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ÂÈÐÎÄÆÅÍÍßÌ
Âèêîðèñòîâóþ÷è ìåòîä ïðèìåæîâèõ ôóíêöié, ó ðîáîòi ïîáóäîâàíî ðîçâ'ÿçîê çàäà÷i Êîøi

ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðîäæåííÿì.

Using the method of boundary functions, the solution of the initial-value problem of the
singularly pertubed systems of di�erential equations with degeneration is constructed.

Ðîçãëÿíåìî ïî÷àòêîâó çàäà÷ó

εB(t)
dx

dt
= A(t, ε) x + εf(x, t, ε), (1)

x(0, ε) = x0, (2)

äå A(t, ε), B(t) � êâàäðàòíi ìàòðèöi n-ãî ïî-
ðÿäêó, ïðè÷îìó

A(t, ε) =
ν∑

s=0

εsAs(t), ν < ∞,

x, f(x, t, ε) � n-âèìiðíi âåêòîð-ôóíêöi¨, ε ∈
(0; ε0] � ìàëèé ïàðàìåòð, t ∈ [0; T ].

ßêùî det B(t) 6= 0, t ∈ [0; T ], òî äëÿ ïî-
áóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó çàäà÷i (1),
(2) ìîæíà ñêîðèñòàòèñü ìåòîäîì ïðèìåæî-
âèõ ôóíêöié [1,2]. Ñèíãóëÿðíî çáóðåíi ñëàáî
íåëiíiéíi ñèñòåìè ç íåîñîáëèâîþ ìàòðèöåþ
B(t, ε) áiëÿ ïîõiäíî¨ äîñëiäæóâàëèñü â ðîáî-
òi [3]. Ïðè öüîìó ðîçãëÿäàâñÿ âèïàäîê, êî-
ëè ìàòðèöÿ B0(t) íà âiäðiçêó [0; T ] òîòîæíî
âèðîäæåíà i ãðàíè÷íà â'ÿçêà ìàòðèöü çàäî-
âîëüíÿ¹ óìîâó "ðàíã-ñòåïiíü".

Ó äàíié ðîáîòi ïîáóäîâàíî àñèìïòîòè-
÷íèé ðîçâ'ÿçîê çàäà÷i (1), (2) ó áiëüø çàãàëü-
íîìó âèïàäêó.

Îòæå, íåõàé âèêîíóþòüñÿ òàêi óìîâè:
1) åëåìåíòè ìàòðèöü As(t), s = 0, ν, òà
B(t) íåñêií÷åííî äèôåðåíöiéîâíi íà âiäðiç-
êó [0; T ];
2) âåêòîð-ôóíêöiÿ f(x, t, ε) íåñêií÷åííî äè-
ôåðåíöiéîâíà çà âñiìà çìiííèìè äëÿ âñiõ
||x|| ≤ a, t ∈ [0; T ], ε ∈ [0; ε0];

3) det B(t) ≡ 0, t ∈ [0; T ];
4) â'ÿçêà ìàòðèöü A0(t) − λB(t) íà âiäðiçêó
[0; T ] ðåãóëÿðíà, ìà¹ n−1 ïðîñòèõ "ñêií÷åí-
íèõ" åëåìåíòàðíèõ äiëüíèêiâ i îäèí "íåñêií-
÷åííèé" åëåìåíòàðíèé äiëüíèê;
5) Re λi(t) < 0, i = 1, n− 1, t ∈ [0; T ], äå
λi(t) � âëàñíi çíà÷åííÿ ìàòðèöi A0(t) âiäíî-
ñíî B(t).

Âëàñíi âåêòîðè ìàòðèöi A0(t) âiäíîñíî
B(t) ïîçíà÷èìî ÷åðåç ϕ1(t), ..., ϕn−1(t), à âëà-
ñíèé âåêòîð ìàòðèöi B(t), ÿêèé âiäïîâiäà¹ ¨¨
íóëüîâîìó âëàñíîìó çíà÷åííþ � ÷åðåç ϕ̃(t).

