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ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ
ÇI ÂÑI�Þ ÏÅÐÅÄIÑÒÎÐI�Þ

Äîñëiäæåíà åêñïîíåíöiàëüíà ñòiéêiñòü ó ñåðåäíüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêiâ ñòîõàñòè-
÷íèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü ç íåîáìåæåíîþ ïiñëÿäi¹þ.

The exponential stability in the mean square is investigated for the solutions of stochastic
functional di�erential equations with in�nite delay.

Âñòóï. Ïèòàííÿ ñòiéêîñòi â ñåðåäíüî-
ìó êâàäðàòè÷íîìó òðèâiàëüíîãî ðîçâ'ÿç-
êó ñèñòåì ñòîõàñòè÷íèõ ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü ç ïóàññîíiâñüêè-
ìè çáóðåííÿìè ó âèïàäêó ñêií÷åííî�� ïiñëÿ-
äi�� ðîçãëÿäàëèñÿ â ïðàöÿõ [1�2]. Àíàëîãi÷íi
äîñëiäæåííÿ äëÿ âèïàäêó íåñêií÷åííî�� ïi-
ñëÿäi�� áóëè ïðîâåäåíi â ïðàöi [3] äëÿ äåòåð-
ìiíîâàíèõ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ
ñèñòåì. Äåÿêi àñïåêòè òåîði�� ñòiéêîñòi ñòî-
õàñòè÷íèõ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ
ñèñòåì iç íåñêií÷åííîþ ïiñëÿäicþ ðîçãëÿ-
äàëèñÿ â [4�8]. Iñíóâàííÿ l-ãî ìîìåíòó
ñèëüíîãî ðîçâ'ÿçêó ñòîõàñòè÷íèõ iíòåãðî-
äèôåðåíöiàëüíèõ ðiâíÿíü Iòî-Âîëüòåððà çi
âñi¹þ ïåðåäiñòîði¹þ áóëî äîâåäåíî â ïðàöi
[9].

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ ïèòàí-
íÿ åêñïîíåíöiàëüíî¨ ñòiéêîñòi â ñåðåäíüî-
ìó êâàäðàòè÷íîìó ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ
äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü ç
íåîáìåæåíîþ ïiñëÿäi¹þ.

1. Íåîáõiäíà òà äîñòàòíÿ óìîâè åêñ-
ïîíåíöiàëüíî¨ ñòiéêîñòi â ñåðåäíüî-
ìó êâàäðàòè÷íîìó. Íåõàé çàäàíî éìî-
âiðíiñíèé ïðîñòið (Ω, F,P) ç ïîòîêîì ìi-
íiìàëüíèõ σ-àëãåáð {Ft, t ≥ 0}, Ft ⊂ F ;
Rn � äiéñíèé n-âèìiðíèé åâêëiäiâ ïðî-
ñòið; D ≡ D((−∞, 0],Rn) � ïðîñòið Ñêî-
ðîõîäà ôóíêöié ϕ (θ) ⊂ Rn, ÿêi âèçíà÷å-
íi íà (−∞, 0], ìàþòü ó êîæíié òî÷öi îáëà-
ñòi âèçíà÷åííÿ ñêií÷åííó ëiâîñòîðîííþ ãðà-

íèöþ òà íåïåðåðâíi ñïðàâà, ïðè öüîìó ïðè
θ → −∞ òàêîæ iñíó¹ ãðàíèöÿ. Âèïàäêî-
âèé ïðîöåñ {x(t) ≡ x(t, ω)} ⊂ Rn âèçíà÷à¹-
òüñÿ äëÿ t ≥ 0 çà äîïîìîãîþ ñòîõàñòè÷íî-
ãî äèôåðåíöiàëüíî-ôóíêöiîíàëüíîãî ðiâíÿ-
ííÿ (ÑÄÔÐ) Iòî-Ñêîðîõîäà

dx(t) = a(t, xt)dt + b(t, xt)dw(t)+

+

∫

U

g(t, xt, u)ν̃(dt, du), (1)

x(t) = ϕ(t), ∀ t ∈ (−∞, 0], (2)

