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Ó ïðàöi ðîçãëÿíóòî çàäà÷ó áåç ïî÷àòêîâèõ óìîâ äëÿ íàïiâëiíiéíîãî óëüòðàïàðàáîëi÷íîãî
ðiâíÿííÿ

ut − λ(x, y, t)uy −
n∑

i,j=1

(aij(x, y, t)uxi)xj
+

n∑

i=1

bi(x, y, t)uxi +

+ c(x, y, t)u + g(x, t, u) = f(x, y, t).

Îòðèìàíi óìîâè iñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i ó êëàñi ôóíêöié iç
åêñïîíåíöiàëüíèì çðîñòàííÿì ïðè t → −∞.

The problem without inital conditions for semilinear ultraparabolic equation

ut − λ(x, y, t)uy −
n∑

i,j=1

(aij(x, y, t)uxi)xj
+

n∑

i=1

bi(x, y, t)uxi +

+ c(x, y, t) u + g(x, t, u) = f(x, y, t)

is researched in this paper. Conditions of existence and of uniqueness of general solution of this
problem are obtained in class of functions with exponential behaviour if t → −∞.

Óëüòðàïàðàáîëi÷íi ðiâíÿííÿ âèíèêàþòü ó
òåîði¨ éìîâiðíîñòåé, ïðè îïèñàííi âèïàäêî-
âèõ ðóõiâ, äîñëiäæåííi ìàðêiâñüêèõ äèôó-
çiéíèõ ïðîöåñiâ, ó ôiçèöi òà iíøèõ ãàëóçÿõ
íàóêè [1, 2].

Äîñëiäæåííþ çàäà÷i Êîøi äëÿ óëüòðàïà-
ðàáîëi÷íèõ ðiâíÿíü äðóãîãî é âèùèõ ïîðÿä-
êiâ ïðèñâÿ÷åíî ïðàöi [3 � 7]. Ó áiëüøîñòi ç
íèõ äëÿ äîâåäåííÿ ðîçâ'ÿçíîñòi çàäà÷i Êî-
øi ïîáóäîâàíî ôóíäàìåíòàëüíi ðîçâ'ÿçêè òà
âèêîðèñòàíî ¨õ âëàñòèâîñòi.

Ó ïðàöÿõ [8 � 11] âèâ÷åíî ðîçâ'ÿçíiñòü ìi-
øàíèõ çàäà÷ äëÿ ëiíiéíèõ, ó [12] � äëÿ êâà-
çiëiíiéíèõ, à â [13, 14] � äëÿ íåëiíiéíèõ óëü-
òðàïàðàáîëi÷íèõ ðiâíÿíü â îáìåæåíèõ îáëà-
ñòÿõ. Ó ïðàöi [15] äîñëiäæåíî ìiøàíó çà-
äà÷ó äëÿ íàïiâëiíiéíîãî óëüòðàïàðàáîëi÷íî-
ãî ðiâíÿííÿ â íåîáìåæåíié çà ïðîñòîðîâè-
ìè çìiííèìè îáëàñòi. Çàäà÷ó áåç ïî÷àòêîâèõ
óìîâ äëÿ ëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâ-

íÿíü ðîçãëÿíóòî â [16, 17], à äëÿ íàïiâëiíié-
íîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ � [18].
Çàçíà÷èìî, ùî ó [18] äîñëiäæåíî âèïàäîê,
êîëè êëàñ êîðåêòíîñòi çàäà÷i íå çàëåæèòü
âiä ïîâåäiíêè ðîçâ'ÿçêó ïðè t → −∞.

Íà âiäìiíó âiä [18], ó öié ïðàöi ðîçãëÿ-
íóòî íàïiâëiíiéíå óëüòðàïàðàáîëi÷íå ðiâíÿ-
ííÿ, äëÿ ÿêîãî êëàñ êîðåêòíîñòi çàäà÷i áåç
ïî÷àòêîâèõ óìîâ âèçíà÷åíî åêñïîíåíöiàëü-
íèì çðîñòàííÿì ðîçâ'ÿçêó ïðè t → −∞.

Íåõàé D - îáìåæåíà îáëàñòü â Rn, ç ìå-
æåþ ∂D ∈ C1; Ω = D × (0, y0), äå y0 > 0;
Qτ = Ω × (−∞, τ); Qt1,t2 = Ω × (t1, t2),
t1 < t2; Ωτ = QT ∩ {t = τ}; Sτ = ∂D ×
(0, y0) × (−∞, τ); St1,t2 = ∂D × (0, y0) ×
(t1, t2), t1 < t2.

