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ÏÐÎ ÏÎÕIÄÍI ÐßÄIÂ ÄIÐIÕËÅ

Äëÿ àáñîëþòíî çáiæíîãî â ïiâïëîùèíi {z : Re z < 0} ðÿäó Äiðiõëå F (z) =
+∞∑
n=0

anezλn ,

λn ∈ R+, äîâåäåíî, ùî óìîâà |x|L(x, F ) → +∞ (x → −0) äîñòàòíÿ äëÿ ñïðàâåäëèâîñòi äëÿ
êîæíîãî k ∈ N ïðè x → −0 çîâíi äåÿêî¨ ìíîæèíè íóëüîâî¨ ëiíiéíî¨ ùiëüíîñòi â òî÷öi x = 0 i
äëÿ âñiõ z, Re z = x òàêèõ, ùî |F (z)| = (1 + o(1))M(x, F ) (x → −0), ñïiââiäíîøåííÿ

F (k)(z) = (1 + o(1))Lk(x, F )F (z),

äå M(x, F ) = sup{|F (x + iy)| : y ∈ R}, L(x, F ) = (lnM(x, F ))′+ � ïðàâà ïîõiäíà.

For absolutely convergent in the half-plane {z : Re z < 0} Dirichlet series F (z) =
+∞∑
n=0

anezλn ,

λn ∈ R+, it is proved that the condition |x|L(x, F ) → +∞ (x → −0) is su�cient for the relation

F (k)(z) = (1 + o(1))Lk(x, F )F (z)

to hold as x → −0 outside a certain set of zero linear density in the point x = 0 for every
k ∈ N and for all z such that Re z = x and |F (z)| = (1 + o(1))M(x, F ) (x → −0), where
M(x, F ) = sup{|F (x + iy)| : y ∈ R} and L(x, F ) = (lnM(x, F ))′+ is the derivative from the right.

1. Âñòóï. Íåõàé Db(λ) � êëàñ àáñîëþòíî
çáiæíèõ â {z : Re z < b} ðÿäiâ âèãëÿäó

F (z) =
+∞∑
n=0

ane
zλn , (1)

äå λ = (λn), 0 = λ0 < λn ↑ +∞ (1 ≤ n →
+∞), −∞ < b ≤ +∞.

Äëÿ −∞ ≤ a < b ≤ +∞ ÷åðåç S(a, b)
ïîçíà÷èìî êëàñ àíàëiòè÷íèõ â {z : a <
Re z < b} ôóíêöié F òàêèõ, ùî äëÿ êîæíî-
ãî x ∈ (a, b) ôóíêöiÿ F îáìåæåíà â ñìó-
çi {z : a < Re z < x}. Çàóâàæèìî, ùî
Db(λ) ⊂ S(−∞, b) ⊂ S(a, b) äëÿ âñiõ −∞ ≤
a < b ≤ +∞. Äëÿ x ∈ (a, b) i F ∈ S(a, b)
ïîçíà÷èìî

M(x, F ) = sup{|F (x + iy)| : y ∈ R}.
Âiäîìî ([1, ñ.145, ñ.266]), ùî ôóíêöiÿ

ln M(x, F ) � îïóêëà íà (a, b) äëÿ F ∈ S(a, b)
i, îòæå, äëÿ âñiõ x ∈ (a, b) iñíó¹ íåñïàäíà
ïðàâà ïîõiäíà

L(x) = L(x, F ) = (ln M(x, F ))′+.

