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ÊÎËÌÎÃÎÐÎÂÀ
Ðîçãëÿíóòî îäèí êëàñ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü äîâiëüíîãî ïîðÿäêó. Çíàéäå-

íà ëiíiéíà çàìiíà çìiííèõ, ÿêà çâîäèòü ðiâíÿííÿ ç öüîãî êëàñó äî âèðîäæåíèõ ïàðàáîëi÷íèõ
ðiâíÿíü äîâiëüíîãî ïîðÿäêó, ÿêi ¹ ïðèðîäíèìè óçàãàëüíåííÿìè êëàñè÷íîãî ðiâíÿííÿ äèôóçi¨
ç iíåðöi¹þ Êîëìîãîðîâà. Âñòàíîâëåíî óìîâè íà êîåôiöi¹íòè ðiâíÿííÿ, çà ÿêèõ çàïðîïîíî-
âàíà çàìiíà çìiííèõ ¹ íåâèðîäæåíîþ. Çà äîïîìîãîþ öi¹¨ çàìiíè çìiííèõ ïîøèðåíî âiäîìèé
ðåçóëüòàò ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿíü òèïó Êîëìîãîðîâà íà
ðîçãëÿíóòèé êëàñ ðiâíÿíü.

A class of degenerate parabolic equations of any order is considered. It is found a linear change
of variables which reduces the equations from this class to degenerate parabolic equations of any
order, which are natural generalizations of the classical Kolmogorov's equations of di�usion with
inertia. Conditions on coe�cients of the equations under which the o�ered change of variables is
nondegenerate are established. By means of this change of variables the well-known result about the
fundamental solution of the Cauchy problem for equations of the Kolmogorov type is disseminated
on the considered class of the equations.

Íà ïî÷àòêó 70-õ ðîêiâ ìèíóëîãî ñòîëiò-
òÿ Ñ.Ä. Åéäåëüìàí i À.Ï. Ìàëèöüêà ïî÷à-
ëè âèâ÷àòè âèðîäæåíi ïàðàáîëi÷íi ðiâíÿí-
íÿ ñòðóêòóðè Êîëìîãîðîâà äîâiëüíîãî ïî-
ðÿäêó. Äëÿ òàêèõ ðiâíÿíü ó âèïàäêó, êîëè
êîåôiöi¹íòè ìîæóòü çàëåæàòè ëèøå âiä ÷à-
ñîâî¨ çìiííî¨, ïîáóäîâàíî ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ), âèâ÷åíî éî-
ãî âëàñòèâîñòi i ç ¨õ äîïîìîãîþ äîâåäåíî òå-
îðåìè ïðî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ
çàäà÷i Êîøi, à òàêîæ âñòàíîâëåíî äåÿêi âëà-
ñòèâîñòi ðîçâ'ÿçêiâ.

ßê i äëÿ íåâèðîäæåíèõ ïàðàáîëi÷íèõ ðiâ-
íÿíü, äëÿ ðiâíÿíü òèïó Êîëìîãîðîâà ó âè-
ïàäêó, êîëè êîåôiöi¹íòè ñòàëi àáî çàëåæàòü
ëèøå âiä ÷àñîâî¨ çìiííî¨, âäà¹òüñÿ îäåðæà-
òè ïîâíå àíàëiòè÷íå îïèñàííÿ ÔÐÇÊ i ç éî-
ãî äîïîìîãîþ âñòàíîâèòè äîñèòü òî÷íi ðå-
çóëüòàòè ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i
Êîøi òà iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ.
Òàêi ðåçóëüòàòè îäåðæàíi Ñ.Ä. Iâàñèøåíèì
i Ë.Ì. Àíäðîñîâîþ [1 � 3] (äèâ. òàêîæ [4]).
Ìåòîþ äàíî¨ ñòàòòi ¹ ïîøèðåííÿ öèõ ðåçóëü-
òàòiâ íà äåùî øèðøèé êëàñ âèðîäæåíèõ ïà-

