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Âèçíà÷åíî iíòåðïîëÿöiéíi øêàëè ñïåêòðàëüíèõ ïiäïðîñòîðiâ åëiïòè÷íèõ îïåðàòîðiâ iç
ñèëüíî âèðîäæåíèìè êîåôiöi¹íòàìè ïîáëèçó ãðàíèöi. Ïîêàçàíî iñíóâàííÿ óçàãàëüíåíîãî ñïå-
êòðàëüíîãî ðîçêëàäó òàêèõ îïåðàòîðiâ.

The interpolation scales of spectral subspaces of elliptic operators with strong singular coe�-
cients near boundary are de�ned. The existence of generalized spectral decomposition is shown for
such operators.

Âñòóï. Äàíà ðîáîòà ïðèñâÿ÷åíà ïðîáëå-
ìi ïîáóäîâè ñïåêòðàëüíèõ ðîçêëàäiâ ó ïðî-
ñòîðàõ Lp (1 < p < ∞) âèðîäæåíèõ åëiïòè-
÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ.

Äëÿ çàìêíåíîãî îïåðàòîðà A çi ùiëüíîþ
îáëàñòþ âèçíà÷åííÿ D(A) â áàíàõîâîìó ïðî-
ñòîði X i äîâiëüíîãî ν > 0 ïîêëàäåìî

Eν
1 (A, X) =

=
{

x ∈ C∞(A) :
∞∑

k=0

‖(A/ν
)k

x‖ < ∞
}

,

äå C∞(A) :=
⋂∞

k=0D(Ak) � ìíîæèíà íå-
ñêií÷åííî äèôåðåíöiéîâàíèõ âåêòîðiâ îïå-
ðàòîðà A. Åëåìåíòè ìíîæèíè E(A, X) :=⋃
ν>0

Eν
1 (A, X) íàçèâàþòüñÿ öiëèìè âåêòîðàìè

åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà A [1].
Ó [2] ïîêàçàíî, ùî ó âèïàäêó îïåðàòîðiâ

iç òî÷êîâèì ñïåêòðîì ïiäïðîñòið Eν
1 (A,X)

çáiãà¹òüñÿ ç ïðÿìîþ ñóìîþ êîðåíåâèõ ïiä-
ïðîñòîðiâ, ùî âiäïîâiäàþòü âëàñíèì çíà÷å-
ííÿì ó êîëi ðàäióñà ν. Òàêèì ÷èíîì, ó áàíà-
õîâîìó ïðîñòîði çà äîïîìîãîþ öiëèõ âåêòî-
ðiâ åêñïîíåíöiàëüíîãî òèïó ìîæíà îïèñàòè
ñïåêòðàëüíi ïiäïðîñòîðè îïåðàòîðà.

Ó äàíié ðîáîòi âèêîðèñòîâó¹òüñÿ òåõíiêà
îïåðàòîðíîãî ÷èñëåííÿ, ðîçâèíåíîãî â [3].
Çàçíà÷èìî, ùî äëÿ îïåðàòîðiâ iç òî÷êîâèì
ñïåêòðîì öå ÷èñëåííÿ ðîçøèðåíî íà àëãå-
áðó ñèìâîëiâ, ÿêà ¹ ïðîåêòèâíîþ ãðàíèöåþ
áàíàõîâèõ ñêií÷åííîâèìiðíèõ àëãåáð [4].

Iíòåðïîëÿöiéíi âëàñòèâîñòi ïðîñòîðiâ öi-
ëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó òà ñïå-
êòðàëüíèõ ïiäïðîñòîðiâ çàìêíåíèõ îïåðàòî-
ðiâ ðîçãëÿäàëèñü ó [5, 6]. Íà ¨õ îñíîâi â äàíié
ðîáîòi âèçíà÷åíî iíòåðïîëÿöiéíi øêàëè ñïå-
êòðàëüíèõ ïiäïðîñòîðiâ åëiïòè÷íèõ îïåðà-
òîðiâ, ùî õàðàêòåðèçóþòüñÿ ñèëüíèì âèðî-
äæåííÿì êîåôiöi¹íòiâ ïîáëèçó ãðàíèöi (òåî-
ðåìà 1).

