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ÐÎÇÂ'ßÇÍIÑÒÜ, ÊIËÜÊIÑÒÜ ÐÎÇÂ'ßÇÊIÂ, ÀÑÈÌÏÒÎÒÈÊÀ
ßêiñíi ìåòîäè âèêîðèñòàíi äëÿ äîâåäåííÿ iñíóâàííÿ íåïåðåðâíî äèôåðåíöiéîâíèõ

ðîçâ'ÿçêiâ iç ïîòðiáíèìè àñèìïòîòè÷íèìè âëàñòèâîñòÿìè â îêîëi îñîáëèâî¨ òî÷êè.

The qualitative methods are employed to prove existence of continuously di�erentiable
solutions with required asymptotic properties in the neighbourhood of a singular point.

Âiäîìî, íàñêiëüêè âàãîìå ìiñöå ïîñiäà-
þòü ÿê ôóíêöiîíàëüíî-äèôåðåíöiàëüíi ðiâ-
íÿííÿ [1], [2], [10], [13], òàê i ñèíãóëÿðíi çàäà-
÷i äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
ðîçâ'ÿçíèõ âiäíîñíî ïîõiäíî¨ íåâiäîìî¨ ôóí-
êöi¨ [5], [9], [14]. Ó òîé æå ÷àñ ñèíãóëÿðíi
çàäà÷i äëÿ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ
ðiâíÿíü íèíi äîñëiäæåíi äîñèòü ìàëî [2],
[3], [4], [11], [12], à àñèìïòîòè÷íi âëàñòèâîñòi
ðîçâ'ÿçêiâ òàêèõ çàäà÷ ïðàêòè÷íî íå äîñëi-
äæåíi [2], [8]. Ó öié ñòàòòi çðîáëåíà ñïðîáà
ðîçãëÿíóòè îäíó ç öèõ çàäà÷. Ïðè ¨¨ àíà-
ëiçi âèêîðèñòàíi ìåòîäè ÿêiñíî¨ òåîði¨ äè-
ôåðåíöiàëüíèõ ðiâíÿíü [5], à òàêîæ [6], [7],
[8]. Ìè õî÷åìî çâåðíóòè óâàãó íà òå, ùî
ðîçâ'ÿçêè íàìè øóêàþòüñÿ ó êëàñi ôóíêöié
x : (0, ρ] → R, ÿêi íåïåðåðâíî äèôåðåíöiéîâ-
íi ïðè âñiõ t ∈ (0, ρ] i çàäîâîëüíÿþòü ðiâíÿ-
ííÿ ïðè âñiõ t ∈ (0, ρ] (ρ äîñèòü ìàëå).

Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi
trx′(t) = at + b1x(t) + b2x (g(t)) +

+ϕ (t, x(t), x (g(t)) , x′(t), x′ (h(t))) , (1)
x(0) = 0, (2)

äå t ∈ (0, τ), íåâiäîìà ôóíêöiÿ x : (0, τ) → R,
r, a, b1, b2 � ñòàëi, r > 1, g : (0, τ) → (0, +∞)
òà h : (0, τ) → (0, +∞) � íåïåðåðâíî
äèôåðåíöiéîâíi ôóíêöi¨, 0 < g(t) ≤ t,
0 < h(t) ≤ t, g′(t) ≥ 0, h′(t) ≥ 0 ïðè t ∈ (0, τ),
ïðè÷îìó

g(t) = g0t + g1(t), t ∈ (0, τ),

äå g0 � ñòàëà, g1(t) = o(t) ïðè t → +0,

ϕ : D → R � íåïåðåðâíà ôóíêöiÿ,

D = {(t, x, y, u, v) : t ∈ (0, τ), |x| < ν1t,
|y| < ν1g(t), |u| < ν2t

1−r(h(t))1−r, |v| < ν2} .

