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ÓÌÎÂÀÌÈ
Ðîçãëÿíóòî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì ó

ïîâiëüíèõ i øâèäêèõ çìiííèõ. Ïðîâåäåíî óñåðåäíåííÿ çà øâèäêèìè çìiííèìè ÿê ñèñòåìè,
òàê i iíòåãðàëüíèõ êðàéîâèõ óìîâ. Äîâåäåíî iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i òà îäåðæàíî
ÿâíî çàëåæíó âiä ìàëîãî ïàðàìåòðà îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ.

We consider a system of di�erential equations with linearly transformed in a fast and slow
variables. A system and the integral boundary conditions are averagined by the fast variables. We
prove the existence of a solution of a value problem. For error of the method, an estimate evidently
dependent of a small parameter is obtained.

Âñòóï. Áàãàòî÷àñòîòíèìè ñèñòåìàìè ìî-
äåëþþòüñÿ ðiçíîìàíiòíi êîëèâíi ïðîöåñè â
ìåõàíiöi, åêîëîãi¨, áiîëîãi¨ òà ií. Òàêi ñèñòå-
ìè õàðàêòåðèçóþòüñÿ ñêëàäíîþ ïîâåäiíêîþ
âíàñëiäîê ðåçîíàíñíèõ ÿâèù, ÿêi îïèñóþ-
òüñÿ ìàéæå ÷è òî÷íîþ ðàöiîíàëüíîþ ñïiââè-
ìiðíiñòþ ÷àñòîò. Ñóòò¹âî ñïðîùóþòüñÿ òà-
êi ñèñòåìè, ÿêùî ïðîâåñòè ¨õ óñåðåäíåííÿ i
ðîçäiëèòè ïîâiëüíi òà øâèäêi çìiííi. Ïîáó-
äîâi ñõåì óñåðåäíåííÿ òà ¨õ îá ðóíòóâàííþ
ïðèñâÿ÷åíà çíà÷íà êiëüêiñòü ïðàöü, çîêðåìà
ìîíîãðàôi¨ [1 � 4] òà ií.

Îñîáëèâiñòþ äîñëiäæåííÿ áàãàòî÷àñòî-
òíèõ ñèñòåì ç iíòåãðàëüíèìè êðàéîâèìè
óìîâàìè ¹ òå, ùî ïðîöåäóðó óñåðåäíåííÿ ìî-
æíà çàñòîñîâóâàòè ÿê äëÿ ðiâíÿíü, òàê i äëÿ
êðàéîâèõ óìîâ. Äëÿ ñèñòåì áåç çàïiçíåííÿ
òàêà çàäà÷à âèâ÷àëàñü ó [4 � 6]. Òàêi æ ñè-
ñòåìè iç çàïiçíåííÿì àðãóìåíòó ðîçãëÿäàëè-
ñÿ â [7], àëå óñåðåäíåííÿ â êðàéîâèõ óìîâàõ
íå çäiéñíþâàëîñü. Ó äàíié ðîáîòi óñåðåäíþ-
þòüñÿ çà øâèäêèìè çìiííèìè ñèñòåìà i âñi
êðàéîâi óìîâè. Â ïiäñóìêó îäåðæó¹òüñÿ çà-
äà÷à, â ÿêié ïîâiëüíi çìiííi çíàõîäÿòüñÿ íå-
çàëåæíî âiä øâèäêèõ. Çíàéäåíi óìîâè iñíó-
âàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i â ìàëîìó
îêîëi ðîçâ'ÿçêó óñåðåäíåíî¨ çàäà÷i. Ôàêòîð
çàïiçíåííÿ àðãóìåíòó âàæëèâèé äëÿ çàäà÷
åêîëîãi¨ [9], äëÿ êîëèâíèõ ñèñòåì ç iíåðöié-
íèìè ëàíêàìè êåðóâàííÿ [10], â òðàíñïîðò-

íèõ çàäà÷àõ [11], äå çàïiçíåííÿ îïèñó¹òüñÿ
ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì.