Íåõàé âåêòîð-ôóíêöi¨ ψi(t), i = 1, n− 1
� åëåìåíòè íóëü-ïðîñòîðó ìàòðèöü
(A0(t) − λi(t)B(t))∗, à ψ̃(t) � åëåìåíò
íóëü-ïðîñòîðó ìàòðèöi B∗(t). Ïðè öüîìó
âåêòîðè ψi(t), i = 1, n− 1 òà ψ̃(t) ìîæíà
âèçíà÷èòè òàê, ùîá âèêîíóâàëèñÿ ðiâíîñòi

(B(t)ϕi(t), ψj(t)) = δij, i, j = 1, n− 1,

(A0(t)ϕ̃(t), ψ̃(t)) = 1,

äå δij � ñèìâîë Êðîíåêåðà.
Çàóâàæèìî, ùî âåêòîðè ϕ1(t), ..., ϕn−1(t),

ϕ̃(t) òà ψ1(t), ..., ψn−1(t), ψ̃(t) � ëiíiéíî íåçà-
ëåæíi íà âiäðiçêó [0; T ].

ßê âiäîìî [5], ñèñòåìà

εB(t)
dy

dt
= A(t, ε) y

ìà¹ n − 1 ôîðìàëüíèõ ëiíiéíî íåçàëåæíèõ
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ðîçâ'ÿçêiâ âèãëÿäó

yi(t, ε) = ui(t, ε) exp


1

ε

t∫

0

λi(t, ε)dt


 (3)

i = 1, n− 1, äå ui(t, ε) � n-âèìiðíi âåêòîðè, à
λi(t, ε) � ñêàëÿðíi ôóíêöi¨, ïðè÷îìó

ui(t, ε) = ϕi(t) +
∞∑

k=1

εku
(i)
k (t),

λi(t, ε) = λi(t) +
∞∑

k=1

εkλ
(i)
k (t), i = 1, n− 1.

(4)
Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêàòèìåìî ó

âèãëÿäi

x(t, ε) = x(t, ε) + Πx(τ, ε), (5)

äå x(t, ε) =
∞∑
i=0

εixi(t) � ðåãóëÿðíèé ðÿä, à

Πx(τ, ε) =
∞∑
i=0

εiΠix(τ) � ïðèìåæîâèé ðÿä, â

ÿêîìó τ =
t

ε
.

Âåêòîð f(x, t, ε) çàïèøåìî íàñòóïíèì ÷è-
íîì:

f(x, t, ε) = f(t, ε) + Πf(τ, ε),

äå
f(t, ε) = f(x(t, ε), t, ε),

Πf(τ, ε) = f(x(ετ, ε) + Πx(τ, ε), ετ, ε)−
−f(x(ετ, ε), ετ, ε)

i ðîçêëàäåìî âåêòîð-ôóíêöi¨ f(t, ε) òà
Πf(τ, ε) â ðÿä Òåéëîðà çà ñòåïåíÿìè ε:

f(t, ε) =
∞∑
i=0

εif i(t), Πf(τ, ε) =
∞∑
i=0

εiΠif(τ).

Òóò, çîêðåìà,

f 0(t) = f(x0(t), t, 0),

f 1(t) = ||f ′x(x0(t), t, 0)||x1(t) + f ′ε(x0(t), t, 0),

Π0f(τ) = f(x0(0)+Π0x(τ), 0, 0)−f(x0(0), 0, 0),

Π1f(τ) = ||f ′x(x0(0) + Π0x(τ), 0, 0)||
(

x1(0)+

+τ
dx0(0)

dt
+Π1x(τ)

)
+τf ′t(x0(0)+Π0x(τ), 0, 0)+

+f ′ε(x0(0) + Π0x(τ), 0, 0)−

−||f ′x(x0(0), 0, 0)||
(

x1(0) + τ
dx0(0)

dt

)
−

−τf ′t(x0(0), 0, 0)− f ′ε(x0(0), 0, 0),

äå ñèìâîëîì ||f ′x|| ïîçíà÷åíà êâàäðàòíà ìà-
òðèöÿ n-ãî ïîðÿäêó, ñêëàäåíà ç âåêòîð-
ñòîâïöiâ ∂f

∂xi

, i = 1, n.
Ó òàêîìó æ âèãëÿäi çàïèøåìî ìàòðèöi

A(t, ε) òà B(t):

ΠA(τ, ε) = A(ετ, ε) =
∞∑

k=0

k∑
s=0

εk 1

s!

dsAk−s(0)

dts
τ s,

ΠB(τ, ε) = B(ετ) =
∞∑

s=0

εs 1

s!

dsB(0)

dts
τ s.

