîâèõ çíà÷åíü
òàêèõ ðîçâ'ÿçêiâ, íà ïiäñòàâi ÷îãî âñòàíîâ-
ëþ¹òüñÿ êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi
äëÿ ðiâíÿííÿ (2) ó ïðîñòîðàõ óëüòðàðîçïî-
äiëiâ òèïó S ′.

1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-
íèõ åëåìåíòiâ. Íåõàé A ≥ 0 � ñàìîñïðÿ-
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æåíèé îïåðàòîð ç äèñêðåòíèì ñïåêòðîì ó
ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîði H çi
ñêàëÿðíèì äîáóòêîì (·, ·) òà íîðìîþ ‖ · ‖,
{ek, k ≥ 1} � îðòîíîðìîâàíèé áàçèñ ç éîãî
âëàñíèõ âåêòîðiâ, {λk, k ≥ 1} � ïîñëiäîâ-
íiñòü âiäïîâiäíèõ âëàñíèõ ÷èñåë, ðîçìiùå-
íèõ ó ïîðÿäêó çðîñòàííÿ; ïðè öüîìó êîæíå
âëàñíå ÷èñëî áåðåòüñÿ ñòiëüêè ðàçiâ, ÿêîþ ¹
éîãî êðàòíiñòü, i

∑

k:λk 6=0

λ−p
k < ∞ ïðè äåÿêîìó

p > 0.
Ïîçíà÷èìî

Φm = {ϕ ∈ H : ϕ =
m∑

k=1

ck,ϕek, ck,ϕ ∈ C},

Φ = lim
m→∞

ind Φm.

Îòæå, ïîñëiäîâíiñòü {ϕν , ν ≥ 1} ⊂ Φ çáiãà¹-
òüñÿ â Φ äî åëåìåíòà ϕ ∈ Φ, ÿêùî

∃m ∃ ν0 ∀ ν ≥ ν0 : {ϕν , ϕ, ν ≥ 1} ⊂ Φm;

ck,ϕν →
ν→∞

ck,ϕ, ∀ k ∈ N.

Î÷åâèäíî, ùî Φ ëåæèòü ùiëüíî â H.
Ñèìâîëîì Φ′ ïîçíà÷èìî ïðîñòið óñiõ àí-

òèëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà Φ
çi ñëàáêîþ çáiæíiñòþ:

(Φ′ 3 fn
Φ′→

n→∞
f) ⇔ (< fn, ϕ > →

n→∞
< f, ϕ >,

∀ψ ∈ Φ).

Çiñòàâëåííÿ H 3 ϕ → fϕ ∈ Φ′ : < fϕ, ψ >=
(ϕ, ψ),∀ψ ∈ Φ, âèçíà÷à¹ âêëàäåííÿ H ⊂ Φ′.
Åëåìåíòè ç Φ′ íàçèâàþòüñÿ óçàãàëüíåíèìè.

Íåõàé s � ïðîñòið óñiõ ÷èñëîâèõ ïîñëi-
äîâíîñòåé {sk, k ≥ 1} ç ïîêîîðäèíàòíîþ çái-
æíiñòþ. Âiäîáðàæåííÿ

Φ′ 3 f
F→{ck(f) =< f, ek >, k ∈ N} ∈ s

¹ içîìîðôiçìîì [1]; ïðè öüîìó çáiæíiñòü â Φ′

ðiâíîñèëüíà ïîêîîðäèíàòíié çáiæíîñòi âiä-
ïîâiäíèõ ïîñëiäîâíîñòåé â s. Çàóâàæèìî, ùî
F âiäîáðàæà¹ Φ ó ìíîæèíó ôiíiòíèõ ïîñëi-
äîâíîñòåé â s, à H � â l2.

Íåõàé f ∈ Φ′. Ðÿä
∞∑

k=1

ckek, äå ck =<

f, ek >, íàçèâà¹òüñÿ ðÿäîì Ôóð'¹ åëåìåíòà

f ∈ Φ′, à ÷èñëà ck � éîãî êîåôiöi¹íòàìè
Ôóð'¹. Äëÿ äîâiëüíîãî åëåìåíòà f ∈ Φ′ éîãî
ðÿä Ôóð'¹ çáiãà¹òüñÿ â Φ′ äî f . Íàâïàêè, äî-
âiëüíèé ðÿä

∞∑
k=1

ckek çáiãà¹òüñÿ â Φ′ äî äåÿêî-
ãî åëåìåíòà f ∈ Φ′ i öåé ðÿä ¹ ðÿäîì Ôóð'¹
äëÿ f [1]. Îòæå, Φ′ ìîæíà ðîçóìiòè ÿê ïðî-

ñòið ôîðìàëüíèõ ðÿäiâ âèãëÿäó
∞∑

k=1

ckek.

Ââåäåìî òåïåð äåÿêi êëàñè íåñêií÷åí-
íî äèôåðåíöiéîâíèõ åëåìåíòiâ îïåðàòîðà A.
Ïîçíà÷èìî

H∞(A) = lim
α→∞

pr Hα(A), Hα(A) = D(Aα)

(D(Aα) � îáëàñòü âèçíà÷åííÿ îïåðàòîðà
Aα),

(ϕ, ψ)Hα = (ϕ, ψ) + (Aαϕ, Aαψ),

∀ {ϕ, ψ} ⊂ D(Aα),

Gβ,B(A) := {ϕ ∈ H∞(A) | ∃ c, B > 0 :

‖Anϕ‖ ≤ cBnnnβ, n ∈ Z+, β > 0}.
Ïðîñòið Gβ,B ⊃ Φ ¹ áàíàõîâèì âiäíîñíî íîð-
ìè

‖ϕ‖β,B = sup
n

(‖Anϕ‖/(Bnnnβ)).

Ïðîñòið G{β}(A) := lim
B→∞

ind Gβ,B(A) íàçèâà-
¹òüñÿ ïðîñòîðîì Æåâðå òèïó Ðóì'¹ ïîðÿäêó
β, ïîðîäæåíèì îïåðàòîðîì A.

ßêùî ÷åðåç (H∞(A))′, (G{β}(A))′ ïîçíà-
÷èòè ïðîñòîðè àíòèëiíiéíèõ íåïåðåðâíèõ
ôóíêöiîíàëiâ íàä H∞(A), G{β}(A) âiäïîâiä-
íî, òî çãiäíî ç [1], ïðèéäåìî äî ëàíöþæêà
ùiëüíèõ i íåïåðåðâíèõ âêëàäåíü

Φ ⊂ G{1}(A) ⊂ G{β}(A) ⊂ H∞(A) ⊂ H ⊂
⊂ (H∞(A))′ ⊂ (G{β}(A))′ ⊂ (G{1}(A))′ ⊂ Φ′,

β > 1.

Äàëi, ñèìâîëîì Hα,β ïîçíà÷èìî ñóêó-
ïíiñòü òèõ åëåìåíòiâ f ∈ Φ′, äëÿ ÿêèõ ïðè
äåÿêîìó α > 0

‖f‖2
Hα,β

:=
∞∑

k=1

exp(2αλ
1/β
k )|ck|2 < ∞,
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ck =< f, ek >,

i ïîêëàäåìî H{β} := lim
α→0

ind Hα,β. Âiäïîâiä-
íî, (H{β})

′ = lim
α→0

pr (Hα,β)′, ïðè÷îìó ÿêùî
f ∈ (H{β})′, òî (äèâ. [1]) äëÿ äîâiëüíîãî
α > 0

‖f‖2
(Hα,β)′ =

∞∑

k=1

exp(−2αλ
1/β
k )|ck|2 < ∞,

ck =< f, ek > .

ßê äîâåäåíî â [1], G{β}(A) = H{β},
(G{β}(A))′ = (H{β})′

Ïðîñòîðè G{β}(A), (G{β}(A))′ ç òî÷êè çî-
ðó ïîâåäiíêè êîåôiöi¹íòiâ Ôóð'¹ ¨õ åëåìåíòiâ
îïèñóþòüñÿ òàê:

(f ∈ G{β}(A)) ⇔ (∃µ > 0 ∃ c > 0 ∀ k ∈ N :

|ck| ≤ c exp(−µλ
1/β
k ));

(f ∈ (G{β}(A))′) ⇔ (∀µ > 0 ∃ c = c(µ) > 0

∀ k ∈ N : |ck| ≤ c exp(µλ
1/β
k )).

