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ÑÈÑÒÅÌÈ
Çà äîïîìîãîþ ìåòîäiâ óñåðåäíåííÿ òà ñòèñëèõ âiäîáðàæåíü äîâåäåíî iñíóâàííÿ òà

cäèíiñòü ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè òà ïàðàìåòðàìè
äëÿ êîëèâíèõ ñèñòåì ç ôiêñîâàíèìè ìîìåíòàìè iìïóëüñíî�� äi��. Âñòàíîâëåíî òàêîæ îöiíêè
âiäõèëåííÿ ðîçâ'ÿçêiâ âèõiäíî�� òà óñåðåäíåíî�� çàäà÷.

By means of methods of averaging and tough re�ections the existence and uniqueness of
solutions of boundary value problems with parameters and integral boundary conditions for the
oscillating systems with �xed moments of impulse in�uence have been proved. The estimations of
decline of initial and averaging problems have also been stated.

Ïðè ìîäåëþâàííi êîëèâíèõ ïðîöåñiâ ðÿ-
äó ÿâèù ìåõàíiêè âèíèêàc íåîáõiäíiñòü äî-
ñëiäæåííÿ ðiçíèõ òèïiâ êðàéîâèõ çàäà÷. Ó
ìîíîãðàôi�� [1] òàêi çàäà÷i äîñèòü ïîâíî äî-
ñëiäæóâàëèñòü äëÿ áàãàòî÷àñòîòíèõ ñèñòåì.
ßêùî æ âêàçàíi ñèñòåìè ïiäëÿãàþòü iìïóëü-
ñíié äi��, òî äîñëiäæåííÿ óñêëàäíþþòüñÿ.
Ðÿä ðåçóëüòàòiâ â öüîìó íàïðÿìi îòðèìà-
íî ó ðîáîòàõ [2-5]. Ó äàíié ñòàòòi ðîçãëÿäà-
þòüñÿ êðàéîâi çàäà÷i ç iíòåãðàëüíèìè êðà-
éîâèìè óìîâàìè i ïàðàìåòðàìè äëÿ áàãàòî-
÷àñòîòíèõ ñèñòåì ç iìïóëüñíîþ äicþ ó ôi-
êñîâàíi ìîìåíòè ÷àñó. Òóò çàñòîñîâóþòüñÿ
çàïðîïîíîâàíi â [1-5] ìåòîäèêà äîñëiäæåííÿ
ïîäiáíèõ çàäà÷, à òàêîæ îöiíêè îñöèëÿöié-
íèõ iíòåãðàëiâ i ñóì [6-8].

Íåõàé çàäàíà íåëiíiéíà ñèñòåìà çâè÷àé-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ
äicþ i ïàðàìåòðàìè

dx

dτ
= a(x, ϕ, ξ, τ), τ 6= τj,

dϕ

dτ
=

ω(τ)

ε
+ b(x, ϕ, ξ, τ), τ 6= τj,

∆x|τ=τj
= εpj(x, ϕ, ξ), ∆ϕ|τ=τj

= εqj(x, ϕ, ξ),
(1)

â ÿêié x = (x1, ..., xn) ∈ D, ϕ = (ϕ1, ..., ϕm) ∈
Rm, Q 3 (ξ1, ..., ξs) = ξ� íåâiäîìèé ïàðàìåòð,
τ = εt ∈ I = [0, L],(0, ε0] 3 ε - ìàëèé ïà-
ðàìåòð, D, Q - îáìåæåíi âiäêðèòi îáëàñòi,