ðàáîëi÷íèõ ðiâíÿíü.
Ðîçãëÿíåìî âèïàäîê âèðîäæåííÿ çà äâî-

ìà ãðóïàìè çìiííèõ. Äëÿ öüîãî ââàæàòè-
ìåìî, ùî n-âèìiðíà ïðîñòîðîâà çìiííà x
ñêëàäà¹òüñÿ ç n1-âèìiðíî¨ çìiííî¨ x1 :=
(x11, . . . , x1n1), n2-âèìiðíî¨ çìiííî¨ x2 :=
(x21, . . . , x2n2) i n3-âèìiðíî¨ çìiííî¨ x3 :=
(x31, . . . , x3n3), òîáòî x = (x1, x2, x3). Òóò n1,
n2 i n3 � òàêi íàòóðàëüíi ÷èñëà, ùî n3 ≤ n2 ≤
n1 i n1 + n2 + n3 = n. Âiäïîâiäíî äî öüîãî
ìóëüòèiíäåêñ k ∈ Zn

+ çàïèñóâàòèìåìî ó âè-
ãëÿäi k := (k1, k2, k3), äå kl :=

(
kl1 , ..., klnl

) ∈
Znl

+ , l ∈ {1, 2, 3}.
Äëÿ çàäàíîãî ÷èñëà T > 0 ðîçãëÿíåìî

ðiâíÿííÿ âèãëÿäó
(

∂t −
∑

|k1|≤2b

ak1(t)∂
k1
x1
−

n2∑
j=1

(
n1∑

l=1

b1
ljx1l

)
∂x2j

−

−
n3∑

j=1

(
n2∑

l=1

b2
ljx2l

)
∂x3j

)
u = 0, (1)

(t, x) ∈ Π(0,T ],

äå Π(0,T ] := {(t, x)|t ∈ (0, T ], x ∈ Rn}.
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Ïðèïóñêàòèìåìî âèêîíàíèìè òàêi óìîâè:
1) êîåôiöi¹íòè ak1(t), t ∈ [0, T ], |k1| ≤ 2b,

íåïåðåðâíi òà iñíó¹ ñòàëà δ > 0 òàêà, ùî äëÿ
áóäü-ÿêèõ t ∈ [0, T ] i σ1 ∈ Rn1 ñïðàâäæó¹òü-
ñÿ íåðiâíiñòü

Re
∑

|k1|=2b

ak1(t)(iσ1)
k1 ≤ −δ |σ1|2b; (2)

2) êîåôiöi¹íòè b1
lj, l ∈ {1, . . . , n1}, j ∈

{1, ..., n2}, i b2
lj, l ∈ {1, ..., n2}, j ∈

{1, ..., n3}, ñòàëi òà ñêëàäåíi ç íèõ ìàòðèöi
B1 :=

(
B1

0 B1
1

B1
2

)
i B2 :=

(
B2

0

B2
1

)
çàäîâîëü-

íÿþòü óìîâè
{ |(B1

0 B1
1)| 6= 0,

|B2
0 | 6= 0,

äå B1
0 , B1

1 , B1
2 , B2

0 i B2
1� ìàòðèöi ðîçìiðiâ n2×

n3, n2 × (n2 − n3), (n1 − n2) × n2, n3 × n3 i
(n2 − n3)× n3 âiäïîâiäíî.

Áóäåìî âèêîðèñòîâóâàòè òî÷êè

X(t) := (X1(t), X2(t), X3(t)), X1(t) := x1,

X2(t) := x2 + t(B1)′x1,

X3(t) := x3 + t(B2)′x2 +
1

2
t2(B2)′(B1)′x1,

t > 0,

ïîáóäîâàíi çà òî÷êîþ x ∈ Rn. Àíàëîãi÷íî
áóäóþòüñÿ òî÷êè Y (t) òà Ξ(t) çà òî÷êàìè y
òà ξ âiäïîâiäíî.

Çðîáèìî â ðiâíÿííi (1) çàìiíó çìiííèõ çà
äîïîìîãîþ òàêî¨ ñèñòåìè ðiâíîñòåé:




x′1j =
n2∑
i=1

(
n1∑

k=1

b1
kix1k

)
b2
ij, j ∈ {1, ..., n3},

x′1j =
n1∑
i=1

b1
ijx1i, j ∈ {n3 + 1, ..., n2},

x′1j = x1j, j ∈ {n2 + 1, ..., n1}, (3)

x′2j =
n2∑
i=1

b2
ijx2i, j ∈ {1, ..., n3},

x′2j = x2j, j ∈ {n3 + 1, ..., n2},
x′3j = x3j, j ∈ {1, ..., n3}.