Îçíà÷åííÿ. Ðîçâ'ÿçêîì çàäà÷i (1), (2)
íàçèâà¹òüñÿ íåïåðåðâíî äèôåðåíöiéîâíà
ôóíêöiÿ x : (0, ρ] → R, 0 < ρ < τ , òàêà,
ùî: 1) (t, x(t), x(g(t)), x′(t), x′(h(t))) ∈ D ïðè
âñiõ t ∈ (0, ρ]; 2) x(t) òîòîæíüî çàäîâîëüíÿ¹
ðiâíÿííÿ (1) ïðè âñiõ t ∈ (0, ρ].

Ââàæàòèìåìî, ùî âèêîíàíi óìîâè:

1) |ϕ (t, x1, y, u, v)− ϕ (t, x2, y, u, v)| ≤
≤ l2(t) |x1 − x2| , (t, xi, y, u, v) ∈ D,

|ϕ (t, x, y1, u, v)− ϕ (t, x, y2, u, v)| ≤
≤ l3(t) |y1 − y2| , (t, x, yi, u, v) ∈ D,

|ϕ (t, x, y, u1, v)− ϕ (t, x, y, u2, v)| ≤
≤ l4t

r |u1 − u2| , (t, x, y, ui, v) ∈ D,
|ϕ (t, x, y, u, v1)− ϕ (t, x, y, u, v2)| ≤
≤ l5 (h(t))r |v1 − v2| ,
(t, x, y, u, vi) ∈ D, i ∈ {1, 2},

äå lj : (0, τ) → (0, +∞) � íåïåðåðâíi
ôóíêöi¨, lim

t→+0
lj(t) = 0, j ∈ {1, 2}, l4, l5 �

ñòàëi, l4 + l5 < 1/2;

2) |ϕ (t, ct, cg(t), c, c)| ≤ tβ(t), t ∈ (0, τ),
äå c � ðîçâ'ÿçîê ðiâíÿííÿ
a + (b1 + b2g0) c = 0 òàêèé, ùî |c| < ν1,
β : (0, τ) → (0, +∞) � íåïåðåðâíî äèôå-
ðåíöiéîâíà ôóíêöiÿ ç âëàñòèâîñòÿìè:
β′(t) ≥ 0, t ∈ (0, τ), lim

t→+0
β(t) = 0,

lim
t→+0

tβ′(t) (β(t))−1 = β0, 0 ≤ β0 < +∞,
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lim
t→+0

tr−1 (β (t))−1 = L, 0 ≤ L < +∞,
lim

t→+0
g1 (t) (tβ (t))−1 = G, 0 ≤ G < +∞.

Ïîçíà÷èìî ÷åðåç U (ρ,M) ìíîæèíó
âñiõ íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié
u : (0, ρ] → R, ÿêi çàäîâîëüíÿþòü óìîâó

|u (t)− ct| ≤ Mtβ (t) , t ∈ (0, ρ] ;

äå ρ, M � äîäàòíi ñòàëi, ρ < τ .
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:
|ϕ (t1, x, y, u, v)− ϕ (t2, x, y, u, v)| ≤ l1(tε) ·

·|t1−t2|, 0 < tε ≤ t1, t2 < τ , (ti, x, y, u, v) ∈ D,
i ∈ {1, 2}, äå l1 : (0, τ) → (0, +∞) � íåïåðåðâ-
íà íåñïàäíà ôóíêöiÿ;

|b2| < |b1| (1− 2 (l4 + l5)) ;
|h (t1)− h (t2)| ≤ |t1 − t2| , 0 < t1, t2 < τ ;

lim
t→+0

tg′ (t) (g (t))−1 = g∗, 0 ≤ g∗ < +∞
lim

t→+0
th (t) (h (t))−1 = h∗, 0 ≤ h∗ < +∞.

