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ÐIÂÍßÍÜ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ
Äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó, ùî ìiñòÿòü ó ïðàâié ÷àñòèíi ñóìó äîäàíêiâ iç íåëiíiéíî-

ñòÿìè ðiçíèõ òèïiâ, äîñëiäæåíî â îñîáëèâèõ âèïàäêàõ ïèòàííÿ ïðî iñíóâàííÿ òà àñèìïòîòèêó
îäíîãî êëàñó çíèêàþ÷èõ ïðè t ↑ ω (ω ≤ +∞) íåêîëèâíèõ ðîçâ'ÿçêiâ.

The question of the existence and asymptotic of one class solutions disappearing under t ↑ ω
was studied in special cases for the second order di�erential equations, containing in the right part
the items sum with the non-linearity of di�erent types.

1. Âñòóï. Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëü-
íå ðiâíÿííÿ

y′′ =
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(y), (1.1)

äå αk ∈ {−1; 1} (k = 1,m), pk : [a, ω[−→
]0, +∞[ (k = 1, m)- íåïåðåðâíî äèôåðåíöi-
éîâíi ôóíêöi¨, rk : [a, ω[−→ R (k = 1,m)-
íåïåðåðâíi ôóíêöi¨, ùî çàäîâîëüíÿþòü óìî-
âè

lim
t↑ω

rk(t) = 0, k = 1,m, (1.2)

−∞ < a < ω ≤ +∞, à ϕk :]0, y0] −→]0, +∞[
(k = 1,m; 0 < y0 < +∞)- äâi÷i íåïåðåðâíî
äèôåðåíöiéîâíi ôóíêöi¨ òàêi, ùî

lim
y↓0

ϕk(y) = ϕ0
k > 0, k = 1,m1,

1 (1.3)

lim
y↓0

ϕk(y) =

{
àáî 0,
àáî +∞,

k = m1 + 1,m,

(1.4)
ïðè÷îìó

ϕ′k(y) 6= 0 ïðè y ∈]0, y0],

lim
y↓0

yϕ′′k(y)

ϕ′k(y)
= σk = const,

(1.5)

ÿêùî k ∈ {1, . . . , m} é âiäìiííå âiä òèõ k ∈
{1, . . . , m1}, äëÿ ÿêèõ ϕk(y) ≡ ϕ0

k > 0.
1Òóò i íèæ÷å ââàæà¹ìî, ùî m1 = 0 (m1 = m), ÿêùî âèêî-

íó¹òüñÿ òiëüêè óìîâà (1.4) (òiëüêè óìîâà (1.3)).

Ïîêëàäåìî

πω(t) =

{
t, ÿêùî ω = +∞,

t− ω, ÿêùî ω < +∞
è ââåäåìî íàñòóïíå

Îçíà÷åííÿ 1.1. Ðîçâ'ÿçîê y : [t0, ω[−→
]0, y0] (t0 ∈ [a, ω[) ðiâíÿííÿ (1.1) áóäåìî íà-
çèâàòè Ï0

ω(µ0)- ðîçâ'ÿçêîì, äå −∞ ≤ µ0 ≤
+∞, ÿêùî âií çàäîâîëüíÿ¹ íàñòóïíi òðè
óìîâè:

1) lim
t↑ω

y(t) = 0;

2) y′(t) < 0 ïðè t ∈ [t0, ω[,

lim
t↑ω

y′(t) =

{
àáî 0,
àáî −∞;

3) lim
t↑ω

πω(t)y′′(t)
y′(t)

= µ0, ïðè÷îìó

lim
t↑ω

y′′(t)y(t)

[y′(t)]2
= 1, ÿêùî µ0 = ±∞.

Ó ïðàöi [1] äëÿ êîæíîãî ç ìîæëèâèõ çíà-
÷åíü µ0 i êîæíîãî i ∈ {1, . . . , m} âêàçà-
íî óìîâè, ïðè âèêîíàííi ÿêèõ áóäü-ÿêèé
Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1) ìà¹ âëàñòè-
âiñòü

lim
t↑ω

pj(t)ϕj(y(t))

pi(t)ϕi(y(t))
= 0 ïðè âñiõ j 6= i. (1.6)
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Ïèòàííÿ ïðî iñíóâàííÿ òà àñèìïòîòèêó
Ï0

ω(µ0)- ðîçâ'ÿçêiâ ðiâíÿííÿ (1.1) ç'ÿñîâàíî
â [1] ïîâíiñòþ ó âèïàäêó, êîëè m1 ≥ 1 é
óìîâè (1.6) âèêîíóþòüñÿ ïðè i ∈ {1, . . . , m1}.
Âèïàäîê, êîëè m1 < m é óìîâè (1.6) âèêî-
íóþòüñÿ ïðè i ∈ {m1 + 1, . . . , m} äîñëiäæå-
íèé â [1] ëèøå äëÿ Ï0

ω(µ0)- ðîçâ'ÿçêiâ, â ÿêèõ
µ0 ∈ R\{0,−1}. Íàéáiëüø ñêëàäíèì äëÿ äî-
ñëiäæåííÿ Ï0

ω(µ0)- ðîçâ'ÿçêàì çi çíà÷åííÿìè
µ0 = ±∞, µ0 = −1 i µ0 = 0 ïðèñâÿ÷åíà äàíà
ðîáîòà.

Ïðè m1 < m óâåäåìî äëÿ êîæíîãî i ∈
{m1 + 1, . . . , m} äîïîìiæíi ôóíêöi¨

Φi(y) =

y∫

Bi

dz

ϕi(z)
,

Ii1(t) =

t∫

Ai1

pi(s) ds, Qi1(t) =

t∫

A′i1

Ii1(s) ds,

Ii2(t) =

t∫

Ai2

πω(s)pi(s) ds, Qi2(t) =

t∫

A′i2

pi(s) ds

Ii2(s)
,

äå

Bi =





y0, ÿêùî
y0∫
0

dz
ϕi(z)

= +∞,

0, ÿêùî
y0∫
0

dz
ϕi(z)

< +∞,

à êîæíà ç ãðàíèöü iíòåãðóâàííÿ
Ai1, Ai2, A

′
i1 (A′

i2) äîðiâíþ¹ a (áóäü-ÿêîìó
çíà÷åííþ b ç ïðîìiæêà ]a, ω[), ÿêùî âiä-
ïîâiäíèé öüîìó çíà÷åííþ iíòåãðàë ïðÿìó¹
äî íåñêií÷åííîñòi ïðè t ↑ ω, i äîðiâíþ¹ ω-
ó ïðîòèëåæíîìó âèïàäêó. Ïðè öüîìó çà-
çíà÷èìî, ùî äëÿ ôóíêöi¨ Φi iñíó¹ îáåðíåíà
ôóíêöiÿ Φ−1

i , ùî âèçíà÷åíà íà ïðîìiæêó
] − ∞, 0], ÿêùî Bi = y0, àáî íà ïðîìiæêó
]0, bi], äå bi =

∫ y0

0
dz

ϕi(z)
, ÿêùî Bi = 0,

ïðè÷îìó äëÿ íèõ

lim
y↓0

Φi(y) = +∞, lim
z→−∞

Φ−1
i (z) = 0

ïðè Bi = y0 i

lim
y↓0

Φi(y) = 0, lim
z↓0

Φ−1
i (z) = 0

ïðè Bi = 0. ßêùî, êðiì òîãî, σi 6= 0, òî ç
îãëÿäó íà óìîâè (1.4),(1.5), íåâàæêî ïåðå-
âiðèòè, âèêîðèñòîâóþ÷è ïðàâèëî Ëîïiòàëÿ,
ùî ìà¹ ìiñöå àñèìïòîòè÷íå ñïiââiäíîøåííÿ

Φi(y) = − y

σiϕi(y)
[1 + o(1)] ïðè y ↓ 0. (1.7)

Íèæ÷å áóäå âñòàíîâëåíî, ùî äëÿ ðiâíÿí-
íÿ (1.1) ñïðàâåäëèâi íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 1.1. Íåõàé m1 < m i äëÿ äåÿêî-
ãî i ∈ {m1 +1, . . . , m} âèêîíóþòüñÿ íåðiâíî-
ñòi σi < −1,

σj > σi ïðè j = m1 + 1,m (j 6= i), (1.8)

à òàêîæ ïðè j = 1,m (j 6= i) óìîâè

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< +∞. (1.9)

Òîäi äëÿ iñíóâàííÿ â ðiâíÿííÿ (1.1)
Ï0

ω(±∞)- ðîçâ'ÿçêiâ íåîáõiäíî é äîñòà-
òíüî, ùîá

sign πω(t) = ∓1 (âiäïîâiäíî), (1.10)

Ii1(t) < 0 ïðè t ∈]a, ω[, 2 αi = 1 (1.11)

i
lim
t↑ω

I2
i1(t)

pi(t)Qi1(t)
= 1. (1.12)

Áiëüø òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó
ìàþòü ìiñöå ïðè t ↑ ω àñèìïòîòè÷íi çî-
áðàæåííÿ

y(t)

ϕ(y(t))
=

σ2
i I

2
i1(t)

pi(t)
[1 + o(1)], (1.13)

y′(t)
y(t)

= − pi(t)

σiIi1(t)
[1 + o(1)]. (1.14)

Òåîðåìà 1.2. Íåõàé m1 < m i äëÿ äåÿêî-
ãî i ∈ {m1 + 1, . . . , m} âèêîíóþòüñÿ óìîâè
σi 6= 0 i

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< 0 (1.15)

ïðè j = 1,m (j 6= i). Òîäi äëÿ iñíóâàííÿ â
ðiâíÿííÿ (1.1) Ï0

ω(−1)- ðîçâ'ÿçêiâ íåîáõiäíî
2Ïðè ω = +∞ ââàæà¹ìî, ùî a > 0.
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é äîñèòü, ùîá ïðè t ∈]a, ω[ ñïðàâäæóâàëèñü
íåðiâíîñòi

αiπω(t) > 0, σiπω(t)Ii2(t) > 0 (1.16)

i
lim
t↑ω

πω(t)I ′i2(t)
Ii2(t)

= 0, (1.17)

lim
t↑ω

I ′i2(t)
Ii2(t)Qi2(t)

= −1. (1.18)

Áiëüø òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó
ìàþòü ìiñöå ïðè t ↑ ω àñèìïòîòè÷íi çî-
áðàæåííÿ

y(t)

ϕi(y(t))
= αiσiIi2(t)[1 + o(1)], (1.19)

y′(t)
y(t)

= − 1

σi

I ′i2(t)
Ii2(t)

[1 + o(1)]. (1.20)

Òåîðåìà 1.3. Ðiâíÿííÿ (1.1) íå ìà¹
Ï0

ω(0)- ðîçâ'ÿçêiâ ïðè ω = +∞.
Òåîðåìà 1.4. Íåõàé ω < +∞, m1 < m i

äëÿ äåÿêîãî i ∈ {m1+1, . . . , m} âèêîíóþòüñÿ
ïðè j = 1,m1 (ÿêùî m1 ≥ 1) óìîâè

lim
t↑ω

(ω−t)

