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Ó ðîáîòi äîñëiäæó¹òüñÿ ïèòàííÿ iñíóâàííÿ ìàðêîâñüêî¨ âëàñòèâîñòi îïåðàòîðó çñóâó
ðîçâ'ÿçêó äèôåðåíöiàëüíî-ôóíêöiîíàëüíîãî ðiâíÿííÿ ç ìàðêîâñüêèìè ïàðàìåòðàìè (ÄÔÐ
ÌÏ), ÿêi ¹ ðîçâ'ÿçêîì ñòîõàñòè÷íîãî äèôåðåíöiàëüíî-ôóíêöiîíàëüíîãî ðiâíÿííÿ ç ïóàññîíiâ-
ñüêèìè ïåðåìèêàííÿìè (ÑÄÔÐ ÏÏ), òàê çâàíèõ äèíàìi÷íèõ ñèñòåì âèïàäêîâî¨ ñòðóêòóðè.
Âèâ÷à¹òüñÿ àñèìïòîòè÷íà ñòîõàñòè÷íà ñòiéêiñòü ðîçâÿçêiâ ëiíiéíèõ ÄÔÐ ÌÏ, çâ'ÿçîê öi¹¨
ñòiéêîñòi ç åêñïîíåíöiàëüíîþ ð-ñòiéêiñòþ ó ëiíiéíîìó ñòàöiîíàðíîìó âèïàäêó, íåîáõiäíi òà
äîñòàòíi óìîâè åêñïîíåíöiîíàëüíî¨ ð-ñòiéêîñòi òàêèõ ðiâíÿíü òà ïèòàííÿ ñòiéêîñòi äëÿ êâàçi-
ëiíiéíèõ ÄÔÐ ÌÏ.

This paper aims to discuss the question of existence properties of Markov of the operator
of shift of decisions of the di�erential-functional equation with Markov type parameters (DFE
MP) which are the decision stochastic is investigated the di�erential-functional equation with
Puasson switchings (SDFE PS), so-called dynamic systems casual structures. Stochastic stability of
decisions is studied asymptotical linear DFE MP, communication of this stability with exponential
ð-stability in the linear stationary case, necessary and su�cient conditions exponential ð-stability
of such equations and a question of stability for quasilinear DFE MP.

Ïðîáëåìàì ñòiéêîñòi ñòîõàñòè÷íèõ äè-
íàìi÷íèõ ñèñòåì, ÿêi îïèñóþòüñÿ ñòîõà-
ñòè÷íèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè
(ÑÄÐ), ñòîõàñòè÷íèìè äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèìè ðiâíÿííÿìè (ÑÄÔÐ)
òà iíòåãðî-ôóíêöiîíàëüíèìè ðiâíÿííÿìè
(ÑIÔÐ), ïðèñâÿ÷åíà çíà÷íà êiëüêiñòü ôóí-
äàìåíòàëüíèõ ìîíîãðàôié òà ïðàöü, ïåðåëiê
ÿêèõ ìîæíà çíàéòè ó êíèãàõ É.I. Ãiõìà-
íà, À.Â. Ñêîðîõîäà [4], [5], I.ß. Êàöà[8],
�.Ô. Öàðêîâà [16], [17] òà ií. Ïîâåäiíêà
ðîçâ'ÿçêó ó ñêëàäíèõ äèíàìi÷íèõ ñèñòåìàõ,
ùî çàïèñó¹òüñÿ ó âèãëÿäi äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü iç ìàðêîâñüêèìè
ïàðàìåòðàìè (ÄÔÐ ÌÏ) âèâ÷åíà ó ìîíî-
ãðàôiÿõ [8], [11], à òàêîæ ó íàâåäåíèõ òàì
ïîñèëàííÿõ.