Òâåðäæåííÿ.Çà óìîâè 2) çàìiíà çìií-
íèõ (3) ¹ íåâèðîäæåíîþ.

J Òðåáà ïåðåêîíàòèñü ó òîìó, ùî âèçíà÷-
íèê ñèñòåìè (3) âiäìiííèé âiä íóëÿ. Âèïèøå-
ìî ìàòðèöþ ñèñòåìè (3). Âîíà ìà¹ âèãëÿä

A =




A1 O O
O A2 O
O O A3


 ,

äå A1, A2 i A3 � ìàòðèöi âiäïîâiäíî äî ðîç-
ìiðiâ n1 × n1, n2 × n2 i n3 × n3, à O � íóëüî-
âi ìàòðèöi âiäïîâiäíèõ ðîçìiðiâ. Âèçíà÷íèê
ìàòðèöi A, î÷åâèäíî, äîðiâíþ¹ äîáóòêó âè-
çíà÷íèêiâ ìàòðèöü A1, A2, A3, òîáòî

|A| = |A1| · |A2| · |A3| .

Ïîêàæåìî, ùî âèçíà÷íèêè ìàòðèöü A1,
A2, A3 âiäìiííi âiä íóëÿ. Ìà¹ìî

|A1| =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n2∑
k=1

b11kb2k1 · · ·
n2∑

k=1
b1n2kb2k1

n2∑
k=1

b1n2+1kb2k1 . . .
n2∑

k=1
b1n1kb2k1

...
. . .

...
. . . . . .

...
n2∑

k=1
b11kb2kn3

. . .
n2∑

k=1
b1n2kb2kn3

n2∑
k=1

b1n2+1kb2kn3
. . .

n2∑
k=1

b1n1kb2kn3

b11n3+1 . . . b1n2n1+1 b1n2+1n3+1 . . . b1n1n3+1

...
. . .

...
. . . . . .

...
b11n2

. . . b1n2n2
b1n2+1n2

. . . b1n1n2
0 . . . 0 1 0 0
...

. . .
... 0 1 0

0 0 0 0 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n2∑
k=1

b1
1kb

2
k1 . . .

n2∑
k=1

b1
n2kb

2
k1 0 . . . . . . 0

... . . . ... ... . . . . . . ...
n2∑

k=1

b1
1kb

2
kn3

. . .
n2∑

k=1

b1
n2kb

2
kn3

0 . . . . . . 0

b1
1n3+1 . . . b1

n2n1+1 0 . . . . . . 0
... . . . ... ... . . . . . . ...

b1
1n2

. . . b1
n2n2

0 . . . . . . 0
0 . . . 0 1 0 . . . 0
... . . . ... 0 1 . . . 0
0 0 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n3∑
k=1

b1
1kb

2
k1 . . .

n3∑
k=1

b1
n2kb

2
k1 0 . . . . . . 0

... . . . ... ... . . . . . . ...
n3∑

k=1

b1
1kb

2
kn3

. . .
n3∑

k=1

b1
n2kb

2
kn3

0 . . . . . . 0

b1
1n3+1 . . . b1

n2n1+1 0 . . . . . . 0
... . . . ... ... . . . . . . ...

b1
1n2

. . . b1
n2n2

0 . . . . . . 0
0 . . . 0 1 0 . . . 0
... . . . ... 0 1 . . . 0
0 0 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n3∑
k=1

b1
1kb

2
k1 . . .

n3∑
k=1

b1
n2kb

2
k1

... ... ...
n3∑

k=1

b1
1kb

2
kn3

. . .
n3∑

k=1

b1
n2kb

2
kn3

b1
1n3+1 . . . b1

n2n1+1... . . . ...
b1
1n2

. . . b1
n2n2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

=

∣∣∣∣∣∣∣∣∣∣

n3∑
k=1

b1
1kb

2
k1 . . .

n3∑
k=1

b1
1kb

2
kn3

b1
1n3+1 . . . b1

1n2

... . . . ... ... . . . ...
n3∑

k=1

b1
n2kb

2
k1 . . .