Ïîçíà÷èìî ÷åðåç Lr
loc(QT ) (âiäïîâiäíî

H1
loc(QT )) ïðîñòið ôóíêöié, ÿêi íàëåæàòü äî

ïðîñòîðó Lr(Qt1,T ) (H1(Qt1,T )) äëÿ äîâiëüíî-
ãî t1 ∈ (−∞, T ], äå 1 6 r 6 +∞, T < +∞.
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Ðîçãëÿíåìî â îáëàñòi QT , äå T < +∞,
ðiâíÿííÿ

ut − λ(x, y, t) uy −

−
n∑

i,j=1

(aij(x, y, t) uxi
)xj

+
n∑

i=1

bi(x, y, t) uxi
+

+ c(x, y, t) u + g(x, t, u) = f(x, y, t) (1)
ç êðàéîâèìè óìîâàìè

u|ST
= 0, u(x, y0, t) = 0. (2)

Ïðèïóñòèìî, ùî êîåôiöi¹íòè ðiâíÿííÿ (1)
çàäîâîëüíÿþòü âiäïîâiäíî óìîâè (Λ), (A),
(B), (C), (G), (P), ÿêùî:

(Λ): λ ∈ C(QT ), λy ∈ L∞loc(QT ); λ(x, y, t) > 0
äëÿ âñiõ (x, y, t) ∈ D × [0, y0]× (−∞, T );
λy(x, y, t) > λ1 � const äëÿ ìàéæå âñiõ
(x, y, t) ∈ QT ;

(A): aij = aji ∈ C(QT ), {i, j} ⊂ {1, ..., n};
n∑

i,j=1

aij(x, y, t) ξi ξj > a0

n∑
i=1

ξ2,

a0 � const>0 äëÿ ìàéæå âñiõ
(x, y, t) ∈ QT i äëÿ âñiõ ξ ∈ Rn;

(B): {bi, biy} ⊂ L∞(QT ), i ∈ {1, ..., n};
(C): {c, cy} ⊂ L∞loc(QT ); c(x, y, t) > c0

äëÿ ìàéæå âñiõ (x, y, t) ∈ QT , c0 − const;
(G): ôóíêöiÿ (x, t) → g(x, t, ξ) ¹ âèìiðíîþ

â D × (−∞, T ) äëÿ âñiõ ξ ∈ R;
ôóíêöiÿ ξ → g(x, t, ξ) ¹ íåïåðåðâíî
äèôåðåíöiéîâíîþ äëÿ ìàéæå âñiõ
(x, t) ∈ D × (−∞, T ); äëÿ ìàéæå âñiõ
(x, t) ∈ D × (−∞, T ) i äëÿ âñiõ ξ ∈ R
âèêîíóþòüñÿ íåðiâíîñòi
|g(x, t, ξ)| 6 g0|ξ|p(x,t)−1,
|gξ(x, t, ξ)| 6 g0|ξ|p(x,t)−2, gξ(x, t, ξ) > 0,
äå g0 - äîäàòíà ñòàëà;

(P): p ∈ L∞(D×(−∞, T ));
1< p1 =ess inf p(x, t) 6
6ess sup p(x, t)=p2 62.

Ïîçíà÷èìî

b0 = ess sup
QT

n∑
i=1

b2
i (x, y, t).

Íåõàé U, V, S i H � äåÿêi ãiëüáåðòîâi ïðî-
ñòîðè, ïðè÷îìó V ⊂ H ùiëüíî é íåïåðåðâ-
íî. Ðîçãëÿíåìî íåïåðåðâíó áiëiíiéíó ôîðìó
a(u, v), âèçíà÷åíó íà U × V. Íåõàé îïåðàòîð
γ ∈ L(V, S) çàäîâîëüíÿ¹ óìîâè:

γ âiäîáðàæà¹ V íà S;
ÿäðî V0 îïåðàòîðà γ ¹ ùiëüíèì ó H.

Äëÿ äîâiëüíîãî ôiêñîâàíîãî u ∈ U ôóí-
êöiîíàë v → a(u, v) ¹ íåïåðåðâíèì íà V0. Öåé
ëiíiéíèé ôóíêöiîíàë íàä V0 ïîçíà÷àòèìåìî
÷åðåç Au :

Au ∈ V ′
0 ¹ ôóíêöiîíàëîì, ÿêèé

âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì
(Au, v) = a(u, v), êîëè v ∈ V0.

Òîäi îïåðàòîð A, ÿêèé êîæíîìó åëåìåíòó
u ∈ U ñòàâèòü ó âiäïîâiäíiñòü Au ∈ V ′

0 , ¹
íåïåðåðâíèì ëiíiéíèì îïåðàòîðîì ç U ó V ′

0 ,
òîáòî A ∈ L(U, V ′

0). Çàçíà÷èìî, ùî î÷åâè-
äíèìè ¹ âêëàäåííÿ

V0 ⊂ H = H ′ ⊂ V ′
0 .

Âèçíà÷èìî ïiäïðîñòið
U(A) = {u : u ∈ U, Au ∈ H}

ç íîðìîþ
||u||U(A) = (||u||2U + ||Au||2H)1/2.