1. Ïîñòàíîâêà çàäà÷i Íåõàé íà éìî-
âiðíiñíîìó ïðîñòîði (Ω, F,P

	
) ç ïîòîêîì σ-

àëãåáð {Ft, t ≥ 0}, Ft ⊂ F ñòîõàñòè÷íà äè-
íàìi÷íà ñèñòåìà çàäàíà ñóêóïíiñòþ ÄÔÐ

dx(t) = f(t, xt, yt)dt, ∀ t ≥ 0, (1)

çà ïî÷àòêîâîþ óìîâîþ

x(t) = ψ(t, ω), ∀ t ∈ [−h, 0]; (2)

òà ÑÄÔÐ ÏÏ çà À.Â. Ñêîðîõîäîì [4], [5], [15]

dy(t) = a(t, yt)dt + b(t, yt)dw(t)+

+

∫

Z
	

c(t, yt, z)ν̃(dz, dt), ∀ t ≥ 0 (3)

çà ïî÷àòêîâîþ óìîâîþ

y(t) = ϕ(t, ω), ∀ t ∈ [−h, 0]. (4)

Òóò {x(t) ≡ x(t, ω)} ⊂ Rn, xt ≡
{x(t + θ),−h ≤ θ ≤ 0} ∈ Dn ≡ Dn([−h, 0]) �
ïðîñòîðó Ñêîðîõîäà [5] íåïåðåðâíèõ ñïðà-
âà n-âèìiðíèõ ôóíêöié ψ(t) ∈ Rn, ùî ìà-
þòü ëiâîñòîðîííi ãðàíèöi; {y(t) ≡ y(t, ω)} ⊂
Rm, yt ≡ {y(t + θ),−h ≤ θ ≤ 0} ∈ Dm ≡
Dm([−h, 0]) � ïðîñòîðó Ñêîðîõîäà [5] íåïå-
ðåðâíèõ ñïðàâà m-âèìiðíèõ ôóíêöié ϕ(t) ∈
Rm, ùî ìàþòü ëiâîñòîðîííi ãðàíèöi; f :
R+ × Dn × Dm → Rn � íåïåðåðâíèé çà ñó-
êóïíiñòþ ôóíêöiîíàë, ÿêèé ìà¹ íåïåðåðâ-
íó ðiâíîìiðíî îáìåæåíó ïîõiäíó Ôðåøå [15]

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2005. Âèïóñê 239. Ìàòåìàòèêà. 19



Dxf(t, xt, ϕ) çà äðóãèì àðãóìåíòîì äëÿ äî-
âiëüíîãî ϕ ∈ Dn.

ßê âiäîìî [14], âiäîáðàæåííÿ f çàäîâîëü-
íÿ¹ ðiâíîìiðíó ãëîáàëüíó óìîâó Ëiïøèöÿ
äëÿ äîâiëüíèõ ψ1, ψ2 ∈ Dn, ∀t ≥ 0 òà ϕ ∈ Dm

|f(t, ψ1, ϕ)− f(t, ψ2, ϕ),≤ K‖ψ1 − ψ2‖0, (5)

äå

‖ψ‖0 ≡ |ψ(0)|2 +

0∫

−h

|ψ(θ)|2dθ, ([17]), (61)

àáî
‖ψ‖Dn ≡ sup

−h≤θ≤0
|ψ(θ)|, (62)

à òàêîæ óìîâó ëiíiéíîñòi ðîñòó äëÿ ∀ t ≥ 0,
ψ ∈ Dn, ϕ ∈ Dm i äåÿêîìó K > 0

|f(t, ψ, ϕ)| ≤ K(1 + ‖ψ‖). (7)

Çàóâàæèìî, ùî ‖ · ‖ íàäàëi ïîçíà÷àòèìå
îäíó ç íîðì (61) àáî (62).

Äàëi ôóíêöiîíàëè: a : R+×Dm → Rm; b :
R+ ×Dm → Mn(Rm) � ìàòðèöÿ ôóíêöiîíà-
ëiâ ðîçìiðíîñòi m×m; c : R+×Dm×Dn×Z

	
→

Rm; w(t) ≡ w(t, ω) � m-âèìiðíèé ñòàíäàð-
òíèé ïðîöåñ áðîóíiâñüêîãî ðóõó; ν̃(dz, dt) ≡
ν(dz, dt)−Π(z)dt � öåíòðîâàíà ñêàëÿðíà ïó-
àññîíîâà ìiðà [4], [5], ïðè÷îìó ν̃ íå çàëåæèòü
âiä êîìïîíåíò w(t), ïî÷àòêîâèõ âèïàäêîâèõ
ïðîöåñiâ ψ(t) i ϕ(t) [5].