Ïiäñòàâèìî ðÿä (5) ó ñèñòåìó (1) i çàïè-
øåìî îêðåìî âèðàçè, ùî çàëåæàòü âiä t i τ :

εB(t)
dx

dt
= A(t, ε) x + εf(t, ε), (6)

B(ετ)
dΠx

dτ
= A(ετ, ε) Πx + εΠf(τ, ε). (7)

Ó ñïiââiäíîøåííÿõ (6), (7) ïðèðiâíÿ¹-
ìî êîåôiöi¹íòè áiëÿ îäíàêîâèõ ñòåïåíiâ ε.
Çîêðåìà, ïðè ε0 ìàòèìåìî:

A0(t) x0(t) = 0,

B(0)
dΠ0x

dτ
= A0(0) Π0x. (8)

Ç óìîâè 5) âèïëèâà¹ íåîñîáëèâiñòü ìàòðèöi
A0(t), t ∈ [0; T ]. Òîìó

x0(t) ≡ 0, t ∈ [0; T ].

Ðîçãëÿíåìî òåïåð ñèñòåìó (8). Îñêiëüêè
â'ÿçêà A0(0) − λB(0) ðåãóëÿðíà, òî iñíóþòü
íåîñîáëèâi ìàòðèöi P òà Q òàêi, ùî

PA(0)Q = Ω, PB(0)Q = H,

äå

Ω =

(
1 0
0 W

)
, H =

(
0 0
0 En−1

)
,
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En−1 � îäèíè÷íà ìàòðèöi n − 1-ãî ïîðÿäêó,
W = diag{λ1(0), ..., λn−1(0)}.

Íåõàé Π0x(τ) = Q ΠQ0x(τ). Òîäi ñèñòåìà
(8) íàáóäå âèãëÿäó

H
dΠQ0x

dτ
= Ω ΠQ0x (9)

àáî
0 = ΠQ01x,

dΠQ02x

dτ
= W ΠQ02x,

äå ΠQ01x � ïåðøà êîìïîíåíòà âåêòîðà
ΠQ0x, à ΠQ02x � n− 1-âèìiðíèé âåêòîð, ùî
ìiñòèòü ðåøòó êîìïîíåíò âåêòîðà ΠQ0x.

Òàêèì ÷èíîì,

ΠQ01x(τ) ≡ 0, ΠQ02x(τ) = eWτc1,

c1 � n−1-âèìiðíèé âåêòîð äîâiëüíèõ ñòàëèõ.
Ç ïî÷àòêîâî¨ óìîâè (2) çíàõîäèìî

x0(0) + Π0x(0) = x0,

òîáòî
Q ΠQ0x(0) = x0. (101)

Íàäàëi ïðèïóñêàòèìåìî iñíóâàííÿ âåêòîðà
c1, äëÿ ÿêîãî âèêîíó¹òüñÿ ðiâíiñòü (101).

Ç óìîâè 5) âèïëèâà¹, ùî

Π0x(τ) → 0, τ →∞.

Ïðèðiâíÿâøè â (6), (7) êîåôiöi¹íòè áiëÿ
ε1, ìàòèìåìî

A0(t) x1(t) = −f 0(t),

B(0)
dΠ1x

dτ
= A0(0) Π1x + g1(τ), (11)

äå

g1(τ) = Π0f(τ) + A1(0) Π0x(τ)+

+τ
dA0(0)

dt
Π0x(τ)− τ

dB(0)

dt

dΠ0x(τ)

dτ
.