Äëÿ âêàçàíîãî êëàñó âèðîäæåíèõ îïåðà-
òîðiâ ïîêàçàíî iñíóâàííÿ àíàëîãó ðîçêëàäó
ïðîñòîðó Lp(Ω) â ðÿäè ¨õ iíâàðiàíòíèõ ñïå-
êòðàëüíèõ ïiäïðîñòîðiâ (òåîðåìà 2).

Ó ðîáîòi âèêîðèñòîâó¹òüñÿ ñòàíäàðòíà
òåðìiíîëîãiÿ ç [8].

Âèðîäæåíi åëiïòè÷íi îïåðàòîðè. Íå-
õàé Ω � äîâiëüíà îáëàñòü â Rn, ρ(t) ∈ C∞(Ω)
� äîäàòíà ôóíêöiÿ òàêà, ùî:

(1) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó α iñíó¹
òàêå äîäàòíå ÷èñëî cα, ùî |Dαρ(t)| ≤
cα ρ 1+ |α|(t) äëÿ âñiõ t ∈ Ω, |α| = α1 + . . .+αn,
αi ∈ Z+, i = 1, n;

(2) äëÿ äîâiëüíîãî äîäàòíîãî ÷èñëà K
iñíóþòü ÷èñëà εK > 0 i rK > 0 òàêi, ùî
ρ(t) > K, ÿêùî d(t) ≤ εK àáî | t | ≥ rK , t ∈ Ω
(d(t) � âiäñòàíü äî ãðàíèöi îáëàñòi Ω). Ïî-
êëàäåìî

Ω(j) = {u ∈ Ω : ρ(t) < 2j}, j = N, N + 1, . . . ,

Ω(N) 6= ∅, ΩN = Ω(N+2), Ωj = Ω(j+2)\Ω(j−1),

j = N + 1, N + 2, . . . .
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Ïðèïóñòèìî, ùî ñèñòåìà ôóíêöié ψj(t) ∈
C∞

0 (Ωj), (j ∈ N) çàäîâîëüíÿ¹ óìîâè:
(1) 0 ≤ ψj(t) ≤ 1,

∑∞
j=N ψj(t) = 1, t ∈ Ω;

(2) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó γ iñíó¹
òàêå äîäàòíå ÷èñëî cγ, ùî |Dγψj(t)| ≤
cγ 2j|γ|, j = N,N + 1, . . . , 0 < |γ| < ∞.

Íåõàé 1 < p < ∞, 1 ≤ q < ∞, s ≥ 0,
τ ≥ µ + sp, τ, µ ∈ R. Âèõîäÿ÷è ç îçíà÷åííÿ
3.2.4/2 [8], ïîêëàäåìî

Bs
p,q(Ω ; ρµ; ρτ ) =

=

{
u ∈ Lp(Ω) : ‖u‖Bs

p,q(Ω ; ρµ; ρτ ) =

=

[ ∞∑
j=N

(
2jµ‖ψju‖p

Bs
p,q(Rn)+

+2jτ‖ψju‖p
Lp(Rn)

)]1/p}
,

äå Bs
p,q(Rn) � ïðîñòið Á¹ñîâà. Äëÿ s =

0, 1, 2, . . .
W s

p (Ω ; ρµ; ρτ ) =

=
{

u ∈ Lp(Ω) : ‖u‖W s
p (Ω ; ρµ; ρτ ) =

=
[ ∞∑

j=N

(
2jµ‖ψju‖p

W s
p (Rn)+

+2jτ‖ψju‖p
Lp(Rn)

)]1/p}
,

äå W s
p (Rn) � ïðîñòið Ñîáîë¹âà.