Òîäi: à) ÿêùî b1 > 0, òî iñíóþòü ñòà-
ëi ρ, M òàêi, ùî çàäà÷à (1), (2) ìà¹ áåçëi÷
ðîçâ'ÿçêiâ x : (0, ρ] → R, ÿêi íàëåæàòü ìíî-
æèíi U (ρ,M). Ïðè öüîìó äëÿ áóäü-ÿêî¨ ñòà-
ëî¨ α, ÿêà çàäîâîëüíÿ¹ óìîâó

|α− cρ| < Mρβ (ρ) , (3)

çíàéäåòüñÿ õî÷à á îäèí ðîçâ'ÿçîê
xα ∈ U (ρ,M) òàêèé, ùî xα (ρ) = α;

á) ÿêùî b1 < 0, òî iñíóþòü ñòàëi ρ, M òà-
êi, ùî çàäà÷à (1), (2) ìà¹ õî÷à á îäèí ðîçâ'ÿ-
çîê x : (0, ρ] → R, ÿêèé íàëåæèòü ìíîæèíi
U (ρ,M).

Äîâåäåííÿ. Îáåðåìî M , q òàê, ùîá

2 |b1| < q <
|b1| − |b2|

l4 + l5
,M > (|b1| − |b2| −

−q (l4 + l5))
−1 (|b2c|G + L |c|+ 1) .

Çàçíà÷èìî, ùî òóò ρ äîñèòü ìàëå.
Íåõàé B � ïðîñòið íåïåðåðâíî äèôåðåíöi-

éîâíèõ ôóíêöié x : [0, ρ] → R ç íîðìîþ

‖x‖B = max
t∈[0,ρ]

(|x (t)|+ |x′ (t)|) . (4)

Ïîçíà÷èìî ÷åðåç U ïiäìíîæèíó B, êîæåí
åëåìåíò u : [0, ρ] → R ÿêî¨ ïðè áóäü-ÿêîìó

t ∈ (0, ρ] çàäîâîëüíÿ¹ óìîâè

|u (t)− ctr+1| ≤ Mtr+1β (t) ,
|u′ (t)− (r + 1) ctr| ≤ qMtβ (t) ,

(5)

ïðè÷îìó u (0) = 0, u′ (0) = 0 i, êðiì òîãî,

∀ε > 0 ∀u ∈ U ∀ti ∈ [0, ρ] , i ∈ {1, 2} :
|t1 − t2| ≤ δ (ε) ⇒ |u′ (t1)− u′ (t2)| ≤ ε,

(6)
äå δ (ε) = (1− l4 − l5) ε (2B (tε))

−1; òóò
B (tε) = l1 (tε) + (g (tε))

−r + (tεh (tε))
−r, ñòà-

ëà tε ∈ (0, ρ) îáðàíà òàê, ùî ïðè t ∈ (0, tε]
îäíî÷àñíî âèêîíóþòüñÿ íåðiâíîñòi

qMtβ (t) ≤ (1− l4 − l5) ε/12,

r (r + 1) |c| tr−1 ≤ (1− l4 − l5) ε/12.

Íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî U � çà-
ìêíåíà, îáìåæåíà, îïóêëà i (çãiäíî ç êðèòå-
ði¹ì Àðöåëà) êîìïàêòíà ìíîæèíà.

Ïîêëàäåìî x = y/tr, äå y : (0, τ) → R �
íîâà íåâiäîìà ôóíêöiÿ. Òîäi âiä çàäà÷i (1),
(2) ìè ïåðåéäåìî äî çàäà÷i Êîøi

y′ (t) = at + b1t
−ry (t) + rt−1y (t) +

+b2 (g (t))−r y (g (t)) + ϕ
(
t, t−ry (t) ,

(g(t))−ry(g(t)), t−ry′(t)− rt−r−1y(t), (7)
(h (t))−r y′ (h (t))− r (h (t))−r−1 y (h (t))

)
,

y (0) = 0. (8)

Äàëi ðîçãëÿäà¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ

y′ (t) = at + b1t
−ry (t) + rt−1y (t) +

+b2 (g (t))−r u (g (t)) + ϕ
(
t, t−ru (t) ,

(g (t))−r u (g (t)) , t−ru′(t)− rt−r−1u(t), (9)
(h (t))−r u′ (h (t))− r (h (t))−r−1 u (h (t))