0 < τ1 ≤ θ0ε, θ0 � ñòàëà, íåçàëåæíà âiä ε,
τj+1 > τj äëÿ âñiõ j ∈ N , ∆x|τ=τj

= x(τj +
0)−x(τj − 0), ∆ϕ|τ=τj

= ϕ(τj +0)−ϕ(τj − 0).
Çàäàìî äëÿ ñèñòåìè (1) iíòåãðàëüíi êðà-

éîâi óìîâè ç ïàðàìåòðàìè
ην∫

0

fν(x, ϕ, ξ, η, τ)dτ = Pν , ν = 1, λ,

L∫

0

(B(x, ξ, η, τ)ϕ + g(x, ϕ, ξ, η, τ)) dτ = C,

(2)
äå C i Pν � ñòàëi âiäïîâiäíî m- i nν- âèìið-
íi âåêòîðè, n1 + n2 + ... + nλ = n + s + λ;
B(x, ξ, η, τ)� íåïåðåðâíà â D×Q×Iλ+1 i îáìå-
æåíà ñòàëîþ c1 êâàäðàòíà ìàòðèöÿ m-ãî ïî-
ðÿäêó; Iλ 3 (η1, ..., ηλ) = η� íåâiäîìèé âå-
êòîð ïàðàìeòðiâ; f ≡ (f1, ..., fλ), g � çàäàíi
âåêòîð-ôóíêöi��.

Ñòàâèòüñÿ çàäà÷à çíàéòè íåâiäîìi ïàðà-
ìåòðè ξ, η i âiäïîâiäíèé ��ì ðîçâ'ÿçîê x, ϕ
êðàéîâî�� çàäà÷i (1), (2).

Íåõàé ðiâíîìiðíî ïî (x, ϕ, ξ) ∈ D×Rm×Q
iñíóc ãðàíèöÿ

lim
j→∞

rj(x, ϕ, ξ) = r(x, ϕ, ξ), (3)

â ÿêié rj(x, ϕ, ξ) = [pj(x, ϕ, ξ); qj(x, ϕ, ξ)].
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Ïðèïóñòèìî, ùî ω(τ) ∈ C l
[0,L], l ≥ m, ôóí-

êöi�� z(x, ϕ, ξ, τ) = [a(x, ϕ, ξ, τ); b(x, ϕ, ξ, τ)],
f(x, ϕ, ξ, η, τ), g(x, ϕ, ξ, η, τ), rj(x, ϕ, ξ),
r(x, ϕ, ξ) 2π-ïåðiîäè÷íi ïî êîæíié iç çìií-
íèõ ϕν , ν = 1,m, i âñi ��õ ÷àñòèííi ïîõiäíi
ïåðøîãî ïîðÿäêó çàäîâîëüíÿþòü óìîâó
Ëiïøèöÿ ïî âñiõ çìiííèõ çi ñòàëîþ c1 â
îáëàñòi G ≡ D×Rm ×Q× Iλ × I.

Ïðèïóñòèìî, ùî iñíóc ñêií÷åííà ãðàíèöÿ
lim
j→∞

t̄j = θ > 0, (4)

äå t̄j = tj+1 − tj, tj = ε−1τj. Ïðè çðîáëåíèõ
îáìåæåííÿõ iñíóc òàêå äîäàòíå ÷èñëî θ1, ùî
t̄j ≥ θ1 äëÿ âñiõ j ∈ N .

Íåõàé â êîæíié òî÷öi (x, ξ, η, τ) ∈ D×Q×
Iλ × I âèêîíóþòüñÿ íåðiâíîñòi
∑

k 6=0

[
‖k‖‖zk‖+‖∂zk

∂x
‖+‖∂zk

∂ξ
‖
]
‖k‖−1/(l+1) ≤ c1,

∑

k 6=0

[
‖k‖‖fk‖+‖∂fk

∂x
‖+‖∂fk

∂ξ
‖
]
‖k‖−1/(l+1) ≤ c1,

∑

k

[
‖k‖‖rk‖+ ‖∂rk

∂x
‖+ ‖∂rk

∂ξ
‖
]
‖k‖ ≤ c1, (5)

∑

k

‖k‖l/(l+1)‖gk‖ ≤ c1. (6)