Ïðèïóñòèìî, ùî ôóíêöiîíàëè a, b òà c íå-
ïåðåðâíi çà ñóêóïíiñòþ ïåðøèõ äâîõ àðãó-
ìåíòiâ, ïðè÷îìó ôóíêöiîíàë c ¹ âèìiðíèì
çà ïðîñòîðîâîþ çìiííîþ z òðåòüîãî àðãó-
ìåíòó y i çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ
∀ϕ1, ϕ2 ∈ Dm òà t ≥ 0

|a(t, ϕ1)− a(t, ϕ2)|2 + ‖b(t, ϕ1)− b(t, ϕ2)‖2+

+

∫

Z
	

|c(t, ϕ1, z)− c(t, ϕ2), z|2Π(dz) ≤

≤ L‖ϕ1 − ϕ2‖0, (8)

äå ‖b‖ � íîðìà ôóíêöiîíàëó [15], à òàêîæ
óìîâó ðiâíîìiðíî¨ îáìåæåíîñòi çà ÷àñîì t ≥
0 äëÿ äîâiëüíîãî ϕ ∈ Dm

|a(t, ϕ)|2 + ‖b(t, ϕ)‖2 +

∫

Z
	

|c(t, ϕ, z)|2Π(dz) ≤

≤ L‖ϕ‖0. (9)

Ïîçíà÷èìî ÷åðåç y(t, s, ϕ) � ðîçâ'ÿçîê çà-
äà÷i Êîøi (3), (4), ÿêèé ïîáóäîâàíî çà ïî÷à-
òêîâîþ óìîâîþ ϕ â ìîìåíò ÷àñó s ≥ 0 (t ≥
s ≥ 0).

Òîäi ñèëüíèé ðîçâ'ÿçîê y(t, s, ϕ) ∀ t ≥ s ≥
0 çàäà÷i Êîøi (3), (4) ïðè âèêîíàííi âèùå-
ñôîðìóëüîâàíèõ óìîâ (8), (9) iñíó¹ ç òî÷íi-
ñòþ äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi [4], [5],
[13], [17].

Ïðèïóùåííÿ. Íàêëàäåìî óìîâó íà êîåôi-
öi¹íòè ðiâíÿíü (1), (2); (3), (4):

a(t, 0) ≡ c(t, 0, z) ≡ 0m, b(t, 0) ≡ 0m ×m;

f(t, 0, 0) ≡ 0n, (10)

äå 0m, 0n ïîçíà÷åíî âiäïîâiäíî m-âèìiðíèé
òà n-âèìiðíèé íóëüîâèé âåêòîð; à 0m ×m �
íóëüîâó ìàòðèöþ ðîçìiðíîñòi m×m.

Óìîâà (10) äà¹ ìîæëèâiñòü âèâ÷àòè
ñòiéêiñòü òðèâiàëüíîãî ðîçâ'ÿçêó x(t) ≡
0n, y(t) ≡ 0m äèíàìi÷íî¨ ñèñòåìè (1)-(4).

2. Ìàðêîâñüêà âëàñòèâiñòü îïåðàòî-
ðiâ çñóâó ðîçâ'ÿçêiâ äèíàìi÷íèõ ñè-
ñòåì âèïàäêîâî¨ ñòðóêòóðè. ßêùî âèêî-
íóþòüñÿ óìîâè (8), (9), òî iñíó¹ äëÿ êîæíîãî
s ≥ 0 òà ϕ ∈ Dm íà [s,∞) ¹äèíèé iç òî÷íi-
ñòþ äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi ðîçâ'ÿ-
çîê y(t, s, ϕ) çàäà÷i Êîøi (3), (4) [6], [12], [13],
[17].