)
,

äå u ∈ U � äîâiëüíà ôiêñîâàíà ôóíêöiÿ.
Íåõàé D0 = {(t, y) : t ∈ (0, ρ] , y ∈ R}. ßêùî
(t, y) ∈ D0, òî äëÿ ðiâíÿííÿ (9) âèêîíàíi
óìîâè òåîðåìè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿç-
êó òà íåïåðåðâíî¨ çàëåæíîñòi ðîçâ'ÿçêiâ âiä
ïî÷àòêîâèõ äàíèõ. Äàëi áóäåìî ïðîâîäèòè
ìiðêóâàííÿ çà ñõåìîþ, çàïðîïîíîâàíîþ ðà-
íiøå (äèâ. [7], [8]); äëÿ çðó÷íîñòi ïîñèëàíü
çáåðåæåìî òóò òåðìiíîëîãiþ òà ïîçíà÷åííÿ
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ðîáîòè [8]. Ïîêëàäåìî

Φ1 = {(t, y) : t ∈ (0, ρ] ,
|y − ctr+1| = Mtr+1β (t)} ,

D1 = {(t, y) : t ∈ (0, ρ] ,
|y − ctr+1| < Mtr+1β (t)} ,

H = {(t, y) : t = ρ,
|y − cρr+1| < Mρr+1β (ρ)} .

Íåõàé äîïîìiæíà ôóíêöiÿ
A1 : D0 → [0, +∞) âèçíà÷à¹òüñÿ ðiâíiñòþ
A1(t, y) = (y − ctr+1)

2
(tr+1β(t))

−2. Íåâàæêî
ïåðåêîíàòèñÿ â òîìó, ùî äëÿ (t, y) ∈ Φ1

íà ïiäñòàâi ðiâíÿííÿ (9) ïîõiäíà ôóíêöi¨
A1 äîäàòíà äëÿ b1 > 0 i âiä'¹ìíà, êîëè
b1 < 0. Òîìó äëÿ b1 > 0 âñi òî÷êè Φ1 �
òî÷êè ñòðîãîãî âõîäó äëÿ D1 âiäíîñíî (9),
à ÿêùî b1 < 0, òî âñi òî÷êè Φ1 � òî÷êè
ñòðîãîãî âèõîäó äëÿ D1 âiäíîñíî (9). Îòæå,
äëÿ b1 > 0 êîæíà ç iíòåãðàëüíèõ êðèâèõ
ðiâíÿííÿ (9), ÿêi ïåðåòèíàþòü H, çàëè-
øà¹òüñÿ â D1 ïðè âñiõ t ∈ (0, ρ]. ßêùî æ
b1 < 0, òî ñåðåä iíòåãðàëüíèõ êðèâèõ, ÿêi
ïåðåòèíàþòü H, iñíó¹ îäíà é òiëüêè îäíà,
ÿêà çàëèøà¹òüñÿ â D1 ïðè âñiõ t ∈ (0, ρ].
Äëÿ äîâåäåííÿ ¹äèíîñòi äëÿ âèïàäêó
b1 < 0 ðîçãëÿäà¹òüñÿ îäíîïàðàìåòðè÷íà
ñiì'ÿ êðèâèõ Φ2 (ν) = {(t, y) : t ∈ (0, ρ] ,
|y − yu (t)| = νtr+1β (t) (− ln t)}, äå ν � ïà-
ðàìåòð, ν ∈ (0, 1] i äîïîìiæíà ôóíêöiÿ
A2 : D0 → [0, +∞), ùî âèçíà÷åíà ðiâíiñòþ
A2 (t, y) = (y − yu (t))2 (tr+1β (t) (− ln t))

−2.
ßêùî b1 > 0, òî ôiêñó¹ìî áóäü-ÿêó òî-
÷êó G (ρ, yG) ∈ H i ïîçíà÷à¹ìî ÷åðåç
Ju : (t, yu (t)) òó iíòåãðàëüíó êðèâó (9),
äëÿ ÿêî¨ yu (ρ) = yG. ßêùî æ b1 < 0, òî
÷åðåç Ju : (t, yu (t)) ïîçíà÷à¹òüÿ òà ¹äèíà
iíòåãðàëüíà êðèâà ðiâíÿííÿ (9), ÿêà çàëè-
øà¹òüñÿ â D1 ïðè âñiõ t ∈ (0, ρ]. Íåâàæêî
ïåðåêîíàòèñÿ â òîìó, ùî ïðè t ∈ (0, ρ]

|yu (t)− ctr+1| ≤ Mtr+1β (t) ,
|y′u (t)− (r + 1) ctr| ≤ qMtβ (t) .