Äëÿ ôóíêöié F ∈ S(0, +∞) òàêèõ, ùî
L(x, F ) → +∞ (x → +∞), ç äîâåäåíîãî â [1]
(ñ. 149, òåîðåìà 1.3.17) âèïëèâà¹, ùî ñïiââiä-
íîøåííÿ

F ′(z) = (1 + o(1))L(x, F )F (z) (2)

¹ ïðàâèëüíèì ïðè x → +∞ çîâíi äåÿêî¨ ìíî-
æèíè E ñêií÷åííî¨ ìiðè äëÿ âñiõ z òàêèõ, ùî
Re z = x i

|F (z)| = (1 + o(1))M(x, F ) (3)

ïðè x → +∞. Ó [2] öå òâåðäæåííÿ äîïîâ-
íåíî â ÷àñòèíi îïèñàííÿ âèíÿòêîâî¨ ìíîæè-
íè E. Ïðè öüîìó â [2] âiäïîâiäíå òâåðäæåí-
íÿ (òåîðåìà 3) äîâåäåíå äëÿ êëàñó D+∞(λ).
Àíàëiç äîâåäåííÿ òåîðåìè 3 [2] ïîêàçó¹, ùî
âîíî çàëèøà¹òüñÿ ïðàâèëüíèì i ó âèïàäêó
êëàñó S(a, +∞) äëÿ ôóíêöié F òàêèõ, ùî
L(x, F ) → +∞ (x → +∞).

Ó âèïàäêó êëàñó S(0, 1) äëÿ ôóíêöié F
òàêèõ, ùî (1 − x)L(x, F ) → +∞ (x →
1 − 0), ìiðêóþ÷è ïîäiáíî äî äîâåäåííÿ òåî-
ðåìè 2.2.25 [1, ñ. 274], ìîæíà äîâåñòè, ùî ó
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âèïàäêó, êîëè

lim
x→1−0

ln L(x, F )

− ln(1− x)
> 1, (4)

ñïiââiäíîøåííÿ (2) âèêîíó¹òüñÿ ïðè x → 1−
0 çîâíi äåÿêî¨ ìíîæèíè E ñêií÷åííî¨ ëîãà-
ðèôìi÷íî¨ ìiðè íà (0, 1), òîáòî

∫
E∩(0,1)

dx
1−x

<

+∞, äëÿ âñiõ z, Re z = x òàêèõ, ùî âè-
êîíó¹òüñÿ (3). Â [1] òàêîæ äîâåäåíî àíàëî-
ãè îñòàííüîãî òâåðäæåííÿ ó âèïàäêó, êîëè
óìîâó (4) çàìiíåíî äåÿêîþ ñëàáøîþ óìîâîþ.
Ïðè öüîìó ïðî âèíÿòêîâó ìíîæèíó E âi-
äîìî ëèøå, ïî ñóòi, ùî ìíîæèíà (0, 1) \ E
ìiñòèòü çáiæíó äî 1 ïîñëiäîâíiñòü; âëàñíå,
ÿêùî limx→1−0

ln L(x,F )
− ln(1−x)

> 1, òî (0, 1) \ E ìà¹
íåñêií÷åííó ëîãàðèôìi÷íó ìiðó.

Ó öié ñòàòòi ïîäàìî iíøèé âàðiàíò òà-
êîãî òâåðäæåííÿ ó êëàñi ôóíêöié ç S(0, 1),
ùî çàäîâîëüíÿþòü äåÿêó óíiâåðñàëüíó óìî-
âó L(x, F ) ≥ Φ(x) (x0 ≤ x < 1) iç çðîñòàþ-
÷îþ ôóíêöi¹þ Φ òàêîþ, ùî

(1− x)Φ(x) → +∞ (x → 1− 0),

âèêîðèñòîâóþ÷è äëÿ îïèñàííÿ âèíÿòêîâî¨
ìíîæèíè E ó ñïiââiäíîøåííi (2) ùiëüíîñòi
ìíîæèíè â òî÷öi x = 1. Ñõåìà äîâåäåííÿ
òàêà æ, ÿê â [1, 2], i ïîëÿãà¹ â êîìáiíîâàíî-
ìó âèêîðèñòàííi ëåìè Øâàðöà äëÿ àíàëiòè-
÷íî¨ ôóíêöi¨ â êðóçi, ìîäèôiêîâàíî¨ íåðiâíî-
ñòi Êîøi äëÿ ñòåïåíåâîãî ðÿäó òà âàðiàíòà
ëåìè Áîðåëÿ-Íåâàíëiííè â çàïðîïîíîâàíî-
ìó â [2, 3] âèãëÿäi. Íàïðèêiíöi ñòàòòi ïîäà-
ìî çàñòîñóâàííÿ îòðèìàíîãî òâåðäæåííÿ äî
êëàñó D0(λ).