äå ϕ ∈ D; xt ≡ {x(t + θ),−∞ < θ ≤ 0};
{w (t) ≡ w (t, ω)} ⊂ R1 � îäíîâèìiðíèé âiíå-
ðiâ ïðîöåñ; ν̃(t,H) ≡ ν(t,H)− tΠ(H) � öåí-
òðîâàíà ïóàññîíîâà ìiðà â R1 ç ïàðàìåòðîì
tΠ(H) ≡ M {ν(t,H)}, H ⊂ R1, ïðè öüîìó
{w(t)} òà {ν̃(t,H)} íåçàëåæíi òà Ft-âèìiðíi
ïðè t > 0; U ⊂ R1.

Íåõàé a, b òà g � ëiíiéíi ôóíêöiîíàëè ïðè
êîæíîìó t ≥ 0, ÿêi âèçíà÷åíi âiäïîâiäíî íà
R+×D, R+×D òà R+×D×R1. Ïðîñòið D áó-
äåìî ââàæàòè ìåòðè÷íèì ç ìåòðèêîþ Ñêî-
ðîõîäà ôóíêöié áåç ðîçðèâiâ äðóãîãî ðîäó
[1].

Äëÿ äîñëiäæåííÿ ïîâåäiíêè âèïàäêîâèõ
ïðîöåñiâ {x (t)} ⊂ Rn áåç ðîçðèâiâ äðóãîãî
ðîäó ðîçãëÿäà¹òüñÿ ìåòðèêà, ÿêà ïîðîäæåíà
íàïiâíîðìîþ

‖ϕ‖0 ≡




0∫

−∞

|ϕ (θ)|2 k (dθ)





1/2

,
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äå k(•) � äåÿêà ñêií÷åííà ìiðà, âèçíà÷åíà íà
áîðåëüîâèõ ìíîæèíàõ íà ïiâïðÿìié (−∞, 0];
k(−∞) = k1 < ∞.

Îçíà÷åííÿ. Ïiä ðîçâ'ÿçêîì ÑÄÔÐ (1)
ç ïî÷àòêîâîþ óìîâîþ (2) áóäåìî ðîçóìiòè
ñåïàðàáåëüíèé ïðîöåñ {x (t)} ⊂ Rn, âèçíà÷å-
íèé ïðè t ∈ (−∞, 0] çà äîïîìîãîþ ñïiââiä-
íîøåííÿ (2), âèìiðíèé âiäíîñíî σ-àëãåáðè
Ft × Lt (Lt � σ-àëãåáðà áîðåëåâèõ ìíîæèí
íà (−∞, t]) i òàêèé, ùî ïðè äîâiëüíîìó
t ≥ 0 çàäîâîëüíÿ¹ ñòîõàñòè÷íå iíòåãðàëüíå
ðiâíÿííÿ

x(t) = ϕ(0) +

t∫

0

a(s, xs)ds +

t∫

0

b(s, xs)dw(s)+

+

t∫

0

∫

U

g(s, xs, u)ν̃(ds, du)

ìàéæå ñêðiçü.
Áóäåìî ïðèïóñêàòè, ùî a, b : R+ × D →

Rn, g : R+ × D × R1 → Rn, âèìiðíi çà ñó-
êóïíiñòþ çìiííèõ òà çàäîâîëüíÿþòü äëÿ äî-
âiëüíîãî t ≥ 0 óìîâè

|a (t, ϕ)|2 + |b (t, ϕ)|2 +

∫

U

|g(t, ϕ, u)|2 Π (du) ≤

≤ L

0∫

−∞

(
1 + |ϕ (θ)|2) dk (θ) ;