Íåõàé m ∈ N, ζ, η ∈ R,
η > ζ + 2m. Ïîêëàäåìî ℵl =
1

2m

(
η (2m− l) + ζ l

)
, l = 0, 1, . . . , 2m i

ðîçãëÿíåìî îïåðàòîð

Au =
m∑

l=0

∑

|α|=2l

ρℵ 2l(t) bα(t) Dαu + (1)

∑

|β|<2m

aβ(t) Dβu ,

äå bα(t) ∈ C∞(Ω) (|α| = 2l, l = 0, 1, . . . , m)
� äiéñíi ôóíêöi¨, âñi ïîõiäíi ÿêèõ (i ñà-
ìi ôóíêöi¨) îáìåæåíi â Ω. Ïåðåäáà÷à¹-
òüñÿ, ùî iñíó¹ òàêå äîäàòíå ÷èñëî C, ùî

(−1)m
∑

|α|=2m

bα(t) ξα ≥ C |ξ|2m, b (0,...,0)(t) ≥
C, (−1)l

∑
|α|=2l

bα(t) ξα ≥ 0, l = 1, . . . , m − 1,

äëÿ âñiõ ξ ∈ Rn i âñiõ t ∈ Ω. Êðiì öüî-
ãî, aβ(t) ∈ C∞(Ω) (0 ≤ |β| < 2m) i iñíó¹
äîäàòíå ÷èñëî δ > 0 òàêå, ùî Dαaβ(t) =
O ( ρℵ |β|+ |α| − δ ) äëÿ 0 ≤ |β| < 2m i âñiõ ìóëü-
òèiíäåêñiâ α.

Ðiâíiñòü (1), çà íàâåäåíèõ âèùå óìîâ, âè-
çíà÷à¹ øèðîêèé êëàñ âèðîäæåíèõ åëiïòè-
÷íèõ îïåðàòîðiâ [7]. Çîêðåìà, ÿêùî Ω �
îáìåæåíà îáëàñòü i iñíóþòü òàêi äîäàòíi ÷è-
ñëà c1 i c2, ùî c1 d(t) ≤ ρ−1(t) ≤ c2 d(t), òî
öüîìó êëàñó íàëåæèòü îïåðàòîð

Au = ρ ζ(t) (−4)mu + ρ η(t)u, η > ζ + 2m.

Iíòåðïîëÿöiéíi ïðîñòîðè. Íåõàé η >
0, 1 < p < ∞ i ρ−a(t) ∈ L1(Ω) äëÿ äå-
ÿêîãî a ≥ 0. Äàëi, íåõàé îïåðàòîð A, çà-
äàíèé ðiâíiñòþ (1), ç îáëàñòþ âèçíà÷åí-
íÿ W 2m

p (Ω ; ρ p ζ ; ρ p η) äi¹ â ïðîñòîði Lp(Ω).
Çãiäíî ç òåîðåìîþ 6.5.2/1 [8], îïåðàòîð
Ar, r ∈ N, çäiéñíþ¹ içîìîðôiçì ïðîñòîðó
W 2rm

p (Ω ; ρ p r ζ ; ρ p r η) íà Lp(Ω).
Äëÿ äîâiëüíèõ ÷èñåë ν > 0, 1 ≤ q ≤ ∞ âè-

çíà÷èìî ïðîñòið Eν
q (A,W 2rm

p (Ω ; ρ p r ζ ; ρ p r η))
ç íîðìîþ

‖u‖Eν
q (A,W 2rm

p ) =
( ∞∑

k=0

‖Aku‖q
W 2rm

p

νkq

)1/q

,

1 ≤ q < ∞,

‖u‖Eν∞(A,W 2rm
p ) = sup

k∈Z+

‖Aku‖W 2rm
p

νk
,

äå W 2rm
p := W 2rm

p (Ω ; ρ p r ζ ; ρ p r η).
Íåõàé 0 < t, ν0, ν1 < ∞, 1 ≤ q0, q1 ≤

∞, 0 < θ < 1. Âèçíà÷èìî iíòåðïîëÿöié-
íèé ïðîñòið

(Eν0
q0

(A,W 2rm
p ), Eν1

q1
(A,W 2rm

p )
)