Âèâ÷èìî âëàñòèâîñòi îïåðàòîðà çñóâó [12]
Y t

s ϕ ≡ yt(s, ϕ). (11)

Äîâiëüíîìó ϕ ∈ Dm äëÿ t ≥ s ≥ 0
îïåðàòîð çñóâó Y t

s ñòàâèòü ó âiäïî-
âiäíiñòü âèïàäêîâó âåëè÷èíó (ÂÂ)
yt(s, ϕ) ≡ {y(t + θ, s, ϕ), θ ∈ [−h, 0]} ∈ Dm,
ÿêà ¹ âèìiðíîþ âiäíîñíî σ-àëãåáðè
F t

s(w)
∨

F t
s(ν̃)

∨
F t

s(ϕ) (íàäàëi öå îçíà-
÷à¹ σ-àëãåáðó, ÿêà ìiñòèòü ó ñîái σ-àëãåáðè
F t

s(w), F t
s(ν̃), F t

s(ϕ)).
Ìiðà, ùî âèçíà÷åíà öi¹þ ÂÂ yt(s, ϕ) íà

σ-àëãåáði L(D0) áîðåëåâèõ ïiäìíîæèí ïðî-
ñòîðó Ñêîðîõîäà Dm ç íîðìîþ (61), ÿâëÿ¹
ñîáîþ çëi÷åííî àäèòèâíó ôóíêöiþ åëåìåí-
òiâ A ∈ L(D0)

p(s, ϕ, t, A) ≡ P (Y t
s ϕ ∈ A) ≡ P (yt(s, ϕ) ∈ A),

(12)
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ÿêà çàëåæèòü âiä t ≥ s ≥ 0 òà ϕ ∈ Dm.
Ñiì'þ p(s, ϕ, t, A) íàçâåìî ïåðåõiäíîþ

ôóíêöi¹þ äëÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi (3),
(4).

Ëåìà 1. Îïåðàòîð çñóâó Y t
s ϕ ìà¹ åâîëþ-

öiéíó âëàñòèâiñòü

Y t
τ Y τ

s ϕ = Y t
s ϕ (13)

äëÿ ∀ϕ ∈ Dm òà äîâiëüíèõ t ≥ τ ≥ s ≥ 0 .
Öå âèïëèâà¹ ç ôàêòó iñíóâàííÿ ðîçâ'ÿçêó

y(t, s, ϕ) ∈ Rm çàäà÷i Êîøi (3), (4) ç òî÷íi-
ñòþ äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi [7], [17].
Äiéñíî, â ñèëó ¹äèíîñòi ñèëüíîãî ðîçâ'ÿçêó
ðiâíiñòü (3) ¹ î÷åâèäíèì íàñëiäêîì òîãî, ùî
äëÿ âñiõ t ≥ τ ≥ s ≥ 0 âèïàäêîâi ïðîöåñè
y(t, s, ϕ) i y(t, τ, yτ (s, ϕ)) âèñòóïàþòü ðîçâ'ÿç-
êàìè îäíîãî ðiâíÿííÿ (3) òà çàäîâîëüíÿþòü
äëÿ t = τ îäíàêîâi ïî÷àòêîâi óìîâè (4).

Ìà¹ ìiñöå íàñòóïíà âëàñòèâiñòü [12].
Ëåìà 2. Äëÿ îáìåæåíîãî íåïåðâíîãî âè-

ïàäêîâîãî ôóíêöiîíàëó çà ïåðøèì àðãóìåí-
òîì v(ϕ, ω) : Dm × Ω → R+ çi ñêií÷åííèì
ìàòåìàòè÷íèì ñïîäiâàííÿì Ev(ϕ, ω) < ∞
òà ÂÂ ξ(ω), ÿêà ¹ L-âèìiðíîþ (L ⊂ F), âè-
êîíó¹òüñÿ ðiâíiñòü

E {v(ξ(ω), ω)/L} = E {v(ϕ, ω)/L} |ϕ = ξ(ω).
(14)

Äîâåäåííÿ. 1) Ñïî÷àòêó äîâåäåìî ëå-
ìó 2 äëÿ ðiâíîìiðíî îáìåæåíèõ v. Íåõàé
∀ϕ ∈ D0, ω ∈ Ω ç éìîâiðíiñòþ îäèíèöÿ âè-
êîíó¹òüñÿ íåðiâíiñòü

0 ≤ v(ξ(ω), ω) ≤ q, q ∈ N/∞
.