Çâiäñè
x1(t) = −A−1

0 (t) f 0(t).

Âèêîðèñòîâóþ÷è çàìiíó

Π1x(τ) = Q ΠQ1x(τ),

ðîçùåïèìî ñèñòåìó (11) íà äâi ñèñòåìè

0 = ΠQ11x + g11(τ),

dΠQ12x

dτ
= W ΠQ12x + g12(τ),

äå

g1(τ) = Pg1(τ), g1(τ) =

(
g11(τ)
g12(τ)

)
,

ΠQ1x =

(
ΠQ11x
ΠQ12x

)
.

Òîäi
ΠQ11x(τ) = −g11(τ)

ΠQ12x(τ) = eWτc2 +

τ∫

0

eW (τ−s)g12(s)ds,

c2 � n−1-âèìiðíèé âåêòîð äîâiëüíèõ ñòàëèõ.
Ïðèïóñòèìî, ùî âåêòîð c2 ìîæíà ïiäiáðà-

òè òàê, ùîá

x1(0) + Π1x(0) = 0,

òîáòî

Q ΠQ1x(0) = A−1
0 (0) f(0). (102)

Ëåãêî áà÷èòè [1], ùî

Π1x(τ) → 0, τ →∞.

Îòæå, ìè âèçíà÷èëè x0(t), x1(t), Π0x(τ)
òà Π1x(τ). Òàêèì ÷èíîì, ìîæíà çíàéòè i ðå-
øòó ÷ëåíiâ ðÿäiâ x(t, ε) òà Πx(τ, ε).

Óìîâó àíàëîãi÷íó (102) íà k-ìó êðîöi ïî-
çíà÷àòèìåìî ÷åðåç (10k).

Ïîêàæåìî, ùî ïîáóäîâàíèé ôîðìàëü-
íèé ðîçâ'ÿçîê ¹ ðiâíîìiðíèì àñèìïòîòè÷íèì
ðîçâèíåííÿì òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1),
(2) íà âiäðiçêó [0; T ].

Äëÿ öüîãî â ñèñòåìi (1) çðîáèìî çàìiíó

x(t, ε) = y(t, ε) + xm(t, ε),

äå

xm(t, ε) =
m∑

i=0

εi(xi(t) + Πix(τ)),
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à y(t, ε) � íîâà íåâiäîìà âåêòîð-ôóíêöiÿ.
Ìàòèìåìî

εB(t)
dy

dt
= A(t, ε) y + g(y, t, ε), (12)

g(y, t, ε) = A(t, ε)xm + εf(y + xm, t, ε)−
−εB(t)

dxm

dt
.

Äîâåäåìî iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè
(12), ùî çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

y(0, ε) = 0. (13)

Äëÿ öüîãî ñïî÷àòêó çàçíà÷èìî, ùî [1]

||g(0, t, ε)|| = O(εm+1). (14)

Ñêëàäåìî (n× n)-âèìiðíi ìàòðèöi

Q(t, ε) = [Um(t, ε), ϕ̃(t)], P (t) = [Ψ(t), ψ̃(t)]∗,

äå Um(t, ε) � ïðÿìîêóòíà n×(n−1)-ìàòðèöÿ,
ñêëàäåíà ç âèðàçiâ (4), øëÿõîì ¨õ îáðèâàííÿ
íà m-ìó ÷ëåíi:

Um(t, ε) = [u
(m)
1 (t, ε), ..., u

(m)
n−1(t, ε)],

Ψ(t) = [ψ1(t), ..., ψn−1(t)].

Âèêîíàâøè â ñèñòåìi (12) çàìiíó

y(t, ε) = Q(t, ε) z(t, ε)

òà ïîìíîæèâøè îáèäâi ¨¨ ÷àñòèíè çëiâà íà
P (t), äiñòàíåìî

εP (t) B(t) Q(t, ε)
dz

dt
= P (t) L(t, ε) Q(t, ε) z+

+P (t) g(Q(t, ε)z, t, ε),

äå
L(t, ε) = A(t, ε)− εB(t)

d

dt
.