θ,q
ç íîðìîþ

‖u‖(Eν0
q0

(A,W 2rm
p ),Eν1

q1
(A,W 2rm

p ))
θ,q

=

=
( ∫ ∞

0

[
t−θKr(t, u)

]q dt

t

)1/q

,

‖u‖(Eν0
q0

(A,W 2rm
p ),Eν1

q1
(A,W 2rm

p ))
θ,∞

= sup
t>0

t−θKr(t, u),
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Kr(t, u) = inf
u=u0+u1

(‖u0‖Eν0
q0

(A,W 2rm
p )+

t ‖u1‖Eν1
q1

(A,W 2rm
p )

)
,

u0 ∈ Eν0
q0

(A,W 2rm
p ), u1 ∈ Eν1

q1
(A,W 2rm

p ).
Ëåìà 1. Äëÿ 1 ≤ q, q0, q1 ≤ ∞, ν0 6= ν1

ñïðàâäæó¹òüñÿ ðiâíiñòü

Eν
q (A, W 2rm

p ) =

=
(Eν0

q0
(A,W 2rm

p ), Eν1
q1

(A,W 2rm
p )

)
θ,q

,

äå ν = ν1−θ
0 νθ

1 .
Äîâåäåííÿ. Ïðîñòið Eν

q (A,W 2rm
p ) içîìå-

òðè÷íî içîìîðôíèé ïiäïðîñòîðó ïîñëiäîâ-
íîñòåé ó Lp(Ω) âèãëÿäó lσq,rm =

{
(Aku)∞k=0 :

‖(Aku)‖lσq,rm
< ∞}

, äå σ = log2 ν−1

i ‖(Aku)‖lσq,rm
= ‖u‖Eν

q (A,W 2rm
p ), u ∈

Eν
q (A,W 2rm

p ). Çãiäíî ç òåîðåìîþ 1.18.2
[8], äëÿ σ0 6= σ1 âèêîíó¹òüñÿ ðiâíiñòü(
lσ0
q0,rm, lσ1

q1,rm

)
θ,q

= lσq,rm, äå σ = (1−θ)σ0+θσ1.
Çâiäñè îòðèìó¹ìî ïîòðiáíó ðiâíiñòü.

Äëÿ 1 ≤ q < ∞, 0 < θ < 1 âèçíà÷èìî
iíòåðïîëÿöiéíèé ïðîñòið

(
W 2rm

p , W 2hm
p

)
θ,q

ç
íîðìîþ

‖u‖(W 2rm
p , W 2hm

p )
θ,q

=

=
( ∫ ∞

0

[
t−θKr,h(t, u)

]q dt

t

)1/q

,

äå

Kr,h(t, u) = inf
u=u0+u1

(‖u0‖W 2rm
p

+ t ‖u1‖W 2hm
p

)
,

u0 ∈ W 2rm
p , u1 ∈ W 2hm

p .
Ëåìà 2. Íåõàé s ≥ 0, ν > 0, 1 ≤ q < ∞,

τ > µ + sp. Òîäi âèêîíó¹òüñÿ ðiâíiñòü

Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) = (2)
=

(Eν
q0

(A,W 2rm
p ), Eν

q1
(A,W 2hm

p )
)