(10)

Ïîêëàäåìî çà îçíà÷åííÿì yu(0) = 0,
y′u(0) = 0. Ïîêàæåìî, ùî äëÿ ôóí-
êöi¨ yu : [0, ρ] → R âèêîíàíà óìîâà (6).
ßêùî ti ∈ [tε, ρ], i ∈ {1, 2}, |t1 − t2| ≤ δ(ε),
òî |y′u(t1)− y′u(t2)| ≤ l4|u′(t1)− u′(t2)|+

+l5|u′(h(t1))− u′(h(t2))|+ B(tε)|t1 − t2|. Òàê
ÿê |t1 − t2| ≤ δ(ε), òî |u′(t1)− u′(t2)| ≤ ε. Â
òîé æå ÷àñ |h(t1)− h(t2)| ≤ |t1 − t2| ≤ δ(ε), i
òîìó |u′(h(t1))− u′(h(t2))| ≤ ε òàêîæ. Îòæå,
|y′u(t1)− y′u(t2)| ≤ (l4 + l5)ε + B(tε)δ(ε) =
= (l4 + l5)ε + (1− l4 − l5)ε/2 < ε =
= (1 + l4 + l5)ε/2 < ε. ßêùî ti ∈ [0, tε],
i ∈ {1, 2}, òî |y′u(t1)− y′u(t2)| ≤
≤ |y′u(t1)− (r + 1)ctr1|+ |y′u(t2)− (r + 1)ctr2|+
+(r + 1)|c||tr1 − tr2| ≤ (1− l4 − l5)ε/4 < ε.
Íàðåøòi, ÿêùî t1 ∈ [0, tε] i t2 ∈ [tε, ρ],
ïðè÷îìó |t1 − t2| ≤ δ(ε), òî,
îñêiëüêè |tε − t1| ≤ |t1 − t2| ≤ δ(ε),
|y′u(t1)− y′u(t2)| ≤ |y′u(t1)− y′u(tε)|+
+|y′u(tε)− y′u(t2)| ≤ (1 + l4 + l5)ε/2+
+(1− l4 − l5)ε/2 = ε.

Ìè ïîêàçàëè, ùî iñíó¹, i ïðè÷îìó öiëêîì
âèçíà÷åíà, ôóíêöiÿ yu : [0, ρ] → R, ÿêà íà-
ëåæèòü ìíîæèíi U i ïðè öüîìó ¹ ðîçâ'ÿçêîì
çàäà÷i Êîøi (9), (8) ïðè t ∈ (0, ρ]. Âèçíà÷èìî
îïåðàòîð T : U → U , ïîêëàäàþ÷è Tu = yu.
Äîâåäåìî, ùî îïåðàòîð T : U → U ¹ íåïå-
ðåðâíèé. Íåõàé ui ∈ U , i ∈ {1, 2} � äîâiëüíi
ôiêñîâàíi ôóíêöi¨, ‖u1 − u2‖B = d, d > 0.
Ïîçíà÷èìî Tui = yi, i ∈ {1, 2}. Áóäåìî äî-
ñëiäæóâàòè àñèìïòîòè÷íå ïîâîäæåííÿ ïðè
t → +0 iíòåãðàëüíèõ êðèâèõ äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

y′(t) = at + b1t
−ry(t) + rt−1y(t)+

+b2(g(t))−ru1(g(t)) + ϕ
(
t, t−ru1(t),

(g(t))−ru1(g(t)), t−ru′1(t)− rt−r−1u1(t),

(h(t))−r u′1 (h(t))− r (h(t))−r−1 u1 (h(t))
)
.
(11)