1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ñè-
ñòåìó ç n ïîâiëüíèìè x i m (m ≥ 1) øâèä-
êèìè çìiííèìè ϕ âèãëÿäó

dx

dτ
= X(τ, x, xλ, ϕ, ϕθ, ε),

dϕ

dτ
=

ω(τ)

ε
+ Y (τ, x, xλ, ϕ, ϕθ, ε), (1)

äå x ∈ D � îáëàñòü â Rn, ϕ ∈ Rm, ìàëèé ïà-
ðàìåòð ε ∈ (0, ε0], τ = εt ∈ [0, L]; λ, θ ∈ (0, 1),
xλ(τ) = x(λτ), ϕθ(τ) = ϕ(θτ). ßêùî m ≥ 2,
òî ñèñòåìó (1) íàçèâàþòü áàãàòî÷àñòîòíîþ
[1 � 4].

Çàäàìî êðàéîâi óìîâè
L∫

0

f(τ, x, xλ, ϕ, ϕθ, ε)dτ = d1(ε), (2)

1∫

0

[A1(τ, x, xλ, ε)ϕ + A2(τ, x, xλ, ε)ϕθ+

+g(τ, x, xλ, ϕ, ϕθ, ε)]dτ = d2(ε), (3)

äå f i g � 2π-ïåðiîäè÷íi ôóíêöi¨ çìiííèõ ϕν ,
ϕθν , ν = 1, . . . , m; d1 i d2 � âèçíà÷åíi íà (0, ε0]
ôóíêöi¨.
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Óñåðåäíåíà çàäà÷à íàáóâà¹ âèãëÿäó

dx

dτ
= X0(τ, x, xλ, ε), (4)

dϕ

dτ
=

ω(τ)

ε
+ Y0(τ, x, xλ, ε), (5)

L∫

0

f0(τ, x, xλ, ε)dτ = d1(ε), (6)

L∫

0

[A1(τ, x, xλ, ε)ϕ + A2(τ, x, xλ, ε)ϕθ+

+g0(τ, x, xλ, ε)]dτ = d2(ε), (7)

äå

A0(τ, x, z, ε) =

2π∫

0

. . .

2π∫

0

A(τ, x, z, u, v, ε)du1 . . . dvm.

Êðàéîâà çàäà÷à (4) � (7) çíà÷íî ïðîñòiøà
ïîðiâíÿíî ç (1) � (3), îñêiëüêè âîíà çâåëàñü
äî äâîõ îêðåìèõ çàäà÷ (4), (6) i (5), (7).

Ðîçãëÿíåìî ïèòàííÿ ïðî iñíóâàííÿ
ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1) � (3), à ñàìå:
ïîêàæåìî, ùî iñíóþòü òàêi ïî÷àòêîâi çíà-
÷åííÿ y(ε) = y + µ(ξ, ε), ψ(ε) = ψ + ξ(ε), äå
x(0, y, ε) = y, ϕ(0, y, ψ, ε) = ψ, ùî ðîçâ'ÿçîê

v(τ) = [x(τ, y + µ(ξ, ε), ψ + ξ(ε), ε),

ϕ(τ, y + µ(ξ, ε), ψ + ξ(ε), ε)] (8)

ñèñòåìè (1) âèçíà÷åíèé äëÿ τ ∈ [0, L], çà-
äîâîëüíÿ¹ êðàéîâi óìîâè (2), (3) i ëåæèòü ó
äåÿêîìó ìàëîìó îêîëi ðîçâ'ÿçêó óñåðåäíåíî¨
çàäà÷i.

2. Ïðèïóùåííÿ. Íåõàé Cp
z (B, a) � ïðî-

ñòið p ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèõ
ôóíêöié çà çìiííîþ z â îáëàñòi B i îáìåæå-
íèõ ó öié îáëàñòi ðàçîì iç ïîõiäíèìè ñòàëîþ
a; ‖x‖ = |x1|+ · · ·+ |xn|, G = [0, L]×D×D×
Rm×Rm×(0, ε0], G1 = [0, L]×D×D×(0, ε0].

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè.
10. Äëÿ êîæíîãî ε ∈ (0, ε0]

A ≡ [X, Y, f, g] ∈ C2
τ,x,xλ

(G, a1), ω ∈
C2m−1([0, L], a1); (A1, A2) ∈ C2

x,xλ
(G1, a2).