θ,q
,

äå s = (1 − θ)2rm + θ2hm, r 6= h, τ =
(1− θ)p r η + θp h ζ, µ−τ

sp
= ζ−η

2m
, 1

q
= 1−θ

q0
+ θ

q1
,

1 ≤ q0, q1 < ∞.
Äîâåäåííÿ. Çâóæåííÿ îïåðàòî-

ðà Ak íà iíòåðïîëÿöiéíèé ïðîñòið(
W 2rm

p , W 2hm
p

)
θ,q

¹ çàìêíåíèì îïåðà-
òîðîì iç ùiëüíîþ îáëàñòþ âèçíà÷åííÿ(
W

2(r+k)m
p , W

2(h+k)m
p

)
θ,q

. Òîìó âèçíà÷åíèé

ïðîñòið Eν
q

(
A,

(
W 2rm

p , W 2hm
p

)
θ,q

)
, ÿêèé içîìå-

òðè÷íî içîìîðôíèé ïiäïðîñòîðó ïîñëiäîâ-
íîñòåé â Lp(Ω) âèãëÿäó lσq,rhm =

{
(Aku)∞k=0 :

‖(Aku)‖lσq,rhm
< ∞}

, äå σ = log2 ν−1 i
‖(Aku)‖lσq,rhm

= ‖u‖Eν
q

(
A,

(
W 2rm

p , W 2hm
p

)
θ,q

),

u ∈ Eν
q

(
A,

(
W 2rm

p , W 2hm
p

)
θ,q

)
.

Çãiäíî ç òåîðåìîþ 1.18.1 [8], ìà¹ìî
lσq,rhm =

(
lσq0,rm, lσq1,hm

)
θ,q

, äå 1/q = (1−θ)/q0+

θ/q1. Çâiäñè òà ç òåîðåìè 3.4.2 [8] îòðèìó¹ìî
(2).

Ðiâíiñòü (2) äëÿ s ≥ 0, ν > 0,
1 ≤ q < ∞, τ ≥ µ+sp âèçíà÷à¹ iíòåðïîëÿöié-
íó øêàëó ïðîñòîðiâ Eν

q (A,Bs
p,q(Ω ; ρµ; ρτ )).

Íîðìà ïðîñòîðó Eν
q (A, Bs

p,q(Ω ; ρµ; ρτ )) âè-
çíà÷à¹òüñÿ ðiâíiñòþ

‖u‖Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) =

=
( ∞∑

k=0

ν−kq‖Aku‖q
Bs

p,q

)1/q

i åêâiâàëåíòíà íîðìi

‖u‖∗Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) =

=
( ∫ ∞

0

[
t−θKν

r,h(t, u)
]q dt

t

)1/q

,

Kν
r,h(t, u) = inf

u=u0+u1

(
‖u0‖Eν

q0
(A,W 2rm

p )+

+t ‖u1‖Eν
q1

(A,W 2hm
p )

)
,

u0 ∈ Eν
q0

(A, W 2rm
p ), u1 ∈ Eν

q1
(A,W 2hm

p ).
Äëÿ 0 ≤ s1 < s2 i äîâiëüíîãî ε > 0 ñïðàâ-

äæóþòüñÿ íåïåðåðâíi âêëàäåííÿ

Eν
q (A,Bs2

p,q(Ω ; ρµ; ρτ )) ⊂
⊂ Eν

q (A,Bs1
p,q(Ω ; ρµ; ρτ )),

Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) ⊂
⊂ Eν+ε

q (A,Bs
p,q(Ω ; ρµ; ρτ )).

Ïðîñòið Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) iíâàðiàí-
òíèé âiäíîñíî îïåðàòîðà Ak i âèêîíó¹òüñÿ
íåðiâíiñòü

‖Aku‖Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) ≤

≤ νk‖u‖Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )),
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äëÿ âñiõ u ∈ Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )).
Âèçíà÷åíèé âèùå îïåðàòîð A ìà¹ òî÷êî-

âèé ñïåêòð σ(A) = {λn}n∈N (òåîðåìà 6.6.2
[8]) i êîðåíåâi ïiäïðîñòîðè Rn, ùî âiäïîâi-
äàþòü âëàñíèì çíà÷åííÿì λn ∈ C, ñêií÷åí-
íîâèìiðíi.