Òóò zk = zk(x, ξ, τ), fk = fk(x, ξ, η, τ),
gk = gk(x, ξ, η, τ) i rk = rk(x, ξ) - êîåôiöicíòè
Ôóð'c 2π-ïåðiîäè÷íèõ ïî ϕν , ν = 1,m, ôóí-
êöié z(x, ϕ, ξ, τ), f(x, ϕ, ξ, η, τ), g(x, ϕ, ξ, η, τ)
i r(x, ϕ, ξ), k = (k1, ..., km) - âåêòîð ç öiëî÷è-
ñëîâèìè êîîðäèíàòàìè. Ïiä íîðìîþ âåêòîðà
ðîçóìicìî åâêëiäîâó íîðìó, à íîðìà ìàòðèöi
óçãîäæåíà ç åâêëiäîâîþ íîðìîþ âåêòîðà.

Ïîçíà÷èìî ÷åðåç Wl(τ) i W T
l (τ) âiäïîâiä-

íî l ×m-ìàòðèöþ

Wl(τ) =

(
ds

dτ s
ων(τ)

)l,m

s,ν=1

i òðàíñïîíîâàíó ìàòðèöþ.
Ïîñòàâèìî ó âiäïîâiäíiñòü âèõiäíié çàäà-

÷i óñåðåäíåíó ïî âñiõ êóòîâèõ çìiííèõ ϕ êðà-
éîâó çàäà÷ó

dx̄

dτ
= ā(x̄, ξ, τ) +

1

θ
p̄(x̄, ξ), (7)

ην∫

0

f̄ν(x̄, ξ, η, τ)dτ = Pν , ν = 1, λ, (8)

dϕ̄

dτ
=

ω(τ)

ε
+ b̄(x̄, ξ, τ) +

1

θ
q̄(x̄, ξ), (9)

L∫

0

(B(x̄, ξ, η, τ)ϕ̄ + ḡ(x̄, ξ, η, τ)) dτ = C, (10)

äå

[ā(x, ξ, τ); b̄(x, ξ, τ)] = c0(x, ξ, τ),

[p̄(x, ξ); q̄(x, ξ)] = r0(x, ξ).

ḡ(x, ξ, η, τ) = g0(x, ξ, η, τ)

f̄ = f0(x, ξ, η, τ) =

= (f̄1(x, ξ, η, τ), ..., f̄λ(x, ξ, η, τ)).

Óñåðåäíåíà çàäà÷à (7)-(10) çíà÷íî ïðî-
ñòiøà, íiæ âèõiäíà (1),(2), îñêiëüêè çàäà÷à
(7),(8) íå çàëåæèòü âiä øâèäêèõ çìiííèõ.
Êðiì òîãî, óñåðåäíåíà çàäà÷à, íà âiäìiíó âiä
âèõiäíî��, c ãëàäêîþ òà íå ïiäëÿãàc iìïóëü-
ñíié äi��.

Ïîçíà÷èìî ÷åðåç x(τ, y, ψ, ξ, ε),
ϕ(τ, y, ψ, ξ, ε) i x̄(τ, y, ξ), ϕ̄(τ, y, ψ, ξ, ε)
ðîçâ'ÿçêè âiäïîâiäíî ñèñòåì (1) i (7),(9), ÿêi
íàáóâàþòü çíà÷åííÿ y, ψ ïðè τ = 0.

Ëåìà 1. Ïðèïóñòèìî, ùî:
1) óñåðåäíåíà êðàéîâà çàäà÷à (7),(8) ìàc

cäèíèé ðîçâ'ÿçîê ξ = ξ0 ∈ Q, η = η0 ∈
Iλ, x̄ = x̄(τ, x0, ξ0), ïðè÷îìó êðèâà x̄(τ, x0, ξ0)
ëåæèòü â D äëÿ âñiõ τ ∈ [0, L];