20. Âåêòîð-ôóíêöiÿ A(τ, x, z, u, v, ε) 2π-
ïåðiîäè÷íà çà çìiííèìè uν , vν , ν = 1, . . . , m,
à ¨¨ êîåôiöi¹íòè Ôóð'¹ çàäîâîëüíÿþòü óìîâó

sup ‖A0‖+sup

∥∥∥∥
∂A0

∂τ

∥∥∥∥+sup

∥∥∥∥
∂A0

∂x

∥∥∥∥+sup

∥∥∥∥
∂A0

∂z

∥∥∥∥+

+
∑

‖k+l‖>0

[
‖k‖ sup ‖Akl‖+ sup

∥∥∥∥
∂Akl

∂τ

∥∥∥∥+

+ sup

∥∥∥∥
∂Akl

∂x

∥∥∥∥ + sup

∥∥∥∥
∂Akl

∂z

∥∥∥∥+

+
1

‖k‖+ ‖l‖
(
sup

∥∥∥∥
∂2Akl

∂x∂τ

∥∥∥∥ + sup

∥∥∥∥
∂2Akl

∂z∂τ

∥∥∥∥+

+
n∑

ν=1

(
sup

∥∥∥∥
∂2Akl

∂x∂zν

∥∥∥∥ + sup

∥∥∥∥
∂A2

kl

∂z∂xν

∥∥∥∥
))]

≤ a3,

äå ñóïðåìóì îá÷èñëþ¹òüñÿ â îáëàñòi G1.
30. Âèçíà÷íèê Âðîíñüêîãî V (τ), ïîáóäî-

âàíèé çà ñèñòåìîþ ôóíêöié {ω(τ), ω(θτ)},
âiäìiííèé âiä íóëÿ, êîëè τ ∈ [0, L].

Óìîâó 30 ìîæíà çàìiíèòè ñëàáêiøîþ
óìîâîþ, çàïðîïîíîâàíîþ äëÿ ñèñòåì áåç çà-
ïiçíåííÿ â [4]. Íåõàé ων ∈ C l[0, L], l ≥ 2m−1,
i

det(V T (τ)V (τ)) 6= 0, τ ∈ [0, L]. (9)

40. Äëÿ êîæíîãî ε ∈ (0, ε0] iñíó¹ ¹äèíèé
ðîçâ'ÿçîê

v(τ) = [x(τ, y, ε), ϕ(τ, y, ψ, ε)]

êðàéîâî¨ çàäà÷i (4) � (7), ïðè÷îìó òðà¹êòî-
ðiÿ x = x(τ, y, ε) ëåæèòü ó D ðàçîì iç ρ-
îêîëîì ïðè τ ∈ [0, L] i ε ∈ (0, ε0].

3. Êðàéîâà çàäà÷à (5), (7). Iñíóâàííÿ
ðîçâ'ÿçêó öi¹¨ çàäà÷i çâîäèòüñÿ äî çíàõîäæå-
ííÿ ïî÷àòêîâîãî çíà÷åííÿ ψ(ε). Ïîçíà÷èìî

Q1(ε) =

L∫

0

[A1(τ, x(τ), xλ(τ), ε)+

+A2(τ, x(τ), xλ(τ), ε)]dτ.

Ëåìà. Íåõàé âèêîíóþòüñÿ óìîâè 10, 20 i
40 i ∀ε ∈ (0, ε0] ìàòðèöÿ Q1(ε) íåâèðîäæåíà.
Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i
(5), (7), ïðè÷îìó

ψ(ε) ≤ ‖Q−1
1 (ε)‖(‖d2(ε) +

σ

ε
), σ = 2a1a2L

2.
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Äîâåäåííÿ. Îñêiëüêè

ϕ(τ) = ψ +

τ∫

0

[
ω(τ)

ε
+ Y0(s, x(s), xλ(s), ε)

]
ds,

òî ïiñëÿ ïiäñòàíîâêè ϕ(τ) â óìîâó (7) îäåð-
æèìî ïî÷àòêîâå çíà÷åííÿ

ψ(ε) = Q−1
1 (ε)[d2(ε)−

−
L∫

0

[A1(τ, x(τ), xλ(τ), ε)ϕ(τ, y, 0, ε)+

+A2(τ, x(τ), xλ(τ), ε)ϕθ(τ, y, 0, ε)]dτ ].