Òåîðåìà 1. Íåõàé îïåðàòîð A, çàäà-
íèé ðiâíiñòþ (1), ç îáëàñòþ âèçíà÷åí-
íÿ W 2m

p (Ω ; ρ p ζ ; ρ p η) äi¹ â ïðîñòîði Lp(Ω),
1 < p < ∞, ïðè÷îìó η > 0 i ρ−a(t) ∈ L1(Ω)
äëÿ äåÿêîãî a ≥ 0. Òîäi äëÿ s ≥ 0, ν > 0,
1 ≤ q < ∞, τ > µ + sp i 0 < θ < 1 âèêîíóþ-
òüñÿ ðiâíîñòi

Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) = Lin
{
Rn :

|λn| < min
(
ν, ν(s/(2mθ)+1)−1)}

, (3)

Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) =
{

u ∈ C∞(Ω) :

∞∑

k=0

ν−k‖Aku‖Bs
p,q(Ω ; ρµ; ρτ ),

sup
t∈Ω

ρl(t) |Dα u(t)| < ∞
}

, (4)

äëÿ âñiõ α, l = 0, 1, 2, . . . (Lin îçíà÷à¹ ëiíié-
íó îáîëîíêó ôóíêöié).

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 2.2 [4],
âèêîíó¹òüñÿ ðiâíiñòü

Eν
1 (A, W 2rm

p ) =

= Lin
{Rn : |λn|r+1 < ν

}
, r ∈ Z+.

Íà ïiäñòàâi ñêií÷åííîâèìiðíîñòi êîðåíåâèõ
ïiäïðîñòîðiâ Rn, ïðîñòîðè Eν

1 (A,W 2rm
p ) òà-

êîæ ñêií÷åííîâèìiðíi. Ç ëåìè 1 äëÿ 1 ≤ q ≤
∞ i ν = ν1−θ

0 (ν0 + ε)θ, ε > 0 ìà¹ìî

Eν
q (A, W 2rm

p ) =

=
(Eν0

1 (A,W 2rm
p ), Eν0+ε

1 (A,W 2rm
p )

)
θ,q

.

Çãiäíî ç òåîðåìîþ 1.6.2 [8], ïiäïðîñ-
òið Eν0

1 (A,W 2rm
p )

⋂ Eν0+ε
1 (A,W 2rm

p ) ùiëüíèé ó
ïðîñòîði

(Eν0
1 (A,W 2rm

p ), Eν0+ε
1 (A, W 2rm

p )
)

θ,q
.

Òîìó îòðèìó¹ìî Eν
1 (A,W 2rm

p ) = Eν
q (A,W 2rm

p )
äëÿ âñiõ ν > 0, 1 ≤ q < ∞.

Iç ðiâíîñòi (2) ïðè r = 0 ìà¹ìî

Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) =

=
(Eν

q0
(A,Lp(Ω)), Eν

q1
(A,W 2hm

p (Ω ; ρ p h ζ ;

ρ p h η))
)

θ,q
,

äå s = θ2hm, τ = θp h ζ, µ−τ
sp

= ζ−η
2m

. Çâiäñè
îòðèìó¹ìî

Eν
q (A,Bs

p,q(Ω ; ρµ; ρτ )) =

= Eν
q0

(A, Lp(Ω))
⋂
Eν

q1
(A,W 2hm

p ) =

= Lin
{Rn : |λn|< ν

}⋂
Lin

{Rn :

|λn|h+1 < ν
}

= Lin
{Rn :

|λn| < min
(
ν, ν

1
h+1

)}
,

ùî é äîâîäèòü ðiâíiñòü (3).
Íåõàé u ∈ C∞(Ω), sup

t∈Ω
ρl(t) |Dα u(t)| <

∞ äëÿ âñiõ ìóëüòèiíäåêñiâ α, l ∈ Z+. Òî-
äi ‖u‖W 2rm

p
≤ c

∫
Ω

ρ−a(t) dt < ∞, îñêiëü-

êè, çà óìîâîþ, ρ−a(t) ∈ L1(Ω) äëÿ äåÿêîãî
a ≥ 0. Çâiäñè i ç òåîðåìè 6.5.2/1 [8] ìà¹ìî
u ∈ D(Ar) = W 2rm

p (Ω; ρ p r ζ ; ρ p r η).