Ïðîñòîðè H∞(A), (H∞(A))′ õàðàêòåðèçó-
þòüñÿ òàê:

(f ∈ H∞(A)) ⇔ (∀m ∈ N ∃ c = c(m) > 0

∀ k ∈ N : |ck| ≤ cλ−m
k );

(f ∈ (H∞(A))′) ⇔ (∃m ∈ N ∃ c > 0 ∀ k ∈ N :

|ck| ≤ cλm
k ).

Íàäàëi íàì çíàäîáèòüñÿ òàêå çàóâàæåííÿ ç
ïðàöi [3].

Çàóâàæåííÿ 1. ßêùî {ϕn, n ≥ 1} ⊂
(G{1}(A))′, ϕn

Φ′→
n→∞

ϕ i ïîñëiäîâíiñòü
{ϕn, n ≥ 1} îáìåæåíà â ïðîñòîði (G{1}(A))′,
òî ϕn

(G{1}(A))′→
n→∞

ϕ.

2. Ôóíêöi¨ Åðìiòà. Ôóíêöiÿ F : R→ R
íàçèâà¹òüñÿ âàãîâîþ, ÿêùî âîíà íåâiä'¹ìíà
i òàêà, ùî àáñîëþòíî çáiãàþòüñÿ iíòåãðàëè

αn =

∫

R

xnF (x)dx, n ∈ Z+,

ÿêi íàçèâàþòüñÿ ñòåïåíåâèìè ìîìåíòàìè
ôóíêöi¨ F . Çà F , çîêðåìà, ìîæíà âçÿòè òà-
êó ôóíêöiþ: F (x) = exp(−x2), x ∈ R. Êî-
ðèñòóþ÷èñü ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨
ìîæíà äîâåñòè (äèâ. [4]), ùî

(e−x2

)(n) = e−x2

[n/2]∑

k=0

(−1)n−kn!

k!(n− 2k)!
(2x)n−2k,

n ∈ Z+, x ∈ R.

Îòæå, ôóíêöiÿ

Hn(x) = (−1)nex2

(e−x2

)(n), n ∈ Z+, (3)

¹ ìíîãî÷ëåíîì ñòåïåíÿ n. Öåé ìíîãî÷ëåí íà-
çèâà¹òüñÿ ñòàíäàðòèçîâàíèì ìíîãî÷ëåíîì
Åðìiòà, à ôîðìóëà (3) � ôîðìóëîþ Ðîäði-
ãà. Ìíîãî÷ëåíè {Hn, n ∈ Z+} îðòîãîíàëüíi
íà R ç âàãîâîþ ôóíêöi¹þ F , ïðè öüîìó

∫

R

e−x2

Hn(x)dx =
√

π2nn!, n ∈ Z+.

Îòæå, îðòîíîðìîâàíi ìíîãî÷ëåíè Åðìiòà
Ĥn, n ∈ Z+, ìàþòü âèãëÿä

Ĥn(x) =
Hn(x)√√

π2nn!
=

(−1)n

√√
π2nn!

ex2

(e−x2

)(n),

n ∈ Z+, x ∈ R.

Ìíîãî÷ëåíè Ĥn, n ∈ Z+, ïîáóäîâàíi çà
âàãîâîþ ôóíêöi¹þ F (x) = exp(−x2), x ∈ R,
óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó ïðîñòî-
ði L2(R, exp(−x2)). Ó ïðîñòîði æ L2(R) îð-
òîíîðìîâàíèé áàçèñ óòâîðþþòü ôóíêöi¨ Åð-
ìiòà

hn(x) = e−x2/2Ĥn(x) =

= (−1)nπ−1/4(2nn!)−1/2ex2/2(e−x2

)(n),

n ∈ Z+, x ∈ R.

Çäiéñíèìî îöiíêó |hn(z)|, äå z = x + iy ∈
C. Îñêiëüêè

|hn(z)| = |e−z2/2| · |Ĥn(z)| =

= e−x2/2+y2/2 · |Ĥn(z)|,
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òî äîñèòü ïðîâåñòè îöiíêó îðòîíîðìîâàíèõ
ìíîãî÷ëåíiâ Åðìiòà êîìïëåêñíîãî àðãóìåí-
òó. Äëÿ öüîãî ñêîðèñòà¹ìîñü òàêèì iíòå-
ãðàëüíèì çîáðàæåííÿì Ĥn [4]:

Ĥn(x) = π−3/4(2n/n!)1/2(−i)nex2×

×
∫

R

e−t2+2ixttndt, x ∈ R, n ∈ Z+.

Ïiä çíàêîì iíòåãðàëà çäiéñíèìî çàìiíó çìií-
íî¨ iíòåãðóâàííÿ: t = ωα, äå ω > 1 � ôiêñî-
âàíèé ïàðàìåòð. Òîäi

Ĥn(x) = π−3/4(2n/n!)1/2(−i)nex2

ωn+1×

×
∫

R

e−ω2α2+2ixωααndα, x ∈ R.

Îòæå,

Ĥn(z) = π−3/4(2n/n!)1/2(−i)nez2

ωn+1×

×
∫

R

e−ω2α2+2izωααndα, z = x + iy ∈ C.

Òîìó

|Ĥn(z)| ≤ π−3/4(2n/n!)1/2ex2−y2

ωn+1×

×
∫

R

e−ω2α2+2ω|αy||α|ndα.

Ñêîðèñòàâøèñü íåðiâíiñòþ

|2ωαy| =
∣∣∣∣∣2εα

ωy

ε

∣∣∣∣∣ ≤ 2ε2α2 +
ω2y2

2ε2
,

äå ε =

√
ω2 − 1

2
îäåðæèìî, ùî

exp(−ω2α2 + 2ω|αy|) ≤ exp

(
−α2 +

ω2y2

ω2 − 1

)
.

Îòæå,

|Ĥn(z)| ≤ π−3/4(2n/n!)1/2ex2+y2/(ω2−1)ωn+1×

×
∫

R

|α|ne−α2

dα.

Âðàõóâàâøè òåïåð, ùî
∫

R

|α|ne−α2

dα = Γ

(
n + 1

2

)
=

=

{
π1/22−m(2m + 1)!!, n = 2m,

m!, n = 2m + 1,

äiñòàíåìî îöiíêó:

|Ĥn(z)| ≤ eπ−1/2ωn+1ex2+y2/(ω2−1),

z = x + iy ∈ C, n ∈ Z+.

Òîìó

|hn(z)| = e−x2/2+y2/2|Ĥn(z)| ≤

≤ eπ−1/2ωn+1ex2/2+(ω2+1)y2/(2ω2−2) ≤

≤ eπ−1/2ωn+1 exp

{
ω2 + 1

2(ω2 − 1)
(x2 + y2)

}
=

= eπ−1/2ωn+1 exp

{
ω2 + 1

2(ω2 − 1)
|z2|

}
. (4)

Âiäîìî [4], ùî
∞∑

n=0

Ĥ2
n(x)ωn

0 = π−1/2(1−ω2
0)
−1/2 exp

{
2x2ω0

1 + ω0

}
,

|ω0| < 1, x ∈ R.

Âiçüìåìî òåïåð τ > 0 i ïîêëàäåìî ω0 =
exp(−τ). Òîäi
∞∑

n=0

Ĥ2
n(x)e−nτ = π−1/2(e2τ−1)−1/2eτ+2x2/(eτ+1).

Çâiäñè äiñòà¹ìî, ùî

|Ĥn(x)| ≤ π−1/4(e2τ − 1)−1/4eτ(n+1)/2ex2/(eτ+1).

Îòæå, äëÿ ôóíêöi¨ Åðìiòà äiéñíîãî àðãóìåí-
òó ìà¹ìî òàêi îöiíêè:

|hn(x)| = e−x2/2|Ĥn(x)| ≤ π−1/4×

×(e2τ − 1)−1/4eτ(n+1)/2 exp

{
− (eτ − 1)

2(eτ + 1)
x2

}
,

x ∈ R, n ∈ Z+.
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Ïîêëàäåìî òåïåð ó íåðiâíîñòi (4) ω =
exp(τ/2), äå τ > 0 � ôiêñîâàíèé ïàðàìåòð.
Òîäi

|hn(z)| ≤ eπ−1/2eτ(n+1)/2 exp

{
(eτ + 1)

2(eτ − 1)
|z2|

}
,

z ∈ C, n ∈ Z+.