Íà ïiäñòàâi óìîâè 10 îäåðæó¹òüñÿ îöiíêà
(9) äëÿ ïî÷àòêîâîãî çíà÷åííÿ.

4. Òåîðåìà ïðî óñåðåäíåííÿ. Ââåäå-
ìî ïîçíà÷åííÿ M1 = (τ, y, ε), M1 = (τ, y +
µ, ψ + ξ, ε), M̃1 = (τ, y + µ, ε), M2 =
(τ, x(M1), xλ(M1), ε) é àíàëîãi÷íi ïîçíà÷åííÿ
äëÿ M2 i M̃2, x̃(τ) = x(τ, y + µ, ε). Íåõàé

Q2(ε) =

L∫

0

[
∂f0(M2)

∂x

∂x(M1)

∂y
+

+
∂f0(M2)

∂xλ

∂xλ(M1)

∂y

]
dτ.

Òåîðåìà. Íåõàé: 1) âèêîíóþòüñÿ óìîâè
10 � 40;

2) ìàòðèöi Qν(ε) íåâèðîäæåíi, êîëè
ε ∈ (0, ε0] i

‖Q−1
ν (ε)‖ ≤ a4ε

−χν , ν = 1, 2;

0 ≤ χ1 + χ2 ≤ (4m)−1;

3) ‖d1(ε)‖ ≤ a1L, ‖d2(ε)‖ ≤ a5ε
−1. Òîäi

äëÿ êîæíîãî ε ∈ (0, ε0], 0 < ε0 ¿ 1, iñíó¹
ðîçâ'ÿçîê v(τ) çàäà÷i (1) � (3) i âèçíà÷åíà
íà (0, ε0] ôóíêöiÿ ξ(ε) òàêà, ùî

‖x(τ)− x(τ)‖+ ‖ϕ(τ)− ϕ(τ)− ξ(ε)‖ ≤ c1ε
α

äëÿ âñiõ τ ∈ [0, L], ε ∈ (0, ε0],

‖ξ(ε)‖ ≤ c∗1ε
α−χ1−1.

Òóò α = (2m)−1 − χ2, ñòàëi c1 i c∗1 íå çàëå-
æàòü âiä ε.

Äîâåäåííÿ. Iç ðiâíÿííÿ (5) âèïëèâà¹,
ùî ∀y, y + µ ∈ D i ε ∈ (0, ε0]

‖x(τ, y+µ, ε)−x(τ, y, ε)‖ ≤ ‖µ‖c2 ≤ 0.5ρ1 = ρ1,

ÿêùî ‖µ‖ ≤ ρc−1
2 , c2 = exp[(1 + λ−1)a1L].

Íåõàé ‖µ‖ ≤ c3ε
α äëÿ äåÿêîãî c3 > 0. Íà

ïiäñòàâi òåîðåìè ïðî îá ðóíòóâàííÿ ìåòîäó
óñåðåäíåííÿ [8] äëÿ ñèñòåìè (1) ç ïî÷àòêî-
âèìè óìîâàìè, äëÿ êîæíîãî ε ∈ (0, ε0(ρ1)],
âñiõ τ ∈ [0, L], ξ ∈ Rm

‖x(τ)−x(τ)‖ ≤ ‖x(τ)−x̃(τ)‖+‖x̃(τ)−x(τ)‖ ≤
≤ c4ε

1/(2m) + c2c3ε
α ≤ c5ε

α, c5 = 2c2c3, (11)

ÿêùî ε0 ≤ min

(
ε0(ρ/2),

(
c2c3
c4

) 1
χ1+χ2 ,

(
c1

c2c3

) 1
2

)
.

Ïîêàæåìî, ùî äëÿ êîæíèõ ε ∈ (0, ε0] i ξ ∈
Rm çíàéäåòüñÿ ¹äèíå çíà÷åííÿ µ = µ(ξ, ε)
òàêå, ùî çàäîâîëüíÿ¹òüñÿ êðàéîâà óìîâà (2).
Íà ïiäñòàâi óìîâè 10 îäåðæèìî

µ = −Q−1
2 (ε)

L∫

0

[f0(M2)+f(M̃2)+P1(τ, µ, ε)+

+
∑

‖k‖+‖l‖>0

fkl(M2)e
i(k,ϕ)+i(l,ϕθ)]dτ ≡ Φ1(µ, ξ, ε),

äå
P1(τ, µ, ε) = f0(M̃2)− f0(M2)−

−∂f0

∂x
(M2)

∂x(M1)

∂y
− ∂f0

∂xλ

(M2)
∂xλ

∂y
(M1).