Íåõàé òåïåð u ∈ C(A∞). Òîäi ρ l Dαu ∈
Lp(Ω) äëÿ âñiõ α, l ∈ Z+. Çâiäñè i ç òåîðåìè
âêëàäåííÿ Ñîáîë¹âà îòðèìó¹ìî

sup
t∈Ω

ρ l(t) |Dαu(t)| ≤

≤ c
( ∫

Ω

( ∑

|β|=n

|Dβ ( ρ l Dαu(t) ) |p
)

dt
)1/p

≤

≤ c l, |α|.

Òàêèì ÷èíîì, ìà¹ìî

C(A∞) =

=
{

u ∈ C∞(Ω) : sup
t∈Ω

ρl(t) |Dα u(t)| < ∞,
}

.

äëÿ âñiõ α, l = 0, 1, 2, . . . . Çâiä-
ñè, âðàõîâóþ÷è îçíà÷åííÿ ïðîñòîðó
Eν

q (A,Bs
p,q(Ω ; ρµ; ρτ )), îòðèìó¹ìî ðiâíiñòü

(4).
Óçàãàëüíåíèé ñïåêòðàëüíèé ðîç-

êëàä. Íåõàé
{Eν(n)

q (A,Bs
p,q(Ω ; ρµ; ρτ ))

}
�
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ïîñëiäîâíiñòü ïðîñòîðiâ, ùî âiäïîâiäà¹ ïî-
ñëiäîâíîñòi äîäàòíèõ ÷èñåë {ν(n)}∞n=1 òàêié,
ùî lim

n→∞
ν(n) = ∞. Äëÿ ôiêñîâàíîãî ÷èñëà

1 ≤ β < ∞ âèçíà÷èìî ïðîñòið

`β =

{ ∞∑
n=1

xn = x ∈ Bs
p,q(Ω ; ρµ; ρτ ) :

xn ∈ Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))

}

ç íîðìîþ
‖x‖`β

=

= inf
x=

∑
xn

( ∞∑
n=1

2n(β−1)‖xn‖β

Eν(n)
q (A,Bs

p,q)

)1/β

,

äå inf áåðåòüñÿ çà âñiìà ïðåäñòàâëåííÿìè
åëåìåíòà x ó âèãëÿäi ðÿäó

∑∞
n=1 xn.

Ïîçíà÷èìî

E(A,Bs
p,q(Ω ; ρµ; ρτ )) :=⋃

ν(n)>0

Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))

äëÿ âñiõ 1 ≤ q < ∞, s ≥ 0.
Òåîðåìà 2. Íåõàé s ≥ 0, 1 < p < ∞ i

0 < θ < 1. Ñïðàâåäëèâà òàêà ðiâíiñòü

Lp(Ω) =

{
x =

∞∑
n=1

xn : xn ∈ Lin
{
Rk :

|λk| < min
(
ν(n), ν(n)(s/(2mθ)+1)−1)}}

, (5)

äå Rk � êîðåíåâèé ïiäïðîñòið îïåðàòîðà A,
ùî âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λk ∈ C.

Äîâåäåííÿ. Ïîêàæåìî, ùî âèêîíó¹òüñÿ
ðiâíiñòü

`β = E(A,Bs
p,q(Ω ; ρµ; ρτ )), (6)

äå çàìèêàííÿ â íîðìi ïðîñòîðó
Bs

p,q(Ω ; ρµ; ρτ ).