|a (tϕ)− a (t, ψ)|2 + |b (t, ϕ)− b (t, ψ)|2 +

+

∫

U

|g(t, ϕ, u)− g (t, ψ, u)|2 Π (du) ≤

≤ L

0∫

−∞

(|ϕ (θ)− ψ (θ)|2) dk (θ) ,

äå L > 0 � ñòàëà, Π(du) ≡ du

|u|2 .
Òîäi çãiäíî ç [8, Òåîðåìà 2.1, ñ.22; 9] iñíó¹

¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ç òî÷íiñòþ
äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi, ÿêèé çàäî-
âîëüíÿ¹ íàñòóïíi íåðiâíîñòi:

M

{
sup

0≤s≤T
|x(s)|2 /F0

}
≤ A

(
1 + ‖ϕ‖2

0

)

M

{
sup

t≤s≤t+h
|x(s)− x(t)|2 /F0

}
≤

≤ B
(
1 + ‖ϕ‖2

0

)
h,

äå A > 0, B > 0 � ñòàëi, ÿêi çàëåæàòü òiëüêè
âiä T > 0, L i k1.

Óâåäåìî òàêi íîðìè:

‖ϕ‖2
D ≡ (|ϕ(0)|2 + ‖ϕ‖2

0)
1/2,

‖ϕ‖2
1 ≡ sup

−∞≤t≤0
M{|ϕ(t)|2},

‖ϕ‖2
2 ≡ M{‖ϕ‖2

D}.
Ëåìà 1. Íåõàé a(t, ϕ), b(t, ϕ), g(t, ϕ, u)

íåïåðåðâíi çà t ≥ 0 ïðè äîâiëüíîìó ϕ ∈ L
i çàäîâîëüíÿþòü ïîñèëåíó óìîâó Ëiïøèöÿ

|a(t, ϕ)− a(t, ψ)|2 + |b(t, ϕ)− b(t, ψ)|2+

+

∫
|g(t, ϕ, u)− g(t, ψ, u)|2Π(du) ≤

≤ L

0∫

−∞

|ϕ(s)− ψ(s)|2µ(ds), (3)

äå µ � îäèíè÷íà äîäàòíà ìiðà íà (−∞, 0];
L � ïðîñòið âèïàäêîâèõ ïðîöåñiâ, íå çàëå-
æíèõ âiä B(w, [0,∞))×B(ν̃, [0,∞)) i òàêèõ,
ùî iñíó¹ M{‖ϕ‖2

D}.
Òîäi iñíó¹ òàêà ñòàëà K ≡ K(L), ùî ïðè

âñiõ 0 ≤ s ≤ t ñïðàâäæó¹òüñÿ íåðiâíiñòü

sup
−∞<s≤0

|xt(s, ϕ)|2 ≤ eK(t−s) sup
−∞<θ<0

|ϕ(θ)|2.
(4)

Äîâåäåííÿ. Çðîáèìî â ðiâíÿííi (1) çà-
ìiíó Iòî. Áóäåìî ââàæàòè, ùî y(t) = |x(t)|2.
Òîäi îäåðæèìî, ùî

d|x(t)|2 = [(2x(t), a(t, xt)) + |b(t, xt)|2+

+

∫

U

|g(t, xt, u)|2Π(du)]dt+

+2(x(t), b(t, xt))dw(t)+

+2

∫

U

(x(t), g(t, xt, u))ν̃(du, dt)+

+

∫

U

|g(t, xt, u)|2ν̃(du, dt),
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äå (x(t), y(t)) � ñêàëÿðíèé äîáóòîê.
Çàïèøåìî îäåðæàíå ñïiââiäíîøåííÿ â ií-

òåãðàëüíié ôîðìi: y(t + θ) = |ϕ(θ)|2 ïðè
t + θ ≤ s, −∞ ≤ θ ≤ 0,

y(t + θ) = |x(s)|2 + 2

t+θ∫

s

(x(τ), a(τ, xτ ))dτ+

+

t+θ∫

s

|b(τ, xτ )|2dτ+

t+θ∫

s

∫

U

|g(τ, xτ , u)|2Π(du)dτ+

+2

t+θ∫

s

(x(τ), b(τ, xτ ))dw(τ)+

+2

t+θ∫

s

∫

U

(x(τ), g(τ, xτ , u))ν̃(du, dτ)+

+

t+θ∫

s

∫

U

|g(τ, x(τ), u)|2ν̃(du, dτ), t + θ > s.