Ç îñòàííiõ äâîõ íåðiâíîñòåé i òåîðåì òè-
ïó Ôðàãìåíà-Ëiíäåëüîôà (äèâ.[2]) âèïëèâà¹,
ùî

|hn(z)| ≤ cτ,n exp

{
−

(
eτ − 1

2(eτ + 1)
− ε1

)
x2+

+

(
eτ + 1

2(eτ − 1)
+ ε2

)
y2

}
,

äå

cτ,n = max{eπ−1/2, π−1/4(e2τ − 1)−1/4}×

× exp(
n + 1

2
τ), 0 < ε1 <

eτ − 1

2(eτ + 1)
, ε2 > 0.

Ïîêëàäåìî

ε1 =
1

4

eτ − 1

eτ + 1
, ε2 =

1

2

eτ + 1

eτ − 1
.

Òîäi äëÿ ôóíêöié Åðìiòà êîìïëåêñíîãî àð-
ãóìåíòó ìà¹ìî îöiíêè

|hn(x + iy)| ≤

≤ cτ,n exp

{
− eτ − 1

4(eτ + 1)
x2 +

eτ + 1

eτ − 1
y2

}
≡

≡ cτ,n exp

{
−th (τ/2)

4
x2 + cth (τ/2)y2

}
,

n ∈ Z+. (5)

3. Ôîðìàëüíi ðÿäè Ôóð'¹-Åðìiòà.
Ïðîñòîðè òèïó S òà S ′. Íåõàé H = L2(R).
Ôóíêöi¨ Åðìiòà {hk, k ∈ Z+} óòâîðþþòü îð-
òîíîðìîâàíèé áàçèñ ó H, òîìó ïðîñòið Φ ó
äàíîìó âèïàäêó ñêëàäà¹òüñÿ ç ôóíêöié âè-
ãëÿäó

ϕ(x) =
m∑

k=0

ck,ϕhk(x), ck,ϕ ∈ C,

x ∈ R, m ∈ Z+.

Îñêiëüêè [4]

h
′
k(x) =

√
k

2
hk−1(x)−

√
k + 1

2
hk+1(x),

k ∈ N, x ∈ R,

h
′
0(x) = − 1√

2
h1(x), x ∈ R,

òî ϕ′ ∈ Φ, ÿêùî ϕ ∈ Φ, ïðè÷îìó ϕ
′
ν → ϕ′,

ν →∞, ó ïðîñòîði Φ, êîëè ϕν → ϕ, ν →∞,
ó ïðîñòîði Φ. Îòæå, îïåðàöiÿ äèôåðåíöiþ-
âàííÿ âèçíà÷åíà é íåïåðåðâíà â ïðîñòîði Φ.

Ñèìâîëîì Φ′ ïîçíà÷èìî ïðîñòið óñiõ àí-
òèëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà Φ
çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ïðîñòîðó Φ′

íàçèâàòèìåìî óçàãàëüíåíèìè ôóíêöiÿìè.
Îïåðàöiÿ äèôåðåíöiþâàííÿ ó ïðîñòîði Φ′

âèçíà÷à¹òüñÿ ôîðìóëîþ

∀ f ∈ Φ′ : < f (n), ϕ >= (−1)n < f, ϕ(n) >,

ϕ ∈ Φ, n ∈ N.

Öÿ îïåðàöiÿ ëiíiéíà i íåïåðåðâíà â Φ′,
îñêiëüêè ëiíiéíîþ íåïåðåðâíîþ ¹ âiäïîâiäíà
îïåðàöiÿ â ïðîñòîði Φ. Îòæå, êîæíèé åëå-
ìåíò f ç ïðîñòîðó Φ′ ¹ íåñêií÷åííî äèôå-
ðåíöiéîâíèì ó Φ′.

Çiñòàâëåííÿ

H 3 ϕ → fϕ ∈ Φ′ :

< fϕ, ψ >=

∫

R

ϕ(x)ψ(x)dx, ∀ψ ∈ Φ,

âèçíà÷à¹ âêëàäåííÿ H ó Φ′. Îòæå, Φ ⊂ H ⊂
Φ′, ïðè÷îìó âêàçàíi âêëàäåííÿ ¹ ùiëüíèìè i
íåïåðåðâíèìè.

Ðÿä
∞∑

k=0

ckhk, äå ck =< f, hk >, íàçèâà¹-

òüñÿ ðÿäîì Ôóð'¹-Åðìiòà óçàãàëüíåíî¨ ôóí-
êöi¨ f ∈ Φ′, à ÷èñëà ck, k ∈ Z+, � êîåôiöi¹í-
òàìè Ôóð'¹. Ó äàíîìó êîíêðåòíîìó âèïàäêó
ïðîñòið Φ′ ìîæíà ðîçóìiòè ÿê ïðîñòið ôîð-

ìàëüíèõ ðÿäiâ âèãëÿäó
∞∑

k=0

ckhk.

I.Ì. Ãåëüôàíä i Ã.�. Øèëîâ ââåëè â [2]
ñåðiþ ïðîñòîðiâ, íàçâàíèõ íèìè ïðîñòîðàìè
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òèïó S. Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äè-
ôåðåíöiéîâíèõ ôóíêöié, âèçíà÷åíèõ íà R,
íà ÿêi íàêëàäàþòüñÿ ïåâíi óìîâè ñïàäàííÿ
íà íåñêií÷åííîñòi é çðîñòàííÿ ïîõiäíèõ. Öi
óìîâè çàäàþòüñÿ çà äîïîìîãîþ íåðiâíîñòåé

|xkϕ(m)(x)| ≤ ckm, x ∈ R, {k, m} ⊂ Z+,

äå {ckm} � äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äî-
äàòíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâ-
íîñòi {ckm} íå íàêëàäàþòüñÿ æîäíi îáìåæå-
ííÿ (òîáòî ckm ìîæóòü çìiíþâàòèñü äîâiëü-
íèì ÷èíîì ðàçîì ç ôóíêöi¹þ ϕ), òî ìà¹ìî,
î÷åâèäíî, ïðîñòið Ë. Øâàðöà øâèäêî ñïà-
äíèõ ôóíêöié. ßêùî æ ÷èñëà ckm çàäîâîëü-
íÿþòü ïåâíi óìîâè, òî âiäïîâiäíi êîíêðåòíi
ïðîñòîðè ìiñòÿòüñÿ â S i íàçèâàþòüñÿ ïðî-
ñòîðàìè òèïó S. Îçíà÷èìî äåÿêi ç íèõ.

Äëÿ äîâiëüíèõ α, β > 0 ïîêëàäåìî

Sβ
α(R) ≡ Sβ

α := {ϕ ∈ S | ∃ c > 0 ∃A > 0

∃B > 0 ∀ {k, m} ⊂ Z+ ∀ x ∈ R :

|xkϕ(m)(x)| ≤ cAkBmkkαmmβ}.
Ââåäåíi ïðîñòîðè ìîæíà îõàðàêòåðèçóâà-

òè òàê [2].
Ïðîñòîðè Sβ

α íåòðèâiàëüíi ïðè α + β ≥ 1
i óòâîðþþòü ùiëüíi â L2(R) ìíîæèíè.

Sβ
α ñêëàäà¹òüñÿ ç òèõ i òiëüêè òèõ íåñêií-

÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi
çàäîâîëüíÿþòü íåðiâíîñòi

|ϕ(m)(x)| ≤ cBmmmβ exp(−a|x|1/α),

m ∈ Z+, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c, B, a, çàëå-
æíèìè ëèøå âiä ôóíêöi¨ ϕ.

Ïðîñòið S1
1 ñêëàäà¹òüñÿ ç ôóíêöié, ÿêi äî-

ïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ â äåÿêó
ñìóãó |Im z| < δ, z = x + iy (çàëåæíó âiä ϕ)
i çàäîâîëüíÿþòü íåðiâíiñòü

|ϕ(x + iy)| ≤ c exp(−a|x|), c > 0, a > 0.