Çâiäñè

ε

(
Ψ∗BUm 0

0 0

)
dz

dt
=

(
Ψ∗LUm Ψ∗Lϕ̃

ψ̃ ∗LUm (Lϕ̃, ψ̃)

)
z+

+Pg(Qz, t, ε).

Îñêiëüêè

Ψ∗(t)B(t)Um(t, 0) =

= ||(B(t)ϕi(t), ψj(t))||n−1
1 = En−1

i
(L(t, 0)ϕ̃(t), ψ̃(t)) =

= (A0(t)ϕ̃(t), ψ̃(t)) = 1, t ∈ [0; T ]

[5], òî åëåìåíòè ìàòðèöi
(Ψ∗(t)B(t)Um(t, ε))−1 òà ôóíêöiÿ
(L(t, ε)ϕ̃(t), ψ̃(t))−1 ðiâíîìiðíî îáìåæåíi
íà âiäðiçêó [0; T ].

À òîìó îñòàííÿ ñèñòåìà íàáóäå âèãëÿäó

ε

(
En−1 0

0 0

)
dz

dt
=

=

(
(Ψ∗BUm)−1Ψ∗LUm (Ψ∗BUm)−1Ψ∗Lϕ̃

(Lϕ̃, ψ̃)−1ψ̃ ∗LUm 1

)
z+

+

(
(Ψ∗BUm)−1 0

0 (Lϕ̃, ψ̃)−1

)
Pg(Qz, t, ε).

(15)
Íåõàé z = colon(z1, z2), z1 � (n − 1)-

âèìiðíèé âåêòîð, êîîðäèíàòàìè ÿêîãî ¹ ïåð-
øi n−1 êîîðäèíàò âåêòîðà z; z2 � n-òà êîîð-
äèíàòà âåêòîðà z. Òîäi ñèñòåìó (15) ìîæíà
çàïèñàòè òàê:

ε
dz1

dt
= (Ψ∗BUm)−1Ψ∗LUmz1+

+(Ψ∗BUm)−1Ψ∗Lϕ̃z2+

+(Ψ∗BUm)−1q1(z, t, ε),

0 = (Lϕ̃, ψ̃)−1ψ̃ ∗LUmz1 + z2+

+(Lϕ̃, ψ̃)−1q2(z, t, ε),

(16)

äå
q(z, t, ε) = Pg(Qz, t, ε),

q(z, t, ε) = colon(q1(z, t, ε), q2(z, t, ε)),

q1(z, t, ε) � (n − 1)-âèìiðíèé âåêòîð, à
q2(z, t, ε) � n-òà êîîðäèíàòà âåêòîðà q(z, t, ε).

Îñêiëüêè [5]

L(t, ε) Um(t, ε) = B(t) Um(t, ε) Λm(t, ε)+

+εm+1C1(t, ε),

äå

Λm(t, ε) = diag{λ(m)
1 (t, ε), ..., λ

(m)
n−1(t, ε)},
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à C1(t, ε) � n× (n− 1)-âèìiðíà ìàòðèöÿ, ðiâ-
íîìiðíî îáìåæåíà íà [0; T ], òî

(Ψ∗BUm)−1Ψ∗LUm = Λm(t, ε) + εm+1C2(t, ε),

(Lϕ̃, ψ̃)−1ψ̃ ∗LUm = −εm+1c(t, ε).

Òóò C2(t, ε) � êâàäðàòíà ìàòðèöÿ (n− 1)-ãî
ïîðÿäêó, à c(t, ε) � (n− 1)-âèìiðíèé âåêòîð-
ðÿäîê.