Çàñòîñîâóþ÷è äî ëiâî¨ òà ïðàâî¨ ÷àñòèí
îäåðæàíî¨ ðiâíîñòi îïåðàöiþ ìàòåìàòè÷íîãî
ñïîäiâàííÿ òà âðàõîâóþ÷è âëàñòèâîñòi ñòî-
õàñòè÷íèõ iíòåãðàëiâ, ìà¹ìî

sup
−∞≤θ≤0

M{|x(t + θ, s, ϕ)|2} ≤

≤ sup
−∞≤θ≤0

M{|ϕ(s + θ)|2}+

+2

t∫

s

M{(x(τ), a(τ, xτ ))}dτ+

+

t∫

s

M{|b(τ, xτ )|2}dτ+

+

t∫

s

∫

U

M{|g(τ, xτ , u)|2}Π(du)dτ.

Âèêîðèñòîâóþ÷è óìîâó Ëiïøèöÿ (3), ëåãêî
îäåðæàòè îöiíêè

t∫

s

M{|b(τ, xτ )|2}dτ ≤ L

t∫

s

‖x(τ + θ, s, ϕ)‖2
1dτ,

t∫

s

∫

U

M{|g(τ, xτ , u)|2}Π(du)dτ ≤

≤ L

t∫

s

‖x(τ + θ, s, ϕ)‖2
1dτ,

t∫

s

M{(x(τ), a(τ, xτ ))}dτ ≤

≤ 2L1/2

t∫

s

‖x(τ + θ, s, ϕ)‖2
1dτ.

Òîäi

‖xt(s, ϕ)‖2
1 ≤ ‖ϕ‖2

1 + K

t∫

s

‖xτ (s, ϕ)‖2
1dτ.

Âèêîðèñòîâóþ÷è íåðiâíiñòü Ãðîíóîëëà-
Áåëëìàíà, îäåðæèìî òâåðäæåííÿ ëåìè 1.

Äëÿ p = 0, 1, 2, ... âèçíà÷èìî ôóíêöiîíàëè
âiä âèïàäêîâèõ ïðîöåñiâ ϕ, çàäàíèõ íà âiä-
ðiçêàõ Jp,h = [−(p + 1)h, 0]:

vp(ϕ) ≡ sup
θ∈Jp,h

M{|ϕ(θ)|2};

vp,A(ϕ) ≡ sup
θ∈Jp,h

M{e2Aθ|ϕ(θ)|2}.

Ðiâíÿííÿ (1) ìîæíà ðîçâ'ÿçóâàòè â ïðîñòî-
ði D([−(p + 1)h, 0],Rn), ÿêùî ââàæàòè, ùî
ïiñëÿäiÿ äîðiâíþ¹ (p + 1)h, p = 0, 1, 2, ...
Ïî÷àòêîâó çàäà÷ó áóäåìî ðîçãëÿäàòè â òî-
÷öi s + ph. Ïîçíà÷èìî ïîáóäîâàíèé òàêèì
÷èíîì ðîçâ'ÿçîê (1) xt

(p+1), òîáòî ïîêëàäåìî
xt

(p+1)(s + ph, ϕ) ≡ {x(t + θ, s, ϕ),−(p + 1)h ≤
θ ≤ 0}.