Çàçíà÷èìî, ùî íàì çðó÷íiøå çàìiñòü êëà-
ñó S(0, 1) ðîçãëÿíóòè êëàñ S(−1, 0), à òà-
êîæ, ùî ç îãëÿäó íà ëiíiéíó çàìiíó çìiííèõ
z1 = b + z(b − a), öå ¹ ðiâíîñèëüíèì äî ðîç-
ãëÿäó êëàñó S(a, b) ç −∞ < a < b < +∞.

Äîâåäåìî íàñòóïíó òåîðåìó.
Òåîpåìà 1. Íåõàé F ∈ S(−1, 0) � òàêà,

ùî
L(x, F ) ≥ Φ(x) (x0 ≤ x < 0), (5)

äå Φ � äîäàòíà íåïåðåðâíà çðîñòàþ÷à äî
+∞ íà [−1, 0) ôóíêöiÿ òàêà, ùî

|x|Φ(x) → +∞ (x → −0). (6)

Òîäi ñïiââiäíîøåííÿ (2) âèêîíó¹òüñÿ ïðè
x → −0 (x ∈ (−1, 0)\E) äëÿ âñiõ z, Re z = x
òàêèõ, ùî âèêîíó¹òüñÿ (3), ïðè öüîìó äëÿ
êîæíî¨ äîäàòíî¨ íåñïàäíî¨ íà (−1, 0) ôóí-
êöi¨ h òàêî¨, ùî

h

(
x + o

(
1

h(x)

))
= O(h(x)),

h(x) = o(Φ(x)) (x → −0), (7)
ìíîæèíà E ìà¹ íóëüîâó h−ùiëüíiñòü ó
òî÷öi x = 0, òîáòî

DhE = lim
x→−0

h(x) meas (E ∩ [x, 0]) = 0,

äå meas E1 îçíà÷à¹ ìiðó Ëåáåãà âèìiðíî¨
ìíîæèíè E1 íà (−1, 0).

2. Äîïîìiæíi òâåðäæåííÿ. Äîâåäåííÿ
òåîðåìè 1 ðîçiá'¹ìî íà äâà åòàïè. Ñïî÷àòêó
äîâåäåìî, ùî çà óìîâ (5) i (6) çîâíi ìíîæèíè

E = {x ∈ (−1, 0) : |L(x± δ(x)/L(x))−
−L(x)| ≥ L(x)/δ(x)}, (8)

äå δ(x) ↗ +∞ (x → −0) � äåÿêà ôóí-
êöiÿ òàêà, ùî δ(L(x)) < |x|L(x), âèêîíó-
¹òüñÿ ñïiââiäíîøåííÿ (2), ÿê òiëüêè ìíî-
æèíà (−1, 0) \ E ìiñòèòü õî÷à á îäíó çái-
æíó äî íóëÿ ïîñëiäîâíiñòü. À ïîòiì, ñêî-
ðèñòàâøèñü äîâåäåíèì ó [3] âàðiàíòîì ëåìè
Áîðåëÿ-Íåâàíëiííè, âñòàíîâèìî, ùî DhE =
0 äëÿ êîæíî¨ ôóíêöi¨ h òàêî¨, ùî âèêîíó¹-
òüñÿ (7).

Ëåìà 1. Íåõàé F ∈ S(−1, 0) i ôóíêöiÿ
δ(x) ↗ +∞ (x → −0) � òàêi, ùî δ(x) <
|x|L(x, F ) (x ∈ (x0, 0)) i ìíîæèíà E, âèçíà-
÷åíà â (8), ìiñòèòü õî÷à á îäíó çáiæíó äî
íóëÿ ïîñëiäîâíiñòü. Òîäi ñïiââiäíîøåííÿ (2)
âèêîíó¹òüñÿ ïðè x → −0 (x ∈ (−1, 0) \ E)
äëÿ âñiõ z, Re z = x òàêèõ, ùî âèêîíó¹òüñÿ
(3).

