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Îäèí äâîñòîðîííié àíàëîã ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíü
À.Ì.Ñàìîéëåíêà çàñòîñîâàíèé äî àïðîêñèìàöi¨ ðîçâ'ÿçêiâ ïåðiîäè÷íî¨ çàäà÷i êåðóâàííÿ äëÿ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç B-ìîíîòîííîþ (çà Þ.Â.Ïîêîðíèì) ïðàâîþ ÷àñòèíîþ.
Âñòàíîâëåíi óìîâè ìîíîòîííîñòi òà ðiâíîìiðíî¨ çáiæíîñòi ïîñëiäîâíèõ íàáëèæåíü äî ðîçâ'ÿç-
êó çàäà÷i.

One two-sided analogue of a Samojlenko's numerical-analytical method consecutive approach
is applied to approximation solution of a periodic problem of management for ordinary di�erential
the equations with B-monotonous (for J.V.Pokorny) the right part. The conditions of monotony
and uniform convergence consecutive approach to the decision of a problem where investigated.

Äâîñòîðîííi iòåðàöiéíi ìåòîäè, òåîðiÿ
ÿêèõ çàïî÷àòêîâàíà Ñ.Î.×àïëèãiíèì, ìà-
þòü âàæëèâi ïåðåâàãè ïåðåä iíøèìè iòå-
ðàöiéíèìè ìåòîäàìè, îñêiëüêè íàáëèæåííÿ,
îòðèìàíi çà ¨õ äîïîìîãîþ, äîçâîëÿþòü îõî-
ïèòè âèëêîþ øóêàíèé ðîçâ'ÿçîê çâåðõó i
çíèçó, i ìîíîòîííî çâóæóâàòè îòðèìàíó âèë-
êó. Êðiì çðó÷íîñòi àïîñòåðiîðíèõ îöiíîê,
öå äîçâîëÿ¹ ïåâíîþ ìiðîþ îõàðàêòåðèçóâà-
òè ïîâåäiíêó øóêàíîãî ðîçâ'ÿçêó. Ïðàêòè-
÷íå çàñòîñóâàííÿ äâîñòîðîííiõ ìåòîäiâ ÷à-
ñòî îáìåæåíå ÷åðåç íåîïóêëiñòü òà íåìîíî-
òîííiñòü âiäïîâiäíèõ îïåðàòîðiâ. Â [1-3] çà-
ïðîïîíîâàíi íîâi ïiäõîäè äî ïîáóäîâè äâî-
ñòîðîííiõ ìåòîäiâ äëÿ ðiâíÿíü ç íåìîíîòîí-
íèìè òà íåîïóêëèìè ïðàâèìè ÷àñòèíàìè.
Ïðè âèêîðèñòàííi öèõ ìåòîäiâ äëÿ àïðîêñè-
ìàöi¨ ðîçâ'ÿçêiâ ãðàíè÷íèõ çàäà÷ ñëiä âðà-
õîâóâàòè ¨õ ñïåöèôiêó, çóìîâëåíó ïîòðåáîþ
ïîáóäîâè îïåðàòîðiâ âiäïîâiäíî¨ ñòðóêòó-
ðè â ëiíåàðèçîâàíèõ ÷àñòèíàõ àëãîðèòìiâ,
äëÿ ÷îãî çðó÷íî âèêîðèñòîâóâàòè, çîêðåìà,
êîíñòðóêöi¨ ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó
À.Ì.Ñàìîéëåíêà [4].

Çàìiòêà ïðèñâÿ÷åíà ïîáóäîâi i äîñëiäæåí-
íþ äâîñòîðîííüîãî àíàëîãó ÷èñåëüíî àíà-
ëiòè÷íîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíü
À.Ì. Ñàìîéëåíêà äëÿ çàäà÷i

x′ (t) = f (t, x, λ) , (1)

x (0) = x (T ) = x0, x0 ∈ Em,

äå x, f, λ ∈ Em, ôóíêöiÿ f (t, x) � íåïåðåðâ-
íà â îáëàñòi (−∞;∞) × I × J , I = [a; b],
J = [c; d], ïåðiîäè÷íà çà t ç ïåðiîäîì T .
Âèêîðèñòàíî ìåòîäèêó äîñëiäæåííÿ äâîñòî-
ðîííiõ ìåòîäiâ iç [1-3]. Ñòðóêòóðà ïðîïîíî-
âàíîãî äâîñòîðîííüîãî àëãîðèòìó âèêîðè-
ñòîâó¹ ïîíÿòòÿ B-ìîíîòîííîñòi (â òåðìiíî-
ëîãi¨ Þ.Â. Ïîêîðíîãî [5]). Ðîáîòà ðîçøèðþ¹
ìîæëèâîñòi çàñòîñóâàííÿ äâîñòîðîííiõ ìå-
òîäiâ äî êðàéîâèõ çàäà÷ äëÿ çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü. Ðåçóëüòàòè ðîáîòè
áëèçüêi äî ðåçóëüòàòiâ äîñëiäæåííÿ iç [6].