Òåîðåìà 1. Íåõàé êîåôiöi¹íòè ðiâíÿ-
ííÿ (1), (2) çàäîâîëüíÿþòü óìîâè iñíóâà-
ííÿ òà ¹äèíîñòi ñèëüíîãî ðîçâ'ÿçêó. Òîäi
íåîáõiäíîþ òà äîñòàòíüîþ óìîâîþ åêñïî-
íåíöiàëüíî¨ ñòiéêîñòi â ñåðåäíüîìó êâàäðà-
òè÷íîìó òðèâiàëüíîãî ðîçâ'ÿçêó (1), (2) ¹
iñíóâàííÿ A > 0, öiëîãî p ≥ 0 òà δ0 > 0

òàêèõ, ùî äëÿ âñiõ s ≥ 0 òà ϕ ∈ V
(1)
δ0

âèêî-
íó¹òüñÿ íåðiâíiñòü

lim
τ→0

sup
τ

1

τ
[vp,A(xs+ph+τ

(p+1) (s, ϕ))−
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−vp,A(xs+ph
(p+1)(s, ϕ))] ≤ −2Avp,A(xs+ph

(p+1)(s, ϕ)).

(5)
Äîâåäåííÿ. Äîñòàòíiñòü. Ëåãêî ïåðå-

âiðèòè, ùî äëÿ y(t) = eAtx(t) ñïðàâäæó¹òüñÿ
ðiâíiñòü e2Atvp,A(xt) = vp(y

t). ßêùî ïîçíà÷è-
òè ÷åðåç v

′
p,A(xs+ph

(p+1)x(s, ϕ)) ëiâó ÷àñòèíó (5),
òî âèêîíó¹òüñÿ íåðiâíiñòü

v
′
p(y

s+ph
(p+1)(s, ϕ)) ≤ 0. (6)

×åðåç {y(t, s, ϕ)} ïîçíà÷åíî ðîçâ'ÿçîê ñòîõà-
ñòè÷íîãî ðiâíÿííÿ, îäåðæàíîãî ç (1), (2) çà-
ìiíîþ y(t) = eAtx(t).

Íåõàé òåïåð iñíóþòü êîíñòàíòè A, p, δ0,
âêàçàíi â óìîâi òåîðåìè, i âèêîíó¹òüñÿ (5).
Ïîêàæåìî, ùî äëÿ äîâiëüíîãî s ≥ 0, t1 ≥
s + ph i t ≥ t1 âèêîíó¹òüñÿ íåðiâíiñòü
M{|x(t, t1, x

t1
(p+1)x(s, ϕ))|2} ≤ Ce−2A(t−t1)‖ϕ‖2

1.

(7)

Ïîçíà÷èìî ψ = xt1−ph
(p+1) (s, ϕ), òîäi ç óðàõóâà-

ííÿì íåçðîñòàííÿ vp(y
t) îäåðæèìî

M{|x(t, t1 − ph, ψ)|2} =

= e−2AtM{|y(t, t1 − ph, ψ̃)|2} ≤
≤ e−2Atvp(y

t(t1 − ph, ψ̃)) ≤
≤ e−2Atvp(y

t1
(p+1)(t1 − ph, ψ̃)),

äå ψ̃(θ) = e2A(t1−ph+θ)x(t1 − ph + θ, s, ϕ).
Äàëi, âèêîðèñòîâóþ÷è ëåìó 1, çàïèøåìî

vp(y
t1
(p+1)(t1 − ph, ψ̃)) =

= e2A sup
θ∈Jp,h

M{|xt1
(p+1)x(t1 − ph, ψ)|2} ≤

≤ e2At1eKph‖ψ‖2
1.