Îñêiëüêè f0 ∈ Cx,x2
λ
, òî

‖P1(τ, µ, ε)‖ ≤ 1

2
c6n‖µ‖2,

äå

c6 =
n∑

ν=1

sup
z∈D×D×(0,ε0]

∥∥∥∂2f0(z, x, xλ, ε)

∂zν∂z

∥∥∥,

z = [x, xλ].

Çàñòîñó¹ìî îöiíêó îñöèëÿöiéíîãî iíòå-
ãðàëà

∥∥∥∥∥

L∫

0

gkl(τ, ε) exp
( i

ε

τ∫

0

[(k, ω(s))+
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+(l, ω(θs)θ)]ds
)
dτ

∥∥∥∥∥ ≤

≤ c7ε
1/(2m)

(
sup
G2

‖gkl‖+ 1

‖k‖+ ‖l‖ sup
G2

∥∥∥dgkl

dτ

∥∥∥
)
,

G2[0, L]× (0, ε0],

äå

gkl(τ) = fkl(τ, x(τ), xλ(τ), ϕ(τ), ϕθ(τ), ε)×

× exp[i(k, η(τ)) + i(l, η(θτ))],

η = ϕ− 1

ε

τ∫

0

ω(s)ds.

Îäåðæèìî
∥∥∥∥∥

∑

‖k‖+‖l‖>0

L∫

0

fkl(τ, x, xλ, ε)e
i(k,ϕ)+i(l,ϕθ)dτ

∥∥∥ ≤

≤ c7a3(1 + a3)ε
1/(2m). (11)

Îòæå,

‖Φ1‖ ≤ a4ε
−χ2 [(2a1c4 + a3c7(1 + a3))ε

1
2m +

+
1

2
c6m‖µ‖2] = c8ε

α1 = c8ε
−χ2‖µ‖2.

Âèáåðåìî c3 = 2c8 i íåõàé 4c8c3ε
α
0 ≤ 1.

Òîäi ‖Φ1‖ ≤ 2c8ε
α1 i äëÿ âñiõ ξ ∈ Rm i ε ∈

(0, ε0] Φ1(·, ξ, ε): S1 → S1, äå S1 � êóëÿ â Rn

ç ðàäióñîì 2c8ε
α.

Ïîêàæåìî, ùî Φ1 ¹ âiäîáðàæåííÿì ñòè-
ñêó. Ìà¹ìî

∂Φ1

∂µ
= −Q−1

2 (ε)

L∫

0

[∂f(M2)

∂x

∂

∂µ
(x− x̃)+

+
∂f(M2)

∂xλ

∂

∂µ
(xλ − x̃) +

∂f(M2)

∂ϕ

∂

∂µ
(ϕ− ϕ̃)+

+
∂f(M2)

∂ϕθ

∂

∂µ
(ϕθ − ϕ̃θ) +

∂f

∂x

∂x̃

∂µ
+

∂f

∂xλ

∂x̃λ

∂µ
+

+
∂f

∂ϕ

∂ϕ̃

∂µ
+

∂f

∂ϕθ

∂ϕ̃θ

∂µ
+

∂

∂µ
P1

]
dτ.

Íà ïiäñòàâi îöiíîê ïîõiäíèõ óñåðåäíåíî¨
ñèñòåìè çà ïàðàìåòðîì µ òà óìîâè 10 îäåð-
æèìî

∥∥∥∥
∂

∂µ
P1

∥∥∥∥ ≤
∥∥∥∂f0(M̃2)

∂x

(∂x̃

∂µ
− ∂x

∂µ

)
+

+
(∂f0(M̃2)

∂x
− ∂f0(M2)

∂x

)∂x

∂µ
+

∂f0(M̃2)

∂xλ

×

×
(∂x̃λ

∂µ
− ∂x

∂µ

)
+

(∂f0(M̃2)

∂xλ

− ∂f0(M2)

∂xλ

∂xλ

∂µ

∥∥∥ ≤

≤ c9‖µ‖.
Âèêîðèñòà¹ìî îöiíêó ïîõèáêè ìåòîäó

óñåðåäíåííÿ [7, 8]

‖v−ṽ‖+
∥∥∥ ∂

∂µ
(v−ṽ)

∥∥∥+
∥∥∥ ∂

∂ξ
(v−ṽ)

∥∥∥ ≤ c3ε
1/(2m),

(12)
τ ∈ [0, L], ε ∈ (0, ε0], ‖µ‖ ≤ c3ε

α1 .