Çàïèñàâøè ïðàâó ÷àñòèíó ðiâíÿííÿ (1)
ó âèãëÿäi f (t, x, λ) = h (t, x, x, λ, λ) − Aλ,
ïðèïóñêà¹ìî ïðàâäèâiñòü â îáëàñòi D′ =
(−∞;∞)×I×I×J×J , äå I = [a; b], J = [c; d]
íàñòóïíèõ óìîâ:

1) ôóíêöiÿ h (t, x, x, λ, λ) â îáëàñòi D′ íå-
ïåðåðâíà i ïåðiîäè÷íà çà t ç ïåðiîäîì T , ïðè-
÷îìó:

h 6 h (t, x, x, λ, λ) 6 h, (3)

h, h ∈ Em,

a + T
4

(
h− h

)
6 x0 6

6 b− T
4

(
h− h

)
c 6 A−1h 6 A−1h 6 d;

(4)

2) A - íåâèðîäæåíà ñòàëà ìàòðèöÿ, äëÿ
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ÿêî¨ A−1 > θ ;
3) ôóíêöiÿ F (t, y, z) ¹ B-ìîíîòîííîþ çà

çìiííèìè y òà z, òîáòî çàäàíi ìàòðè-
öi A1 (t, y, z) =

{
a

(1)
i,j (t, y, z)

}
, B2 (t, y, z) ={

b
(2)
i,j (t, y, z)

}
, K1 (t, η, µ) =

{
k

(1)
i,j (t, η, µ)

}
,

N2 (t, η, µ) =
{

n
(2)
i,j (t, η, µ)

}
(i, j = 1, 2, ..., m )

íåïåðåðâíèõ çà ñóêóïíiñòþ àðãóìåíòiâ íå-
çðîñòàþ÷èõ çà y, η íåñïàäíèõ çà z, µ äî-
äàòíèõ ïðè t ∈ [0, T ], y, z ∈ [a, b], η, µ ∈
[c, d] äiéñíèõ ôóíêöié, äëÿ ÿêèõ ÿê äëÿ ëi-
íiéíèõ íåïåðåðâíèõ äîäàòíèõ ùîäî w, ω ∈
Em îïåðàòîðiâ A1 (t, y, z) w, B2 (t, y, z) w,
K1 (t, η, µ) ω, N2 (t, η, µ) ω iç ñïiââiäíîøåíü
y (t) 6 z (t) η 6 µ (t ∈ [0, T ], x, y, z ∈ [a, b],
λ, η, µ ∈ [a, b]) âèïëèâàþòü íåðiâíîñòi

−A1 (t, y, z) (z − y)−
−K1 (t, η, µ) (µ− η) 6
6 h (t, z, x, µ, λ)− h (t, y, x, µ, λ) ,
h (t, x, z, λ, µ)− h (t, x, y, λ, µ) 6
6 B2 (t, y, z) (z − y) +
+N2 (t, η, µ) (µ− η) .

(5)

Ñêîðèñòàâøèñü îïåðàòîðàìè

L [ϕ (t, x) ; ψ (t, x)] = x0 +
(
1− t−t0

T

)×

×
t∫

t0

ϕ (s, x)ds− t−t0
T

t0+T∫
t

ψ (s, x)ds
(6)

S [ϕ (t, x)] = T−1A−1

T∫

0

ϕ (s, y)ds, (7)

âèçíà÷èìî ïîñëiäîâíi íàáëèæåííÿ äî
ðîçâ'ÿçêó çàäà÷i (1),(2) çà ôîðìóëàìè

yn+1 = L [F1 (t, yn, zn, ηn, µn) ;
F2 (t, yn, zn, µn, ηn)] + x0,

zn+1 = L [F1 (t, yn, zn, ηn, µn) ;
F2 (t, yn, zn, µn, ηn)] + x0,

(8)

ηn+1 = S [F1 (t, yn, zn, ηn, µn)] ,

µn+1 = S [F2 (t, yn, zn, ηn, µn)] ,
(9)

äå
F1 (t, y, z, η, µ) = h (t, y, z, η, µ) +
+ (A1 (t, y, z) + B2 (t, y, z)) (y − z)
+ (K1 (t, η, µ) + N2 (t, η, µ)) (η − µ) ,
F2 (t, y, z, η, µ) = h (t, z, y, µ, η) +
+ (A1 (t, y, z) + B2 (t, y, z)) (z − y)
+ (K1 (t, η, µ) + N2 (t, η, µ)) (µ− η) .