Àëå ïðîñòið Ñêîðîõîäà D0 ìà¹ âëàñòè-
âiñòü ñåïàðàáåëüíîñòi [2]. Òîäi iñíó¹ çëi÷åííå
ïîêðèòòÿ

{S1/q(y
(q)
k )}, k ∈ N/∞

öüîãî ïðîñòîðó D0 êóëÿìè

S1/q(y
(q)
k ) ≡ {ϕ ∈ D0 | ‖ϕ− y

(q)
k ‖D0 <

1

q
}.
(15)

Ðîçãëÿíåìî íàñòóïíi ìíîæèíè:

Aq
k ≡ ξ−1(S1/q(y

(q)
k )); Bq

l ≡ Aq
l ;

Bq
k ≡ Aq

k /

k−1⋃

l=1

Bq
l ; ∀ k ≥ 2. (16)

Çàóâàæèìî, ùî ∀ q ∈ N/∞ ñïðàâåäëèâà
ðiâíiñòü Ω =

⋃∞
k=1 Bq

k, äëÿ ∀ k 6= l ìà¹ìî
Bq

k

⋂
Bq

l = ∅.
Âèçíà÷èìî ÂÂ ξq(ω) ≡ y

(q)
k ∈ D0 ω ∈

Bq
k, k ∈ N .
Î÷åâèäíî, ùî çà ïîáóäîâîþ

‖ξq(ω)− ξ(ω)‖D0 <
1

q
.

Íåõàé A ∈ L ⊂ F . Òîäi äëÿ Bq
k ∈ L ⊂ F

òà äëÿ äîâiëüíîãî k ∈ N ëåãêî îäåðæàòè çà
îçíà÷åííÿì óìîâíîãî ìàòåìàòè÷íîãî ñïîäi-
âàííÿ ëàíöþæîê ñïiââiäíîøåíü

∫

A

E {v(ξq, ω)/L} dP =

∫

A

v(ϕq, ω)dP =

=
∞∑

k=1

∫

A
⋂

Bq
k

v(ξq, ω)dP =
∞∑

k=1

∫

A
⋂

Bq
k

v(y
(q)
k , ω)dP =

=
∞∑

k=1

∫

A
⋂

Bq
k

E
{

v(y
(q)
k , ω)/L

}
dP =

=
∞∑

k=1

∫

A
⋂

Bq
k

E {v(ϕ, ω)/L} |ϕ=ξqdP =

∫

A

E {v(ϕ, ω)/L} |ϕ=ξqdP. (17)

Îäåðæàíà ðiâíiñòü (17) äîâîäèòü (15) äëÿ
íåïåðåðâíèõ ðiâíîìiðíî îáìåæåíèõ v(ϕ, ω),
áî çà òåîðåìîþ Ëåáåãà ìà¹ìî

lim
q→∞

∫

A

|v(ξq(ω), ω)− v(ξ(ω), ω)|dP = 0.

2) Íåõàé v(ϕ, ω) íåðiâíîìiðíî îáìåæåíå
âiäîáðàæåííÿ vn ≡ nv

n+v
, ∀n ∈ N , äëÿ ÿêî-

ãî lim
n→∞

vn(ϕ, ω) = v(ϕ, ω) äëÿ äîâiëüíîãî
ϕ ∈ D0 ç éìîâiðíiñòþ îäèíèöÿ. Çàóâàæèìî,
ùî vn(ϕ, ω) ≤ n òà vn(ϕ, ω) ≤ v(ϕ, ω) ∀ϕ ∈
D0, ∀ω ∈ Ω.
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Àëå äëÿ vn(ϕ, ω), ∀n ∈ N çà ï.1 âèêîíó¹-
òüñÿ (14).