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< −(1+σi), (1.21)

à ïðè j = m1 + 1,m, âiäìiíèõ âiä i, óìîâè

lim
t↑ω

(ω − t)

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< σj − σi. (1.22)

Íåõàé, êðiì òîãî, σi 6= 0 i ôóíêöiÿ ψi(y) =
ϕi(y)

y1+σi
òàêà, ùî äëÿ áóäü-ÿêî¨ íåïåðåðâíî äè-

ôåðåíöiéîâíî¨ ôóíêöi¨ L :]0, t0] −→]0, +∞[,
ùî çàäîâîëüíÿ¹ óìîâó

lim
t↑ω

(ω − t)L′(t)
L(t)

= 0, (1.23)

ìà¹ ìiñöå ïðè t ↑ ω ñïiââiäíîøåííÿ

ψi((ω − t)L(t)) = ψi(ω − t)[1 + o(1)]. (1.24)

Òîäi äëÿ iñíóâàííÿ â ðiâíÿííÿ (1.1) Ï0
ω(0)-

ðîçâ'ÿçêiâ íåîáõiäíî é äîñèòü, ùîá

αiσiIi3(t) > 0 ïðè t ∈]a′, ω[, (1.25)

i
lim
t↑ω

(ω − t)I ′i3(t)
Ii3(t)

= 0, (1.26)

äå a′ = max{a, ω − y0},

Ii3(t) =

t∫

Ai3

pi(τ)(ω − τ)1+σiψi(ω − τ) dτ,

Ai3 = a′, ÿêùî
ω∫

a′

pi(τ)(ω − τ)1+σiψi(ω − τ) dτ = +∞,

i Ai3 = ω - ó ïðîòèëåæíîìó âèïàäêó. Áiëüø
òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó ìà¹ ìi-
ñöå ïðè t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ

y(t) = (ω − t) |σi Ii3(t)|−
1
σi [1 + o(1)], (1.27)

y′(t) = − |σi Ii3(t)|−
1
σi [1 + o(1)]. (1.28)

Ïðè äîâåäåííi öèõ òåîðåì áóäóòü âèêîðè-
ñòîâóâàòèñÿ íèæ÷åïîäàíi äîïîìiæíi òâåð-
äæåííÿ, ùî áóëè îòðèìàíi â [1].

Ëåìà 1.1. ßêùî m1 < m i k ∈ {m1 +
1, . . . , m}, òî

lim
y↓0

yϕ′k(y)

ϕk(y)
= 1 + σk.

ßêùî æ m1 ≥ 1, k ∈ {1, . . . ,m1} é âiäìiííî
âiä òèõ, äëÿ ÿêèõ ϕk(y) ≡ ϕ0

k > 0, òî

σk ≥ −1 i lim
y↓0

yϕ′k(y) = 0.

Ëåìà 1.2. Íåõàé y : [t0, ω[−→]0, y0]-
Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1). Òîäi

lim
t↑ω

πω(t)y′(t)
y(t)

= µ0 + 1 ïðè |µ0| < +∞

i

lim
t↑ω

πω(t)y′(t)
y(t)

= ±∞ ïðè µ0 = ±∞.

Áiëüø òîãî, ÿêùî |µ0| < +∞, òî ñïðàâ-
äæó¹òüñÿ íåðiâíiñòü (µ0 + 1)πω(t) ≤ 0 ïðè
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t ∈ [a, ω[, à ÿêùî µ0 = +∞ (µ0 = −∞), òî
ω < +∞ (ω = +∞).

Ëåìà 1.3. Íåõàé |µ0| < +∞, m1 < m i
äëÿ äåÿêîãî i ∈ {m1+1, . . . , m} âèêîíóþòüñÿ
óìîâè

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< −(1 + σi)|1 + µ0|

ïðè j = 1,m1 (ÿêùî m1 ≥ 1),

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< (σj − σi)|1 + µ0|

ïðè j = m1 + 1,m (j 6= i).

Òîäi äëÿ êîæíîãî Ï0
ω(µ0)- ðîçâ'ÿçêó ðiâíÿí-

íÿ (1.1) ìàþòü ìiñöå ãðàíè÷íi ñïiââiäíîøå-
ííÿ (1.6).

Ëåìà 1.4. Íåõàé m1 < m i äëÿ äåÿêîãî
i ∈ {m1 + 1, . . . , m} ñïðàâäæóþòüñÿ íåðiâ-
íîñòi σi < −1, (1.8) i (1.9). Òîäi äëÿ êîæíî-
ãî Ï0

ω(±∞)- ðîçâ'ÿçêó ðiâíÿííÿ (1.1) ìàþòü
ìiñöå ãðàíè÷íi ñïiââiäíîøåííÿ (1.6).

2. Äîâåäåííÿ òåîðåì.
Äîâåäåííÿ òåîðåìè 1.1. Íåîáõiä-

íiñòü. Íåõàé y : [t0, ω[−→]0, y0]- äîâiëüíèé
Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1), äå µ0 äî-
ðiâíþ¹ àáî +∞, àáî −∞. Òîäi, çãiäíî ç ëå-
ìîþ 1.2, ω = +∞ ïðè µ0 = +∞ i ω < +∞
ïðè µ0 = −∞, òîáòî âèêîíó¹òüñÿ óìîâà
(1.10). Íà ïiäñòàâi íåðiâíîñòåé σi < −1, (1.8)
i (1.9) ç ëåìè 1.4 âèïëèâà¹, ùî äëÿ äàíîãî
ðîçâ'ÿçêó ìàþòü ìiñöå ãðàíè÷íi ñïiââiäíî-
øåííÿ (1.6). Òîìó, âðàõîâóþ÷è (1.1), îòðè-
ìà¹ìî ïðè t ↑ ω àñèìïòîòè÷íå çîáðàæåííÿ

y′′(t) = αipi(t)ϕi(y(t))[1 + o(1)]. (2.1)

Çâiäñè, çãiäíî ç îçíà÷åííÿì Ï0
ω(±∞)-

ðîçâ'ÿçêó, à òàêîæ íåðiâíîñòÿìè pi(t) > 0
ïðè t ∈ [a, ω[ i ϕi(y) > 0 ïðè y ∈]0, y0], áó-
äåìî ìàòè, ùî αi > 0, òîáòî ñïðàâäæó¹òüñÿ
äðóãà ç óìîâ (1.11). Êðiì òîãî, âçÿâøè äî
óâàãè îçíà÷åííÿ Ï0

ω(±∞)-ðîçâ'ÿçêó é ëåìó
1.1, ïîìi÷à¹ìî, ùî
(

y′(t)
ϕi(y(t))

)′
=

y′′(t)
ϕi(y(t)

[
1− [y′(t)]2

y′′(t)y(t)
×

× y(t)ϕ′i(y(t))

ϕi(y(t))

]
∼ −σi

y′′(t)
ϕi(y(t))

ïðè t ↑ ω.

Îòæå (2.1) ìîæå áóòè ïåðåïèñàíî ó âèãëÿäi
(

y′(t)
ϕi(y(t))

)′
= −σipi(t)[1+o(1)] ïðè t ↑ ω,

çâiäêè â ðåçóëüòàòi iíòåãðóâàííÿ íà ïðîìiæ-
êó âiä t0 äî t (t ∈]t0, ω[) îäåðæèìî, ùî ïðè
t ↑ ω

y′(t)
ϕi(y(t))

= −σiIi1(t)[1 + o(1)] (2.2)

ÿêùî â Ii1 ãðàíèöÿ iíòåãðóâàííÿ Ai1 = a, i -
y′(t)

ϕi(y(t))
= ci − σiIi1(t)[1 + o(1)] (2.3)

äå ci- äåÿêà ñòàëà, ÿêùî Ai1 = ω. Ïîêàæåìî,
ùî â (2.3) ci = 0. Äiéñíî, ó ïðîòèëåæíîìó
âèïàäêó (2.3) ìîæå áóòè çàïèñàíèì ó âèãëÿ-
äi

y′(t)
ϕi(y(t))

= ci + o(1) ïðè t ↑ ω,

ÿêèé iç óðàõóâàííÿì (2.1) i αi > 0 ïðèâîäèòü
äî ñïiââiäíîøåííÿ

y′′(t)
y′(t)

= pi(t)

[
1

ci

+ o(1)

]
ïðè t ↑ ω.

Iíòåãðóþ÷è éîãî íà ïðîìiæêó âiä t0 äî t,
îäåðæèìî

ln |y′(t)| = c + Ii1(t)

[
1

ci

+ o(1)

]
ïðè t ↑ ω,

äå c � äåÿêà ñòàëà. Îäíàê öüîãî áóòè íå ìî-
æå, îñêiëüêè âèðàç, ùî ñòî¨òü ëiâîðó÷, çãi-
äíî ç äðóãîþ ç óìîâ îçíà÷åííÿ Ï0

ω(±∞)-
ðîçâ'ÿçêó, ìà¹ íåñêií÷åííó ãðàíèöþ ïðè t ↑
ω, à ïðàâîðó÷ íà ïiäñòàâi óìîâè Ai1 = ω �
ñêií÷åííó.

Òàêèì ÷èíîì, ïðè êîæíîìó ç äâîõ çíà-
÷åíü, ÿêi ìîæå íàáóâàòè Ai1, ìà¹ ìiñöå ïðè
t ↑ ω çîáðàæåííÿ (2.2). Çâiäñè ç óðàõóâàí-
íÿì íåðiâíîñòi σi < −1 âèïëèâà¹ ïåðøà ç
óìîâ (1.11) i àñèìïòîòè÷íå ñïiââiäíîøåííÿ
Φi(y(t)) = −σiQi1(t)[1 + o(1)] ïðè t ↑ ω,

ÿêå, çãiäíî ç (1.7), ìîæå áóòè ïåðåïèñàíå ó
âèãëÿäi

y(t)

ϕi(y(t))
= σ2

i Qi1(t)[1+ o(1)] ïðè t ↑ ω. (2.4)
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Îñêiëüêè

[y′(t)]2

y′′(t)y(t)
=

(
y′(t)

ϕi(y(t))

)2
ϕi(y(t))

y′′(t)
ϕi(y(t))

y(t)

i ìàþòü ìiñöå àñèìïòîòè÷íi ñïiââiäíîøåííÿ
(2.1), äå αi = 1, (2.2) i (2.4), òî

[y′(t)]2

y′′(t)y(t)
=

I2
i1(t)

pi(t)Qi1(t)
[1 + o(1)] ïðè t ↑ ω.

Òîìó, áåðó÷è äî óâàãè òðåòþ ç óìîâ îçíà÷å-
ííÿ Ïω(±∞)- ðîçâ'ÿçêó, îäåðæèìî (1.12), ç
óðàõóâàííÿì ÿêîãî ç (2.2) i (2.4) âèïëèâàþòü
àñèìïòîòè÷íi çîáðàæåííÿ (1.13) i (1.14).