Äëÿ ïîáóäîâè êëàñó êîðåêòíîñòi çàäà÷i
(1), (2) äîâåäåìî òàêó äîïîìiæíó ëåìó.

Ëåìà 1. Íåõàé U, V, H, S � ãiëüáåðòî-
âi ïðîñòîðè, V ⊂ U ⊂ H, ïðè÷îìó U ⊂ H
ùiëüíî é íåïåðåðâíî, V ⊂ H ùiëüíî é íå-
ïåðåðâíî. Êðiì òîãî, íåõàé γ ∈ L(V, S),

γ(V ) = S, V0
def
= ker γ ⊂ H ùiëüíî é íåïå-

ðåðâíî, i áiëiíiéíà ôîðìà a(u, v) ¹ íåïåðåðâ-
íîþ íà U × V. Òîäi iñíó¹ ¹äèíèé îïåðàòîð
θ, ÿêèé âiäîáðàæà¹ U(A) ó S ′, òàêèé, ùî ¹
ïðàâèëüíîþ ôîðìóëà Ãðiíà
a(u, v)=(Au, v)+〈θu, γv〉 ∀u ∈ U(A), ∀v ∈ V,

äå (·, ·) ñêàëÿðíèé äîáóòîê, âèçíà÷åíèé íà
H ×H, à 〈·, ·〉 � ñïiââiäíîøåííÿ äâî¨ñòîñòi,
âèçíà÷åíå íà S ′ × S.

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 1.8 ([19],
ñ.66) ïðîñòið U(A) ç íîðìîþ ||u||U(A) ¹ ãiëü-
áåðòîâèì. Êðiì òîãî,

A ∈ L(U, V ′
0) ∩ L(U(A), H).
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Íåõàé u ïðîáiãà¹ ïðîñòið U(A). Îñêiëüêè
Au ∈ H, òî áiëiíiéíà ôîðìà (Au, v) ¹ íåïå-
ðåðâíîþ íà U(A)×H. Òîìó öÿ ôîðìà ¹ íåïå-
ðåðâíîþ i íà U(A)×V. Ç iíøîãî áîêó, ôîðìà
a(u, v) íåïåðåðâíà íà U(A)×V ⊂ U ×V. Îò-
æå, áiëiíiéíà ôîðìà

(Bu, v) = a(u, v)− (Au, v)

¹ òàêîæ íåïåðåðâíîþ íà U(A)×V. Òîìó âîíà
âèçíà÷à¹ ëiíiéíèé íåïåðåðâíèé îïåðàòîð B :
U(A) → V ′. Îñêiëüêè (Bu, v) = 0 ∀v ∈ V0 (çà
îçíà÷åííÿì îïåðàòîðà A), òî B âiäîáðàæà¹
U(A) íà

V ⊥
0 = {f ∈ V ′ : (f, v) = 0 ∀v ∈ V0}.

Îñêiëüêè îïåðàòîð γ âiäîáðàæà¹ V íà S,
òî ñïðÿæåíèé îïåðàòîð γ′ ¹ içîìîðôiçìîì iç
S ′ íà éîãî çàìêíåíó îáëàñòü çíà÷åíü ([19],
òåîðåìà 1.14, ñ.70). Ïðè öüîìó, îñêiëüêè V0 �
ÿäðî îïåðàòîðà γ, òî îáëàñòþ çíà÷åíü γ′ áó-
äå V ⊥

0 . Ïîçíà÷èìî ÷åðåç µ âiäîáðàæåííÿ,
îáåðíåíå äî γ′, ÿêå âiäîáðàæà¹ V ⊥

0 íà S ′, i
ââàæàòèìåìî, ùî θ = µB. Òîäi θ : U(A) →
S ′. Îñêiëüêè Bu ∈ V ⊥

0 , òî
Bu = γ′µBu. (3)

Çâiäñè äëÿ äîâiëüíîãî v ∈ V

a(u, v)−(Au, v)=(Bu, v)=〈γ′θu, v〉=〈θu, γv〉.
Äîâåäåìî, ùî îïåðàòîð θ âèçíà÷åíî îäíî-

çíà÷íî. Ñïðàâäi, ÿêùî iñíó¹ äåÿêèé îïåðà-
òîð θ1, äëÿ ÿêîãî âèêîíó¹òüñÿ (3), òî åëåìåíò
Bu = γ′θ1u ïîâèíåí íàëåæàòè äî V ⊥

0 . Çâiäñè
θu = µBu = µγ′θ1u = θ1u ∀u ∈ U(A).

Îòæå, θ = θ1 i ëåìó äîâåäåíî.
Çàóâàæåííÿ 1. Çàçíà÷èìî, ùî ëåìà 1

¹ íåçíà÷íîþ ìîäèôiêàöi¹þ òåîðåìè 2.1 [19,
c.188].