Òåîðåìà 1. Íåõàé ñïðàâäæóþòüñÿ óìî-
âè 1)-3) i iñíó¹ õî÷à á îäèí ðîçâ'ÿçîê
{x∗, λ∗}, x∗ ∈ [a; b], λ∗ ∈ [c; d] çàäà÷i (1), (2).
Òîäi äëÿ öüîãî ðîçâ'ÿçêó òà ïîñëiäîâíèõ íà-
áëèæåíü (8), (9) ïðè n = 0, 1, ...t ∈ [0, T ]
ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ

yn 6 yn+1 6 x∗ 6 zn+1 6 zn, (10)

ηn 6 ηn+1 6 λ∗ 6 µn+1 6 µn, (11)

ïî÷èíàþ÷è ç

y0 (t) = x0 − t
(
1− t

T

) (
h− h

)
,

z0 (t) = x0 + t
(
1− t

T

) (
h− h

)
,

η0 = c, µ0 = d.
(12)

Äîâåäåííÿ. Óìîâè 1), 2) òà êîíñòðó-
êöiÿ ïî÷àòêîâèõ íàáëèæåíü (12) çàáåçïå÷ó-
þòü íåðiâíîñòi (eq10), (11) ïðè n = 0. Ç ïðè-
ïóùåííÿ ïðî ïðàâäèâiñòü íåðiâíîñòåé (10),
(11) ïðè n = k − 1 îòðèìà¹ìî

x ∗ −yk+1 = L [h (t, x∗, x∗, λ∗, λ∗)−
−h (t, yk, zk, ηk, µk) ; h (t, x∗, x∗, λ∗, λ∗)−
−h (t, zk, yk, µk, ηk)]− L [(A1 (t, yk, zk) +
+B2 (t, yk, zk)) (yk − zk) + (K1 (t, ηk, µk) +
+ N2 (t, ηk, µk)) (ηk − µk) ; (A1 (t, yk, zk) +
+B2 (t, yk, zk)) (zk − yk) + (K1 (t, ηk, µk) +
+N2 (t, ηk, µk)) (µk − ηk)] >
> L [−A1 (t, yk, x

∗) (x∗ − yk)
−K1 (t, ηk, λ

∗) (λ∗ − ηk)−B2 (t, x∗, zk)×
× (zk − x∗)−N2 (t, λ∗, µk) (µk − λ∗) ;
A1 (t, x∗, zk) (zk − x∗) + K1 (t, λ∗, µk)×
× (µk − λ∗) + B2 (t, yk, x

∗) (x∗ − zk) +
+N2 (t, ηk, λ

∗) (λ∗ − ηk)]−
−L [(A1 (t, yk, zk) + B2 (t, yk, zk))×
× (yk − zk) + (K1 (t, ηk, µk) +
+N2 (t, ηk, µk)) (ηk − µk) ;
A1 (t, yk, zk) + B2 (t, yk, zk) (zk − yk) +
+ (K1 (t, ηk, µk) + N2 (t, ηk, µk))×
× (µk − ηk)] > L [A1 (t, yk, zk) (zk − x∗) +

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2004. Âèïóñê 228. Ìàòåìàòèêà. 117



+B2 (t, yk, zk) (x∗ − yk) + K1 (t, ηk, µk)×
× (µk − λ∗) + N2 (t, ηk, µk) (λ∗ − ηk) ;
A1 (t, yk, zk) (yk − x∗) + B2 (t, yk, zk)×
× (x∗ − zk) + K1 (t, ηk, µk) (ηk − λ∗)
+N2 (t, ηk, µk) (λ∗ − µk)] > θ.