ßêùî 0 < β < 1 i 1 − β ≤ α < 1, òî Sβ
α

ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié ϕ, ÿêi
äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ
êîìïëåêñíó ïëîùèíó i äëÿ ÿêèõ

|ϕ(x + iy)| ≤ c exp(−a|x|1/α + b|y|1/(1−β)),

c > 0, a > 0, b > 0.

Ïðîñòið S Ë. Øâàðöà ôîðìàëüíî âiäïî-
âiäà¹ ñèìâîëó S∞∞ .

Òîïîëîãi÷íà ñòðóêòóðà â ïðîñòîðàõ Sβ
α

âèçíà÷à¹òüñÿ òàê.
Ñèìâîëîì Sβ,B

α,A ïîçíà÷èìî ñóêóïíiñòü
ôóíêöié ϕ ∈ Sβ

α, ÿêi çàäîâîëüíÿþòü óìîâó:

∀ Ā > A ∀ B̄ > B : |xkϕ(m)(x)| ≤

≤ cĀkB̄mkkαmmβ, {k, m} ⊂ Z+.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ ó ïîâíèé çëi-
÷åííî íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â
íié ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü:

‖ϕ‖δ,ρ = sup
x,k,m

|xkϕ(m)(x)|
(A + δ)k(B + ρ)mkkαmmβ

,

{δ, ρ} ⊂
{

1,
1

2
,
1

3
, ...

}
.

ßêùî A1 < A2, B1 < B2, òî Sβ,B1

α,A1

íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβ

α =⋃
A,B<>0

Sβ,B
α,A . Îòæå, â Sβ

α ìîæíà ââåñòè òî-

ïîëîãiþ iíäóêòèâíî¨ ãðàíèöi ïðîñòîðiâ Sβ,B
α,A :

Sβ
α = lim

A→∞
B→∞

ind Sβ,B
α,A .

ßêùî P � ôiêñîâàíèé ìíîãî÷ëåí, òî ó
ïðîñòîði Sβ

α âèçíà÷åíà é íåïåðåðâíà îïåðà-
öiÿ ìíîæåííÿ íà P . Çîêðåìà, çâiäñè âèïëè-
âà¹, ùî ôóíêöi¨ Åðìiòà hk, k ∈ Z+, íàëå-
æàòü äî ïðîñòîðó S

1/2
1/2 . Ñïðàâäi, e−x2/2 ∈

S
1/2
1/2 , áî |e−z2/2| = e−x2/2+y2/2, ÿêùî z =

x + iy. Îòæå, 1

α
=

1

1− β
= 2, òîáòî α =

β =
1

2
. Êîæíà ôóíêöiÿ Åðìiòà ìà¹ âèãëÿä

P (x) exp(−x2/2), äå P � ìíîãî÷ëåí Åðìi-
òà. Çàóâàæèìî, ùî öåé æå ôàêò âèïëèâà¹
ç îöiíêè (5).

Ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóí-
êöiîíàëiâ íà Sβ

α çi ñëàáêîþ çáiæíiñòþ ïî-
çíà÷à¹òüñÿ ñèìâîëîì (Sβ

α)′. Åëåìåíòè ç (Sβ
α)′

íàçèâàþòüñÿ óëüòðàðîçïîäiëàìè Æåâðå ïî-
ðÿäêó β.
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Ó ïðàöi [1] äîâåäåíî, ùî S = H∞(A),
S

β/2
β/2 = G{β}(A) ïðè β ≥ 1, äå A � ãàðìîíié-

íèé îñöèëÿòîð. Ôóíêöi¨ Åðìiòà hk, k ∈ Z+,
¹ âëàñíèìè ôóíêöiÿìè îïåðàòîðà A, à λk =
2k+1, k ∈ Z+, � éîãî âëàñíèìè ÷èñëàìè. Òî-
äi, ÿê âèïëèâà¹ iç çàãàëüíî¨ òåîði¨ íåâiä'¹ì-
íèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ ó ãiëüáåðòî-
âîìó ïðîñòîði, åëåìåíòè ïðîñòîðiâ S, Sβ

α ìî-
æíà îõàðàêòåðèçóâàòè çà äîïîìîãîþ ¨õíiõ
êîåôiöi¹íòiâ Ôóð'¹ çà áàçèñîì {hk, k ∈ Z+}
òàê.

ßêùî f =
∞∑

k=0

ckhk ∈ Φ′, ck =< f, hk >, òî

ïðàâèëüíèìè ¹ òàêi ñïiââiäíîøåííÿ åêâiâà-
ëåíòíîñòi:

à) (f ∈ S) ⇔ (∀m ∈ N ∃ c = c(m) >
0 ∀ k ∈ Z+ : |ck| ≤ c(2k + 1)−m);

á) (f ∈ S ′) ⇔ (∃m ∈ N ∃ c > 0 ∀ k ∈ Z+ :
|ck| ≤ c(2k + 1)m);

â) (f ∈ Sβ
β ) ⇔ (∃µ > 0 ∃ c > 0 ∀ k ∈ Z+ :

|ck| ≤ c exp{−µ(2k + 1)1/(2β)});
ã) (f ∈ (Sβ

β )′) ⇔ (∀µ > 0 ∃ c = c(µ) >

0 ∀ k ∈ Z+ : |ck| ≤ c exp{µ(2k + 1)1/(2β)}).
4. Ãàðìîíiéíèé îñöèëÿòîð íåñêií-

÷åííîãî ïîðÿäêó â ïðîñòîðàõ òèïó S.
Âiçüìåìî äîâiëüíó ôóíêöiþ ϕ ç ïðîñòîðó
S

1/2
1/2(R) ⊂ L2(R). Êîæíà òàêà ôóíêöiÿ äîïó-

ñêà¹ ïðîäîâæåííÿ ó âñþ êîìïëåêñíó ïëîùè-
íó ÿê öiëà ôóíêöiÿ. Îñêiëüêè ôóíêöi¨ Åðìi-
òà {hk, k ∈ Z+} óòâîðþþòü â H îðòîíîðìî-
âàíèé áàçèñ, òî ïðàâèëüíèìè ¹ ðîçêëàäè

ϕ(x) =
∞∑

k=0

ckhk(x), x ∈ R, (6)

ϕ(z) =
∞∑

k=0

ckhk(z), z = x + iy ∈ C, (7)

ïðè÷îìó ðÿä (6) çáiãà¹òüñÿ äî ϕ ó ïðîñòîði
L2(R). Äîâåäåìî, ùî ðÿä (7) çáiãà¹òüñÿ äî
ϕ ó ïðîñòîði S

1/2
1/2 . Äëÿ öüîãî äîñèòü ïîêàçà-

òè, ùî ïîñëiäîâíiñòü {Sn(z), n ∈ N} ÷àñòèí-
íèõ ñóì ðÿäó (7) çáiãà¹òüñÿ äî ϕ ðiâíîìið-
íî íà êîæíié îáìåæåíié ìíîæèíi K ⊂ C i
öÿ ïîñëiäîâíiñòü îáìåæåíà â ïðîñòîði S

1/2
1/2 .

Ïåðøó óìîâó çàìiíèìî ðiâíîñèëüíîþ: íåõàé

rn,ϕ(z) ïîçíà÷à¹ çàëèøîê ðÿäó (7); äîâåäåìî,
ùî rn,ϕ ⇒ 0 ïðè n → ∞ íà îáìåæåíié ìíî-
æèíi K ⊂ C.

Îñêiëüêè ϕ ∈ S
1/2
1/2 , òî êîåôiöi¹íòè Ôóð'¹-

Åðìiòà ôóíêöi¨ ϕ çàäîâîëüíÿþòü óìîâó:

∃µ > 0 ∃ c > 0 ∀ k ∈ Z+ : |ck(ϕ)| ≤ ce−µ(2k+1).