Äîñòàòíiñòü. Íåõàé m1 < m i ïðè äå-
ÿêîìó i ∈ {m1 +1, . . . , m} âèêîíóþòüñÿ óìî-
âè σi < −1 i (1.8)-(1.12). Ïîêàæåìî, ùî â
öüîìó âèïàäêó â ðiâíÿííÿ (1.1) iñíó¹ õî÷à á
îäèí âèçíà÷åíèé ó äåÿêîìó ëiâîìó îêîëi ω
ðîçâ'ÿçîê, äëÿ ÿêîãî ìàþòü ìiñöå ïðè t ↑ ω
àñèìïòîòè÷íi çîáðàæåííÿ (1.13), (1.14).

Îñêiëüêè σi < −1 i, âiäïîâiäíî äî ëå-
ìè 1.1, lim

y↓0
yϕ′i(y)

ϕi(y)
= 1 + σi, òî ó ôóíêöi¨ Φi

ãðàíèöÿ iíòåãðóâàííÿ Bi = 0. Êðiì òîãî, ç
(1.12), ïåðøî¨ ç óìîâ (1.11) òà ïðàâèëà âèáî-
ðó ãðàíèöü iíòåãðóâàííÿ Ai1, A′

i1 âèïëèâà¹,
ùî Ai1 = A′

i1 = ω, ôóíêöiÿ Qi1 äîäàòíà íà
ïðîìiæêó ]a, ω[ i çàäîâîëüíÿ¹ óìîâè

lim
t↑ω

Qi1(t) = 0, lim
t↑ω

|πω(t)Ii1(t)|
Qi1(t)

= +∞. (2.5)

Âðàõîâóþ÷è ïåðøå ç öèõ ãðàíè÷íèõ ñïiââiä-
íîøåíü, ïiäáåðåìî ÷èñëî t1 ∈]a, ω[ òàêèì,
ùîá ïðè t ∈ [t1, ω[ ñïðàâäæóâàëàñü íåðiâ-
íiñòü −3σiQi1(t) < 2bi, äå bi =

∫ y0

0
dz

ϕi(z)
.

Òåïåð ðiâíÿííÿ (1.1) çà äîïîìîãîþ ïåðå-
òâîðåííÿ

Φi(y(t)) = −σiQi1(t)[1 + v1(x)],

y′(t)
y(t)

= − Ii1(t)

σiQi1(t)
[1 + v2(x)],

(2.5)

äå
x = − ln Qi1(t), (2.6)

çâåäåìî äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-

íÿíü



v′1 = 1 + v1 − 1 + v2

σ2
i Qi1(t)

· Yi(t, v1)

ϕi(Yi(t, v1)
,

(2.7)

v′2 = (1 + v2)

(
qi(t)− 1 + σi

σi

− v2

σi

)
+

+

σiQ
2
i1(t)

m∑
k=1

αkpk(t)[1 + rk(t)]ϕk(Yi(t, v1))

I2
i1(t)Yi(t, v1)

,

â ÿêié
qi(t) =

pi(t)Qi1(t)

I2
i1(t)

,

Yi(t, v1) = Φ−1
i (−σiQi1(t)(1 + v1)) ,

Φ−1
i - ôóíêöiÿ, ùî îáåðíåíà äî Φi, t- ôóíêöiÿ,

ùî îáåðíåíà äî x = − ln Qi1(t).
Òóò íà ïiäñòàâi (1.12)

lim
t↑ω

qi(t) = 1, (2.8)

à â ñèëó çàçíà÷åíîãî âèùå âèáîðó ÷èñëà
t1 ∈]a, ω[ ôóíêöiÿ Yi : [t1, ω[×D1 −→]0, y0], äå
D1 =

{
v1 ∈ R : |v1| ≤ 1

2

}
, ¹ äâi÷i íåïåðåðâíî

äèôåðåíöiéîâíîþ, ïðè÷îìó çãiäíî ç ïåðøîþ
iç óìîâ (2.5) i âëàñòèâiñòþ Φ−1

i

lim
t↑ω

Yi(t, v1) = 0 ðiâíîìiðíî çà v1 ∈ D1. (2.9)

Ç (1.3)-(1.5) i ëåìè 1.1 ç óðàõóâàííÿì (2.9)
âèïëèâà¹, ùî ðiâíîìiðíî çà v1 ∈ D1 ïðè âñiõ
k ∈ {1, . . . ,m}, äëÿ ÿêèõ ϕ′k(y) 6= 0 íà ïðî-
ìiæêó ]0, y0],

lim
t↑ω

Yi(t, v1)ϕ
′′
k(Yi(t, v1))

ϕ′k(Yi(t, v1))
= σk, (2.10)

ïðè k = 1,m1

lim
t↑ω

ϕk(Yi(t, v1)) = ϕ0
k 6= 0,

lim
t↑ω

Yi(t, v1)ϕ
′
k(Yi(t, v1)) = 0,

(2.11)

i ïðè k = m1 + 1,m

lim
t↑ω

ϕk(Yi(t, v1)) =

{
àáî 0,
àáî +∞,

lim
t↑ω

Yi(t, v1)ϕ
′
k(Yi(t, v1))

ϕk(Yi(t, v1))
= 1 + σk.

(2.12)
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Îñêiëüêè σi 6= 0, âèêîíóþòüñÿ óìîâè (2.12) i
ïðè (t, v1) ∈ [t1, ω[×D1

∂Yi(t, v1)

∂t
= −σiIi1(t)ϕi(Yi(t, v1))(1+v1), (2.13)

òî, çàñòîñîâóþ÷è ïðàâèëî Ëîïiòàëÿ ó ôîðìi
Øòîëüöÿ [2, ñòîð. 115], ïðè êîæíîìó ôiêñî-
âàíîìó v1 ∈ D1 îäåðæèìî

lim
t↑ω

Yi(t, v1)

ϕi(Yi(t, v1))Qi1(t)
=

= lim
t↑ω

Y ′i (t,v1)

ϕi(Yi(t,v1))

(
1− Yi(t,v1)ϕ′i(Yi(t,v1))

ϕi(Yi(t,v1))

)

Ii1(t)
=

= σ2
i (1 + v1). (2.14)

Çãiäíî ç (2.13), (2.14) i äðóãîþ ç óìîâ (2.5),

lim
t↑ω

πω(t)Y ′
i (t, v1)

Yi(t, v1)
= ±∞ ïðè v1 ∈ D1.

Îòæå, âñòàíîâëåíî, ùî ôóíêöiÿ Yi ïðè áóäü-
ÿêîìó v1 ∈ D1 ìà¹ óñi âëàñòèâîñòi Ï0

ω(±∞)-
ðîçâ'ÿçêó ðiâíÿííÿ (1.1), ÿêi áóëè âèêîðè-
ñòàíi â [1] ïðè äîâåäåíi ëåìè 1.4. Òîìó äëÿ
áóäü-ÿêîãî v1 ∈ D1

lim
t↑ω

pk(t)ϕk(Yi(t, v1))

pi(t)ϕi(Yi(t, v1))
= 0 ïðè k 6= i. (2.15)

ßêùî æ óðàõóâàòè óìîâè σi < −1, (1.8) é
ëåìó 1.1, òî ç âèêîðèñòàííÿì ðiâíîñòi

(
ϕk(y)

ϕi(y)

)′
=

ϕk(y)

yϕi(y)

[
yϕ′k(y)

ϕk(y)
− yϕ′i(y)

ϕi(y)

]

íåâàæêî çðîçóìiòè, ùî (2.15) ñïðàâäæó¹-
òüñÿ ðiâíîìiðíî çà v1 ∈ D1.

Êðiì òîãî, ç ðiâíîñòi
(

ϕi(y)

y

)′
=

ϕi(y)

y2

(
yϕ′i(y)

ϕi(y)
− 1

)

é óìîâè lim
y↓0

yϕ′i(y)

ϕi(y)
= 1 + σi < 0 âèïëèâà¹, ùî

ôóíêöiÿ ϕi(y)
y

â äåÿêîìó ïðàâîìó îêîëi íóëÿ
¹ ñïàäíîþ. Òîìó, âiäïîâiäíî äî (2.9), ìîæíà
ïiäiáðàòè ÷èñëî t2 ∈ [t1, ω[ òàêèì, ùîá ïðè
(t, v1) ∈ [t2, ω[×D1 âèêîíóâàëàñü íåðiâíiñòü

ϕi(Yi(t, v1))

Yi(t, v1)
≤ ϕi

(
Yi

(
t,−1

2

))

Yi

(
t,−1

2

) . (2.16)

Ðîçêëàäàþ÷è òåïåð ïðè êîæíîìó ôi-
êñîâàíîìó t ∈ [t1, ω[ ôóíêöi¨ Yi(t,v1)

ϕi(Yi(t,v1))
i

ϕk(Yi(t,v1))
Yi(t,v1)

(k = 1, . . . , m) çà ôîðìóëîþ Òåéëî-
ðà iç çàëèøêîâèì ÷ëåíîì ó ôîðìi Ëàãðàíæà
â îêîëi v1 = 0 äî äðóãîãî ïîðÿäêó âêëþ÷íî,
ïåðåïèøåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü (2.7) ó âèãëÿäi

v′j = fj(x) +
2∑

k=1

cjk(x)vk + Vj(x, v1, v2),

j = 1, 2, (2.17)

äå

f1(x(t)) = 1− Yi(t, 0)

σ2
i Qi1(t)ϕi(Yi(t, 0))

, f2(x(t)) =

= −σi + 1

σi

+ qi(t)

[
1 +

σiQi1(t)ϕi(Yi(t, 0))

Yi(t, 0)
×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(Yi(t, 0))

pi(t)ϕi(Yi(t, 0))

]
,

c11(x) = 1− f1(x)

σi

, c12(x) = −1− f1(x),

c21(x(t)) = qi(t)

[
σiQi1(t)ϕi(Yi(t, 0))

Yi(t, 0)

]2

×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(Yi(t, 0))

pi(t)ϕi(Yi(t, 0))
×

×
[
1− Yi(t, 0)ϕ′k(Yi(t, 0))

ϕk(Yi(t, 0))

]
, c22(x(t)) =

= qi(t)− 2 + σi

σi

, V1(x(t), v1, v2) =

=
1

σi

[
1− Yi(t, 0)ϕ′i(Yi(t, 0))

ϕi(Yi(t, 0))

]
v1v2−

−
[
Yi(t, ξ)ϕ

′
i(Yi(t, ξ))

ϕi(Yi(t, ξ))
+

Y 2
i (t, ξ)ϕ′′i (Yi(t, ξ))

ϕi(Yi(t, ξ))
−

− Y 2
i (t, ξ)[ϕ′i(Yi(t, ξ))]

2

ϕ2
i (Yi(t, ξ))

]
Qi1(t)ϕi(Yi(t, ξ))

2Yi(t, ξ)
×

×(1 + v2)v
2
1, V2(x(t), v1, v2) =

σ3
i qi(t)

2
×

×Q3
i1(t)

m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(Yi(t, ξk))

pi(t)ϕi(Yi(t, ξk))
×
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×
[
ϕi(Yi(t, ξk))

Yi(t, ξk)

]3 [
Y 2

i (t, ξk)ϕ
′′
k(Yi(t, ξk))

ϕk(Yi(t, ξk))
−

− Y 2
i (t, ξk)ϕ

′
i(Yi(t, ξk))ϕ

′
k(Yi(t, ξk))

ϕi(Yi(t, ξk))ϕk(Yi(t, ξk))
+

+
Yi(t, ξk)ϕ

′
i(Yi(t, ξk))

ϕi(Yi(t, ξk))
− 2 +

+
2Yi(t, ξk)ϕ

′
k(Yi(t, ξk))

ϕk(Yi(t, ξk))

]
v2

1 −
v2

2

σi

,

ξ = ξ(t, v1) i ξk = ξk(t, v1) (k = 1, . . . , m) òàêi,
ùî |ξ(t, v1)| < |v1|, |ξk(t, v1)| < |v1| (k =
1, . . . , m) ïðè (t, v1) ∈ [t2, ω[×D1.