Òàêèì ÷èíîì, ñèñòåìà (16) íàáóäå âèãëÿ-
äó

ε
dz1

dt
= (Λm+εm+1C2)z1+(Ψ∗BUm)−1Ψ∗Lϕ̃z2+

+(Ψ∗BUm)−1q1(z, t, ε), (17)

z2 = εm+1c(t, ε)z1 − (Lϕ̃, ψ̃)−1q2(z, t, ε). (18)

Ç ïîáóäîâè ôóíêöi¨ q(z, t, ε) âèïëèâà¹, ùî
iñíó¹ ñòàëà K > 0 òàêà, ùî

||q(z, t, ε)− q(z, t, ε)|| ≤ Kε ||z − z|| (19)

äëÿ âñiõ ||z|| ≤ a, ||z|| ≤ a, 0 ≤ ε ≤ ε0, t ∈
[0; T ].

Çàïèøåìî ñèñòåìó (17), (18) íàñòóïíèì
÷èíîì

z1(t, ε) =

t∫

0

exp


1

ε

t∫

τ

Λm(σ, ε)dσ




(
εm

(
C2+

+(Ψ∗BUm)−1Ψ∗Lϕ̃c
)
z1+

+
1

ε
(Ψ∗BUm)−1q1(z, τ, ε)−

−1

ε
(Ψ∗BUm)−1Ψ∗Lϕ̃(Lϕ̃, ψ̃)−1q2(z, τ, ε)

)
dτ ≡

≡ ϕ1(z, t, ε), (20)

z2(t, ε) = εm+1c(t, ε)z1 − (Lϕ̃, ψ̃)−1q2(z, t, ε) ≡
≡ ϕ2(z, t, ε). (21)

Ðîçâ'ÿæåìî ñèñòåìó (20), (21) ìåòîäîì
ïîñëiäîâíèõ íàáëèæåíü. Äëÿ öüîãî ïîêëàäå-
ìî

z(0)(t, ε) = 0,

z
(k)
1 (t, ε) = ϕ1(z

(k−1)(t, ε), t, ε),

z
(k)
2 (t, ε) = ϕ2(z

(k−1)(t, ε), t, ε), k = 1, 2, ...

Çàçíà÷èìî, ùî ç óìîâè 5) âèïëèâà¹ iñíó-
âàííÿ ñòàëî¨ R < 0 äëÿ ÿêî¨ ïðàâèëüíi íå-
ðiâíîñòi

Re λi(t) ≤ R, i = 1, n− 1.

À òîìó

z(1)(t, ε) = O
(
εm+1

)
.

Âèêîðèñòîâóþ÷è íåðiâíiñòü (19) iç ñèñòå-
ìè (20), (21) äiñòà¹ìî

||z(k+1)
1 (t, ε)− z

(k)
1 (t, ε)|| ≤

≤ M1

t∫

0

e
1
ε
R(t−τ)

(
εm

(
||z(k)

1 (τ, ε)−z
(k−1)
1 (τ, ε)||+

+||z(k)
1 (τ, ε)− z

(k−1)
1 (τ, ε)||+

+||z(k)
2 (τ, ε)− z

(k−1)
2 (τ, ε)||)

)
dτ.

À òîìó

||z(k+1)
i (t, ε)− z

(k)
i (t, ε)|| ≤

≤ Mε max
t∈[0;T ]

((εm + 1)||z(k)
1 (t, ε)− z

(k−1)
1 (t, ε)||+

+||z(k)
2 (t, ε)− z

(k−1)
2 (t, ε)||), i = 1, 2,

ÿêùî

||z(k)(t, ε)|| ≤ a, ||z(k−1)(t, ε)|| ≤ a. (22)

Ïîçíà÷èìî ÷åðåç

Dk+1 = max
t∈[0;T ]

((1+εm)||z(k+1)
1 (t, ε)−z

(k)
1 (t, ε)||+

+||z(k+1)
2 (t, ε)− z

(k)
2 (t, ε)||)

[1].
Ëåãêî áà÷èòè, ùî

Dk+1 ≤ Mε(2 + εm)Dk.

Òîäi äëÿ ìàëèõ ε0

Mε(2 + εm) ≤ 1

2
.