Îòæå, âíàñëiäîê ìàðêîâñüêî¨ âëàñòèâîñòi
ðîçøèðåíîãî ðîçâ'ÿçêó äëÿ âñiõ t ≥ t1 ìà-
¹ìî, ùî

M{|x(t, t1, x
t1
(p+1)(s, ϕ))|2} ≤

≤ e−2A(t−t1)eKph‖xt1−ph
(p+1) (s, ϕ)‖2

1. (8)

Çàñòîñîâóþ÷è äî M{|x(t1−ph+θ, s, ϕ)|2} íå-
ðiâíiñòü (4) ïðè t1 ≥ s+ph (t1−ph ≤ s+ph),
îäåðæèìî, ùî
‖xt1−ph

(p+1) (s, ϕ)‖2
1 ≤ eK(t1−ph−s)‖ϕ‖2

1 ≤ eKph‖ϕ‖2
1.

(9)

Òîäi, ïiäñòàâëÿþ÷è (9) ó (8), ëåãêî çàïèñàòè
íåðiâíiñòü ïðè t1 = s + ph

M{|x(t, t1, x
t1
(p+1)(s, ϕ))|2} ≤

≤ e−2A(t−t1)e2Kphe2Aph‖ϕ‖2
1 ≤ Ce−2A(t−s)‖ϕ‖2

1,

äå C = e2Kph. Ç íåðiâíîñòi (4) âèïëèâà¹, ùî
âñi ðîçâ'ÿçêè, ïîáóäîâàíi çà ϕ ∈ V

(1)
δ ïðè δ =√

δ0e
− 1

2 Kpr, íå âèéäóòü çà ìåæi îáëàñòi V
(1)
δ0

ïðè äîâiëüíîìó t ∈ [s, s + ph]. Äiéñíî,

‖xt
(p+1)(s, ϕ)‖2

1 ≤ eK(t−s)‖ϕ‖2
1 ≤

≤ eK(t−s)δ0e
−Kpr ≤ δ0.

Öå çàâåðøó¹ äîâåäåííÿ äîñòàòíîñòi.
Íåîáõiäíiñòü. Íåõàé òðèâiàëüíèé ðîçâ'ÿ-

çîê (1) åêñïîíåíöiàëüíî ñòiéêèé â ñåðåäíüî-
ìó êâàäðàòè÷íîìó. Çà îçíà÷åííÿì ñòiéêîñòi
iñíóþòü òàêi B > 0, λ > 0 òà δ > 0, ùî äëÿ
âñiõ ϕ ∈ V

(1)
δ i s ≥ 0 âèêîíó¹òüñÿ íåðiâíiñòü

M{|x(t, s, ϕ)|2} ≤ Be−2λ(t−s)‖ϕ‖2
1

ïðè t > s. Âèáåðåìî A ∈ (0, λ). ßê i
ïðè äîâåäåííi äîñòàòíîñòi, ðàçîì iç x(t, s, ϕ)
ðîçãëÿäà¹ìî y(t, s, ϕ) i, âðàõîâóþ÷è, ùî
xs(s, ϕ) = ϕ(θ), äëÿ M{|y(t, s, ys(s, ϕ))|2}
îòðèìó¹ìî îöiíêó

M{|y(t, s, ys(s, ϕ))|2} = e2AM{|x(t, s, ϕ)|2} ≤
≤ e2AtBe−2λ(t−s)‖xs(s, ϕ)‖2

1 ≤
≤ e2AtBe−2λ(t−s)e−2Ase2Ah‖ys(s, ϕ)‖2

1 ≤
≤ e−2α(t−s)Be2Ah‖ys(s, ϕ)‖2

1.

Çâiäñè âèïëèâà¹, ùî vp(y
s+ph(s, ϕ)) íå çðî-

ñòà¹, òîáòî v
′
p(y

s+ph(s, ϕ)) < 0. Ïðè äîâå-
äåííi äîñòàòíîñòi áóëà ïîêàçàíà åêâiâàëåí-
òíiñòü öi¹¨ íåðiâíîñòi äî íåðiâíîñòi (5), ùî é
äîâîäèòü íåîáõiäíiñòü.