Ç îãëÿäó íà ãðàíèöi (2.10)-(2.12) i (2.15),
ÿêi ìàþòü ìiñöå ðiâíîìiðíî çà v1 ∈ D1, à
òàêîæ (2.16), ïîìi÷à¹ìî, ùî

Vi(x, v1, v2)

|v1|+ |v2| −→ 0 (i = 1, 2) ïðè

|v1|+ |v2| → 0 ðiâíîìiðíî çà x ∈ [x0, +∞[,

äå x0 = − ln Qi1(t2). Êðiì òîãî, çâàæàþ÷è íà
(2.5), (2.6), (2.8), (2.11), (2.12), (2.14) i (2.15),
áóäåìî ìàòè

lim
x→+∞

fi(x) = 0 (i = 1, 2),

lim
x→+∞

c11(x) = 1, lim
x→+∞

c12(x) = −1,

lim
x→+∞

c21(x) = − 1

σi

, lim
x→+∞

c22(x) = −1 + σi

σi

.

Ïðè öüîìó çðîçóìiëî, ùî ãðàíè÷íà ìàòðèöÿ
êîåôiöi¹íòiâ ëiíiéíî¨ ÷àñòèíè ñèñòåìè (2.17)
íå ìà¹ âëàñíèõ çíà÷åíü iç íóëüîâîþ äiéñíîþ
÷àñòèíîþ.

Â ñèëó çàçíà÷åíèõ âèùå óìîâ, ñèñòåìà
äèôåðåíöiàëüíèõ ðiâíÿíü (2.17) ìà¹ íà ïiä-
ñòàâi òåîðåìè 2.1 ïðàöi [3] õî÷à á îäèí çíèêà-
þ÷èé â +∞ ðîçâ'ÿçîê vi : [x1, +∞[−→ R (i =
1, 2), äå x1 ∈ [x0, +∞[. Éîìó ç óðàõóâàííÿì
ïåðåòâîðåíü (2.5), (2.6) âiäïîâiäà¹ ðîçâ'ÿçîê
äèôåðåíöiàëüíîãî ðiâíÿííÿ (1.1), ÿêèé äî-
ïóñêà¹ ïðè t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ

Φi(y(t)) = −σiQi1(t)[1 + o(1)],

y′(t)
y(t)

= − Ii1(t)

σiQi1(t)
[1 + o(1)].

Îñêiëüêè òóò lim
t↑ω

y(t) = 0, òî ÷åðåç (1.7) i
(1.12) öi çîáðàæåííÿ ìîæóòü áóòè ïåðåïè-
ñàíi ó âèãëÿäi (1.13), (1.14). Âèêîðèñòîâóþ-
÷è ¨õ i (1.1), äîõîäèìî âèñíîâêó, ùî äàíèé
ðîçâ'ÿçîê ðiâíÿííÿ (1.1) íàëåæèòü äî êëàñó
Ï0

ω(±∞)- ðîçâ'ÿçêiâ. Òåîðåìó ïîâíiñòþ äî-
âåäåíî.

Äîâåäåííÿ òåîðåìè 1.2. Íåîáõiä-
íiñòü. Íåõàé m1 < m i äëÿ äåÿêîãî i ∈
{m1 + 1, . . . ,m} âèêîíóþòüñÿ óìîâè σi 6= 0
i (1.15) ïðè j = 1, m (j 6= i). Ïðèïóñòèìî,
ùî â öüîìó âèïàäêó äèôåðåíöiàëüíå ðiâíÿ-
ííÿ (1.1) ìà¹ Ï0

ω(−1)- ðîçâ'ÿçîê y : [t0, ω[−→
]0, y0]. Òîäi, âiäïîâiäíî äî ëåìè 1.3, ìàþòü
ìiñöå (1.6), ç óðàõóâàííÿì ÿêèõ ç (1.1) âè-
ïëèâà¹ àñèìïòîòè÷íå ñïiââiäíîøåííÿ (2.1).
Çâiäñè, âçÿâøè äî óâàãè óìîâó 3) îçíà÷åííÿ
Ïω(−1)- ðîçâ'ÿçêó, ïðè t ↑ ω îäåðæèìî

y′(t)
ϕi(y(t))

= −αipi(t)πω(t)[1 + o(1)]. (2.18)

Îñêiëüêè y′(t) < 0, ϕi(y(t)) > 0 i pi(t) > 0
ïðè t ∈ [t0, ω[, òî ç öüîãî ñïiââiäíîøåííÿ âè-
ïëèâà¹, ùî ñïðàâäæó¹òüñÿ ïåðøà ç íåðiâíî-
ñòåé (1.16). Êðiì òîãî, iíòåãðóþ÷è (2.18) íà
ïðîìiæêó âiä t0 äî t (t ∈ [t0, ω[) i âðàõîâóþ-
÷è îçíà÷åííÿ Ï0

ω(−1)- ðîçâ'ÿçêó, çíàõîäèìî,
ùî ïðè t ↑ ω

Φi(y(t)) = −αiIi2(t)[1 + o(1)]. (2.19)

Çâiäñè ç óðàõóâàííÿì (1.7) i óìîâè σi 6= 0
îäåðæó¹ìî ïðè t ↑ ω àñèìïòîòè÷íå ñïiâ-
âiäíîøåííÿ (1.19). Ó ñâîþ ÷åðãó ç íüîãî
i (2.18) îòðèìó¹ìî àñèìïòîòè÷íå ñïiââiäíî-
øåííÿ (1.20) i äðóãó ç íåðiâíîñòåé (1.16).

Âiäïîâiäíî äî ëåìè 1.1, äëÿ ðîçãëÿíóòî-
ãî Ïω(−1)-ðîçâ'ÿçêó lim

t↑ω
πω(t)y′(t)

y(t)
= 0. Òîìó,

çãiäíî iç çîáðàæåííÿì (1.20), ñïðàâäæó¹òüñÿ
óìîâà (1.17).

Òåïåð, âðàõîâóþ÷è (2.1) i (1.19), îäåðæè-
ìî

y′′(t)
y(t)

=
pi(t)

σiIi2(t)
[1 + o(1)] ïðè t ↑ ω.

Îñêiëüêè òóò y′′
y

=
(

y′
y

)′
+

(
y′
y

)2

, òî, âèêîðè-
ñòîâóþ÷è àñèìïòîòè÷íå çîáðàæåííÿ (1.20) i
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óìîâó (1.17), çíàõîäèìî
(

y′(t)
y(t)

)′
=

pi(t)

σiIi2(t)

(
1 + o(1)− πω(t)I ′i2(t)

σiIi2(t)
×

×[1+o(1)]

)
=

pi(t)

σiIi2(t)
[1 + o(1)] ïðè t ↑ ω.

Çâiäñè ç óðàõóâàííÿì îçíà÷åííÿ Ïω(−1)-
ðîçâ'ÿçêó âèïëèâà¹, ùî

y′(t)
y(t)

=
Qi2(t)

σi

[1 + o(1)] ïðè t ↑ ω.

Ïîðiâíþþ÷è öå àñèìïòîòè÷íå ñïiââiäíîøåí-
íÿ ç àñèìïòîòè÷íèì ñïiââiäíîøåííÿì (1.20),
îäåðæèìî (1.18).

Äîñòàòíiñòü. Íåõàé m1 < m i äëÿ äå-
ÿêîãî i ∈ {m1 + 1, . . . , m} ïîðÿä iç íåðiâíî-
ñòÿìè σi 6= 0 i (1.15) ïðè j = 1,m (j 6= i)
âèêîíóþòüñÿ óìîâè (1.16)-(1.18). Ïîêàæåìî,
ùî â öüîìó âèïàäêó ðiâíÿííÿ (1.1) ìà¹ õî÷à
á îäèí âèçíà÷åíèé ó äåÿêîìó ëiâîìó îêîëi ω
äiéñíèé ðîçâ'ÿçîê, ÿêèé çàäîâîëüíÿ¹ ïðè t ↑
ω àñèìïòîòè÷íi çîáðàæåííÿ (1.19), (1.20).
Íàëåæíiñòü öüîãî ðîçâ'ÿçêó (ó âèïàäêó éîãî
iñíóâàííÿ) äî êëàñó Ï0

ω(−1)- ðîçâ'ÿçêiâ áåç-
ïîñåðåäíüî âèïëèâà¹ ç öèõ çîáðàæåíü, (1.1)
i âêàçàíèõ óìîâ.