n3∑
k=1

b1
n2kb

2
kn3

b1
n2n1+1 . . .b

1
n2n2

∣∣∣∣∣∣∣∣∣∣

=

=

∣∣∣∣∣∣




b1
11 . . . b1

1n3
b1
1n3+1 . . . b1

1n2... . . . ... ... . . . ...
b1
n21 . . .b

1
n2n3

b1
n2n3+1 . . .b

1
n2n2


×

×




b2
11 . . . b2

1n3
0. . .0

... . . . ... ... . . . ...
b2
n31 . . .b

2
n3n3

0. . .0
0 . . . 0 1. . .0
... . . . ... 0

. . .0
0 . . . 0 0. . .1




∣∣∣∣∣∣∣∣∣∣∣∣∣

=

=
∣∣(B1

0 B2
0

)∣∣ ·
∣∣∣∣
B2

0 0
0 I

∣∣∣∣ =
∣∣(B1

0 B2
0

)∣∣ ·
∣∣B2

0

∣∣ 6= 0,

|A2| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

b2
11 . . . b2

n31 b2
n3+1,1 . . . . . . b2

n21... . . . ... ... . . . . . . ...
b2
1n3

. . .b2
n2n3

b2
n2+1,n3

. . .. . .b2
n2n3

0 . . . 0 1 0 . . . 0
... . . . ... 0 1

. . . 0
0 . . . 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

b2
11 . . . b2

n31 0 . . . . . .0
... . . . ... ... . . . . . . ...

b2
1n3

. . .b2
n2n3

0 . . .. . .0
0 . . . 0 1 0 . . .0
... . . . ... 0 1

. . .0
0 . . . 0 0 0 . . .1

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣

b2
11 . . . b2

n31... . . . ...
b2
1n3

. . .b2
n2n3

∣∣∣∣∣∣
=

=

∣∣∣∣∣∣

b2
11 . . . b2

1n3... . . . ...
b2
n31 . . .b

2
n2n3

∣∣∣∣∣∣
=

∣∣B2
0

∣∣ 6= 0,

|A3| =

∣∣∣∣∣∣∣∣

10. . .0
01. . .0
... ... . . . ...
00 0 1

∣∣∣∣∣∣∣∣
= |I| = 1 6= 0.

Îòæå, ñïðàâäi çàìiíà çìiííèõ (3) ¹ íåâè-
ðîäæåíîþ. I

Ïiñëÿ çäiéñíåííÿ çàìiíè çìiííèõ (3) ðiâ-
íÿííÿ (1) íàáóäå òàêîãî âèãëÿäó:

(
∂t −

∑

|k1|≤2b

a′k1
(t) ∂k1

x′1
−

n2∑
j=1

x′1j∂x′2j
−

−
n3∑

j=1

x′2j∂x′3j

)
u = 0, (t, x′) ∈ Π(0, T ]. (4)

Çàóâàæèìî, ùî êîåôiöi¹íòè a′k1
, |k1| ≤ 2b,

ðiâíÿííÿ (4) òàêîæ íåïåðåðâíi òà çàäîâîëü-
íÿþòü íåðiâíiñòü, àíàëîãi÷íó íåðiâíîñòi (2).

Ïîâíå àíàëiòè÷íå îïèñàííÿ ÔÐÇÊ äëÿ
ðiâíÿííÿ (4) äàíî â òåîðåìi 3.1 ç [4]. Çà éîãî
äîïîìîãîþ i çàìiíè (3) îäåðæó¹ìî íàñòóï-
íèé îñíîâíèé ðåçóëüòàò ñòàòòi.

Òåîðåìà. ßêùî âèêîíóþòüñÿ óìîâè 1) i
2), òî ïðàâèëüíi òàêi òâåðäæåííÿ:

1) äëÿ ðiâíÿííÿ (1) iñíó¹ ¹äèíèé ÔÐÇÊ
G;

2) ôóíêöiÿ G òà ¨¨ ïîõiäíi äîïóñêàþòü
ïðîäîâæåííÿ â êîìïëåêñíèé ïðîñòið Cn i
äëÿ öèõ ïðîäîâæåíü ïðàâèëüíi ôîðìóëè