Òîäi, àíàëîãi÷íî, ÿê îäåðæàíî íåðiâíiñòü
(11), áóäó¹òüñÿ íàñòóïíà îöiíêà

∥∥∥
L∫

0

(
∂f ∗

∂x

∂x̃

∂µ
+

∂f ∗

∂xλ

∂x̃λ

∂µ
+

∂f ∗

∂ϕ

∂ϕ̃

∂µ
+

+
∂f ∗

∂ϕθ

∂ϕ̃θ

∂µ

)
dτ

∥∥∥ ≤ c10ε
1

2m ,

äå f ∗(τ, x, xλ, ϕ, ϕθ, ε) = f(τ, x, xλ, ϕ, ϕθ, ε) −
f0(τ, x, xλ, ε).

Ó ïiäñóìêó îäåðæèìî
∥∥∥∥∥
∂Φ1

∂µ

∥∥∥∥∥ ≤ a4ε
−χ2((a2c4 + c10)ε

χ2 + c9)ε
α1 ≤ 1

2
,

ÿêùî (a2a4 + c10)ε
χ2

0 ≤ c9 i εα1
0 ≤ (4a4c9)

−1.
Îòæå, äëÿ äîâiëüíîãî ε ∈ (0, ε0], âñiõ

ξ ∈ Rm iñíó¹ ¹äèíå ïî÷àòêîâå çíà÷åííÿ µ =
µ(ξ, ε) òàêà, ùî ðîçâ'ÿçîê ñèñòåìè (1) çàäî-
âîëüíÿ¹ êðàéîâó óìîâó (2). Ç'ÿñó¹ìî ïèòàí-
íÿ ïðî iñíóâàííÿ çíà÷åííÿ ξ ∈ Rm òàêîãî,
ùîá çàäîâîëüíÿëàñÿ òàêîæ óìîâà (3).

Iç êðàéîâèõ óìîâ (3) i (7) âèïëèâà¹

ξ = Q−1
1 (ε)

{ L∫

0

[A1(M2)(ϕ− ϕ̃)+
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+A2(M2)(ϕθ − ϕ̃θ)]dτ+

+

L∫

0

[(A1(M2)− A1(M2))ϕ̃ + (A2(M2)−

−A2(M2))ϕ̃θ]dτ+

+

1∫

0

[A1(M2)P2(τ, µ, ε)+A2(M2)P3(τ, µ, ε)]dτ+

+

L∫

0

(g(τ, x, xλ, ϕ, ϕθ, ε)− g(τ, x, xλ, ε))dτ+

+

L∫

0

(g0(τ, x, xλ, ε)− g0(τ, x, xλ, ε))dτ

}
≡

≡ Q−1
1 (ε)

5∑
ν=1

Rν ≡ Φ2(ξ, ε).

Iç óìîâè 10 i íåðiâíîñòi (12) ìà¹ìî

‖R1‖ ≤ a2c4Lε1/(2m).

Âðàõîâóþ÷è îöiíêó (11) îäåðæèìî

‖R5‖ ≤ 2a1c5Lεα.

Íà ïiäñòàâi óìîâè 10 i 3) òåîðåìè

‖R2‖ ≤ c10ε
α‖ξ‖+ c11ε

α.

Îñêiëüêè

P2(τµ, ε) =

τ∫

0

[Y0(s, x̃, x̃λ, ε)−Y0(s, x, xλ, ε)]ds,

àíàëîãi÷íèé âèãëÿä ìà¹ P3, òî

‖R3‖ ≤ c12ε
αc12 = c2c3mL2.

Îöiíêà âåêòîðíî¨ ôóíêöi¨ R4 òàêà æ, ÿê i
(11),

‖R4‖ ≤ a3c7(1 + a3)ε
1/(2m).