Ðiâíÿííÿ (1.1) çà äîïîìîãîþ ïåðåòâîðåí-
íÿ

Φi(y(t)) = −αiIi2(t)[1 + v1(x)],

y′(t)
y(t)

=
1

σi

Qi2(t)[1 + v2(x)],

(2.20)

äå
x = β ln |Ii2(t)|, (2.21)

β =





1, ÿêùî lim
t↑ω

Ii2(t) = ±∞,

−1, ÿêùî lim
t↑ω

Ii2(t) = 0,

çâåäåìî äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü



v′1 = β

{
−1− v1 − αigi(t)Yi(t, v1)(1 + v2)

σiIi2(t)ϕi(Yi(t, v1))

}
,

(2.22)

v′2 =
β

hi(t)

{
−1− v2 − hi(t)gi(t)

σi

(1 + v2)
2+

+
σiIi2(t)

pi(t)

m∑

k=1

αkpk(t)[1 + rk(t)]
ϕk(Yi(t, v1))

Yi(t, v1)

}
,

â ÿêié

gi(t) =
Ii2(t)Qi2(t)

I ′i2(t)
, hi(t) = πω(t)Qi2(t),

Yi(t, v1) = Φ−1
i (−αiIi2(t)[1 + v1]) ,

Φ−1
i - ôóíêöiÿ, ùî îáåðíåíà äî Φi, t- ôóíêöiÿ,

ùî îáåðíåíà äî x = β ln |Ii2(t)|.
Âèáåðåìî, âðàõîâóþ÷è (1.16), ÷èñëî t1 ∈

[a, ω[ òàê, ùîá ïðè t ∈ [t1, ω[ ñïðàâäæóâà-
ëàñü íåðiâíiñòü αiIi2(t) > 0, ÿêùî σi > 0

i −3αiIi2(t) < 2
∫ +∞

y0

dz
ϕi(z)

, ÿêùî σi < 0.
Áåðó÷è äî óâàãè âëàñòèâîñòi ôóíêöié Φi i
Φ−1

i , çàçíà÷èìî, ùî ôóíêöiÿ Yi íà ìíîæèíi
[t1, ω[×D1, äå D1 = {v1 ∈ R : |v1| ≤ 1

2
}, íàáó-

âà¹ çíà÷åííÿ â ]0, y0], ¹ íåïåðåðâíî äèôåðåí-
öiéîâíîþ, ìà¹ íåïåðåðâíó ÷àñòèííó ïîõiäíó
äðóãîãî ïîðÿäêó çà çìiííîþ v1 i çàäîâîëüíÿ¹
óìîâó (2.9). Çãiäíî ç (2.9) i ëåìîþ 1.1 ïðè
âñiõ k ∈ {1, . . . , m}, äëÿ ÿêèõ ϕ′k(y) 6= 0 ïðè
y ∈]0, y0], ìàþòü ìiñöå ðiâíîìiðíî çà v1 ∈ D1

(2.10)-(2.12). ßêùî æ âðàõóâàòè, ùî

∂Yi(t, v1)

∂t
= −αiπω(t)pi(t)ϕi(Yi(t, v1))(1 + v1),

òî, âèêîðèñòîâóþ÷è ïðàâèëî Ëîïiòàëÿ ó
ôîðìi Øòîëüöÿ i (2.12) ïðè k = i, îäåðæèìî

lim
t↑ω

Yi(t, v1)

ϕi(Yi(t, v1))Ii2(t)
=

= lim
t↑ω

Y ′i (t,v1)

ϕi(Yi(t,v1))

(
1− Yi(t,v1)ϕ′i(Yi(t,v1))

ϕi(Yi(t,v1))

)

πω(t)pi(t)
=

= αiσi(1 + v1). (2.23)

Çâiäñè i ç ïîïåðåäíüîãî ñïiââiäíîøåííÿ íà
ïiäñòàâi (1.17) çíàõîäèìî, ùî

lim
t↑ω

πω(t)Y ′
i (t, v1)

Yi(t, v1)
= 0 ïðè áóäü-ÿêîìó v1 ∈ D1.

Îòæå, ôóíêöiÿ Yi ïðè êîæíîìó çíà÷åííi
v1 ∈ D1 ìà¹ âñi âëàñòèâîñòi Ï0

ω(−1)- ðîçâ'ÿç-
êó ðiâíÿííÿ (1.1), ùî áóëè âèêîðèñòàíi â
ïðàöi [1] ïðè äîâåäåííi ëåìè 1.3 (âèïàäîê
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µ0 = −1). Òîìó ïðè v1 ∈ D1 ìàþòü ìiñöå
óìîâè (1.6). Äàëi, òî÷íî â òàêèé æå ñïîñiá,
ÿê ïðè äîâåäåíi òåîðåìè 1.1, âñòàíîâëþ¹ìî,
ùî (1.6) âèêîíóþòüñÿ ðiâíîìiðíî çà v1 ∈ D1

i ïðè (t, v1) ∈ [t2, ω[×D1, äå t2- äåÿêå ÷èñëî ç
ïðîìiæêó [t1, ω[, ìà¹ ìiñöå íåðiâíiñòü

ϕi(Yi(t, v1))

Yi(t, v1)
≤ ϕi(Yi(t, v

0
1))

Yi(t, v0
1)

, (2.24)

â ÿêié

v0
1 =




−1

2
, ÿêùî σi > 0,

1
2
, ÿêùî σi < 0.

Êðiì òîãî, ó (2.22) âiäïîâiäíî äî (1.17) i
(1.18)

lim
t↑ω

gi(t) = −1, lim
t↑ω

hi(t) = 0. (2.25)

Ðîçêëàâøè òåïåð ïðè êîæíîìó ôiêñîâà-
íîìó t ∈ [t2, ω[ ôóíêöi¨ Yi(t,v1)

ϕi(Yi(t,v1))
i ϕk(Yi(t,v1))

Yi(t,v1)

(k = 1, . . . , m) çà ôîðìóëîþ Òåéëîðà ç çàëè-
øêîâèì ÷ëåíîì ó ôîðìi Ëàãðàíæà â îêîëi
v1 = 0 äî äðóãîãî ïîðÿäêó âêëþ÷íî, ïåðå-
ïèøåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü
(2.22) ó âèãëÿäi




v′1 = β[f1(x) +
2∑

k=1

c1k(x)vk + V1(x, v1, v2)],

(2.26)

v′2 =

β

[
f2(x) +

2∑
k=1

c2k(x)vk + V2(x, v1, v2)

]

hi(t(x))
,

äå

f1(x(t)) = −1− αigi(t)Yi(t, 0)

σiϕi(Yi(t, 0))Ii2(t)
,

f2(x(t)) = −1−hi(t)gi(t)

σi

+
σiIi2(t)ϕi(Yi(t, 0))

Yi(t, 0)
×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(Yi(t, 0)

pi(t)ϕi(Yi(t, 0))
,

c11(x(t)) = −1+
gi(t)

σi

[
1− Yi(t, 0)ϕ′i(Yi(t, 0))

ϕi(Yi(t, 0))

]
,

c12(x(t)) = − αigi(t)Yi(t, 0)

σiIi2(t)ϕi(Yi(t, 0))
,

c21(x(t)) = −αiσiI
2
i2(t)ϕ

2
i (Yi(t, 0))

Y 2
i (t, 0)

×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(Yi(t, 0))

pi(t)ϕi(Yi(t, 0)
×

×
[
Yi(t, 0)ϕ′k(Yi(t, 0))

ϕk(Yi(t, 0))
− 1

]
, c22(x) =

= −1− 2

σi

gi(t)hi(t), V1(x(t), v1, v2) =

=
gi(t)

σi

[
1− Yi(t, 0)ϕ′i(Yi(t, 0))

ϕi(Yi(t, 0))

]
v1v2+

+
αigi(t)Ii2(t)ϕi(Yi(t, ξ))

2σiYi(t, ξ)

[
Yi(t, ξ)ϕ

′
i(Yi(t, ξ))

ϕi(Yi(t, ξ))
+

+
Y 2

i (t, ξ)ϕ′′i (Yi(t, ξ))

ϕi(Yi(t, ξ))
−

−
(

Yi(t, ξ)ϕ
′
i(Yi(t, ξ))

ϕi(Yi(t, ξ))

)2]
×

×(1+v2)v
2
1, V2(x(t), v1, v2) = −gi(t)hi(t)

σi

v2
2+

+
σiI

3
i2(t)

2

m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(Yi(t, ξk))

pi(t)ϕi(Yi(t, ξk))
×

×ϕ3
i (Yi(t, ξk)

Y 3
i (t, ξk)

[
2− Yi(t, ξk)ϕ

′
i(Yi(t, ξk))

ϕi(Yi(t, ξk))
+

+
Yi(t.ξk)ϕ

′
k(Yi(t, ξk))

ϕk(Yi(t, ξk))

(
Yi(t, ξk)ϕ

′′
k(Yi(t, ξk))

ϕ′k(Yi(t, ξk))
+

+
Yi(t, ξk)ϕ

′
i(Yi(t, ξk))

ϕi(Yi(t, ξk))
− 2

)]
v2

1

i ξ = ξ(t, v1), ξk = ξk(t, v1) (k = 1, . . . ,m)
òàêi, ùî |ξ(t, v1)| < |v1| ≤ 1

2
, |ξk(t, v1)| <

|v1| ≤ 1
2

(k = 1, . . . , m) ïðè t ∈ [t2, ω[.
Òóò, çãiäíî ç óìîâàìè (2.10)-(2.12), (2.15)

i (2.23)-(2.25),

lim
x→+∞

fi(x) = 0 (i = 1, 2), lim
x→+∞

c11(x) = 0,

(2.27)
lim

x→+∞
c12(x) = 1, lim

x→+∞
c2k(x) = −1 (k = 1, 2),

lim
|v1|+|v2|→0

Vi(x, v1, v2)

|v1|+ |v2| = 0 (i = 1, 2) (2.28)
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ðiâíîìiðíî çà x ∈ [x2, +∞[, äå x2 =
β ln |Ii2(t2)|. Êðiì òîãî, ìà¹ìî

+∞∫

x2

dx

hi(t(x))
= β

ω∫

t2

pi(t) dt

Qi2(t)Ii2(t)
=

= β ln |Qi2(t)||ωt2 = ±∞. (2.29)

Çâàæàþ÷è òåïåð íà óìîâè (2.27), äîâåäåìî
ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (2.26) äî
ìàéæå òðèêóòíîãî âèãëÿäó.

Ïîêëàäåìî

v1(x) = w2(x)− hi(t)w1(x),
v2(x) = w1(x).

(2.30)

Òîäi ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü
(2.26) íàáóâà¹ âèãëÿäó




w′
1 = β

hi(t(x))
[F1(x) +

2∑
k=1

C1k(x)wk+

+W1(x,w1, w2)],
(2.31)

w′
2 = β[F2(x) +

2∑
k=1

C2k(x)wk+

+W2(x,w1, w2)],

äå

F1(x) = f2(x), F2(x) = f1(x) + f2(x),

C11(x) = c22(x)− c21(x)hi(t(x)),

C12(x) = c21(x), C21(x) = c22(x)−
−c21(x)hi(t(x)) + c12(x)− c11(x)hi(t(x)),

C22(x) = qi(t(x)) + 1 + c21(x) + c11(x),

W1(x,w1, w2) = V2(x,w2 − hi(t(x))w1, w1),

W2(x,w1, w2) = V1(x,w2 − hi(t(x))w1, w1)+

+V2(x,w2 − hi(t(x))w1, w1).