Ç óðàõóâàííÿì öèõ îöiíîê òà îöiíîê, ÿêi çà-
äîâîëüíÿþòü ôóíêöi¨ Åðìiòà êîìïëåêñíîãî
àðãóìåíòà äiñòà¹ìî, ùî

|rn,ϕ(z)| ≤
∞∑

k=n+1

|ck(ϕ)| · |hk(z)| ≤

≤ c0

∞∑

k=n+1

e−µ(2k+1)e
k+1
2

τe−ax2+by2

,

äå a =
1

2

√
th (τ/2), b =

1

2

√
cth (τ/2), c0 =

c max{eπ−1/2, π−1/4(e2τ − 1)−1/4}, τ > 0 �
äîâiëüíî ôiêñîâàíèé ïàðàìåòð. Ïîêëàäåìî
τ = 2µ > 0. Òîäi

e−µ(2k+1)e
k+1
2

τ = e−µ+τ/2e−(2µ− τ
2
)k = e−µk.

Îòæå,

|rn,ϕ(z)| ≤ c0(µ)
∞∑

k=n+1

(
1

eµ

)k

e−ax2+by2

=

= c0(µ)
e−µn

eµ − 1
e−ax2+by2

= c1(µ)e−µne−ax2+by2

.

(8)
Ç íåðiâíîñòi (8) âèïëèâà¹, ùî ïîñëiäîâíiñòü
{rn,ϕ, n ≥ 1} çáiãà¹òüñÿ äî íóëÿ â ïðîñòîði
S

1/2
1/2 .
Âiäîìî [1], ùî ÿêùî ϕ ∈ S, òî An, n ∈ N,

äå A � ãàðìîíiéíèé îñöèëÿòîð, äi¹ íà ϕ çà
ïðàâèëîì

(Anϕ)(x) =
∑

0≤p+q≤2n

c(n)
p,q x

pϕ(q)(x), x ∈ R,

ïðè öüîìó êîåôiöi¹íòè c
(n)
p,q çàäîâîëüíÿþòü

óìîâó
|c(n)

p,q | ≤ 10nnn− 1
2
(p+q).

Çäiéñíèìî îöiíêó |(Anϕ)(z)|, z ∈ C, ϕ ∈ S
1/2
1/2 ,

âèäiëèâøè ïðè öüîìó ÿâíî çàëåæíiñòü âiä
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n. Äëÿ öüîãî ñêîðèñòà¹ìîñü ðîçêëàäîì (7).
Îñêiëüêè, çà äîâåäåíèì, ðÿä (7) çáiãà¹òüñÿ
äî ϕ ó ïðîñòîði S

1/2
1/2 , òî

(Anϕ)(z) =
∞∑

k=0

ckA
nhk(z) =

=
∞∑

k=0

ck(2k + 1)nhk(z).

Òîäi

|(Anϕ)(z)| ≤
∞∑

k=0

|ck|(2k + 1)n|hk(z)| ≤

≤ c0

∞∑

k=0

e−µ(2k+1)e
k+1
2

τ (2k + 1)ne−ax2+by2

,

a =
1

2

√
th (τ/2), b =

√
cth (τ/2),

äå τ > 0 � äîâiëüíî ôiêñîâàíèé ïàðàìåòð.
Äàëi çàóâàæèìî, ùî

(2k + 1)n = (2k + 1)ne−νkeνk ≤

≤ eν/2

(
n

ν

)n

e−n/2eνk,

äå ν > 0 � äîâiëüíî ôiêñîâàíèé ïàðàìåòð.
Ïîêëàäåìî ν = µ, τ = µ. Òîäi

e−µ(2k+1)e
k+1
2

τ (2k + 1)n ≤

≤ e−n/2

(
n

µ

)n

e−
µ
2
k, µ = µ(ϕ).

Îòæå,

|(Anϕ)(z)| ≤ c̃0e
−n/2

(
n

µ

)n

e−ax2+by2

,

n ∈ N, c̃0 = c0

∞∑

k=0

e−µk/2. (9)

Íåõàé f(z) =
∞∑

n=0

bnz
n � äåÿêà öiëà ôóí-

êöiÿ. Ãîâîðèòèìåìî, ùî â ïðîñòîði S
1/2
1/2 çà-

äàíî ãàðìîíiéíèé îñöèëÿòîð íåñêií÷åííîãî

ïîðÿäêó f(A) :=
∞∑

n=0

bnA
n, ÿêùî äëÿ äîâiëü-

íî¨ îñíîâíî¨ ôóíêöi¨ ϕ ∈ S
1/2
1/2 ðÿä

ψ(z) ≡ (f(A)ϕ)(z) :=
∞∑

k=0

bk(A
kϕ)(z)

çîáðàæà¹ äåÿêó îñíîâíó ôóíêöiþ ç ïðîñòîðó
S

1/2
1/2 . Ñèìâîëîì S̃

1/2
1/2 ïîçíà÷èìî ñóêóïíiñòü

òèõ ôóíêöié ϕ ∈ S
1/2
1/2 , êîåôiöi¹íòè Ôóð'¹-

Åðìiòà ÿêèõ çàäîâîëüíÿþòü óìîâó â) (äèâ.
ï.3; β = 1/2) ç ïàðàìåòðîì µ ≥ √

e.
Òåîðåìà 1. ßêùî öiëà ôóíêöiÿ f çàäî-

âîëüíÿ¹ óìîâó

∃ d > 0 ∃ q ∈ (0, 1) ∀ z = x+iy : |f(z)| ≤ deq|z|,

òî ó ïðîñòîði S̃
1/2
1/2 âèçíà÷åíèé i ¹ íåïåðåðâ-

íèì ãàðìîíiéíèé îñöèëÿòîð íåñêií÷åííîãî
ïîðÿäêó f(A), ÿêèé âiäîáðàæà¹ S̃

1/2
1/2 â S

1/2
1/2 .

Äîâåäåííÿ. Íåõàé ϕ ∈ S̃
1/2
1/2 , ψ = f(A)ϕ.

Äîâåäåìî, ùî ψ ∈ S
1/2
1/2 . Êîåôiöi¹íòè Òåéëî-

ðà bk, k ∈ Z+, ôóíêöi¨ ϕ îá÷èñëþþòüñÿ çà
ôîðìóëîþ

bk =
1

2πi

∫

ΓR

ϕ(z)

zk+1
dz, k ∈ Z+,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi
z0 = 0. Çâiäñè òà ç óìîâè òåîðåìè âèïëèâà¹,
ùî

|bk| ≤ d inf
R

eqR

Rk
= d

(
qe

k

)k

, k ∈ N.

Òîäi, âðàõóâàâøè íåðiâíîñòi (9) òà îáìåæå-
ííÿ íà µ: µ ≥ √

e, çíàéäåìî, ùî

|ψ(z)| ≤ dc̃0

∞∑

k=0

(
qe

k

)k

e−k/2

(
k

µ

)k

e−ax2+by2 ≤

≤ dc̃0

∞∑

k=0

qke−ax2+by2

= c̃
′
0e
−ax2+by2

.

Îòæå, ψ ∈ S
1/2
1/2 . Àíàëîãi÷íî äîâîäèìî, ùî

f(A) êîæíó îáìåæåíó ìíîæèíó ïðîñòîðó
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S̃
1/2
1/2 âiäîáðàæà¹ â îáìåæåíó ìíîæèíó ïðî-

ñòîðó S
1/2
1/2 . Òåîðåìà äîâåäåíà.

Ç òåîðåìè 1 âèïëèâà¹, çîêðåìà, ùî â ïðî-
ñòîði S̃

1/2
1/2 âèçíà÷åíèé i ¹ íåïåðåðâíèì îïå-

ðàòîð

eqA =
∞∑

n=0

qnAn

n!
, q ∈ (0, 1),

äå A � ãàðìîíiéíèé îñöèëÿòîð.
Çàóâàæåííÿ 2. ßêùî ïîñèëèòè óìîâó

íà öiëó ôóíêöiþ f , à ñàìå, ââàæàòè, ùî

∀ ε > 0 ∃ cε > 0 ∀ z = x + iy ∈ C :

|f(z)| ≤ cεe
ε|z|, (10)

òî îïåðàòîð f(A) áóäå âæå âèçíà÷åíèé ó
ïðîñòîði S

1/2
1/2 i âiäîáðàæàòèìå öåé ïðîñòið

íåïåðåðâíî â ñåáå.
Íàäàëi ââàæàòèìåìî, ùî ôóíêöiÿ f çà-

äîâîëüíÿ¹ óìîâó (10). Çâóæåííÿ îïåðàòîðà
f(A) íà ïðîñòið S

1/2
1/2(R) ïîçíà÷àòèìåìî ñèì-

âîëîì Ãf (S1/2
1/2(R) ñêëàäà¹òüñÿ ç ôóíêöié

ïðîñòîðó S
1/2
1/2 , çâóæåíèõ íà äiéñíó âiñü).