Ââåäåìî òàêi ïîçíà÷åííÿ:
B0(Qt1,t2) = {u(x, y, t) : {u, uxi

} ⊂ L2(Qt1,t2),

i ⊂ {1, ..., n}, u|St1,t2
= 0},

B1(Qt1,t2) = {v(x, y, t) : v ∈ H1(Qt1,t2),

v|St1,t2
= 0},

B2(Qt1,t2) = {w(x, y, t) : {w, wy, wxi
} ⊂

⊂ L2(Qt1,t2), i ⊂ {1, ..., n},
w|St1,t2

= 0, w(x, y0, t) = 0}.
Îçíà÷åííÿ.Ôóíêöiþ u íàçâåìî óçàãàëü-

íåíèì ðîçâ'ÿçêîì çàäà÷i (1),(2), ÿêùî âîíà
çàäîâîëüíÿ¹ âêëþ÷åííÿ

u ∈ C((−∞, T ]; L2(Ω)), u ∈ B0(Qt1,T ),

u(·, 0, ·) ∈ L2(D × (t1, T ))

äëÿ äîâiëüíîãî t1 ∈ (−∞, T ) i ðiâíiñòü
∫

Ωt

u v|t=t2
t=t1

dx dy +

∫

Qt1,t2

[−u (vt − λ vy)+

+λyu v +
n∑

i,j=1

aijuxi
vxj

+
n∑

i=1

biuxi
v+

+c u v + g(x, t, u) v] dx dy dt+

+

t2∫

t1

∫

D

λ(x, 0, t)u(x, 0, t)v(x, 0, t) dx dt =

=

∫

Qt1,t2

f(x, y, t) v dx dy dt (4)

äëÿ äîâiëüíèõ t1 < t2, {t1, t2} ⊂ (−∞, T ] i
áóäü-ÿêî¨ ôóíêöi¨ v ∈ B1(Qt1,t2).

Ðîçãëÿíåìî ðiâíÿííÿ (1) ç êðàéîâèìè
óìîâàìè (2) i ïî÷àòêîâîþ óìîâîþ

u(x, y, t0) = 0 (5)

â îáëàñòi Qt0,T , äå t0 ∈ (−∞, T ).
Äîâåäåíî (äèâ. ïðàöþ [20]), ùî çà óìîâ

(Λ), (A), (B), (C), (G), (P), à òàêîæ óìîâè
(F): {f, fy} ⊂ L2

loc(QT )
iñíó¹ ¹äèíà ôóíêöiÿ u(t0)(x, y, t), ÿêà çàäî-
âîëüíÿ¹ âêëþ÷åííÿ

u(t0) ∈ B2(Qt0,T ) ∩ C([t0, T ]; L2(Ω))

i ðiâíiñòü
∫

Qt0,T

[
−u(t0) vt − λu(t0)

y v +
n∑

i,j=1

aij u(t0)
xi

vxj
+

+
n∑

i=1

biu
(t0)
xi

v + c u(t0) v + g(x, t, u(t0))×
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× v

]
dx dy dt =

∫

Qt0,T

f v dx dy dt (6)

äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈B0(Qt0,T ) òàêî¨, ùî
vt∈L2(Qt0,T ) i v(x, y, T ) = 0. Íåõàé

ft0(x, y, t) =

{
f(x, y, t), (x, y, t) ∈ Qt0,T ,

0, (x, y, t) ∈ Q−∞,t0 .

Ïðîäîâæèìî ôóíêöiþ u(t0) íóëåì íà îáëàñòü
Q−∞, t0 i çáåðåæåìî çà ïðîäîâæåíîþ ôóíêöi-
¹þ òå ñàìå ïîçíà÷åííÿ. Òîäi íà ïiäñòàâi (6)
îäåðæèìî, ùî u(t0) çàäîâîëüíÿ¹ ðiâíiñòü

∫

Qt1,T

[
−u(t0)vt − λu(t0)

y v +
n∑

i,j=1

aij u(t0)
xi

vxj
+

+
n∑

i=1

biu
(t0)
xi

v + cu(t0)v + g(x, t, u(t0))×

×v

]
dx dy dt =

∫

Qt1,T

f v dx dy dt (7)

äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈ B0(Qt1,T ) òàêî¨,
ùî vt ∈ L2(Qt1,T ), v(x, y, T ) = 0 i äëÿ äîâiëü-
íîãî t1 ∈ (−∞, t0].

Ëåìà 2. Äëÿ ôóíêöi¨ u(t0) ¹ ïðàâèëüíîþ
ðiâíiñòü

∫

Ωt

u(t0)v
∣∣t=τ2

t=τ1
dx dy +

∫

Qτ1,τ2

[−u(t0)vt−

−λu(t0)
y v +

n∑
i,j=1

aij u(t0)
xi

vxj
+

n∑
i=1

biu
(t0)
xi

v +

+c u(t0)v + g(x, t, u(t0)) v
]

dx dy dt =

=

∫

Qτ1,τ2

ft0v dx dy dt (8)

äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈ B0(Qt1,T ) òàêî¨,
ùî vt ∈ L2(Qt1,T ) i äëÿ äîâiëüíèõ {τ1, τ2} ⊂
[t1, T ], τ1 < τ2, äå t1 � äîâiëüíå ç ïðîìiæêó
(−∞, t0].