∂k
x∂l

ξG(t, x + iy; τ, ξ + iη) = (t− τ)−M−Mkl×
×Ωkl(t, τ, z)|z=(X(t−τ)−ξ)t−τ+i(Y (t−τ)−η)t−τ ,

0 ≤ τ < t ≤ T, {x, y; ξ, η} ⊂ Rn, {k, l} ⊂ Zn
+,

â ÿêèõ Mkl := (|k1| + |l1|)/(2b) + (1 +
1/(2b))(|k2| + |l2|) + (2 + 1/(2b))(|k3| + |l3|),
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M :=
3∑

j=1

(j − 1 + 1/(2b))nj, xt := (t−1/(2b)x1,

t−1−1/(2b)x2, t−2−1/(2b)x3, Ωkl(t, τ, z), z ∈ Cn,
ïðè ôiêñîâàíèõ t i τ ¹ öiëèìè ôóíêöiÿìè âiä
z ïîðÿäêó çðîñòàííÿ q := 2b/(2b− 1) i öüîãî
æ ïîðÿäêó ñïàäàííÿ ïðè z = x ∈ Rn;

3) ñïðàâäæóþòüñÿ îöiíêè
∣∣∂k

x∂l
ξG(t, x; τ, ξ)

∣∣ ≤
≤ Ckl(t− τ)−M−MklE(1)

c (t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, {k, l} ⊂ Zn
+,

äå

E(1)
c (t, x; τ, ξ) := exp

{
−c

3∑
j=1

(t− τ)1−jq×

×|Xj(t− τ)− ξj|q
}

,

Ckl c i c′ � äîäàòíi ñòàëi, ÿêi çàëå-
æàòü òiëüêè âiä ÷èñåë n1, n2, n3, b, T ,

max
t∈[0, T ], |k1|≤2b

|ak1 (t)|, ñòàëî¨ δ ç óìîâè 1) òà
êîåôiöi¹íòiâ ìàòðèöü B1 i B2;

4) ìà¹ ìiñöå ôîðìóëà
∫

Rn

G(t, x; τ, ξ)dξ = exp

{
(t− τ)×

×
1∫

0

a0 (τ + (t− τ) β) dβ

}
,

0 ≤ τ < t ≤ T, x ∈ Rn,

5) äëÿ 0 ≤ τ < t ≤ T i x ∈ Rn âèêîíóþòü-
ñÿ ðiâíîñòi

∂k
x

∫

Rn

G (t, x; τ, ξ)dξ = 0, k ∈ Zn
+\ {0} ;

∂k2
x2

∂k3
x3

∫

Rn2+n3

G (t, x; τ, ξ)dξ2dξ3 = 0,

(k2, k3) ∈ Zn2+n3
+ \{0};

∂k3
x3

∫

Rn3

G (t, x; τ, ξ)dξ3 = 0, k3 ∈ Zn3
+ \ {0} .

Çàóâàæåííÿ 1. Ñïèðàþ÷èñü íà öþ òåî-
ðåìó, äëÿ ðiâíÿííÿ (1) äîâîäÿòüñÿ òåîðåìè
ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi òà
iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ, àíàëî-
ãi÷íi òåîðåìàì 3.7 i 3.8 ç [4].

Çàóâàæåííÿ 2. Ðåçóëüòàòè, ïîäiáíi âè-
ùåíàâåäåíèì, ïðàâèëüíi é äëÿ ðiâíÿííÿ
(

∂t −
∑

||k1||≤1

ak1(t)∂
k1
x1
−

n2∑
j=1

(
n1∑

l=1

b1
ljx1l

)
∂x2j

−

−
n3∑

j=1

(
n2∑

l=1

b2
ljx2l

)
∂x3j

)
u = 0,

äå ||k1|| :=
n1∑

j=1

(k1j/(2bj)), çà óìîâè íåïåðåðâ-

íîñòi êîåôiöi¹íòiâ ak1 , ||k1|| ≤ 1, óìîâè

Re
∑

||k1||=1

ak1(t)(iσ1)
k1 ≤ −δ

n1∑
j=1

σ
2bj

1j ,

t ∈ [0, T ], σ1 ∈ Rn1 ,

òà óìîâè 2). Ïðè öüîìó çàìiñòü òåîðåìè 3.1
âèêîðèñòîâó¹òüñÿ òåîðåìà 3.5 ç [4].
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