Ñêîðèñòàâøèñü òèìè æ ìiðêóâàííÿìè îäåð-
æèìî íåðiâíîñòi

zk+1 − x∗ > L [A1 (t, yk, zk) (x∗ − yk) +
+B2 (t, yk, zk) (zk − x∗) + K1 (t, ηk, µk)×
× (λ∗ − ηk) + N2 (t, ηk, µk) (µk − λ∗) ;
A1 (t, yk, zk) (x∗ − zk) + B2 (t, yk, zk)×
(yk − x∗) + K1 (t, ηk, µk) (λ∗ − µk) +

+N2 (t, ηk, µk) (ηk − λ∗)] > θ,

λ∗ − ηk+1 > S [A1 (t, yk, zk) (zk − x∗) +
+B2 (t, yk, zk) (x∗ − yk) + K1 (t, ηk, µk)×
× (µk − λ∗) + N2 (t, ηk, µk) (λ∗ − ηk)] > θ,

µk+1 − x∗ > S [A1 (t, yk, zk) (x∗ − yk) +
+B2 (t, yk, zk) (zk − x∗) + K1 (t, ηk, µk)×
× (λ∗ − ηk) + N2 (t, ηk, µk) (µk − λ∗)] > θ.

Öå íà ïiäñòàâi ïðèíöèïó ìàòåìàòè÷íî¨ iíäó-
êöi¨ äîâîäèòü òåîðåìó.

Íåõàé, êðiì òîãî, ñïðàâäæó¹òüñÿ ïðèïó-
ùåííÿ:

4) çàäàíi ìàòðèöi A2(t, y, z) ={
a

(2)
i,j (t, y, z)

}
, B1(t, y, z) =

{
b
(1)
i,j (t, y, z)

}
,

K2(t, η, µ) =
{

k
(2)
i,j (t, η, µ)

}
, N1(t, η, µ) ={

n
(1)
i,j (t, η, µ)

}
(i, j = 1, 2, ..., m ), åëåìåíòà-

ìè ÿêèõ ¹ íåïåðåðâíi çà ñóêóïíiñòþ àðãó-
ìåíòiâ äîäàòíi ïðè t ∈ [0, T ], y, z ∈ [a, b],
η, µ ∈ [c, d] äiéñíi ôóíêöi¨ i äëÿ ÿêèõ ÿê
äëÿ ëiíiéíèõ íåïåðåðâíèõ äîäàòíèõ ùî-
äî w, ω ∈ Em îïåðàòîðiâ A2 (t, y, z) w,
B1 (t, y, z) w, K2 (t, η, µ) ω, N1 (t, η, µ) ω
iç ñïiââiäíîøåíü y (t) 6 z (t) η 6 µ
(t ∈ [0, T ], x, y, z ∈ [a, b], λ, η, µ ∈ [a, b])
âèïëèâàþòü íåðiâíîñòi

h (t, z, x, µ, λ)− h (t, y, x, µ, λ) 6
6 B1 (t, y, z) (z − y) +
+N1 (t, η, µ) (µ− η) ,
−A2 (t, y, z) (z − y)−
−K2 (t, η, µ) (µ− η) 6

6 h (t, x, z, λ, µ)− h (t, x, y, λ, µ) .

(13)

Ïîçíà÷èìî Q̃ =

(
TQx TQλ

A−1Qx A−1Qλ

)
, äå

Qx, Qλ - ñòàëi ÷èñëîâi ìàòðèöi ç åëåìåíòàìè

q
(x)
ij = max

t ∈ [0; T ]
y, z ∈ [a; b]

(
2
(
a

(1)
ij (t, y, z) +

+b
(2)
ij (t, y, z)

)
+ a

(2)
ij (t, y, z) +

+b
(1)
ij (t, y, z)

)
,

(14)

q
(λ)
ij = max

t ∈ [0; T ]
y, z ∈ [a; b]

(
2
(
k

(1)
ij (t, y, z) +

+n
(2)
ij (t, y, z)

)
+ k

(2)
ij (t, y, z) +

+n
(1)
ij (t, y, z)

)
.

(15)

Òåîðåìà 2. Íåõàé ñïðàâäæóþòüñÿ óìî-
âè 1)-4) i ñïåêòðàëüíèé ðàäióñ ρ

(
Q̃

)
ìà-

òðèöi Q̃ ìåíøèé çà îäèíèöþ. Òîäi â îáëà-
ñòi D′ çàäà÷à (1),(2) ìà¹ ¹äèíèé ðîçâ'ÿ-
çîê (x∗ (t) , λ∗), äî ÿêîãî ðiâíîìiðíî ùî-
äî t ∈ [0, T ] çáiãàþòüñÿ ïîñëiäîâíîñòi
{yn (t) , ηn} , {zn (t) , µn}, âèçíà÷åíi çà ôîð-
ìóëàìè (8), (9).