Äîâåäåííÿ. Ââàæàòèìåìî â (7), ùî v =
(w θm) ∗ ρk ∗ ρk äëÿ k > 2m, äå θm ¹ êóñêîâî-
ëiíiéíîþ íåïåðåðâíîþ ôóíêöi¹þ íà ïðîìiæ-
êó [t1, T ], ïðè÷îìó θm(t) = 1 ïðè τ1 + 2

m
<

t < τ2 − 2
m

, θm(t) = 0 ïðè t < τ1 + 1
m

t > τ2 − 1
m

, ρk− ðåãóëÿðèçóþ÷à ïîñëiäîâ-
íiñòü â D(R), ρk(t) = ρk(−t),

∞∫

−∞

ρk(t) dt = 1, supp ρk ⊂
[
−1

k
,

1

k

]
,

à w ¹ ôóíêöi¹þ ç ïðîñòîðó B0(Qt1,T ) òàêîþ,
ùî wt ∈ L2(Qt1,T ).

Ïåðåéøîâøè â (7) äî ãðàíèöi ñïî÷àòêó
ïðè k →∞, à ïîòiì ïðè m →∞, îäåðæèìî
ðiâíiñòü (8), ùî é òðåáà áóëî äîâåñòè.

Çàóâàæåííÿ 2. Àíàëîãi÷íî (8) ìîæíà
äîâåñòè ðiâíiñòü

1

2

∫

Ωt

eµt
[
u(t0)

]2
∣∣∣
t=τ2

t=τ1
dx dy+

∫

Qτ1,τ2

eµt[−λu(t0)
y ×

×u(t0) +
n∑

i,j=1

aiju
(t0)
xi

u(t0)
xj

+
n∑

i=1

bi u
(t0)
xi

u(t0)+

+c
[
u(t0)

]2 − µ

2

[
u(t0)

]2
+ g(x, t, u(t0))×

×u(t0)] dx dy dt =

∫

Qτ1,τ2

eµtft0u
(t0)dx dy dt (9)

äëÿ äîâiëüíèõ {τ1, τ2} ⊂ (−∞, T ], τ1 < τ2.
Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè

(Λ), (A), (B), (C), (G), (P) i, êðiì òîãî,
∫

QT

f 2(x, y, t)eµtdx dy dt < ∞,

äå µ çàäîâîëüíÿ¹ íåðiâíiñòü 2 c0 + λ1 −
b0/(2a0) − µ > 0. Òîäi iñíó¹ óçàãàëüíå-
íèé ðîçâ'ÿçîê çàäà÷i(1), (2) ç êëàñó ôóíêöié
B0,loc(QT ) òàêèõ, ùî

lim
t→−∞

∫

Ωt

u2(x, y, t)eµtdx dy = 0,

äå µ = 2 c0+λ1−b0/(2a0), i âií ó öüîìó êëàñi
¹äèíèé.

Äîâåäåííÿ. Íåõàé t0 íàáóâà¹ çíà÷åííÿ
T −1, T −2, T −k, ... . Òîäi ìàòèìåìî ïîñëi-
äîâíiñòü ôóíêöié {u(k)}, äëÿ êîæíî¨ ç ÿêèõ
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âèêîíóþòüñÿ ðiâíîñòi (8). Ðîçãëÿíåìî ðiâíî-
ñòi (8) äëÿ u(k) i u(s) òà âiäíiìåìî âiä îäíi¹¨
iíøó. Òîäi ìàòèìåìî ðiâíiñòü

∫

Ωt

u(k,s)v
∣∣t=τ2

t=τ1
dx dy+

∫

Qτ1,τ2

[−u(k,s)vt−

−λu(k,s)
y v+

n∑
i,j=1

aij u(k,s)
xi

vxj
+

n∑
i=1

bi u
(k,s)
xi

v+

+c u(k,s)v + (g(x, t, u(k))− g(x, t, u(s)))×
×v] dx dy dt =

∫

Qτ1,τ2

(fk − fs)v dx dy dt, (10)

ïðàâèëüíó äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈
B0, loc(QT ) òàêî¨, ùî vt ∈ L2

loc(QT ) i áóäü-
ÿêèõ {τ1, τ2} ⊂ (−∞, T ], τ1 < τ2, äå u(k,s) =
u(k) − u(s), à ÷åðåç fk ïîçíà÷èìî ôóíêöiþ
fT−k. ßê âèïëèâà¹ iç çàóâàæåííÿ 2, ðiâíiñòü
(10) áóäå ïðàâèëüíîþ i äëÿ v = u(k,s)eµt, òîá-
òî àíàëîãi÷íî (9) îäåðæèìî