Çãiäíî ç (2.25) i (2.27)-(2.29)

lim
x→+∞

Ckk(x) = −1,

lim
x→+∞

Fk(x)

Ckk(x)
= 0 (k = 1, 2),

lim
x→+∞

C12(x)

C11(x)
= 1, lim

x→+∞
C21(x)

C22(x)
= 0

i

lim
|w1|+|w2|→0

Wk(x,w1, w2)

|w1|+ |w2| = 0 (k = 1, 2)

ðiâíîìiðíî çà x ∈ [x3, +∞[, äå x3 ≥ x2- äå-
ÿêå äîñòàòíüî âåëèêå ÷èñëî. Îñêiëüêè, êðiì
òîãî, ñïðàâäæó¹òüñÿ óìîâà (2.29), òî äëÿ ñè-
ñòåìè (2.31) âèêîíàíî âñi óìîâè òåîðåìè 1.3
ç ïðàöi [3]. Íà ïiäñòàâi öi¹¨ òåîðåìè ñèñòåìà
äèôåðåíöiàëüíèõ ðiâíÿíü (2.31) ìà¹ ðîçâ'ÿ-
çîê wi : [x4, +∞[−→ R (i = 1, 2), äå x4 ≥ x3,
ÿêèé çíèêà¹ â +∞. Éîìó ç óðàõóâàííÿì
ïåðåòâîðåíü (2.30) i (2.20), (2.21), à òàêîæ
óìîâ (1.7) i (1.18) âiäïîâiäà¹ ðîçâ'ÿçîê y äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ (1.1), ùî äîïóñêà¹
ïðè t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ (1.19) i
(1.20). Òåîðåìó äîâåäåíî.

Äîâåäåííÿ òåîðåìè 1.3. Ñïðàâåäëè-
âiñòü òâåðæäåííÿ öi¹¨ òåîðåìè áåçïîñåðå-
äíüî âèïëèâà¹ ç ëåìè 1.2.

Äîâåäåííÿ òåîðåìè 1.4. Íåîáõi-
äíiñòü. Íåõàé y : [t0, +ω[−→]0, y0]- Ï0

ω(0)-
ðîçâ'ÿçîê ðiâíÿííÿ (1.1). Òîäi, âiäïîâiäíî äî
ëåìè 1.2,

lim
t↑ω

(t− ω)y′(t)
y(t)

= 1. (2.32)

Êðiì òîãî, çãiäíî ç óìîâàìè (1.21), (1.22) ìà-
þòü ìiñöå íà ïiäñòàâi ëåìè 1.3 ãðàíè÷íi ñïiâ-
âiäíîøåííÿ (1.6), ÷åðåç ÿêi ç (1.1) âèïëèâà¹
(2.1) ïðè t ↑ ω. Çâiäñè ç óðàõóâàííÿì (2.32)
îäåðæèìî ïðè t ↑ ω àñèìïòîòè÷íå ñïiââiä-
íîøåííÿ

y′′(t) ∼ αipi(t)ϕi ((t− ω)y′(t)[1 + o(1)]) .

Îñêiëüêè âiäïîâiäíî äî ëåìè 1.1 lim
y↓0

yϕ′i(y)

ϕi(y)
=

1 + σi, òî ôóíêöiÿ ψi(y) = ϕi(y)

y1+σi
¹ ïîâiëüíî

çìiííîþ â íóëi (äèâ. [4, Ðîçä. 1, ñ.1�15]). Íà
ïiäñòàâi âëàñòèâîñòåé òàêèõ ôóíêöié îòðè-
ìàíå âèùå ñïiââiäíîøåííÿ ìîæå áóòè ïåðå-
ïèñàíå ïðè t ↑ ω ó âèãëÿäi

y′′(t) ∼ αipi(t)[(t−ω)y′(t)]1+σiψi ((t− ω)y′(t)) .

Òóò ôóíêöiÿ L(t) = −y′(t), çãiäíî ç îçíà-
÷åííÿì Ï0

ω(0)- ðîçâ'ÿçêó, çàäîâîëüíÿ¹ óìîâó
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(1.23). Òîìó, áåðó÷è äî óâàãè (1.24), áóäåìî
ïðè t ↑ ω ìàòè

y′′(t) ∼ αipi(t)[(t−ω)y′(t)]1+σiψi(ω− t). (2.33)

Ç öüîãî àñèìïòîòè÷íîãî ñïiââiäíîøåííÿ ç
óðàõóâàííÿì îçíà÷åííÿ Ï0

ω(0)- ðîçâ'ÿçêó
çíàõîäèìî, ùî ïðè t ↑ ω

[−y′(t)]−σi = αiσiIi3(t)[1 + o(1)], (2.34)

çâiäêè âèïëèâà¹ óìîâà (1.25) é àñèìïòî-
òè÷íå çîáðàæåííÿ (1.28). Ñïðàâåäëèâiñòü
çîáðàæåííÿ (1.27) âèïëèâà¹ ç (2.32) ç óðà-
õóâàííÿì (1.28).

Íà ïiäñòàâi (2.33) i (2.34)

(ω − t)y′′(t)
y′(t)

∼ pi(t)(ω − t)2+σiψi(ω − t)

σiIi3(t)

ïðè t ↑ ω. Îñêiëüêè òóò, âiäïîâiäíî äî îçíà-
÷åííÿ Ï0

ω(0)- ðîçâ'ÿçêó, ëiâà ÷àñòèíà ïðÿìó¹
äî íóëÿ ïðè t ↑ ω, òî âèêîíó¹òüñÿ óìîâà
(1.26).

Äîñòàòíiñòü. Íåõàé m1 < m i äëÿ äå-
ÿêîãî i ∈ {m1 + 1, . . . , m} âèêîíóþòüñÿ óìî-
âè (1.21), (1.22), σi 6= 0, (1.24) i (1.25), (1.26).
Ïîêàæåìî, ùî â öüîìó âèïàäêó ðiâíÿííÿ
(1.1) ìà¹ Ï0

ω(0)- ðîçâ'ÿçêè, ÿêi äîïóñêàþòü
ïðè t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ (1.27),
(1.28).

Äèôåðåíöiàëüíå ðiâíÿííÿ (1.1) çà äîïî-
ìîãîþ ïåðåòâîðåííÿ

y(t) = (ω − t) |σi Ii3(t)|−
1
σi [1 + v1(x)],

y′(t) = − |σi Ii3(t)|−
1
σi [1 + v2(x)], (2.35)

x = β ln |Ii3(t)|,

äå

β =

{
1, ÿêùî αiσi > 0,

−1, ÿêùî αiσi < 0,

çâåäåìî äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-

íÿíü



v′1 =
β

hi(t)

[
hi(t)

σi

+

(
1 +

hi(t)

σi

)
v1 − v2

]
,

v′2 =
β

σi

[
1 + v2−

− 1

qi(t)

m∑

k=1

αkpk(t)[1 + rk(t)]ϕk (Yi(t, v1))

]
,

(2.36)
â ÿêié t-ôóíêöiÿ ¹ îáåðíåíîþ äî x =
β ln |Ii3(t)|,

hi(t) =
(ω − t)I ′i3(t)

Ii3(t)
,

qi(t) =
pi(t)(ω − t)1+σiψi(ω − t)

σiIi3(t) |σiIi3(t)|
1
σi

,

Yi(t, v1) = (ω − t)|σiIi3(t)|−
1
σi (1 + v1).

Îñêiëüêè ñïðàâäæó¹òüñÿ óìîâà (1.26), òî

lim
t↑ω

hi(t) = 0 (2.37)

i äëÿ ôóíêöi¨ L(t) = |σiIi3(t)|−
1
σi âèêîíó¹òüñÿ

óìîâà(1.23). Òîìó

lim
t↑ω

Yi(t, 0) = 0,

lim
t↑ω

(ω − t)Y ′
i (t, 0)

Yi(t, 0)
= −1

(2.38)

i íà ïiäñòàâi (1.24)

ϕi (Yi(t, 0)) =

=
(
(ω − t) |σiIi3(t)|−

1
σi

)1+σi

ψi(ω− t)[1+ o(1)]

ïðè t ↑ ω. Ç îñòàíüîãî ñïiââiäíîøåííÿ ç óðà-
õóâàííÿì (1.25) çíàõîäèìî, ùî ïðè t ↑ ω

qi(t) = αipi(t)ϕi (Yi(t, 0)) [1 + o(1)]. (2.39)

Çãiäíî ç (2.38), ôóíêöiÿ Yi(t, 0) ìà¹ âñi âëà-
ñòèâîñòi Ï0

ω(0)- ðîçâ'ÿçêó, ùî áóëè âèêî-
ðèñòàíi â [1] ïðè äîâåäåííi ñïðàâåäëèâîñòi
òâåðäæåííÿ ëåìè 1.3 (âèïàäîê µ0 = 0). Òî-
ìó áóäåìî ìàòè

lim
t→+∞

pk(t)ϕk (Yi(t, 0))

pi(t)ϕi (Yi(t, 0))
= 0 ïðè k 6= i. (2.40)
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Êðiì òîãî, ó çâ'ÿçêó ç (1.3)-(1.5), ëåìîþ 1.1
i (2.38) ðiâíîìiðíî çà v1 ∈ [−1

2
, 1

2

]
áóäóòü

âèêîíóâàòèñÿ óìîâè (2.10)-(2.12).
Îòðèìàâøè öi ôàêòè, ðîçãëÿíåìî ñè-

ñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (2.36) íà
ìíîæèíi Ω = [x0, +∞[×D1 × D2, äå
Di =

{
vi ∈ R : |vi| ≤ 1

2

}
(i = 1, 2), x0 =

β ln |Ii3(t0)| i ÷èñëî t0 ∈ [a, ω[, îáðàíå ç óðà-
õóâàííÿì ïåðøî¨ ç óìîâ (2.38) òàêèì ÷èíîì,
ùîá ïðè t ∈ [t0, ω[ ñïðàâäæóâàëàñü íåðiâ-
íiñòü 3Yi(t, 0) < 2y0.

Íà öié ìíîæèíi ïðàâi ÷àñòèíè ñèñòåìè
íåïåðåðâíi é ìàþòü íåïåðåðâíi ÷àñòèííi ïî-
õiäíi äî äðóãîãî ïîðÿäêó âêëþ÷íî çà çìií-
íîþ v1. Ðîçêëàâøè ïðè ôiêñîâàíîìó t ∈
[t0, ω[ ôóíêöi¨ ϕk (Yi(t, v1)) (k = 1, . . . , m) çà
ôîðìóëîþ Òåéëîðà ç çàëèøêîâèì ÷ëåíîì ó
ôîðìi Ëàãðàíæà â îêîëi v1 = 0 äî äðóãîãî
ïîðÿäêó âêëþ÷íî, ïåðåïèøåìî ñèñòåìó äè-
ôåðåíöiàëüíèõ ðiâíÿíü (2.36) ó âèãëÿäi




v′1 =
β

hi(t(x))
[f1(x) + c1(x)v1 − v2] ,

(2.41)

v′2 =
β

σi

[f2(x) + c2(x)v1 + v2 + V (x, v1)] ,

äå

f1(x) =
hi(t)

σi

, f2(x) = 1− 1

qi(t)
×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk (Yi(t, 0)) ,

c1(x) = 1 +
hi(t)

σi

,

c2(x) = −(ω − t) |σiIi3(t)|−
1
σi

qi(t)
×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕ
′
k (Yi(t, 0)) ,

V (x, v1) = −
v2

1

(
(ω − t) |σiIi3(t)|−

1
σi

)2

2qi(t)
×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕ
′′
k (Yi(t, ξk))

i ξk = ξk(t, v1) (k = 1, . . . , m) òàêi, ùî
|ξk(t, v1)| ≤ |v1| ïðè óñiõ t ≥ t0 i v1 ∈ D1.