Äîâåäåííÿ. Çà óìîâîþ 4) îòðèìó¹ìî
ñïiââiäíîøåííÿ

zk+1 − yk+1 6 L [(2 (A1 (t, yk, zk) +
+B2 (t, yk, zk)) + A2 (t, yk, zk) +
B1 (t, yk, zk)) (zk − yk) +
+ (2 (K1 (t, ηk, µk) + N2 (t, ηk, µk)) +
+K2 (t, ηk, µk) + N1 (t, ηk, µk)) (µk − ηk) ;
(2 (A1 (t, yk, zk) + B2 (t, yk, zk)) +
+A2 (t, yk, zk) + B1 (t, yk, zk)) (yk − zk) +
+ (2 (K1 (t, ηk, µk) + N2 (t, ηk, µk))
+K2 (t, ηk, µk) + N1 (t, ηk, µk)) (ηk − µk)]
µk+1 − ηk+1 6 S [(2 (A1 (t, yk, zk) +
+B2 (t, yk, zk)) + A2 (t, yk, zk) +
+B1 (t, yk, zk)) (zk − yk) +
(2 (K1 (t, ηk, µk) + N2 (t, ηk, µk)) +
+K2 (t, ηk, µk) + N1 (t, ηk, µk))×
× (ηk − µk)] ,

ç ÿêèõ ìîæíà îäåðæàòè (äèâ. òàêîæ [6])
îöiíêè
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‖zk+1 (t)− yk+1 (t)‖ 6 TQx×
×‖zk (t)− yk (t)‖+ TQλ ‖µk − ηk‖ ,
‖µk+1 − ηk+1‖ 6 A−1Qx×
×‖zk (t)− yk (t)‖+ A−1Qλ ‖µk − ηk‖

(16)

òîáòî,
( ‖zn+1 (t)− yn+1 (t)‖

‖µn+1 − ηn+1‖
)

6

6 Q̃

( ‖zn (t)− yn (t)‖
‖µn − ηn‖

)
.

(17)

Çâiäñè ïðè ρ
(
Q̃

)
< 1 âèïëèâà¹ çáiæíiñòü

iòåðàöié (8), (9) äî ðîçâ'ÿçêó çàäà÷i (1), (2).
Íåõàé â (5) A1 (t, y, z) ≡ Θ, B2 (t, y, z) ≡

Θ, K1 (t, η, µ) ≡ Θ, N2 (t, η, µ) ≡ Θ, (Θ �
íóëü-ìàòðèöÿ). Òîäi ç (8), (9) îòðèìà¹ìî
äâîñòîðîííié àëãîðèòì

yn+1 = L [h (t, yn, zn, ηn, µn) ;
h (t, zn, yn, µn, ηn)] + x0,
zn+1 = L [h (t, zn, yn, µn, ηn) ;
h (t, yn, zn, ηn, µn)] + x0,

(18)

ηn+1 = S [h (t, yn, zn, ηn, µn)] ,
µn+1 = S [h (t, zn, yn, µn, ηn)] ,

(19)

äîñëiäæåíèé â [6]. Óìîâè çáiæíîñòi àëãîðè-
òìó (18), (19) îòðèìàíi â [6] ìîæíà îäåð-
æàòè ïðèéíÿâøè çà îïåðàòîðè A2 (t, y, z),
B1 (t, y, z), K2 (t, η, µ), N1 (t, η, µ) â (13) êîí-
ñòàíòè Ëiïøèöÿ ôóíêöi¨ h(t, y, z, η, µ) çà
çìiííèìè y, z, η, µ âiäïîâiäíî.

Îòðèìàíi ðåçóëüòàòè ìîæíà ïîøèðèòè
íà âèïàäîê, êîëè óìîâà A−1 > θ íå âèêîíó-
¹òüñÿ, ÿêùî äëÿ ïîáóäîâè iòåðàöiéíîãî ïðî-
öåñó ñêîðèñòàòèñü îïåðàòîðîì

S∗ [ϕ (t, x) ; ψ (t, x)] =

= T−1

(
A−1

+

T∫
0

ϕ (s, x) ds−

−A−1
−

T∫
0

ψ (s, x) ds

)

äå ìàòðèöi A−1
+ , A−1

− òàêi, ùî A−1 = A−1
+ +

A−1
− , A−1

+ > θ, A−1
− > θ.

Äîñëiäæåíèé äâîñòîðîííié àëãîðèòì
ïðèäàòíèé äëÿ ðåàëiçàöi¨ çà äîïîìîãîþ

ñó÷àñíèõ îá÷èñëþâàëüíèõ çàñîáiâ. Éîãî
ìîæíà òàêîæ àäàïòóâàòè äî äâîñòîðîííüî¨
àïðîêñèìàöi¨ ðîçâ'ÿçêiâ iíøèõ êðàéîâèõ
çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç
ïàðàìåòðàìè.
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