1

2

∫

Ωt

eµt(u(k,s))2
∣∣t=τ2

t=τ1
dx dy+

∫

Qτ1,τ2

eµt
[
− λu(k,s)

y ×

×u(k,s)+
n∑

i,j=1

aij u(k,s)
xi

u(k,s)
xj

+
n∑

i=1

bi u
(k,s)
xi

u(k,s)+

+c (u(k,s))2 − µ

2
(u(k,s))2 + (g(x, t, u(k))−

−g(x, t, u(s))) u(k,s)
]
dx dy dt =

=

∫

Qτ1,τ2

(fk − fs)u
(k,s)eµtdx dy dt. (11)

Âèêîðèñòîâóþ÷è óìîâè òåîðåìè, ïåðåòâîðè-
ìî é îöiíèìî êîæíèé äîäàíîê ðiâíîñòi (11):

J1 ≡ −
∫

Qτ1,τ2

λu(k,s)
y u(k,s)eµtdx dy dt =

1

2
×

×
τ2∫

τ1

∫

D

eµtλ(x, 0, t)(u(k,s)(x, 0, t))2dx dt+

+
1

2

∫

Qτ1,τ2

λy(u
(k,s))2eµtdx dy dt;

J2 ≡
∫

Qτ1,τ2

n∑
i,j=1

aiju
(k,s)
xi

u(k,s)
xj

eµ tdx dy dt >

> a0

∫

Qτ1,τ2

n∑
i=1

(u(k,s)
xi

)2eµ tdx dy dt;

J3 ≡
∫

Qτ1,τ2

n∑
i=1

biu
(k,s)
xi

u(k,s)eµ tdx dy dt 6

6 δ1b0

2

∫

Qτ1,τ2

n∑
i=1

(u(k,s)
xi

)2eµ tdx dy dt+

+
1

2δ1

∫

Qτ1,τ2

n∑
i=1

(u(k,s))2eµ tdx dy dt,

äå δ1 > 0;

J4 ≡
∫

Qτ1,τ2

c (u(k,s))2eµ tdx dy dt >

> c0

∫

Qτ1,τ2

(u(k,s))2eµ tdx dy dt;

J5 ≡
∫

Qτ1,τ2

(g(x, t, u(k))− g(x, t, u(s)))×

×u(k,s)eµ tdx dy dt > 0;

J6 ≡
∫

Qτ1,τ2

(fk − fs)
2u(k,s)eµ tdx dy dt 6

6 δ2

2

∫

Qτ1,τ2

(u(k,s))2eµ tdx dy dt+

+
1

2δ2

∫

Qτ1,τ2

(fk − fs)
2eµ tdx dy dt,

äå δ2 > 0. Êðiì òîãî, λy > λ1 ìàéæå âñþ-
äè â QT . Òîìó íà ïiäñòàâi îöiíîê iíòåãðàëiâ
J1, ..., J6 ç ðiâíîñòi (11) ìàòèìåìî íåðiâíiñòü

∫

Ω

(u(k,s))2eµ t
∣∣t=τ2

t=τ1
dx dy +

τ2∫

τ1

∫

D

λ(x, 0, t)×
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×(u(k,s)(x, 0, t))2eµ tdx dt +

∫

Qτ1,τ2

[(λ1+

+2c0 − µ− δ2 − 1

δ1

)
(u(k,s))2 + (2a0−

−δ1b0)
n∑

i=1

(u(k,s)
xi

)2

]
eµ tdx dy dt 6

6 1

δ2

∫

Qτ1,τ2

(fk − fs)
2 eµ tdx dy dt. (12)

Íåõàé k < s. Íà ïiäñòàâi óìîâ òåîðåìè
ìîæåìî âèáðàòè ÷èñëà δ1, δ2, ν0 > 0 òàê, ùî
âèêîíóâàòèìóòüñÿ ðiâíîñòi
λ1 + 2c0 − µ− δ2 − 1/δ1 = ν0, 2a0 − δ1b0 = ν0.

Ñïðÿìóâàâøè â íåðiâíîñòi (12) τ1 äî
−∞, îäåðæèìî

∫

Qτ2

(fk − fs)
2 eµ tdx dy dt 6

∫

QT−k

f 2 eµ tdx dy dt,

∫

Ωτ2

(u(k,s))2eµ τ2dxdy +

τ2∫

−∞

∫

D

λ(x, 0, t)×

×(u(k,s)(x, 0, t))2eµ tdx dt +

∫

Qτ2

[
n∑

i=1

(u(k,s)
xi

)2+

+(u(k,s))2
]
eµ tdx dy dt 6 M1

∫

QT−k

f 2eµ tdx dy dt,

äå ñòàëà M1 íå çàëåæèòü âiä k i s. Îñêiëüêè
∫

QT

f 2 eµ tdx dy dt < ∞,

òî äëÿ äîâiëüíîãî ôiêñîâàíîãî ε > 0 iñíó¹
òàêå ÷èñëî k0 ∈ N, ùî äëÿ âñiõ k > k0

∫

Ωτ

(u(k,s))2eµ τdxdy +

T∫

−∞

∫

D

λ(x, 0, t)×

×(u(k,s)(x, 0, t))2eµ tdx dt +

∫

QT

[
n∑

i=1

(u(k,s)
xi

)2+

+ (u(k,s))2
]