Ââàæàòèìåìî, ùî

Φ3 =

{
(t, y) : t ∈ (0, ρ], |y − y2(t)| = γdν ·

· (tr+1β(t)
)1−ν

((
g(t)h(t)

t2

)r+1
β(g(t))β(h(t))

(β(t))2

)−ν }
,

D3 =

{
(t, y) : t ∈ (0, ρ], |y − y2(t)| < γdν ·

· (tr+1β(t)
)1−ν

((
g(t)h(t)

t2

)r+1
β(g(t))β(h(t))

(β(t))2

)−ν }
,

äå ν, γ � ñòàëi, ùî çàäîâîëüíÿþòü óìîâàì
0 < ν < (r + 1)−1,

γ > 2 (2M)1−ν |b1|−1 (|b2|+ r + 2) .
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Íåõàé äîïîìiæíà ôóíêöiÿ
A3 : D0 → [0, +∞) âèçíà÷à¹òüñÿ ðiâíiñòþ

A3(t, y) = (y − y2(t))
2
(
tr+1β(t)

)−2(1−ν) ·
·
(

g(t)h(t)
t2

)−2(r+1) (
β(g(t))β(h(t))

(β(t))2

)2ν

.

Íåâàæêî ïåðåêîíàòèñü â òîìó, ùî äëÿ b1 > 0
ïîõiäíà ôóíêöi¨ A3 â ñèëó ðiâíÿííÿ (11) äî-
äàòíà ïðè (t, y) ∈ Φ3, à ÿêùî b1 < 0, òî ïî-
õiäíà ôóíêöi¨ A3 â ñèëó ðiâíÿííÿ (11) âiä'-
¹ìíà ïðè (t, y) ∈ Φ3. Òîìó

|y1(t)− y2(t)|+ |y′1(t)− y′2(t)| ≤
≤ (g(t)h(t)β(g(t))β(h(t)))−ν(r+1) dν

ïðè t ∈ (0, ρ].
(12)

Òåïåð çâåðíåìîñÿ áåçïîñåðåäíüî äî äîâå-
äåííÿ íåïåðåðâíîñòi îïåðàòîðà T : U → U .
Íåõàé ε > 0 äàíî. Iñíó¹ òàêå tε, ùî
2Mtr+1β(t) + 2qMtβ(t) ≤ ε/2 ïðè t ∈ (0, tε].
ßêùî t ∈ (0, tε], òî |y1(t)− y2(t)|+
+|y′1(t)− y′2(t)| ≤ |y1(t)− ctr+1|+
+|y2(t)− ctr+1|+ |y′1(t)− (r + 1)ctr|+
+|y2(t)− (r + 1)ctr| ≤ ε/2.
Íåõàé äàëi t ∈ [tε, ρ]. Ç (12) âèïëèâà¹, ùî

|y1(t)− y2(t)|+ |y′1(t)− y′2(t)| ≤
≤ (ω(tε))

−ν dν , t ∈ [tε, ρ],
(13)

äå ω(tε) =
(
g(tε)h(tε)β(g(tε))β(h(tε))

)r+1. Íå-
õàé δ(ε) = (ε/2)νω(tε). ßêùî d < δ(ε), òî ç
(13) âèïëèâà¹, ùî

|y1(t)− y2(t)|+ |y′1(t)− y′2(t)| ≤ ε/2 (14)

ïðè t ∈ [tε, ρ]. Îòæå, ÿêùî d < δ(ε),
òî îöiíêà (14) âèêîíó¹òüñÿ ïðè âñiõ
t ∈ [0, ρ]. Òàêèì ÷èíîì, äîâåäåíî,
ùî ÿêùî ‖u1 − u2‖B = d < δ(ε), òî
max
t∈[0,ρ]

(|y1(t)− y2(t)|+ |y′1(t)− y′2(t)|) =

= ‖y1 − y2‖B = ‖Tu1 − Tu2‖B ≤ ε/2 < ε.
Öi ìiðêóâàííÿ íå çàëåæàòü íi âiä âèáîðó
ôóíêöié ui ∈ U , i ∈ {1, 2}, íi âiä âèáîðó
ε > 0. Íåïåðåðâíiñòü îïåðàòîðà T : U → U
äîâåäåíà.

Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè 1
çàëèøà¹òüñÿ çàñòîñóâàòè äî îïåðàòîðà
T : U → U òåîðåìó Øàóäåðà ïðî íåðóõîìó
òî÷êó.

Òåîðåìà 2. Íåõàé âèêîíàíi óìîâè
1) Ó ðiâíÿííi (1) b2 = 0;
2) l2(t) = l2t

r−1, l3(t) = l3(g(t))r−1,
t ∈ (0, τ), äå l2, l3 � ñòàëi;

3) l2 + l3 + r(l4 + l5) < 1/2.
Òîäi:
a) ÿêùî b1 > 0, òî iñíóþòü ñòàëi ρ, M

òàêi, ùî çàäà÷à (1), (2) ìà¹ áåçëi÷ ðîçâ'ÿç-
êiâ x : (0, ρ] → R, ÿêi íàëåæàòü ìíîæè-
íi U(ρ, M). Ïðè öüîìó äëÿ áóäü-ÿêî¨ ñòà-
ëî¨ α, ÿêà çàäîâîëüíÿ¹ óìîâó (3), çíàéäåòüñÿ
¹äèíèé ðîçâ'ÿçîê xα ∈ U(ρ,M) òàêèé, ùî
xα(ρ) = α;

á) ÿêùî b1 < 0, òî iñíóþòü ñòàëi ρ, M
òàêi, ùî çàäà÷à (1), (2) ìà¹ ¹äèíèé ðîçâ'ÿ-
çîê x : (0, ρ] → R, ÿêèé íàëåæèòü ìíîæèíi
U(ρ,M).

Äîâåäåííÿ. Îáåðåìî M , q òàê, ùîá
2|b1| < q < |b1|(l4 + l5)

−1,

M > (|b1| − q(l4 + l5))
−1 (L|c|+ 1).

Òóò ρ äîñèòü ìàëå. Íåõàé B - ïðî-
ñòið íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié
x : [0, ρ] → R ç íîðìîþ (4). Ïîçíà÷èìî
÷åðåç U ïiäìíîæèíó B, êîæåí åëåìåíò
u : [0, ρ] → R ÿêî¨ çàäîâîëüíÿ¹ óìîâè (5),
ïðè÷îìó u(0) = 0, u′(0) = 0. Ìíîæèíà U
îáìåæåíà i çàìêíåíà.

Ïîêëàäåìî x = y/tr, äå y : (0, τ ] → R �
íîâà íåâiäîìà ôóíêöiÿ. Â ðåçóëüòàòi îòðè-
ìà¹ìî çàìiñòü çàäà÷i (1), (2) çàäà÷ó (7), (8).
Áóäåìî ðîçãëÿäàòè äèôåðåíöiàëüíå ðiâíÿí-
íÿ (9), äå u ∈ U � äîâiëüíà ôiêñîâàíà ôóí-
êöiÿ. Ïîâòîðèâøè ìiðêóâàííÿ, ùî ïðîâåäåíi
ó âiäïîâiäíié ÷àñòèíi äîâåäåííÿ òåîðåìè 1,
âñòàíîâèìî, ùî:

à) ÿêùî b1 > 0, òî êîæíà iíòåãðàëüíà êðè-
âà ðiâíÿííÿ (9), ÿêà ïåðåòèíà¹ H, âèçíà÷åíà
ïðè t ∈ (0, ρ] i çàëèøà¹òüñÿ â D1 ïðè âñiõ t ∈
(0, ρ]. Ôiêñó¹ìî áóäü-ÿêó òî÷êó G(ρ, yG) ∈
H i ïîçíà÷à¹ìî ÷åðåç Ju : (t, yu(t)) òó iíòå-
ãðàëüíó êðèâó (9), äëÿ ÿêî¨ yu(ρ) = yG.