Òîäi çà òåîðåìîþ ïðî ìîíîòîííó çái-
æíiñòü [15] ∀A ∈ L òà ϕ ∈ D0 ìà¹ìî
∫

A

v(ξq(ω), ω)dP = lim
n→∞

∫

A

v(ξn(ω), ω)dP =

= lim
n→∞

∫

A

E {vn(ϕ, ω)/L} |ϕ=ξ(ω)dP =

=

∫

A

E
{
v(ϕ, ω)|ϕ=ξ(ω)

}
dP

ùî é äîâîäèòü ëåìó 2. ¤
Ïîçíà÷èìî ÷åðåç σ(D0) � σ-àëãåáðó áî-

ðåëåâèõ ìíîæèí D0; C(D0) � ïðîñòið íåïå-
ðåðâíèõ âiäîáðàæåíü D0 â R1; G(D0) � ïðî-
ñòið íåïåðåðâíèõ îáìåæåíèõ âiäîáðàæåíü
D0 â R1; Ca(σ(D0)) � ïðîñòið çëi÷åííî-
àäèòèâíèõ ìið íà σ(D0).

Òåîðåìà 1. ßêùî âèêîíóþòüñÿ ãëîáàëü-
íà óìîâà Ëiïøèöÿ (8) é óìîâà ðiâíîìiðíî¨
îáìåæåíîñòi çà ÷àñîì t ≥ 0 äëÿ êîåôiöi¹í-
òiâ ÑÄÔÐ ÏÏ (3) çà ïî÷àòêîâîþ óìîâîþ
(4), òî ïåðåõiäíà éìîâiðíiñòü (12) ìà¹ íà-
ñòóïíi âëàñòèâîñòi:

i) p(s, ϕ, t, A) ¹ åëåìåíòàìè a(σ(D0)) äëÿ
t ≥ s ≥ 0, ∀ϕ ∈ D0;

ii) p(s, ϕ, t, A) ìà¹ òàê çâàíó ôåëëåðîâó
âëàñòèâiñòü, à ñàìå: ÿêùî t ≥ s ≥ 0 òà
∀f ∈ C(D0)

Ef(Y t
s ϕ) ≡

∫

D0

p(s, ϕ, t, dy)f(y), (18)

òî âîíà íåïåðåðâíà çà ϕ, ïðè÷îìó
Ef(Y t

s ϕ) ≥ 0 äëÿ f ≥ 0;
iii) p(s, ϕ, t, A) âèìiðíà çà ϕ äëÿ äîâiëü-

íèõ t ≥ s ≥ 0 òà A ∈ a(σ(D0));
IVi) p(s, ϕ, t, A) çàäîâîëüíÿ¹ ðiâíÿííÿ

×åïìåíà-Êîëìîãîðîâà

p(s, ϕ, t, A) =

∫

D0

p(s, ϕ, t, dy)p(τ, y, t, A) (19)

äëÿ äîâiëüíèõ t ≥ τ ≥ s ≥ 0, ∀ϕ ∈ D0 òà
∀A ∈ a(σ(D0));

Vi) p(s, ϕ, t, A) ìà¹ âëàñòèâiñòü ñòîõà-
ñòè÷íî¨ íåïåðåðâíîñòi

lim
t→s

p(s, t, ϕ, Sε(ϕ)) =

{
1, äëÿ ϕ ∈ Sε(ϕ)

0, äëÿ ϕ ∈ Sε(ϕ),

(20)
äå Sε(ϕ) ≡ {∀ϕ ∈ D0 | ‖ϕ‖n < ε}.

Äîâåäåííÿ. i) Ïåðøà âëàñòèâiñòü ¹ òðè-
âiàëüíèì íàñëiäêîì âèçíà÷åííÿ ïåðåõiäíî¨
éìîâiðíîñòi (12) ÷åðåç éìîâiðíiñòü, ÿêà ìà¹
çëi÷åííî-àäèòèâíó âëàñòèâiñòü [10].

ii) Ôåëëåðîâà âëàñòèâiñòü p(s, ϕ, t, A) âè-
ïëèâà¹ ç îñíîâíèõ íåðiâíîñòåé äëÿ ðîçâ'ÿç-
êiâ y(t, s, ϕ) ÑÄÔÐ (3), (4) (ëåìè 2.1-2.3, [12],
Ñ. 181-184). Äiéñíî, íåõàé lim

n→∞
‖ϕn−ϕ‖0 = 0.