Ëåìà 2 [3]. Íåõàé u(x) � äîäàòíà íå-
ñïàäíà íà [−1, 0) ôóíêöiÿ, à ôóíêöi¨ Φ i h �
äîäàòíi íåñïàäíi íà (−1, 0) i òàêi, ùî âèêî-
íóþòüñÿ óìîâè (6) i (7). ßêùî

u(x) ≥ Φ(x) (x0 ≤ x < 0),

òî iñíó¹ òàêà ôóíêöiÿ δ(x) ↗ +∞ (x →
−0), ùî íåðiâíiñòü

|u(x + τ)− u(x)| < u(x)/δ(x)
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âèêîíó¹òüñÿ äëÿ âñiõ x ∈ (−1, 0) \ E i âñiõ
τ ∈ R, |τ | ≤ ψ(x) ≡ δ(x)/u(x), ïðè öüî-
ìó ìíîæèíà E ìà¹ íóëüîâó h- ùiëüíiñòü
ó òî÷öi x = 0.

Äîâåäåííÿ ëåìè 1. Ïîâòîðþ¹ìî ñõåìó
äîâåäåííÿ òåîðåìè 3 [2], à òàêîæ ìiðêóâàííÿ
ç [3]. Ïîçíà÷èìî ψ(x) = δ(x)/L(x, F ). Äëÿ
âñiõ x ∈ (−1, 0)\E i τ ∈ C, |τ | ≤ ψ(x), ìà¹ìî

|L(x + τ, F )− L(x, F )| ≤
≤ max{L(x + ψ(x), F )− L(x, F ),

L(x, F )− L(x− ψ(x), F )} ≤ 1/ψ(x).

Íåõàé ε(x) → +0 (x → −0) � ôiêñîâàíà
ôóíêöiÿ, à z = x+ iy � äîâiëüíà òî÷êà òàêà,
ùî |F (z)| ≥ M(x, F )(1 + ε(x))−1. Ç òîãî, ùî
L(x, F ) íåñïàäíà, âèïëèâà¹ ([1, ñ. 147]), ùî
äëÿ âñiõ x ∈ (−1, 0), h ∈ R, |x| − 1 < h < |x|
ln M(x + h, F )− ln M(x, F ) ≤ hL(x + h, F ),

çâiäêè äëÿ x ∈ (−1, 0) \ E, h ∈ R, |h| ≤ ψ(x)

ln M(x + h, F )− ln M(x, F )− hL(x, F ) ≤
≤ h(L(x + h, F )− L(x, F )) =

= |h||L(x + h, F )− L(x, F )| ≤ 1.

Çâiäñè, äëÿ x ∈ (−1, 0) \ E, η ∈ C, |Re η| ≤
ψ(x) ∣∣∣∣

F (z + η)

F (z)
e−ηL(x,F )

∣∣∣∣ ≤
≤ (1 + ε(x)) exp{ln M(x + Re η, F )−
− ln M(x, F )− Re ηL(x, F )} ≤
≤ e(1 + ε(x)) = c(x)− 1.

Çàñòîñó¹ìî òåïåð ïðè ôiêñîâàíîìó z äî àíà-
ëiòè÷íî¨ ôóíêöi¨

g(η) =
F (z + η)

F (z)
e−ηL(x,F ) − 1

â êðóçi {η : |η| ≤ ψ(x)} ëåìó Øâàðöà. Çà
ëåìîþ Øâàðöà [4, ñ.317], äëÿ âñiõ η ∈ C,
|η| < ψ(x)

|g(η)| < c(x)
|η|

ψ(x)
. (9)

Ïîçàÿê |g(η)| < 1 ïðè |η| < ψ(x)/c(x), x ∈
(−1, 0) \ E, òî∣∣∣∣

F (z + η)