á) ÿêùî b1 < 0, òî ñåðåä iíòåãðàëüíèõ
êðèâèõ ðiâíÿííÿ (9), ÿêi ïåðåòèíàþòü H,
iñíó¹ îäíà i ëèøå îäíà iíòåãðàëüíà êðèâà
(ïîçíà÷èìî ¨¨ ÷åðåç Ju : (t, yu(t)), ÿêà âèçíà-
÷åíà ïðè t ∈ (0, ρ] i çàëèøà¹òüñÿ â D1 ïðè
âñiõ t ∈ (0, ρ].
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Íåâàæêî ïåðåêîíàòèñü ó òîìó, ùî âèêî-
íàíi íåðiâíîñòi (10). Ïîêëàäåìî çà îçíà÷åí-
íÿì yu(0) = 0, y′u(0) = 0. Òîäi yu ∈ U . Âè-
çíà÷èìî îïåðàòîð T : U → U , ââàæàþ÷è
Tu = yu. Äîâåäåìî, ùî îïåðàòîð T : U → U ¹
ñòèñíåíèì. Äëÿ öüîãî ïðîâîäèìî ìiðêóâàí-
íÿ çà ñõåìîþ, çàïðîïîíîâàíîþ ðàíiøå îäíèì
iç àâòîðiâ ó [7] (äîâåäåííÿ òåîðåìè 1). Íåõàé
yu ∈ U , i ∈ {1, 2} � äîâiëüíi ôiêñîâàíi ôóíê-
öi¨. Ïîçíà÷èìî yi = Tui, i ∈ {1, 2}. Íåõàé
‖u1 − u2‖B = d, d > 0. Áóäåìî äîñëiäæó-
âàòè àñèìïòîòè÷íó ïîâåäiíêó ïðè t → +0
iíòåãðàëüíèõ êðèâèõ äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ (11). Ïîêëàäåìî

Φ4 = {(t, y) : t ∈ (0, ρ], |y − y2(t)| = γdtr} ,
D4 = {(t, y) : t ∈ (0, ρ], |y − y2(t)| < γdtr} ,

äå γ � ñòàëà, ÿêà çàäîâîëüíÿ¹ óìî-
âó K|b1|−1 < γ < (1 − K)|b1|−1,
äå K = l2 + l3 + (r + 1)(l4 + l5). Íåõàé äîïî-
ìiæíà ôóíêöiÿ A4 : D0 → [0, +∞) âèçíà-
÷à¹òüñÿ ðiâíiñòþ A4(t, y) = (y − y2(t))

2 t−2r.
Íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî ÿêùî
b1 > 0, òî ïîõiäíà ôóíêöi¨ A4 â ñè-
ëó ðiâíÿííÿ (11) äîäàòíà ïðè (t, y) ∈
Φ4, à ÿêùî b1 < 0, òî ïîõiäíà ôóíêöi¨
A4 â ñèëó ðiâíÿííÿ (11) âiä'¹ìíà ïðè
(t, y) ∈ Φ4. Çâiäñè âèïëèâà¹, ùî iíåãðàëü-
íà êðèâà J : (t, y(t)) ðiâíÿííÿ (11) çà-
ëèøà¹òüñÿ â D4 ïðè âñiõ t ∈ (0, ρ]. Ç
öüîãî âèïëèâà¹, ùî |y1(t)− y2(t)| ≤ γdtr,
t ∈ (0, ρ] i òîìó, îñêiëüêè ρ äîñòàòíüî ìàëå,
|y1(t)− y2(t)|+ |y′1(t)− y′2(t)| ≤ θd, t ∈ (0, ρ],
äå θ = (|b1|γ + K + 1)/ 2, 0 < θ < 1. Ïðî-
âåäåíi ìiðêóâàííÿ íå çàëåæàòü âiä âè-
áîðó ôóíêöié ui ∈ U , i ∈ {1, 2}. Îòæå,
T : U → U � ñòèñíåíèé îïåðàòîð, ùî i òðå-
áà áóëî äîâåñòè.

Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè 2
çàëèøà¹òüñÿ çàñòîñóâàòè äî îïåðàòîðà
T : U → U ïðèíöèï Áàíàõà ñòèñíåíèõ
âiäîáðàæåíü.
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