Ââàæàòèìåìî òàêîæ, ùî íà äiéñíié âiñi ôóí-
êöiÿ f äîäàòêîâî çàäîâîëüíÿ¹ óìîâó:

∃ d0 > 0 ∀x ∈ R : f(x) ≥ d0|x|. (11)

5. Çàäà÷à Êîøi äëÿ åâîëþöiéíèõ
ðiâíÿíü ç ãàðìîíiéíèì îñöèëÿòîðîì
íåñêií÷åííîãî ïîðÿäêó. Ðîçãëÿíåìî åâî-
ëþöiéíå ðiâíÿííÿ âèãëÿäó
∂u

∂t
+ Ãfu = 0, (t, x) ∈ (0, T ]×R = Ω. (12)

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (12) ðîçóìiòè-
ìåìî ôóíêöiþ u, ÿêà çàäîâîëüíÿ¹ óìîâè:

1) u(t, ·) ∈ S
1/2
1/2 ïðè êîæíîìó t ∈ (0, T ];

2) u(·, x) äèôåðåíöiéîâíà ïî t ïðè êîæíî-
ìó x ∈ R;

3) u çàäîâîëüíÿ¹ ðiâíÿííÿ (12).
Òåîðåìà 2. Êîæíà ôóíêöiÿ u âèãëÿäó

u(t, x) =
∞∑

k=0

e−tf(2k+1)ckhk(x) =< g,Gt,x(·) >,

Gt,x(y) =
∞∑

k=0

e−tf(2k+1)hk(x)hk(y),

g =
∞∑

k=0

ckhk ∈ (S
1/2
1/2)

′,

ck =< g, hk >, k ∈ Z+,

¹ ðîçâ'ÿçêîì ðiâíÿííÿ (12) (ó âêàçàíîìó ðî-
çóìiííi).

Äîâåäåííÿ. Ïåðåäóñiì íàãàäà¹ìî, ùî
êîæíó óçàãàëüíåíó ôóíêöiþ g ∈ (S

1/2
1/2)

′ ⊂ Φ′

ìîæíà îòîòîæíèòè ç ¨¨ ðÿäîì Ôóð'¹-Åðìiòà,
òîáòî

g =
∞∑

k=0

ckhk(x), ck =< g, hk >, k ∈ Z+,

ïðè÷îìó êîåôiöi¹íòè ck çàäîâîëüíÿþòü íå-
ðiâíîñòi:

∀µ > 0 ∃ c = c(µ) > 0 ∀ k ∈ Z+ :

|ck| ≤ c exp{µ(2k + 1)}. (13)

Äîâåäåìî, ùî u(t, ·) ∈ S
1/2
1/2 ïðè êîæíîìó

t > 0. Äëÿ öüîãî â íåðiâíîñòi (13) ïîêëàäåìî
µ = td0/2, äå d0 > 0 � ñòàëà ç íåðiâíîñòi
(11). Òîäi

|ck(u)| ≡ |e−tf(2k+1)ck| ≤

≤ ce−td0(2k+1)eµ(2k+1) = ce−td0(2k+1)/2.

Çâiäñè, ç óðàõóâàííÿì òâåðäæåííÿ â) ç ï.3
äiñòà¹ìî, ùî u(t, ·) ∈ S

1/2
1/2 ïðè êîæíîìó t >

0.
Îñêiëüêè ôóíêöi¨ Åðìiòà çàäîâîëüíÿþòü

óìîâó |hk(x)| ≤ 1, ∀ k ∈ Z+, x ∈ R, òî ç
íåðiâíîñòi

|e−tf(2k+1)hk(x)| ≤ e−td0(2k+1), t > 0, x ∈ R,

âèïëèâà¹, ùî Gt,x ∈ S
1/2
1/2 ïðè êîæíîìó t > 0

òà x ∈ R.
Äîâåäåìî, ùî äëÿ ôóíêöi¨ u ïðàâèëüíèì

¹ çîáðàæåííÿ:

u(t, x) =< g, Gt,x(·) >, (t, x) ∈ Ω.
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Äëÿ öüîãî äîñèòü óñòàíîâèòè, ùî ïîñëiäîâ-
íiñòü ÷àñòèííèõ ñóì

Sn,t,x(y) :=
∞∑

k=0

exp{−tf(2k + 1)}hk(x)hk(y)

çáiãà¹òüñÿ äî Gt,x ïðè n →∞ ó ïðîñòîði S1/2
1/2

(ïðè ôiêñîâàíèõ t > 0, x ∈ R), àáî, ùî

rn,t,x(y) :=
∞∑

k=n+1

exp{−tf(2k + 1)}hk(x)hk(y)

çáiãà¹òüñÿ äî íóëÿ ïðè n → ∞ ó ïðîñòîði
S

1/2
1/2 . Îòæå, äîâåäåìî, ùî rn,t,x(z) ⇒ 0 ïðè

n →∞ íà êîæíié îáìåæåíié ìíîæèíiK ⊂ C
(z = y + iw ∈ C). Äëÿ öüîãî ñêîðèñòà¹ìîñü
îöiíêàìè ôóíêöié Åðìiòà êîìïëåêñíîãî àð-
ãóìåíòà:

|rn,t,x(z)| ≤
∞∑

k=n+1

e−tf(2k+1)|hk(z)| ≤

≤ c0

∞∑

k=n+1

e−td0(2k+1)+ k+1
2

τe−ay2+bw2

.

Îñêiëüêè τ > 0 � äîâiëüíî ôiêñîâàíèé ïà-
ðàìåòð, òî ïîêëàäåìî τ = 2td0. Òîäi

|rn,t,x(z)| ≤ c0

∞∑

k=n+1

e−td0ke−ay2+bw2

=

= c̃0e
−td0ne−ay2+bw2

, (14)

äå c̃0 =
c0

etd0 − 1
, ñòàëi c̃0, d0, a, b íå çàëåæàòü

âiä n, x. Ç îöiíêè (14) âèïëèâà¹, ùî ïîñëi-
äîâíiñòü {rn,t,x, n ≥ 1} îáìåæåíà â ïðîñòî-
ði S

1/2
1/2 i çáiãà¹òüñÿ ðiâíîìiðíî äî íóëÿ ïðè

n →∞ íà ìíîæèíi K ⊂ C.
Òîäi

u(t, x) =
∞∑

k=0

e−tf(2k+1)ck(f)hk(x) =

=
∞∑

k=0

e−tf(2k+1) < g, hk(y) > hk(x) =

= lim
n→∞

n∑

k=0

e−tf(2k+1) < g, hk(y) > hk(x) =

= lim
n→∞

< g,

n∑

k=0

e−tf(2k+1)hk(x)hk(y) >=

= lim
n→∞

< g, Sn,t,x(·) >=< g, lim
n→∞

Sn,t,x(·) >=

=< g, Gt,x(·) > .