Òîäi ç íàñëiäêó 2.1 ([12], Ñ.183) ìà¹ìî

lim
n→∞

E‖Y t
s ϕn − yt

sϕ‖0 = 0,

à çà òåîðåìîþ Ëåáåãà âèïëèâà¹

lim
n→∞

Ef(yt
sϕn) = E{p lim

n→∞
f(Y t

s ϕn)} =

= Ef(p lim
n→∞

Y t
s ϕn) = Ef(Y t

s ϕ).

iii) Âèìiðíiñòü çà ϕ ïåðåõiäíî¨ éìîâiðíî-
ñòi p(s, ϕ, t, A) äëÿ ∀A ∈ σ(D0) òà ∀t ≥ s ≥ 0
âèïëèâà¹ ç (19) òà ìîæëèâîñòi àïðîêñèìàöi¨
éìîâiðíîñíî¨ ìiðè ∀A ∈ σ(D0)

EχA(Y t
s ϕ) =

∫

D0

p(s, ϕ, t, dy)χA(y) ≡

≡ P{Y t
s ϕ ∈ A}

ïîñëiäîâíiñòþ Efn(Y t
s ϕ), äå {fn, n ≥ 1} �

ìîíîòîííà ïîñëiäîâíiñòü, íîðìè åëåìåíòiâ
ÿêèõ îáìåæåíi îäèíèöåþ ([12], Ñ.198).

IVi) Äëÿ äîâåäåííÿ (19) ñëiä ñêîðèñòàòè-
ñÿ ëåìàìè 1 òà 2. Íåõàé v(ϕ, ω) ≡ f(Y t

s ϕ), äå
f ∈ C(D0). Òîäi ìà¹ìî

Ef(Y t
s ϕ) = Ef(Y t

τ Y τ
s ϕ) = Ev(Y τ

s ϕ, ω) =

= E{E{v(Y τ
s ϕ, ω) | F τ

s (dw)
∨
F τ

s (ν̃)}} =

= E{Ev(z, ω) |z=Y τ
s ϕ} =

= E{Ef(Y t
τ z) |z=Y τ

s ϕ} =
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= E{
∫

D0

p(τ, Y τ
s ϕ, t, dy)f(y)} =

=

∫

D0

f(y)

∫

D0

p(s, ϕ, t, dz)p(τ, z, t, dy).

Çíîâó òðåáà ïîáóäóâàòè ïîñëiäîâíiñòü íå-
âiä'¹ìíèõ ìîíîòîííèõ ôóíêöié {fn, n ≥
1} ⊂ C(D0), ÿê öå çðîáëåíî â ï. iii).

Vi) Äîâåäåííÿ ñòîõàñòè÷íî¨ íåïåðåðâíî-
ñòi âèïëèâà¹ çi ñïiââiäíîøåííÿ ([16], Ñ.78-
79)

lim
t→s

P{‖yt(s, ϕ)− ϕ‖0 ≥ ε} = 0.¤

Òåîðåìà 2. Íåõàé âèêîíàíî óìîâè (8),
(9) äëÿ ðiâíÿííÿ (3) çà ïî÷àòêîâèìè óìî-
âàìè (4). Òîäi äëÿ äîâiëüíèõ t ≥ t1 ≥ s ≥
0, A ∈ σ(D0) òà ϕ ∈ D0 îïåðàòîð çñóâó íà
ðîçâ'ÿçêàõ Y t

s ϕ ≡ yt(s, ϕ), ∀ t ≥ s ìà¹ ìàð-
êiâñüêó âëàñòèâiñòü

P{yt(s, ϕ) ∈ A | F t1
s (dω)

∨
F t1

s (ν̃)} =

= p(t1, yt1(s, ϕ), t, A) ≡
≡ P{yt(t1, yt1(s, ϕ)) ∈ A}, (21)

äå p(s, ϕ, t, A) � ïåðåõiäíà ôóíêöiÿ, ùî âè-
çíà÷åíà (12).