Òóò, çãiäíî ç óìîâàìè (2.37)-(2.40), (2.10)-
(2.12) i âèãëÿäîì ôóíêöi¨ Yi(t, v1), ìà¹ìî

lim
x→+∞

fi(x) = 0 (i = 1, 2),

(2.42)
lim

x→+∞
c1(x) = 1, lim

x→+∞
c2(x) = −1− σi,

lim
v1→0

V (x, v1)

v1

= 0 (2.43)

ðiâíîìiðíî çà x ∈ [x0, +∞[.
Ïðèïóñêàþ÷è òåïåð ó (2.41)

v1 = w1, v2 = ρ(x)w1 + w2, (2.44)

äå ρ : [x1, +∞[−→ R (x1 ≥ x0)- çíèêàþ÷èé ó
+∞ ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

ρ′ = β

[
c2(x)

σi

− ρ

hi(t(x))
+

ρ2

hi(t(x))

]
, (2.45)

iñíóþ÷èé çãiäíî ç óìîâàìè lim
x→+∞

c2(x) =

−1 − σi i lim
x→+∞

hi(t(x)) = 0 íà ïiäñòàâi òå-
îðåìè 1.3 ïðàöi [3], îòðèìà¹ìî ñèñòåìó äè-
ôåðåíöiàëüíèõ ðiâíÿíü




w′
1 = β

hi(t(x))
[f1(x) + C1(x)w1 + w2] ,

(2.46)

w′
2 = β

σi
[f2(x)− ρ(x) + C2(x)w2 + V (x, w1)] ,

äå
C1(x) = 1 +

hi(t(x))

σi

− ρ(x),

C2(x) = 1 +
σiρ(x)

hi(t(x))
.

Âiäïîâiäíî äî óìîâ lim
x→+∞

ρ(x) = 0, (2.37),
(2.42) i (2.43)

lim
x→+∞

f1(x) = 0, lim
x→+∞

[f2(x)− ρ(x)] = 0,

lim
x→+∞

C1(x) = 1,

lim
w1→0

V (x,w1)

w1

= 0 ðiâíîìiðíî çà x ∈ [x1, +∞[.

Êðiì òîãî, ìà¹ìî
+∞∫

x0

dx

hi(t(x))
= β

+∞∫

t0

dt

ω − t
= ±∞.
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Ç (2.45) âèïëèâà¹, ùî

σiρ(x)

hi(t(x))
=

βσiρ
′(x)

ρ(x)− 1
− c2(x)

ρ(x)− 1
ïðè x ≥ x1.

Òîìó

C2(x) = 1− c2(x)

ρ(x)− 1
+

βσiρ
′(x)

ρ(x)− 1
.

Òóò çà óìîâàìè (2.42) i lim
x→+∞

ρ(x) = 0

lim
x→+∞

[
1− c2(x)

ρ(x)− 1

]
= −σi 6= 0,

+∞∫

x1

βσiρ
′(x) dx

ρ(x)− 1
= βσi ln |ρ(x)− 1||+∞x1

= const.

Îòæå, ïîêàçàíî, ùî äëÿ ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü (2.46) âèêîíàíî âñi óìîâè òå-
îðåìè 1.3 ç [3]. Íà ïiäñòàâi öi¹¨ òåîðåìè âîíà
ìà¹ õî÷à á îäèí ðîçâ'ÿçîê wi : [x2, +∞[−→
R (i = 1, 2), äå (x2 ≥ x1), ÿêèé ïðÿìó¹ äî
íóëÿ ïðè x → +∞. Éîìó ç óðàõóâàííÿì ïå-
ðåòâîðåíü (2.44) i (2.35) âiäïîâiäà¹ ðîçâ'ÿ-
çîê y äèôåðåíöiàëüíîãî ðiâíÿííÿ (1.1), ùî
äîïóñêà¹ ïðè t → +∞ àñèìïòîòè÷íi çîáðà-
æåííÿ (1.27), (1.28). Ó ñèëó öèõ çîáðàæåíü i
óìîâ òåîðåìè äàíèé ðîçâ'ÿçîê, î÷åâèäíî, çà-
äîâîëüíÿ¹ îçíà÷åííþ Ï0

ω(0)- ðîçâ'ÿçêó. Òåî-
ðåìó ïîâíiñòþ äîâåäåíî.

3. Ïðèêëàä ðiâíÿííÿ çi ñòåïåíåâèìè
êîåôiöi¹íòàìè. Ó ïðàöi [1] ÿê ïðèêëàä, ùî
iëþñòðó¹ îòðèìàíi ðåçóëüòàòè, áóëî ðîçãëÿ-
íóòî äèôåðåíöiàëüíå ðiâíÿííÿ

y′′ = a1t
γ1 + a2t

γ2yσ2 sin y + a3t
γ3y1+σ3| ln y|λ,

(3.1)
äå

(t, y) ∈]0, +∞[×]0, 1[,

ak ∈ R \ {0}, γk ∈ R (k = 1, 2, 3), à σ2, σ3, λ ∈
R i òàêi, ùî σ2 6= −1, |1 + σ3| + |λ| 6= 0. Öå
ðiâíÿííÿ ¹ ðiâíÿííÿì âèãëÿäó (1.1), â ÿêîìó
m = 3,

αk = sign ak, pk(t) = |ak|tγk (k = 1, 2, 3),

ϕ1(y) ≡ 1, ϕ2(y) = yσ2 sin y,

ϕ3(y) = y1+σ3| ln y|λ.
Òóò ϕ′1(y) ≡ 0, à ïðè áóäü-ÿêîìó k ∈ {2, 3}
ϕ′k(y) 6= 0 ó ïðàâîìó îêîëi íóëÿ i

lim
y↓0

yϕ′′k(y)

ϕ′k(y)
= σk.

Òîìó ìà¹ìî âèïàäîê, êîëè m1 = 1.
Â [1] ïðè âñòàíîâëåííi óìîâ iñíóâàííÿ é

àñèìïòîòèêè Ï0
ω(0)- ðîçâ'ÿçêiâ äèôåðåíöi-

àëüíîãî ðiâíÿííÿ (3.1) áóëè ðîçãëÿíóòi âñi
ñèòóàöi¨, êðiì òèõ, ÿêi âiäîáðàæåíi â òåîðå-
ìàõ 1.1-1.4 äàíî¨ ïðàöi. Âèêîðèñòîâóþ÷è òå-
ïåð öi ÷îòèðè òåîðåìè, äîïîâíèìî îòðèìàíi
â [1] ðåçóëüòàòè äëÿ ðiâíÿííÿ (3.1).

Ñïî÷àòêó, ââàæàþ÷è ω = +∞ i âðàõîâó-
þ÷è, ùî â öüîìó âèïàäêó πω(t) = t, áóäåìî
äëÿ êîæíîãî i ∈ {1, 2, 3} ìàòè

|πω(t)|p′i(t)
pi(t)

≡ γi,

Ii1(t) = |ai|
t∫

Ai1

τ γi dτ ∼

∼





|ai|t1+γi

1 + γi

, ÿêùî γi 6= −1,

|ai| ln t, ÿêùî γi = −1,

Qi1(t) =

t∫

A′i1

Ii1(τ) dτ ∼

∼





|ai|t2+γi

(1 + γi)(2 + γi)
, ÿêùî γi 6= −1,−2,

−|ai| ln t, ÿêùî γi = −2,

|ai|t ln t, ÿêùî γi = −1,

Ii2(t) = |ai|
t∫

Ai2

τ 1+γi dτ ∼

∼





|ai|t2+γi

2 + γi

, ÿêùî γi 6= −2,

|ai| ln t, ÿêùî γi = −2,
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Qi2(t) =

t∫

A′i2

|ai|τ γi dτ

Ii2(τ)
∼

∼





−2 + γi

t
, ÿêùî γi 6= −2,

− 1

t ln t
, ÿêùî γi = −2.

Çâiäñè çðîçóìiëî, ùî äëÿ áóäü-ÿêîãî i ∈
{1, 2, 3} ìàþòü ìiñöå ïðè t → +∞ àñèìïòî-
òè÷íi ñïiââiäíîøåííÿ

I2
i1(t)

pi(t)Qi1(t)
∼





2 + γi

1 + γi

, ÿêùî γi 6= −1,−2,

ln t, ÿêùî γi = −1,

− 1

ln t
, ÿêùî γi = −2,

πω(t)I ′i2(t)
Ii2(t)

∼





2 + γi, ÿêùî γi 6= −2,

1

ln t
, ÿêùî γi = −2,

I ′i2(t)
Ii2(t)Qi2(t)

∼ −1.

Çãiäíî ç öèìè àñèìïòîòè÷íèìè ñïiââiäíî-
øåííÿìè é óìîâîþ ω = +∞, ç òåîðåì 1.1-1.3
âèïëèâàþòü íàñòóïíi òâåðäæåííÿ.

1) Ðiâíÿííÿ (3.1) íå ìà¹ Ï0
+∞(0)- ðîçâ'ÿç-

êiâ.
2) ßêùî σi < −1 i σ5−i > σi ïðè i ∈ {2, 3},

òî ðiâíÿííÿ (3.1) íå ìà¹ Ï0
+∞(±∞)- ðîçâ'ÿç-

êiâ.
3) ßêùî σi 6= 0 i γ5−i < γi ïðè i ∈ {2, 3},

òî äëÿ iñíóâàííÿ â ðiâíÿííÿ (3.1) Ï0
+∞(−1)-

ðîçâ'ÿçêiâ íåîáõiäíî é äîñòàòíüî, ùîá
ai > 0, σi > 0, γi = −2.

Áiëüø òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó
ìàþòü ìiñöå ïðè t → +∞ àñèìïòîòè÷íi çî-
áðàæåííÿ

y(t)

ϕi(y(t))
= aiσi ln t[1 + o(1)], (3.2i)

y′(t)
y(t)

= −1 + o(1)

σit ln t
. (3.3i)

Óòî÷íèìî òåïåð çàçíà÷åíi â 3) àñèìïòî-
òè÷íi çîáðàæåííÿ.

Îñêiëüêè lim
t→+∞

y(t) = 0 i ϕ2(y) = yσ2 sin y,
òî

ϕ2(y(t)) ∼ y1+σ2(t) ïðè t → +∞.

Òîìó ç (3.22) çíàõîäèìî, ùî ïðè t → +∞

y(t) = (a2σ2 ln t)
− 1

σ2 [1 + o(1)]. (3.2′2)

Ïðè i = 3 ç (3.3i) ìà¹ìî

ln y(t) ∼ − 1

σ3

ln ln t ïðè t → +∞.