Äàëi äîâåäåìî, ùî Gt,x, ÿê àáñòðàêòíà
ôóíêöiÿ àðãóìåíòó t ó ïðîñòîði S

1/2
1/2 , äèôå-

ðåíöiéîâíà ïî t (ïðè êîæíîìó ôiêñîâàíîìó
x ∈ R òà t > 0). Îñêiëüêè S

1/2
1/2 = H{1} =⋃

µ>0

Hµ,1 ≡
⋃

µ>0

∪Hµ, òî äëÿ öüîãî äîñèòü ïî-
êàçàòè, ùî

Φ∆t,t,x(y) :=

:=
1

∆t
[Gt+∆t,x(y)−Gt,x(y)] →

∆t→0

∂

∂t
Gt,x(y)

ó ïðîñòîði H{1} (ÿêùî ∆t < 0, òî ââàæà¹ìî
∆t òàêèì, ùî t + ∆t ≥ t/2). Öå îçíà÷à¹, ùî

1) ìíîæèíà ôóíêöié {Φ∆t,t,x, |∆t| ≤
ε0, ∆t 6= 0} (ε0 > 0 � äîñèòü ìàëå äîâiëüíî
ôiêñîâàíå ÷èñëî) îáìåæåíà â ïðîñòîði H{1},
òîáòî

∃ c > 0 ∀∆t(|∆t| ≤ ε0, ∆t 6= 0) :

‖Φ∆t,t,x‖2
Hµ
≤ c

ïðè äåÿêîìó µ > 0 òà ôiêñîâàíèõ t > 0, x ∈
R;

2) Φ∆t,t,x → ∂

∂t
Gt,x ïðè ∆t → 0 ó ïðîñòîði

H{1}, òîáòî
∥∥∥∥∥Φ∆t,t,x − ∂

∂t
Gt,x

∥∥∥∥∥

2

Hµ

→ 0, ∆t → 0,

ïðè äåÿêîìó µ > 0 òà ôiêñîâàíèõ t > 0, x ∈
R.

Îñêiëüêè

Φ∆t,t,x(y) =
∞∑

k=0

1

∆t
[e−(t+∆t)f(2k+1)−

−e−tf(2k+1)]hk(x)hk(y) =

= −
∞∑

k=0

f(2k + 1)e−(t+θ∆t)f(2k+1)hk(x)hk(y),

0 < θ < 1,
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òî
ck(Φ∆t,t,x) =

= −f(2k + 1) exp{−(t + θ∆t)f(2k + 1)}hk(x),

(ÿêùî ∆t < 0, òî âíàñëiäîê äîìîâëåíîñòi
ùîäî ∆t ìà¹ìî, ùî t + θ∆t > t + ∆t ≥ t/2).
Òîäi äëÿ äîâiëüíîãî ôiêñîâàíîãî µ < d0t

4
(d0

� ñòàëà ç íåðiâíîñòi (11)) ñïðàâäæóþòüñÿ
ñïiââiäíîøåííÿ:

‖Φ∆t,t,x‖2
Hµ

=

=
∞∑

k=0

exp{2µ(2k + 1)} · |ck(Φ∆t,t,x)|2 =

=
∞∑

k=0

f 2(2k + 1) exp{2µ(2k + 1)}×

× exp{−2(t + θ∆t)f(2k + 1)} · |hk(x)|2 ≤

≤
∞∑

k=0

f 2(2k + 1) exp{2µ(2k + 1)}×

× exp{−tf(2k + 1)}.
Îñêiëüêè

f 2(2k + 1) exp{−tf(2k + 1)} = f 2(2k + 1)×

× exp{− t

2
f(2k + 1)} exp{− t

2
f(2k + 1)} ≤

≤ 8

t2
exp{− t

2
f(2k + 1)} ≤

≤ 8

t2
exp{− t

2
d0(2k + 1)},

òî
‖Φ∆t,t,x‖2

Hµ
≤

≤ 8

t2

∞∑

k=0

exp{−(
td0

2
− 2µ)(2k + 1)} < +∞.

Îòæå, ìíîæèíà ôóíêöié {Φ∆t,t,x, |∆t| ≤
ε0, ∆t 6= 0} îáìåæåíà â ïðîñòîði H{1}.

Ôóíêöiÿ Gt,x(y) äèôåðåíöiéîâíà ïî t (ïðè
êîæíîìó x ∈ R i y ∈ R). Ñïðàâäi, íåõàé
t ∈ [ε, T ], äå ε > 0. Äîâåäåìî, ùî ðÿä

−
∞∑

k=0

f(2k + 1) exp{−tf(2k + 1)}hk(x)hk(y),

t ∈ [ε, T ], (15)

çáiãà¹òüñÿ ðiâíîìiðíî ïî t (ïðè ôiêñîâàíèõ
x i y), îñêiëüêè òîäi

∂Gt,x(y)

∂t
= −

∞∑

k=0

f(2k + 1)×

× exp{−tf(2k + 1)}hk(x)hk(y), t ∈ [ε, T ].
(16)

Îñêiëüêè |hk(x)| ≤ 1, k ∈ Z+, x ∈ R, òî äëÿ
t ≥ ε ìà¹ìî, ùî

| − f(2k + 1) exp{−tf(2k + 1)}hk(x)hk(y)| ≤
≤ f(2k + 1) exp{−εf(2k + 1)} ≤

≤ 2

3
exp{−ε

2
(2k + 1)}.

Îòæå, ðÿä (15) çáiãà¹òüñÿ ðiâíîìiðíî ïðè
t ≥ ε. Öèì äîâåäåíî, ùî ôóíêöiÿ Gt,x äè-
ôåðåíöiéîâíà ïî t íà âiäðiçêó [ε, T ]. Îñêiëü-
êè ε > 0 � äîâiëüíå, òî ôóíêöiÿ Gt,x äèôå-
ðåíöiéîâíà ïî t íà ïðîìiæêó (0, T ], à ñïiâ-
âiäíîøåííÿ (16) ¹ ïðàâèëüíèì ïðè êîæíîìó
t ∈ (0, T ].

Òîäi

Ψ∆t,t,x(y) := Φ∆t,t,x(y)− ∂

∂t
Gt,x(y) =

=
∞∑

k=0

[exp{−tf(2k + 1)} − exp{−(t + θ∆t)×

×f(2k + 1)}]f(2k + 1)hk(x)hk(y).

Çâiäñè âèïëèâà¹, ùî

‖Ψ∆t,t,x‖2
Hµ

=

=
∞∑

k=0

exp{2µ(2k + 1)} · |ck(Ψ∆t,t,x)|2 =

=
∞∑

k=0

exp{2µ(2k + 1)} · | exp{−tf(2k + 1)}−

− exp{−(t + θ∆t)f(2k + 1)}|2f 2(2k + 1)×

×|hk(x)|2 ≤
∞∑

k=0

exp{2µ(2k+1)−2tf(2k+1)}×

×|e−θ∆tf(2k+1) − 1|2 · f 2(2k + 1) ≤

≤ θ4(∆t)2ε2
0

∞∑

k=0

exp{2µ(2k+1)−2tf(2k+1)}×
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×f 6(2k + 1) exp{2θε0f(2k + 1)}.
Äàëi ââàæà¹ìî, ùî ε0 < t/2 (t > 0 � ôiêñî-
âàíå). Òîäi

f 6(2k+1) exp{−tf(2k+1)+2θε0f(2k+1)} ≤
≤ f 6(2k + 1) exp{−(t− 2ε0)f(2k + 1)} ≤

≤ 6!

(t− 2ε0)6
.

Îñêiëüêè µ < td0/4, òî

‖Ψ∆t,t,x‖2
Hµ
≤ 6!ε2

0∆t2

(t− 2ε0)6

∞∑

k=0

exp{2µ(2k + 1)−

−tf(2k + 1)} ≤ c̃(∆t)2,

äå

c̃ =
6!ε2

0

(t− 2ε0)6

∞∑

k=0

exp{−(td0 − 2µ)×

×f(2k + 1)} < ∞.

Çâiäñè âæå âèïëèâà¹, ùî ‖Ψ∆t,t,x‖Hµ → 0 ïðè
∆t → 0, òîáòî Φ∆t,t,x → ∂

∂t
Gt,x ïðè ∆t → 0

ó ïðîñòîði H{1} = S
1/2
1/2 .

ßê áóëî äîâåäåíî ðàíiøå, äëÿ ôóíêöi¨
u ïðàâèëüíèì ¹ çîáðàæåííÿ: u(t, x) =< g,
Gt,x(·) >, (t, x) ∈ Ω. Îñêiëüêè Φ∆t,t,x →
∂

∂t
Gt,x ïðè ∆t → 0, òî ç âëàñòèâîñòi íåïå-

ðåðâíîñòi ôóíêöiîíàëó g âèïëèâàþòü ñïiâ-
âiäíîøåííÿ:
∂u(t, x)

∂t
= lim

∆t→0

1

∆t
[u(t + ∆t, x)− u(t, x)] =

= lim
∆t→0

1

∆t
< g, Gt+∆t,x(·)−Gt,x(·) >=

= lim
∆t→0

< g, Φ∆t,t,x(·) >=

=< g, lim
∆t→0

Φ∆t,t,x(·) >=< g,
∂

∂t
Gt,x(·) > .