eµ tdx dy dt < ε,

τ ∈ (−∞, T ]. Îòæå, iñíóþòü òàêi ôóíêöi¨ u,
z , ùî

u(k) → u â C((−∞, T ]; L2(Ω)),

u(k) → u â B0,loc(QT ),

u(k)(·, 0, ·) → z â L2
loc((−∞, T ]; D) (13)

ïðè k → ∞. Çâiäñè íà ïiäñòàâi óìîâè (G)
ìàòèìåìî, ùî g(x, t, u(k)) → g(x, t, u) ìàéæå
äëÿ âñiõ (x, t) ∈ D × (−∞, T ]. Êðiì òîãî,
∫

Ωτ

u2eµτdxdy +

∫

QT

[
n∑

i=1

u2
xi

+ u2

]
eµ tdx dy dt 6

6 M2 < ∞
äëÿ τ ∈ (−∞, T ]. Òîäi, çàïèñàâøè (8) äëÿ
u(k) i ïåðåéøîâøè äî ãðàíèöi ïðè k → ∞,
îäåðæèìî ðiâíiñòü

∫

Ωt

u v|t=τ2
t=τ1

dx dy +

τ2∫

τ1

∫

D

λ(x, 0, t) z(x, t)×

×v(x, 0, t) dx dt +

∫

Qτ1,τ2

[−uvt + λuvy+ λyuv+

+
n∑

i,j=1

aijuxi
vxj

+
n∑

i=1

biuxi
v + c u v+ (14)

+g(x, t, u) v] dx dy dt =

∫

Qτ1,τ2

f v dx dy dt,

ïðàâèëüíó äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈
B1,loc(QT ) i áóäü-ÿêèõ {τ1, τ2} ⊂ (−∞, T ],
τ1 < τ2.

Íåõàé τ1, τ2 � ôiêñîâàíi, U = B0(Qτ1,τ2),
V = B1(Qτ1,τ2). Ðîçãëÿíåìî íà U×V áiëiíié-
íó ôîðìó

a(u, v) =

∫

Qτ1,τ2

[−u vt + λu vy + λyu v+

+
n∑

i,j=1

aijuxi
vxj

+
n∑

i=1

biuxi
v + c u v

]
dx dy dt.

Ëåãêî ïåðåâiðèòè, ùî ôîðìà a(u, v) ¹ íå-
ïåðåðâíîþ íà U × V. Íåõàé ëiíiéíèé äèôå-
ðåíöiàëüíèé îïåðàòîð A âèçíà÷åíî ôîðìó-
ëîþ
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Au ≡ ut−λuy−
n∑

i,j=1

(aijuxi
)xj

+
n∑

i=1

biuxi
+cu.

Î÷åâèäíî, A : U → V ∗. Îñêiëüêè äëÿ
äîâiëüíîãî v ∈ C∞

0 (Qτ1,τ2), ðiâíiñòü (13) ìî-
æåìî çàïèñàòè ó âèãëÿäi

∫

Qτ1,τ2

Au · v dx dy dt =

∫

Qτ1,τ2

Fv dx dy dt,

äå F (x, y, t) = f(x, y, t) − g(x, t, u(x, y, t)), òî
Au = F. Àëå F ∈ L2(Qτ1,τ2). Òîìó Au ∈
L2(Qτ1,τ2). Ðîçãëÿíåìî îïåðàòîð θ, âèçíà÷å-
íèé íà ôóíêöiÿõ iç ïðîñòîðó C1(Qτ1,τ2) òàê:

θu =





n∑
i,j=1

aij(·, ·, ·)uxi
cos(ν, xj) íà Sτ1,τ2 ,

−λ(·, 0, ·) u íà D × {0} × (τ1, τ2),

λ(·, y0, ·) u íà D × {y0} × (τ1, τ2),

−u(·, ·, τ1) íà Ωτ1 ,

u(·, ·, τ2) íà Ωτ2 ,

äå ν � çîâíiøíÿ íîðìàëü äî ST .
Ðîçãëÿíóâøè îïåðàòîð θ íà ôóíêöi¨ ç U,

çãiäíî ç ëåìîþ 1 ìàòèìåìî ðiâíiñòü

a(u, v) = (Au, v) + 〈θu, γv〉 (15)

äëÿ äîâiëüíî¨ v ∈ B1(Qτ1,τ2).
Íåõàé
û = u|t=τ1

, û = u|t=τ2
, ïðè (x, y) ∈ Ω;

û = 0 ïðè (x, t) ∈ D × (τ1, τ2), y = y0;
û = λ(·, 0, ·) z ïðè (x, t) ∈D×(τ1, τ2), y=0.