2. Åêñïîíåíöiàëüíà ñòiéêiñòü ÑÄÔÐ
ïðè ïîñòiéíî äiþ÷èõ âèïàäêîâèõ
çáóðåííÿõ. Ðîçãëÿíåìî ñòîõàñòè÷íå
äèôåðåíöiàëüíî-ôóíêöiîíàëüíå ðiâíÿí-
íÿ

dy(t) = [a(t, yt) + a1(t, y
t)]dt+

+[b(t, yt) + b1(t, y
t)]dw(t)+
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+

∫

U

[g(t, yt, u) + g1(t, y
t, u)]ν̃(du, dt), (10)

y(t) = ϕ(t, ω), −∞ ≤ t ≤ 0, (11)

äå {y(t) ≡ y(t, ω)} ∈ Rn, a, a1, b, b1: R+×D→
Rn; g, g1 : R+ × D× U→ Rn; {w(t)} ⊂ R1 �
âèíåðiâ ïðîöåñ; U ⊂ R1; ν̃(t,H) = ν(t,H) −
Π(t,H), ïðè öüîìó {w(t)}, {ν̃(t,H)} íåçàëå-
æíi.

Òåîðåìà 2. Íåõàé:
1) îïåðàòîðè a, a1, b, b1, g, g1 çàäîâîëüíÿ-

þòü óìîâè iñíóâàííÿ òà ¹äèíîñòi ñèëüíîãî
ðîçâ'ÿçêó (10), (11);

2) âèêîíó¹òüñÿ íåðiâíiñòü

|a1(t, ϕ)|2 + |b1(t, ϕ)|2 +

∫

U

|g1(t, ϕ, u)|2Π(du) ≤

≤ L1

0∫

−∞

|ϕ(θ)|2µ1(dθ), (12)

äå ñòàëà L1 äîñèòü ìàëà;
3) òðèâiàëüíèé ðîçâ'ÿçîê (1), (2) åêñïî-

íåíöiàëüíî ñòiéêèé ó ñåðåäíüîìó êâàäðàòè-
÷íîìó.

Òîäi òðèâiàëüíèé ðîçâ'ÿçîê (10), (11)
åêñïîíåíöiàëüíî ñòiéêèé ó ñåðåäíüîìó êâà-
äðàòè÷íîìó.

Äîâåäåííÿ. Ïðåäñòàâèìî ðîçâ'ÿçîê
(10), (11) ó òàêîìó âèãëÿäi:

y(t, s, ϕ) = x(t, s, ϕ) + [y(t, s, ϕ)− x(t, s, ϕ)].
(13)

Î÷åâèäíî, ùî ðiçíèöÿ y(t + θ, s, ϕ) − x(t +
θ, s, ϕ) çàäîâîëüíÿ¹ òàêå ðiâíÿííÿ:

yt(s, ϕ)− xt(s, ϕ) =

=

t+θ∫

s

[a(τ, yτ )+a1(τ, y
τ )−a(τ, xτ )−a1(τ, x

τ )]dτ+

+

t+θ∫

s

[b(τ, yτ ) + b1(τ, y
τ )−

−b(τ, xτ )− b1(τ, x
τ )]dw(τ)+

+

t+θ∫

s

∫

U

[g(τ, yτ , u) + g1(τ, y
τ , u)−

−g(τ, xτ , u)− g1(τ, x
τ , u)]ν̃(du, dτ)+

+

t+θ∫

s

a1(τ, x
τ )dτ +

t+θ∫

s

b1(τ, x
τ )dw(τ)+

+

t+θ∫

s

∫

U

g1(τ, x
τ , u)ν̃(du, dτ)

ïðè θ ∈ (−∞, 0], t + θ > s. ßêùî t + θ ≤ s,
òîäi yt(s, ϕ)− xt(s, ϕ) = 0 .