Òàêèì ÷èíîì, íà ïiäñòàâi îöiíîê Rν , ν ∈
1, . . . , 5, îäåðæèìî

‖Φ2(ξ, ε)‖ ≤ c13ε
α−χ1‖ξ‖+ c14ε

α−χ1−1

äëÿ âñiõ (ξ, ε) ∈ Rm × (0, ε0]. Íåõàé

‖ξ‖ ≤ 2c14ε
α−χ1−1, ε0 ≤ (2c3)

1/(χ1−α+1).

Òîäi ∀ε ∈ (0, ε0] Φ2; s2 → S2, äå S2 � êó-
ëÿ ðàäióñà 2c14ε

α−χ1−1. Îñêiëüêè âiäîáðàæå-
ííÿ íåïåðåðâíå ïî ψ, òî çà òåîðåìîþ Áðàóå-
ðà [12], iñíó¹ ðîçâ'ÿçîê ψ = ψ(ε). Òîìó iñíó¹ i
ðîçâ'ÿçîê (8) ñèñòåìè (1), ÿêèé çàäîâîëüíÿ¹
êðàéîâi óìîâè (2), (3).

Îñêiëüêè
‖ϕ̃− ϕ‖ ≤ ‖ξ‖+ c15ε

α, c15 = 2ma1a2σ3nL,

òî ‖ϕ(τ) − ϕ(τ)‖ ≤ c4ε
1/2m + 2c14ε

α−χ1−1 +
c15ε

α. Îòæå,
‖ϕ(τ)− ϕ(τ)− ξ‖ ≤ 2c15ε

α, (13)

ÿêùî c4ε
χ1

0 ≤ c15.
Iç îöiíîê (11) i (13) âèïëèâà¹ îöiíêà (10)

iç ñòàëîþ c1 = c5 +c15. ßêùî εα
0 ≤ ρ/(2c1), òî

ðîçâ'ÿçîê v(τ) ñèñòåìè âèçíà÷åíèé íà ïðî-
ìiæêó [0, L].

Òåîðåìó äîâåäåíî.
Íàñëiäîê. Íåõàé çàìiñòü êðàéîâî¨ óìîâè

(3) çàäàíà óìîâà
L∫

0

[A1(τ, ε)ϕ + A2(τ, ε)ϕθ]dτ = d2(ε). (14)

Òîäi

ξ = −Q−1
1 (ε)[

L∫

0

(A1(τ, ε)(ϕ− ϕ̃)+

+A2(τ, ε)(ϕθ−ϕ̃θ)dτ+

L∫

0

(

τ∫

0

(Y0(s, x̃(s), x̃λ(s), ε)−

−Y0(s, x(s), xλ(s), ε))ds)dτ

i
‖Φ2(µ, ξ, ε)‖ ≤ c16ε

1
2m
−χ1 + c17ε

α−χ1 ,

äå c16 = 2a2c1c4L, c17 = a1a4c1c1mL2.
ßêùî c16ε

χ2

0 ≤ c17, òî
‖Φ2‖ ≤ 2c17ε

α−χ1 .

Íåõàé ‖ξ‖ ≤ 2c17ε
α−χ1 , òîäi Φ2: S2 → S2

ïðè ε ∈ (0, ε0]. Êðiì òîãî,

∂Φ2

∂ξ
= −Q−1

1 (ε)

L∫

0

[A1(τ, ε)
∂

∂ξ
(ϕ− ϕ̃)+
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+A2(τ, ε)
∂

∂ξ
(ϕθ − ϕ̃θ)]dτ.

Òîìó
∥∥∥∥
∂Φ2

∂ξ

∥∥∥∥ ≤ 2a2a4c3Lε
1

2m
−χ1 ≤ 1

2
,

ÿêùî ε
1

2m
−χ1

0 ≤ (4a2a4c3L)−1. Îòæå, ðîçâ'ÿ-
çîê êðàéîâî¨ çàäà÷i (1), (2), (14) iñíó¹ i ¹äè-
íèé äëÿ êîæíîãî ε ∈ (0, ε0] i

‖x(τ)− x(τ)‖+ ‖ϕ(τ)− ϕ(τ)− ξ(ε)‖ ≤ c1ε
α,

‖ξ‖ ≤ εα−χ1

ïðè τ ∈ [0, L] i ε ∈ (0, ε0].