Òîäi ðiâíiñòü (14) ìîæåìî çàïèñàòè ó âèãëÿ-
äi

a(u, v) + 〈û, γ v〉 = (F, v). (16)

Âiäíiìàþ÷è âiä ðiâíîñòi (15) ðiâíiñòü (16),
îäåðæèìî, ùî 〈θu − û, v〉 = 0. Îòæå, ç ðiâ-
íîñòi (14) âèïëèâà¹, ùî u ¹ óçàãàëüíåíèì
ðîçâ'ÿçêîì çàäà÷i (1), (2).

Ðîçãëÿíåìî áiëiíiéíó ôîðìó a(u, v) äëÿ
ôóíêöi¨ v ç ïðîñòîðó B0(Qτ1,τ2), ÿêi íàëå-

æàòü äî C2(Qτ1,τ2). Òîäi

a(u, v) =

∫

Qτ1,τ2

[
−uAv + λyu v + 2

n∑
i,j=1

aij×

×uxi
vxj

+
n∑

i=1

biuxi
v +

n∑
i=1

bivxi
u+

+2c u v] dx dy dt.

Îñêiëüêè Au ∈ L2(Qτ1,τ2), òî öÿ ôîðìóëà ìà¹
çìiñò i äëÿ ôóíêöi¨ v = u eµt. Îïåðàòîð γ ìî-
æíà îäíîçíà÷íî ïðîäîâæèòè íà ôóíêöi¨ ç
U(A). Êðiì òîãî, âðàõîâóþ÷è çíà÷åííÿ îïå-
ðàòîðà θ íà óçàãàëüíåíîìó ðîçâ'ÿçêó çàäà÷i
(1), (2), ìàòèìåìî, ùî

〈θu, γu〉 = −
∫

Ωt

u2eµt
∣∣t=τ2

t=τ1
dx dy −

−
τ2∫

τ1

∫

D

λ(x, 0, t)u2(x, 0, t)eµtdx dt.

Îòæå, ç ôîðìóëè Ãðiíà (15) âèïëèâàòèìå
ðiâíiñòü
∫

Ωt

u2eµt
∣∣t=τ2

t=τ1
dx dy +

τ2∫

τ1

∫

D

λ(x, 0, t)u2(x, 0, t)×

×eµtdx dt +

∫

Qτ1,τ2

[
(λy − µ + 2c) u2+

+ 2
n∑

i,j=1

aij uxi
uxj

+ 2
n∑

i=1

biuxi
u+

+ 2g(x, t, u)u− 2f u] eµtdx dy dt = 0 (17)

äëÿ äîâiëüíèõ {τ1, τ2, µ} ⊂ R, τ1 < τ2 ≤ T.
Äîâåäåìî òåïåð ¹äèíiñòü óçàãàëüíåíîãî

ðîçâ'ÿçêó çàäà÷i (1), (2). Íåõàé ìà¹ìî äâà
óçàãàëüíåíi ðîçâ'ÿçêè u1, u2 öi¹¨ çàäà÷i òà
u = u1 − u2. Òîäi àíàëîãi÷íî (16) îäåðæèìî
ðiâíiñòü
∫

Ωt

u2eµt
∣∣t=τ2

t=τ1
dx dy +

τ2∫

τ1

∫

D

λ(x, 0, t)u2(x, 0, t)×
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×eµtdx dt+

∫

Qτ1,τ2

[
(λy−µ + 2c) u2+2

n∑
i,j=1

aij×

× uxi
uxj

+ 2
n∑

i=1

biuxi
u + 2(g(x, t, u1)−

−g(x, t, u2))u] eµtdx dy dt = 0 (18)

ïðàâèëüíó äëÿ äîâiëüíèõ {τ1, τ2, µ} ⊂
R, τ1 < τ2 ≤ T.

Âèáåðåìî µ ç óìîâè: λ1 + 2c0 − b0
2a0

= µ.

Òîäi, âðàõîâóþ÷è óìîâè (Λ), (A), (B), (C),
(G) é îöiíþþ÷è äîäàíêè (18), àíàëîãi÷íî ÿê
i iíòåãðàëè J1, ..., J5, îäåðæèìî

∫

Ωt

u2eµt
∣∣t=τ2

t=τ1
dx dy 6 0. (19)

Îñêiëüêè lim
t→−∞

∫
Ωt

u2 eµ tdx dy = 0, òî ç (19)

îäåðæèìî, ùî u1 = u2 ìàéæå âñþäè â QT ,
ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.
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