F (z)
e−ηL(x,F )

∣∣∣∣ ≥ 1− |g(η)| > 0,

òîáòî F (z + η) 6= 0 äëÿ |η| < ψ(x)/c(x). Îò-
æå, ïðè ôiêñîâàíîìó z òàêîìó, ÿê i âèùå,
ôóíêöiÿ

G(η) =

η∫

0

F ′(z + τ)

F (z + τ)
dτ − ηL(x, F )

àíàëiòè÷íà â êðóçi {η : |η| < ψ(x)/c(x)},
G(0) = 0 i G′(0) = F ′(z)

F (z)
− L(x, F ). Âðàõî-

âóþ÷è, ùî çà óìîâè |η| ≤ q < ψ(x)/c(x) ç (9)
âèïëèâà¹ íåðiâíiñòü

Re G(η) = ln

∣∣∣∣
F (z + η)

F (z)
e−ηL(x,F )

∣∣∣∣ =

= ln |1 + g(η)| ≤ ln

(
1 +

qc(x)

ψ(x)

)
, (10)

çà ìîäèôiêîâàíîþ íåðiâíiñòþ Êîøi ([5,
c.30]), çàñòîñîâàíîþ â êðóçi {η : |η| ≤ q},
îòðèìà¹ìî

∣∣∣∣
F ′(z)

F (z)
− L(x, F )

∣∣∣∣ = |G′(0)| ≤
≤ 2 max{Re G(η) : |η| = q} ≤

≤ 2 ln

(
1 +

qc(x)

ψ(x)

)
≤ 2c(x)

ψ(x)
. (11)

Çâiäñè ïðè x → −0 (x /∈ E) i äëÿ âñiõ z,
Re z = x òàêèõ, ùî |F (z)| ≥ M(x, F )(1 +
ε(x))−1,

∣∣∣∣
F ′(z)

F (z)

1

L(x, F )
− 1

∣∣∣∣ ≤
2c(x)

L(x, F )ψ(x)
=

=
c(x)

δ(x)
= o(1).

Ëåìó 1 äîâåäåíî.
3. Äîâåäåííÿ òåîðåìè 1. Âèáåðåìî ó

ëåìi 2 u(x) = L(x, F ). Òîäi, çàñòîñîâóþ÷è
ïîñëiäîâíî ëåìó 2, çà ëåìîþ 1, îòðèìó¹ìî
òâåðäæåííÿ òåîðåìè 1, ïîçàÿê, î÷åâèäíî, ùî
E ⊂ E1, äå E � ìíîæèíà, âèçíà÷åíà â (8), à
E1 � ìíîæèíà ç ëåìè 2.

4. Àñèìïòîòè÷íi ñïiââiäíîøåííÿ
äëÿ ïîõiäíèõ âèùèõ ïîðÿäêiâ.

Òåîpåìà 2. Íåõàé äëÿ ôóíêöié F ∈
S(−1, 0), Φ, h âèêîíóþòüñÿ óìîâè (5)�(7)
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òåîðåìè 1. Òîäi iñíó¹ ìíîæèíà E ⊂ (−1, 0),
DhE = 0 òàêà, ùî äëÿ êîæíîãî k ∈ N ñïiâ-
âiäíîøåííÿ

F (k)(z) = (1 + o(1))Lk(x, F )F (z) (12)

âèêîíó¹òüñÿ ïðè x → −0 (x ∈ (−1, 0) \ E)
äëÿ âñiõ z, Re z = x òàêèõ, ùî âèêîíó¹òüñÿ
(3).

Äîâåäåííÿ. Çáåðiãà¹ìî ïîçíà÷åííÿ ç äî-
âåäåííÿ òåîðåìè 1. Ñêîðèñòàâøèñü, ÿê i â
äîâåäåííi ëåìè 1, ìîäèôiêîâàíîþ íåðiâíi-
ñòþ Êîøi, ïðè ôiêñîâàíîìó k ∈ N äëÿ |η| ≤
q < ψ(x)/c(x) ç íåðiâíîñòi (10) îòðèìó¹ìî

1

k!