Ïiäíîñÿ÷è îáèäâi ÷àñòèíè îäåðæàíî¨ ðiâ-
íîñòi äî êâàäðàòó, çàñòîñîâóþ÷è îïåðàöiþ
ìàòåìàòè÷íîãî ñïîäiâàííÿ òà âðàõîâóþ÷è
âëàñòèâîñòi ñòîõàñòè÷íèõ iíòåãðàëiâ, óìîâó
Ëiïøèöÿ òà íåðiâíiñòü (12), ïðè t+θ = s+T
(T > 0) îäåðæèìî

M{|ys+T (s, ϕ)− xs+T (s, ϕ)|2} ≤

≤ C1

s+T∫

s

0∫

−∞

M{|yτ (s, ϕ)−xτ (s, ϕ)|2}µ(dθ)dτ+

+L1C2

s+T∫

s

0∫

−∞

M{|xτ (s, ϕ)|2}µ1(dθ)dτ,

äå C1 = 9(T + 1)L, C2 = 9(T + 1).
Îäåðæàíó íåðiâíiñòü çàïèøåìî â òåðìi-

íàõ íîðìè ‖ · ‖1:

‖ys+T (s, ϕ)− xs+T (s, ϕ)‖2
1 ≤

≤ C1

s+T∫

s

‖yτ (s, ϕ)− xτ (s, ϕ)‖2
1dτ+

+L1C2

s+T∫

s

‖xτ (s, ϕ)‖2
1dτ.

Ç óìîâè 3) òåîðåìè 2

M{|x(s + t, s, ϕ)|2} ≤ Be−λt‖ϕ‖2
1
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ïðè âñiõ s ≥ 0 è ϕ ∈ V
(1)
δ . Òîäi, âèêîðèñòîâó-

þ÷è íåðiâíiñòü Ãðîíóîëëà-Áåëëìàíà, îòðè-
ìó¹ìî

‖ys+T (s, ϕ)− xs+T (s, ϕ)‖2
1 ≤ C3L1BTδ+

+C1

s+T∫

s

‖yτ (s, ϕ)− xτ (s, ϕ)‖2
1dτ ≤

≤ C3L1TBδeTC1 ,

äå C3 = C2e
λh.

Îöiíèìî y(t, s, ϕ) ç óðàõóâàííÿì ïðåä-
ñòàâëåííÿ (13)

‖ys+T (s, ϕ)‖2
1 ≤ 2‖xs+T x(s, ϕ)‖2

1+

+2‖ys+T (s, ϕ)− xs+T (s, ϕ)‖2
1 ≤

≤ 2(Be−λT δ + L1C3TBδeTC1).

Âèáåðåìî T íàñòiëüêè âåëèêèì, ùî
Be−λT < 1

12
i L1 ≤ (12C3TBeTC1)−1. Òî-

äi ‖ys+T (x, ϕ)‖2
1 ≤ δ/3. Âèêîðèñòîâóþ÷è

ìàðêîâñüêó âëàñòèâiñòü ðîçâ'ÿçêó (10),
îäåðæèìî

‖ys+2T (s + T, ys+T (s, ϕ))‖2
1 <

δ

32
.

Äàëi çà iíäóêöi¹þ

‖ys+mT (s + (m− 1)T, ys+(m−1)T (s, ϕ))‖2
1 <

δ

3m

ïðè äîâiëüíîìó m ≥ 1.
Çà ëåìîþ 1 ìîæíà çàïèñàòè

sup
−∞≤t≤T

M{|y(s + t, s, ϕ)|2} ≤ eKT‖ϕ‖2
1.

Òîìó

sup
0≤t≤T

M{|y(s+mT+t, s+mT, ys+mT (s, ϕ)|2} ≤

≤ eKT‖ys+mT (s, ϕ)‖2
1 ≤ eKT δ

3m
< eKT−mδ.

Öÿ íåðiâíiñòü äîçâîëÿ¹ îäåðæàòè åêñïîíåí-
öiàëüíó ñòiéêiñòü ó ñåðåäíüîìó êâàäðàòè-
÷íîìó òðèâiàëüíîãî ðîçâ'ÿçêó (10), (11).
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