Öå îçíà÷à¹, ùî îïåðàòîð çñóâó Y t
s ϕ ≡

yt(s, ϕ) ìà¹ âëàñòèâiñòü, ùî "ìàéáóòí¹ â
ìîìåíò ÷àñó t1 çàëåæèòü òiëüêè âiä òå-
ïåðåøíüîãî ìîìåíòó ÷àñó t1 < t, à íå çà-
ëåæèòü âiä ìèíóëîãî â ìîìåíòè ÷àñó 0 ≤
s ≤ t1 ≤ t".

Äîâåäåííÿ. Âðàõîâóþ÷è ðiâíiñòü

P{yt(s, ϕ) ∈ A | F t1
s } = E{χA(yt(s, ϕ)) | F t1

s },
äîñòàòíüî äîâåñòè äëÿ ∀f ∈ C(D0)

E{f(yt(s, ϕ)) | F t1
s } =

=

∫

D0

p(t1, yt1(s, ϕ), t, dy)f(y). (22)

Çà ëåìîþ 1 òà 2 ìîæíà çàïèñàòè

E{f(yt(s, ϕ)) | F t1
s } = E{f(Y t

t1
Y t1

s ϕ) | F t1
s } =

= E{f(Y t
t1
ψ)} |ψ=yt1 (s,ϕ).

Äàëi ñëiä çàñòîñóâàòè ôîðìóëó (18), ùî é
äîâåäå òâåðäæåííÿ (21). ¤

Òåîðåìà 3. Íåõàé âèïàäêîâèé ïðîöåñ
ψ(t, ω), t ∈ [−h, 0], ÿê ïî÷àòêîâà óìîâà (2)
äëÿ ÄÔÐ (1), íå çàëåæèòü âiä îïåðàòîðà
çñóâó Y t

s ϕ ≡ yt(s, ϕ), 0 ≤ s ≤ t ÿê ðîçâ'ÿçêó
ÑÄÔÐ (3) çà ïî÷àòêîâîþ óìîâîþ (4).

Òîäi âèïàäêîâèé ïðîöåñ {X t
sψ, Y t

s ϕ}, ∀t ≥
0 ¹ ìàðêîâñüêèì ïðîöåñîì.

Äîâåäåííÿ. ßêùî 0 ≤ s < t, òî âèïàä-
êîâi âåëè÷èíè X t

sϕ ≡ xt(s, ϕ) îäíîçíà÷íî âè-
çíà÷àþòüñÿ çíà÷åííÿìè x(s) òà y(t1) äëÿ ôi-
êñîâàíèõ s, t1, t òàê, ùî 0 ≤ s ≤ t1 ≤ t. Àëå
Y t

s ϕ ¹ ìàðêîâñüêèì ïðîöåñîì ([17], C.136�
139), òîäi Y t1

s ϕ, 0 ≤ s ≤ t1 íå çàëåæèòü âiä
Y t2

s ϕ, 0 < t2 < s äëÿ ôiêñîâàíîãî y(s).
Òàêèì ÷èíîì, äëÿ ôiêñîâàíî¨ ïà-

ðè {Xs
0ψ, Y s

0 ϕ}, ∀t ≥ 0 âèïàäêîâà âå-
ëè÷èíà {X t

sψ, Y t
s ϕ} íå çàëåæèòü âiä

{X t2
s ψ, Y t2

s ϕ}, t2 ≤ s. À öå îçíà÷à¹, ùî
ïàðà îïåðàòîðiâ çñóâó {X t

t−hψ, Y t
t−hϕ} ¹ çà

îçíà÷åííÿì ìàðêîâñüêèì ïðîöåñîì.
Îäåðæàíi âëàñòèâîñòi äàþòü ìîæëèâiñòü

îáãðóíòóâàòè äðóãèé ìåòîä Ëÿïóíîâà äëÿ
áiëüø óçàãàëüíåíèõ äèíàìi÷íèõ ñèñòåì âè-
ïàäêîâî¨ ñòðóêòóðè.
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