Äëÿ x ∈ Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ )) ìà¹ìî

‖x‖`β
≤ 2β−1 lim

n→∞
‖x‖Eν(n)

q (A,Bs
p,q(Ω ; ρµ; ρτ ))

=

2β−1‖x‖Bs
p,q(Ω ; ρµ; ρτ ).

Íà ïiäñòàâi íåðiâíîñòi Ãåëüäåðà
∞∑

n=1

‖xn‖`β
≤

≤ 2β−1

∞∑
n=1

‖xn‖Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))
≤

≤ 2β−1
( ∞∑

n=1

2n(β−1)‖xn‖β

Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))

)1/β

ðÿäè x =
∑∞

n=1xn ∈ Bs
p,q(Ω ; ρµ; ρτ ) àáñîëþ-

òíî çáiæíi â ïðîñòîði `β. Ïîêàæåìî, ùî öi
ðÿäè çáiæíi äî x â `β. Ñïðàâäi, îñêiëüêè

∞∑
n=1

‖xn‖Bs
p,q(Ω ; ρµ; ρτ ) ≤

≤
∞∑

n=1

‖xn‖Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))
≤

≤
( ∞∑

n=1

2n(β−1)‖xn‖β

Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))

)1/β

,

òî ðÿäè
∑∞

n=1 xn ¹ àáñîëþòíî çáiæíèìè â
Bs

p,q(Ω ; ρµ; ρτ ). Îòæå, äëÿ ε > 0 iñíó¹ òàêå
N, ùî

∥∥∥x−
N∑

n=1

xn

∥∥∥
`β

=

=
∥∥∥

∑
n>N

xn

∥∥∥
`β

≤
∑
n>N

‖xn‖`β
≤

≤ 2β−1
∑
n>N

‖xn‖Bs
p,q(Ω ; ρµ; ρτ ) < ε.

Âðàõîâóþ÷è íåðiâíîñòi

‖x‖Bs
p,q(Ω ; ρµ; ρτ ) ≤

≤ inf
x=

∑
xn

∞∑
n=1

‖xn‖Bs
p,q(Ω ; ρµ; ρτ ) ≤

≤ inf
x=

∑
xn

∞∑
n=1

‖xn‖Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))
≤ ‖x‖`β

,

ìà¹ìî

‖x‖Bs
p,q(Ω ; ρµ; ρτ ) ≤ ‖x‖`β

≤ 2β−1‖x‖Bs
p,q(Ω ; ρµ; ρτ )
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äëÿ âñiõ x ∈ Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ )).
Îñêiëüêè

E(A,Bs
p,q(Ω ; ρµ; ρτ )) =

=
⋃

ν(n)>0

Eν(n)
q (A,Bs

p,q(Ω ; ρµ; ρτ ))

ïðè 1 ≤ q < ∞, òî

‖x‖Bs
p,q(Ω ; ρµ; ρτ ) ≤ ‖x‖`β

≤ 2β−1‖x‖Bs
p,q(Ω ; ρµ; ρτ )

äëÿ âñiõ x ∈ E(A,Bs
p,q(Ω ; ρµ; ρτ )). Òàêèì ÷è-

íîì, ðiâíiñòü (6) âñòàíîâëåíî.
Çãiäíî ç òåîðåìîþ 6.6.2 [8], ëiíiéíà îáî-

ëîíêà Lin
{
Rn : n ∈ N

}
êîðåíåâèõ âåêòî-

ðiâ îïåðàòîðà A ùiëüíà â ïðîñòîði Lp(Ω).
Òîìó, â ñèëó ðiâíîñòi (3), âèêîíó¹òüñÿ

óìîâà ùiëüíîñòi

E(A, Bs
p,q(Ω ; ρµ; ρτ )) = Lp(Ω).

Ðiâíiñòü (5) òåïåð âèïëèâà¹ iç ðiâíîñòi (6).
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