Òîäi, âðàõîâóþ÷è, ùî ϕ3(y) = y1+σ3| ln y|λ,
îäåðæèìî ïðè t → +∞ çîáðàæåííÿ âèãëÿäó

ϕ3(y(t)) ∼ y1+σ3(t)

∣∣∣∣
1

σ3

ln ln t

∣∣∣∣
λ

.

Ç óðàõóâàííÿì öüîãî çîáðàæåííÿ ç (3.23) âè-
ïëèâà¹, ùî ïðè t → +∞

y(t) =
(
a3σ

1−λ
3 ln t lnλ ln t

)− 1
σ3 [1+o(1)]. (3.2′3)

Äàëi, âèáåðåìî çà ω äîâiëüíå äîäàòíå ÷è-
ñëî i ç'ÿñó¹ìî ç âèêîðèñòàííÿì òåîðåì 1.1-
1.2 i 1.4 ïèòàííÿ ïðî íàÿâíiñòü ó ðiâíÿí-
íÿ (3.1) Ï0

ω(µ0)- ðîçâ'ÿçêiâ iç çíà÷åííÿìè
µ0 ∈ {±∞,−1, 0} i àñèìïòîòèêó öèõ ðîçâ'ÿç-
êiâ ïðè t ↑ ω. Îñêiëüêè â äàíîìó âèïàäêó
πω(t) = t − ω, òî äëÿ êîæíîãî i ∈ {1, 2, 3}
ïðè t ↑ ω

|πω(t)|p′i(t)
pi(t)

∼ γi

ω
(ω − t),

Ii1(t) = |ai|
t∫

ω

τ γi dτ ∼ |ai|ωγi(t− ω),

Qi1(t) =

t∫

ω

Ii1(τ) dτ ∼ |ai|ωγi

2
(t− ω)2,

Êðiì òîãî, ïðè t ↑ ω

I23(t) =

t∫

A23

|a2|τ γ2(ω − τ)σ2 sin(ω − τ) dτ ∼
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∼





−|a2|ωγ2(ω − t)2+σ2

2 + σ2

, ÿêùî σ2 6= −2,

−|a2|ωγ2 ln(ω − t), ÿêùî σ2 = −2,

I33(t) =

t∫

A33

|a3|τ γ3(ω− τ)1+σ3| ln(ω− τ)|λ dτ ∼

∼





−|a3|ωγ3(ω − t)2+σ3| ln(ω − t)|λ
2 + σ3

,

ÿêùî σ3 6= −2,

|a3|ωγ3| ln(ω − t)|1+λ

1 + λ
,

ÿêùî σ3 = −2, λ 6= −1,

|a3|ωγ3 ln | ln(ω − t)|,
ÿêùî σ3 = −2, λ = −1.

Çâiäñè, çîêðåìà, ìà¹ìî

lim
t↑ω

I2
i1(t)

pi(t)Qi1(t)
= 2 (i = 1, 2, 3),

i ïðè i = 2, 3

lim
t↑ω

(ω − t)I ′i3(t)
Ii3(t)

=

=




−2− σi, ÿêùî σi 6= −2,

0, ÿêùî σi = −2.

Ó çâ'ÿçêó iç çàçíà÷åíèìè âèùå ñïiââiäíîøå-
ííÿìè óìîâè òåîðåìè 1.2 íå âèêîíóþòüñÿ, à
ç òåîðåì 1.1 i 1.4 âèïëèâàþòü íàñòóïíi òâåð-
äæåííÿ.

4) ßêùî σi < −1 i σ5−i > σi ïðè i ∈ {2, 3},
òî ðiâíÿííÿ (3.1) íå ìà¹ Ï0

+∞(±∞)- ðîçâ'ÿç-
êiâ.

5) ßêùî σ2 < −1 i σ2 < σ3, òî äëÿ iñíóâà-
ííÿ â ðiâíÿííÿ (3.1) Ï0

+∞(0)- ðîçâ'ÿçêiâ íå-
îáõiäíî é äîñòàòíüî, ùîá σ2 = −2 i ñïðàâ-
äæóâàëàñü íåðiâíiñòü a2 < 0. Ïðè öüîìó äëÿ
êîæíîãî òàêîãî ðîçâ'ÿçêó ìàþòü ìiñöå ïðè
t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ

y(t) = (ω − t) |2a2ω
γ2 ln(ω − t)| 12 [1 + o(1)],

y′(t) = − |2a2ω
γ2 ln(ω − t)| 12 [1 + o(1)].

6) ßêùî σ3 < −1 i σ3 < σ2, òî äëÿ iñíóâà-
ííÿ â ðiâíÿííÿ (3.1) Ï0

+∞(0)- ðîçâ'ÿçêiâ íå-
îáõiäíî é äîñòàòíüî, ùîá σ3 = −2 i ñïðàâ-
äæóâàëàñü íåðiâíiñòü a3(1 + λ) < 0, ÿêùî
λ 6= −1, i íåðiâíiñòü a3 < 0, ÿêùî λ = −1.
Áiëüøå òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó
ìàþòü ìiñöå ïðè t ↑ ω àñèìïòîòè÷íi çîáðà-
æåííÿ

y(t) = (ω−t)

∣∣∣∣
2a3ω

γ3

1 + λ

∣∣∣∣
1
2

| ln(ω−t)| 1+λ
2 [1+o(1)],

y′(t) = −
∣∣∣∣
2a3ω

γ3

1 + λ

∣∣∣∣
1
2

| ln(ω − t)| 1+λ
2 [1 + o(1)],

ÿêùî λ 6= −1, i àñèìïòîòè÷íi çîáðàæåííÿ -

y(t) = (ω− t) |2a3ω
γ3 ln | ln(ω − t)|| 12 [1+o(1)],

y′(t) = − |2a3ω
γ3 ln | ln(ω − t)|| 12 [1 + o(1)],

ÿêùî λ = −1.
Çàóâàæåííÿ 3.1. ßêùî çà ω âèáðàòè äî-

âiëüíå ÷èñëî iç ïðîìiæêó [0, +∞[ i â ðiâíÿííi
(3.1) çðîáèòè ïåðåòâîðåííÿ

t− ω = ω − τ, y(t) = z(τ),

òî îäåðæèìî ðiâíÿííÿ, äî ÿêîãî ìîæóòü áó-
òè çàñòîñîâàíi òåîðåìè 1.1-1.4. Öå äîçâîëèòü
îòðèìàòè äëÿ ðiâíÿííÿ (3.1) ðåçóëüòàòè ïðî
iñíóâàííÿ, à òàêîæ àñèìïòîòèêó äåÿêèõ òè-
ïiâ ðîçâ'ÿçêiâ âèçíà÷åíèõ ó ïðàâîìó îêîëi
ω, ùî çíèêàþòü ïðè t ↓ ω (çîêðåìà, äëÿ
ðîçâ'ÿçêiâ, ùî çíèêàþòü ïðè t ↓ 0).

4. Âèñíîâêè. Â [1] äëÿ íåëiíiéíîãî äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ (1.1) áóâ óâåäåíèé
äîñòàòíüî øèðîêèé êëàñ çíèêàþ÷èõ ïðè t ↑
ω ðîçâ'ÿçêiâ, à ñàìå êëàñ òàê çâàíèõ, Ï0

ω(µ0)-
ðîçâ'ÿçêiâ, äå −∞ ≤ µ0 ≤ +∞. Òóò òàêîæ
áóëè âèäiëåíi óìîâè, çà ÿêèõ íà ðîçâ'ÿçêàõ
iç äàíîãî êëàñó ðiâíÿííÿ (1.1) ðiâíîñèëü-
íî äâî÷ëåííîìó äèôåðåíöiàëüíîìó ðiâíÿí-
íþ âèãëÿäó y′′ = αipi(t)ϕi(y)[1 + o(1)], äå
i ∈ {1, . . . ,m}. Ó ðåçóëüòàòi äîñëiäæåííÿ òà-
êèõ ðiâíÿíü â [1] i äàíié ïðàöi âñòàíîâëåíî,
ùî Ï0

ω(µ0)-ðîçâ'ÿçêè çà ñâî¨ìè àñèìïòîòè-
÷íèìè âëàñòèâîñòÿìè ðîçïàäàþòüñÿ íà ÷î-
òèðè íåïåðåòèííi ïiäìíîæèíè, ùî âiäïîâiä-
àþòü íàñòóïíèì çíà÷åííÿì ïàðàìåòðà µ0:
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1) µ0 ∈ R \ {0,−1}; 2) µ0 = 0; 3) µ0 =
−1; 4) µ0 = ±∞. Âèâ÷åííÿ ðîçâ'ÿçêiâ êî-
æíî¨ ç öèõ ïiäìíîæèí âèìàãàëî ðîçðîáêè
ìåòîäèêè âñòàíîâëåííÿ àñèìïòîòèêè òàêèõ
ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ ïåðøîãî ïîðÿäêó.
Ïðè öüîìó òàêîæ áóëè îòðèìàíi íåîáõiäíi é
äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ iç äàíè-
ìè àñèìïòîòè÷íèìè çîáðàæåííÿìè. Âàðòî
çàçíà÷èòè, ùî äåÿêi ç íàâåäåíèõ òóò àñèì-
ïòîòè÷íèõ çîáðàæåíü ëèøå íåÿâíî âèçíà-
÷àþòü ðîçâ'ÿçêè âêàçàíîãî òèïó. Îäíàê íà-
ÿâíiñòü àñèìïòîòèêè äëÿ ïîõiäíî¨ äîçâîëÿ¹
ïðè êîíêðåòíîìó âèãëÿäi ôóíêöié ϕi (äèâ.
ðîçãëÿíóòèé âèùå ïðèêëàä ðiâíÿííÿ çi ñòå-
ïåíåâèìè êîåôiöi¹íòàìè) îòðèìàòè äëÿ íèõ
i ÿâíi àñèìïòîòè÷íi ôîðìóëè.

Âàæëèâîþ îñîáëèâiñòþ çàïðîïîíîâàíî¨
ìåòîäèêè äîñëiäæåííÿ ¹ òå, ùî âîíà íå ðîç-
ðiçíþ¹, ÿê öå çâè÷àéíî ðîáèòüñÿ, âèïàäêè,
êîëè ω < +∞ i ω = +∞. Òîìó ðåçóëüòàòè
äàíèõ äâîõ ïðàöü ìîæóòü áóòè âèêîðèñòàíi
äëÿ îïèñó àñèìïòîòèêè íå òiëüêè ïðàâèëü-
íèõ, àëå é ðiçíîãî òèïó ñèíãóëÿðíèõ ðîçâ'ÿç-
êiâ ðiâíÿííÿ (1.1), ùî, çîêðåìà, ïðîiëþñòðî-
âàíî íà ïðèêëàäi ðiâíÿííÿ (3.1).
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