∣∣G(k)(0)
∣∣ ≤ 2

qk
max{Re G(η) : |η| = q} ≤

≤ 2q−k ln(1 + qc(x)/ψ(x))
def
= ψk(x) ≤

≤ 2q−k+1c(x)/ψ(x). (13)

Çàóâàæèìî, ùî äëÿ |η| ≤ q

F (z + η) = F (z) exp

{
F ′(z)

F (z)
η+

+
+∞∑

k=2

G(k)(0)

k!
ηk

}
= F (z)A(η) (14)

i A(η) � àíàëiòè÷íà ôóíêöiÿ, A(0) = 1. Íå-
õàé

A(η) = 1 +
+∞∑

k=1

Akη
k, |η| ≤ q. (15)

Íåñêëàäíî çðîçóìiòè, ùî îñêiëüêè äëÿ
G1(η) = G(η) + ηL(x, F ) âèêîíó¹òüñÿ

A(η) = 1+

+
+∞∑
s=1

1

s!

(
F ′(z)

F (z)
η +

+∞∑

k=2

G(k)(0)

k!
ηk

)s

=

= 1 +
+∞∑
s=1

1

s!

(
+∞∑

k=1

G
(k)
1 (0)

k!
ηk

)s

,

òî òåéëîðîâi êîåôiöi¹íòè â ðîçâèíåííi (15)
óòâîðåíi çà äîïîìîãîþ ñêií÷åííèõ ñóì âè-

ãëÿäó

Ak =
∑

‖α‖=k

Bα (G′
1(0))

α1 ×

×
(

G′′
1(0)

2!

)α2

. . .

(
G

(k)
1 (0)

k!

)αk

,

äå α = (α1, . . . , αk) ∈ Zk
+ � ìóëüòèiíäåêñ, à

‖α‖ =
∑k

j=1 jαj � éîãî âàãà, Bα ∈ C.

Çàóâàæèìî òåïåð, ùî ç ðîçâèíåíü F (z +

η) =
∑+∞

k=0
F (k)(z)

k!
ηk i (14) âèïëèâà¹, ùî

F (k)(z) = F (z)k!Ak (k ≥ 1), òîìó

F (k)(z)

F (z)

1

Lk(x, F )
− 1 =

(
F ′(z)

F (z)

1

L(x, F )

)k

−

−1 +
∑
‖α‖=k
α1<k

Bα

k∏
j=1

(
G

(j)
1 (0)

j!

)αj

i, îòæå, çà äîïîìîãîþ íåðiâíî-
ñòåé (12) i (13) îòðèìó¹ìî, ùî äëÿ
q = 1

2
ψ(x)
c(x)

= 1
2

δ(x)
c(x)L(x,F )

∣∣∣∣
F (k)(z)

F (z)

1

Lk(x, F )
− 1

∣∣∣∣ ≤

≤
∣∣∣∣∣
(

F ′(z)

F (z)

1

L(x, F )

)k

− 1

∣∣∣∣∣ +

+
∑
‖α‖=k
α1<k

|Bα|(qL(x, F ))−k×

×
(

2qc(x)

ψ(x)

)α1+α2+···+αk

≤
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≤
∣∣∣∣
F ′(z)

F (z)

1

L(x, F )
− 1

∣∣∣∣
k−1∑
j=0

∣∣∣∣
F ′(z)

F (z)

1

L(x, F )

∣∣∣∣
j

+

+
∑
‖α‖=k
α1<k

|Bα|
(

2c(x)

δ(x)

)k

≤

≤ c(x)

δ(x)

k−1∑
j=0

(
1 +

c(x)

δ(x)

)j

+

+
∑
‖α‖=k
α1<k

|Bα|
(

2c(x)

δ(x)

)k

=

(
1 +

c(x)

δ(x)

)k

− 1+

+
∑
‖α‖=k
α1<k

|Bα|
(

2c(x)

δ(x)

)k

.