Îòæå,
Dk+1 ≤ 1

2
Dk. (23)
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Ïîêàæåìî, ùî íåðiâíîñòi (22), à òîìó i
(23) âèêîíóþòüñÿ äëÿ âñiõ íàòóðàëüíèõ k.
Ñïðàâäi, ÷èñëî ε0 ìîæíà âçÿòè òàêèì, ùîá

||z(1)(t, ε)|| ≤ a

i
D1 = max

t∈[0;T ]
((1 + εm)||z(1)

1 (t, ε)||+

+||z(1)
2 (t, ε)||) ≤ a

2
.

Òîäi íåðiâíiñòü (23) áóäå ïðàâèëüíîþ äëÿ
k = 1. Ïðèïóñòèìî, ùî (23) âèêîíó¹òüñÿ äëÿ
k = 1, 2, ..., n− 1. Îòæå,

Dn ≤ 1

2
Dn−1 ≤ 1

4
Dn−2 ≤ ... ≤ 1

2n−1
D1.

Çâiäñè âèïëèâà¹, ùî

||z(n)|| ≤ ||z(n)−z(n−1)||+||z(n−1)−z(n−2)||+...+

+||z(2) − z(1)||+ ||z(1)|| ≤
≤ Dn + Dn−1 + ... + D1 ≤

≤
(

1

2n−1
+

1

2n−2
+ ... + 1

)
D1 ≤ 2D1 ≤ a

äëÿ âñiõ t ∈ [0; T ], ε ∈ (0; ε0].
Òîìó, çãiäíî ç ïðèíöèïîì ìàòåìàòè÷íî¨

iíäóêöi¨ íåðiâíiñòü (22) ïðàâèëüíà äëÿ âñiõ
íàòóðàëüíèõ k.

Ç íåðiâíîñòi (23) âèïëèâà¹, ùî ïîñëiäîâíi
íàáëèæåííÿ z(k)(t, ε) íà âiäðiçêó [0; T ] çáiãà-
þòüñÿ ðiâíîìiðíî êîëè k →∞, òîáòî

lim
k→∞

z(k)(t, ε) = z(t, ε).

Íåõàé äëÿ äåÿêîãî m ≥ ν ïðàâèëüíà ðiâ-
íiñòü

∞∑
s=m

εs−m ∂sf(x0, 0, 0)

∂εs
−B(0)

dxm(0)

dt
= 0.

(24)
Òîäi ïîñëiäîâíi íàáëèæåííÿ z(k)(t, ε) çàäî-
âîëüíÿþòü óìîâó

z(k)(0, ε) = 0.

Ñïðàâäi, ó öüîìó âèïàäêó, âèêîðèñòîâóþ÷è
óìîâè

Π0x(0) = x0

òà
xi(0) + Πix(0) = 0, i = 1,m

ìîæíà ïîêàçàòè, ùî

q(0, 0, ε) = 0.

�äèíiñòü ðîçâ'ÿçêó ñèñòåìè (15) òàêîãî,
ùî

z(0, ε) = 0

ìîæíà äîâåñòè, âèêîðèñòîâóþ÷è äîâåäåííÿ
¹äèíîñòi òåîðåìè Êîøi äëÿ ñêàëÿðíîãî äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó.

Òàêèì ÷èíîì, ìè äîâåëè iñíóâàííÿ òà
¹äèíiñòü ðîçâ'ÿçêó y(t, ε) çàäà÷i (12), (13).

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè 1)
� 5), (10k), k = 1, 2, ..., m, (24). Òîäi äëÿ m ≥
ν iñíóþòü ñòàëi ε0 > 0 i c > 0 òàêi, ùî äëÿ
âñiõ 0 < ε ≤ ε0 íà âiäðiçêó [0; T ] iñíó¹ ¹äèíèé
ðîçâ'ÿçîê x(t, ε) çàäà÷i (1), (2), ïðè÷îìó

||x(t, ε)− xm(t, ε)|| ≤ cεm+1.

Àíàëîãi÷íî ìîæíà ïîáóäóâàòè ðîçâ'ÿçîê
çàäà÷i Êîøi i äëÿ íåëiíiéíèõ ñèñòåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

εB(t)
dx

dt
= A(t, ε) x + f(x, t, ε).
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