Âíàñëiäîê ôîðìóëè (16) ìà¹ìî, ùî

∂u(t, x)

∂t
=< g,−

∞∑

k=0

f(2k + 1)×

× exp{−tf(2k + 1)}hk(x)hk(y) >=

= −
∞∑

k=0

f(2k+1)ck(g) exp{−tf(2k+1)}hk(x).

(17)
Ç iíøîãî áîêó,

Ãfu =
∞∑

n=0

bnA
nu =

=
∞∑

n=0

bnA
n

( ∞∑

k=0

e−tf(2k+1)ckhk

)
.

ßê áóëî äîâåäåíî ðàíiøå, ðÿä
∞∑

k=0

e−tf(2k+1)ckhk çîáðàæà¹ ôóíêöiþ u ç

ïðîñòîðó S
1/2
1/2 i çáiãà¹òüñÿ äî u çà òîïîëî-

ãi¹þ ïðîñòîðó S
1/2
1/2 (ïðè êîæíîìó t > 0),

òîìó

An

( ∞∑

k=0

e−tf(2k+1)ckhk

)
=

∞∑

k=0

e−tf(2k+1)×

×ckA
nhk =

∞∑

k=0

e−tf(2k+1)ck(g)(2k + 1)nhk.

Îòæå,

Ãfu =
∞∑

n=0

bn

∞∑

k=0

e−tf(2k+1)ck(g)(2k + 1)nhk =

=
∞∑

k=0

e−tf(2k+1)ck(g)hk

∞∑
n=0

bn(2k + 1)n =

=
∞∑

k=0

f(2k + 1)e−tf(2k+1)ck(g)hk. (18)

Iç ñïiââiäíîøåíü (17) òà (18) âèïëèâà¹, ùî
ôóíêöiÿ u ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (12). Òåî-
ðåìà äîâåäåíà.

Çàçíà÷èìî, ùî ðiâíÿííÿ (12) âiäíîñèòüñÿ
äî ðiâíÿíü, êîåôiöi¹íòè ÿêèõ íåîáìåæåíî
çðîñòàþòü ïðè |x| → ∞.

Òåîðåìà 3. Íåõàé u(t, x), (t, x) ∈ Ω, �
ðîçâ'ÿçîê ðiâíÿííÿ (12). Ãðàíè÷íå çíà÷åííÿ
u(t, ·) ïðè t → +0 iñíó¹ â ïðîñòîði (S

1/2
1/2)

′,

òîáòî u(t, ·)
(S

1/2
1/2

)′

→
t→+0

g =
∞∑

k=0

ckhk.
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Äîâåäåííÿ. Ïåðåäóñiì çàçíà÷èìî, ùî
u(t, ·) → f ïðè t → +0 ó ïðîñòîði Φ′, îñêiëü-
êè exp{−tf(2k + 1)}ck → ck ïðè t → +0,
∀ k ∈ Z+. Âíàñëiäîê çàóâàæåííÿ 1, äëÿ äî-
âåäåííÿ òåîðåìè äîñèòü ïîêàçàòè, ùî ìíî-
æèíà {u(t, ·), t > 0} îáìåæåíà â ïðîñòîði
(S

1/2
1/2)

′ = (G{1}(A))′ = H
′
{1} = lim

µ→0
pr H

′
µ. Äëÿ

öüîãî çàôiêñó¹ìî äîâiëüíå µ > 0 i âiçüìåìî

0 < β < µ. Îñêiëüêè g =
∞∑

k=0

ckhk ∈ (S
1/2
1/2)

′,

òî äëÿ çàäàíîãî β iñíó¹ ñòàëà cβ > 0 òà-
êà, ùî |ck| ≤ cβ exp{β(2k + 1)}, k ∈ Z+.
Îòæå, ∀ t > 0 : exp{−tf(2k + 1)}|ck| ≤
≤ cβ exp{β(2k + 1)}, k ∈ Z+. Çâiäñè äiñòà-
¹ìî, ùî

∀ t > 0 : ‖u(t, ·)‖2
H
′
µ

=

=
∞∑

k=0

|ck(u)|2 exp{−2µ(2k + 1)} =

=
∞∑

k=0

|ck|2 exp{−2µ(2k + 1)− 2t(2k + 1)} ≤

≤ c2
β

∞∑

k=0

exp{−2(µ− β)(2k + 1)} < +∞.

Öèì äîâåäåíî, ùî ìíîæèíà {u(t, ·), t > 0}
îáìåæåíà â êîæíîìó ïðîñòîði H

′
µ, à, çíà-

÷èòü, i â ïðîñòîði H ′
{1} = lim

µ→0
pr H

′
µ = (S

1/2
1/2)

′.
Òåîðåìà äîâåäåíà.
Òåîðåìà 3 äîçâîëÿ¹ ñòàâèòè çàäà÷ó Êîøi

äëÿ ðiâíÿííÿ (12) òàê. Äëÿ (12) çàäàìî ïî-
÷àòêîâó óìîâó

u(t, ·)|t=0 = g, (19)

äå g ∈ (S
1/2
1/2)

′. Ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi
(12), (19) ðîçóìiòèìåìî ðîçâ'ÿçîê ðiâíÿí-
íÿ (12), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó
(19) ó òîìó ðîçóìiííi, ùî u(t, ·) → g ïðè
t → +0 ó ïðîñòîði (S

1/2
1/2)

′.
Òåîðåìà 4. Çàäà÷à Êîøi (12), (19) êîðå-

êòíî ðîçâ'ÿçíà ó ïðîñòîði ïî÷àòêîâèõ äà-
íèõ (S

1/2
1/2)

′. �¨ ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîð-

ìóëîþ u(t, x) =< g, Gt,x(·) >, g =
∞∑

k=0

ckhk ∈
(S

1/2
1/2)

′, (t, x) ∈ Ω.

Äîâåäåííÿ. Òå, ùî ôóíêöiÿ u ¹ ðîçâ'ÿç-
êîì çàäà÷i Êîøi (12), (19), âèïëèâà¹ ç òåî-
ðåì 2,3. Âëàñòèâiñòü ¹äèíîñòi ðîçâ'ÿçêó çà-
äà÷i Êîøi (12), (19) äiñòà¹ìî ç òàêèõ ìið-
êóâàíü. ßêùî g = 0, òî ck =< g, hk >= 0,
∀ k ∈ Z+. Îòæå, u = 0.

Äîâåäåìî, ùî ðîçâ'ÿçîê âêàçàíî¨ çàäà÷i
íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâî¨ óìî-
âè. Íåõàé {g, gn, n ≥ 1} ⊂ (S

1/2
1/2)

′, ïðè÷î-
ìó gn → g ïðè n → ∞ ó ïðîñòîði (S

1/2
1/2)

′.
Çâiäñè, çîêðåìà, âèïëèâà¹, ùî ck(gn) =<
gn, hk >→< g, hk >= ck(g), n →∞, ∀ k ∈ Z+,
áî hk ∈ S

1/2
1/2 , ∀ k ∈ Z+. Êðiì òîãî, {u, un, n ≥

1} ⊂ S
1/2
1/2 ïðè êîæíîìó t > 0, äå un � ðîçâ'ÿ-

çîê çàäà÷i Êîøi äëÿ (12), ùî âiäïîâiäà¹ ïî-
÷àòêîâié ôóíêöi¨ gn ∈ (S

1/2
1/2)

′. Òîäi

∀ϕ =
∞∑

k=0

ck(ϕ)hk ∈ S
1/2
1/2 :

< un, ϕ >= (un, ϕ) =
∞∑

k=0

e−tf(2k+1)×

×ck(gn)ck(ϕ) →
n→∞

∞∑

k=0

e−tf(2k+1)ck(g)ck(ϕ) =

= (u, ϕ) =< u,ϕ > .

Îòæå, un → u ïðè n →∞ ó ïðîñòîði (S
1/2
1/2)

′,
ùî é ïîòðiáíî áóëî äîâåñòè.
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