Çàëèøà¹òüñÿ ïðèãàäàòè, ùî c(x) = O(1),
δ(x) ↗ +∞ (x → −0). Òîìó ïðè x → −0
(x /∈ E, DhE = 0) äëÿ âñiõ z, Re z = x i òà-
êèõ, ùî |F (z)| ≥ M(x, F )(1 + ε(x))−1 îòðè-
ìó¹ìî

∣∣∣∣
F (k)(z)

F (z)

1

Lk(x, F )
− 1

∣∣∣∣ = o(1).

Òåîðåìó 2 äîâåäåíî.
5. Íàñëiäêè äëÿ ðÿäiâ Äiðiõëå é àíà-

ëiòè÷íèõ â îäèíè÷íîìó êðóçi ôóíêöié.
Íåñêëàäíî ïåðåêîíàòèñü, ùî àáñîëþòíî çái-
æíi â ïiâïëîùèíi Π0 = {z : Re z < 0} ðÿäè
Äiðiõëå

F (z) =
+∞∑
n=0

ane
zλn , λn ∈ R+ (n ≥ 0), (16)

íàëåæàòü äî êëàñó S(−1; 0), à òàêîæ, ùî ([5,
ñ. 82]) ó âèïàäêó λn ↑ +∞ (n → +∞) ñóìà
F çáiæíîãî ðÿäó (16) íàëåæèòü äî S(−1; 0).
Òîìó ç òåîðåìè 1 âèïëèâà¹ íàñòóïíèé íàñëi-
äîê.

Íàñëiäîê 1. Íåõàé ðÿä (16) àáî àáñîëþ-
òíî çáiæíèé â Π0, àáî âèêîíó¹òüñÿ óìîâà
λn ↑ +∞ (n → +∞) i ðÿä (16) çáiæíèé â
Π0. Íåõàé âèêîíó¹òüñÿ óìîâà

|x|ÃL(x, F ) → +∞ (x → −0).

Òîäi iñíó¹ òàêà ìíîæèíà E ⊂ (−1, 0), ùî
äëÿ êîæíîãî k ∈ N ñïiââiäíîøåííÿ (12) âè-
êîíó¹òüñÿ ïðè x → −0 (x /∈ E) äëÿ âñiõ z,

Re z = x òàêèõ, ùî âèêîíó¹òüñÿ (3), ïðè
öüîìó meas (E ∩ [x, 0]) = o(|x|) (x → −0).

Äîâåäåííÿ. Äîñèòü çàñòîñóâàòè òåîðå-
ìó 2 ç ôóíêöiÿìè Φ(x) = L(x, F ) òà h(x) =
1
|x| .

Íàñëiäîê 1. Íåõàé äëÿ àíàëiòè÷íî¨ â
îäèíè÷íîìó êðóçi U = {w : |w| < 1} ôóí-
êöi¨ f(w) âèêîíó¹òüñÿ óìîâà

(1− r)Kf (r) → +∞ (r → 1− 0),

äå Kf (r) = (ln Mf (r))
′, Mf (r) = max{|f(w)| :

|w| = r}. Òîäi ñïiââiäíîøåííÿ

f (k)(w) = (1 + o(1))Kk
f (r)f(w)

âèêîíó¹òüñÿ ïðè r → 1 − 0 äëÿ âñiõ w ∈ U,
|w| = r òàêèõ, ùî

|f(w)| = (1 + o(1))Mf (r) (r → 1− 0)

çîâíi äåÿêî¨ ìíîæèíè E1 ⊂ [0, 1) òàêî¨, ùî

D1E1 = lim
r→1−0

1

1− r
meas (E1 ∩ [r, 1)) = 0.

Äîâåäåííÿ. Äîñèòü, ÿê i â [3] ïðè äî-
âåäåííi íàñëiäêó 4, ïåðåâiðèòè ìîæëèâiñòü
çàñòîñóâàííÿ íàñëiäêó 1 äî ôóíêöi¨ F (z) =
f(ez).
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