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ
1. Áîãîëþáîâ Í.Í., Ìèòðîïîëüñêèé Þ.À. Àñèì-

ïòîòè÷åñêèå ìåòîäû â òåîðèè íåëèíåéíûõ êîëåáà-
íèé. � Ì.: Íàóêà, 1974. � 504 ñ.

2.Ãðåáåíèêîâ Å.À., Ìèòðîïîëüñêèé Þ.À., Ðÿáîâ
Å.À. Ââåäåíèå â ðåçîíàíñíóþ àíàëèòè÷åñêóþ äèíà-
ìèêó. � Ì.: ßíóñ-Ê, 1999. � 301 ñ.

3. Õàïàåâ Ì.Ì. Óñðåäíåíèå â òåîðèè óñòîé÷èâî-
ñòè. � Ì.: Íàóêà, 1986. � 192 ñ.

4. Ñàìîéëåíêî À.Ì., Ïåòðèøèí Ð.I. Ìàòåìàòè-
÷íi àñïåêòè òåîði¨ íåëiíiéíèõ êîëèâàíü. � Ê.: Íàó-
êîâà äóìêà, 2004. � 475 ñ.

5. Ïåòðèøèí Ð.I., Ïåòðèøèí ß.Ð. Óñåðåäíåí-
íÿ êðàéîâèõ çàäà÷ äëÿ ñèñòåì äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ïîâiëüíèìè òà øâèäêèìè çìiííèìè // Íåëi-
íiéíi êîëèâàííÿ. � 1998. � � 1. � Ñ. 51 � 65.

6. Ïåòðèøèí Ð.I., Ñîïðîíþê Ò.Ì. Óñåðåäíåííÿ
êðàéîâî¨ çàäà÷i ç iíòåãðàëüíèìè êðàéîâèìè óìîâà-
ìè i ïàðàìåòðàìè äëÿ iìïóëüñíî¨ áàãàòî÷àñòîòíî¨
ñèñòåìè // Íàóê. âiñí. ×åðíiâåöüêîãî óí-òó: Çá. íà-
óê. ïð. Âèï. 228. Ìàòåìàòèêà. � ×åðíiâöi: Ðóòà,
2004. � Ñ. 96 � 107.

7. Áiãóí ß.É. Óñåðåäíåííÿ êîëèâíèõ ñèñòåì iç
çàïiçíåííÿì òà iíòåãðàëüíèìè êðàéîâèìè óìîâàìè
// Óêð. ìàò. æóðí. � 2004. � 56, � 2. � Ñ. 257 � 263.

8. Áèãóí ß.È., Ñàìîéëåíêî À.Ì. Îáîñíîâàíèå
ïðèíöèïà óñðåäíåíèÿ äëÿ ìíîãî÷àñòîòíûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì //
Äèôôåðåíö. óðàâíåíèÿ. � 1999. � 35, � 1. � Ñ. 8 �
14.

9. Êîëåñîâ Þ.Ñ., Øâèòðà Ä.Ï. Àâòîêîëåáàíèÿ
â ñèñòåìàõ ñ çàïàçäûâàíèåì. � Âèëüíþñ: Ìîêñëàñ,
1979. � 178 ñ.

10. Ðóáàíèê Â.Ï. Êîëåáàíèÿ êâàçèëèíåéíûõ ñè-
ñòåì ñ çàïàçäûâàíèåì. � Ì.: Íàóêà, 1969. � 287 ñ.

11. Ãðåáåíùèêîâ Á.Ã., Ëîæíèêîâ À.Á. Ñòàáèëè-
çàöèÿ ñèñòåìû, ñîäåðæàùåé ïîñòîÿííîå è ëèíåéíîå

çàïàçäûâàíèå // Äèôôåðåíö. óðàâíåíèÿ. � 2004. �
40, � 12. � Ñ. 1587 � 1595.

12. Õàòñîí Â., Ïèì Äæ. Ïðèëîæåíèÿ ôóíêöè-
îíàëüíîãî àíàëèçà è òåîðèè îïåðàòîðîâ. � Ì.: Ìèð,
1983. � 432 c.

Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi�� 10.10.2005

10 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2005. Âèïóñê 269. Ìàòåìàòèêà.