2) m � âèìiðíà êâàäðàòíà ìàòðèöÿ B1 ≡
L∫

0

B0dt ≡
L∫

0

B(x̄(t, x0, ξ0), ξ0, η0, t)dt íåâèðî-

äæåíà.
Òîäi iñíóc cäèíèé ðîçâ'ÿçîê

ϕ̄(τ, x0, ϕ0, ξ0, ε) çàäà÷i (9),(10).
Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (9),(10)

âèçíà÷àcòüñÿ ôîðìóëîþ

ϕ̄(τ, x0, ϕ0, ξ0, ε) = ϕ0+

τ∫

0

[
ω(t)

ε
+b̄(x̄(t, x0, ξ0),
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ξ0, t)]dt +
1

θ

τ∫

0

q̄(x̄(t, x0, ξ0), ξ0)dt,

à íåâiäîìèé ïàðàìåòð ϕ0 çíàõîäèìî çãiäíî ç
(10) iç óìîâè

L∫

0

(
B(x̄(τ, x0, ξ0), ξ0, η0, τ)ϕ̄+

+ḡ(x̄(τ, x0, ξ0), ξ0, τ)

)
dτ = C (11)

àáî

ϕ0 = B−1
1

(
C − 1

ε

L∫

0

dτ

τ∫

0

B0[ω(t) + εb̄(x̄(t, x0,

ξ0), ξ0, t)]dt−1

θ

L∫

0

dτ

τ∫

0

B0q̄(x̄(t, x0, ξ0), ξ0)dt−

−
L∫

0

ḡ(x̄(t, x0, ξ0), ξ0, t)dt

)
. (12)

Ëåìó äîâåäåíî.
Ïîçíà÷èìî

U = U(τ, y, ψ, ζ, ε) = (x(τ, y, ψ, ζ, ε)−
−x̄(τ, y, ζ); ϕ(τ, y, ψ, ζ, ε)− ϕ̄(τ, y, ψ, ζ, ε)).

Iç [7,8] âèïëèâàc, ùî ïðè çðîáëåíèõ ïðè-
ïóùåííÿõ íà ñèñòåìó (1) ìîæíà âêàçàòè òà-
êå ε0(µ) > 0, ùî äëÿ âñiõ τ ∈ [0, L], y ∈ D1 ⊂
D, ψ ∈ Rm, ζ ∈ Q i ε ∈ (0, ε0] âèêîíócòüñÿ
íåðiâíiñòü

‖U(τ, y, ψ, ζ, ε)‖ ≤ µ, (13)

à ïðè áiëüø ñèëüíèõ îáìåæåííÿõ íà
êîåôiöicíòè Ôóð'c, íiæ (5), â [5] âñòàíîâëåíî
îöiíêó

∥∥∥∥
∂U

∂y

∥∥∥∥ +

∥∥∥∥
∂U

∂ψ

∥∥∥∥ +

∥∥∥∥
∂U

∂ζ

∥∥∥∥ ≤ µ. (14)

Äëÿ îòðèìàííÿ íåðiâíîñòi (14) ïðè âèêî-
íàííi îáìåæåíü (5) äîñèòü ïî-iíøîìó îöi-
íèòè îñöèëÿöiéíi iíòåãðàëè òà ñóìè, ÿêi âè-
íèêàþòü ïðè äîâåäåííi. Âèêîðèñòàcìî äàëi

îöiíêè
∥∥∥∥
∂x̄(τ, y, ζ)

∂ζ

∥∥∥∥ ≤ c1(1 +
1

θ
)Lec1(1+ 1

θ
)L ≡ c3e

c3 ,

∥∥∥∥
∂x̄(τ, y, ζ)

∂y

∥∥∥∥ ≤ nec3 , (15)

ÿêi îòðèìóþòüñÿ ç óñåðåäíåíèõ ðiâíÿíü äëÿ
ïîâiëüíèõ çìiííèõ.

Ðîçãëÿíåìî äîïîìiæíå òâåðäæåííÿ.
Ëåìà 2. Íåõàé âèêîíóþòüñÿ ïðèïóùå-

ííÿ (3)-(6), det(W T
l (τ)Wl(τ)) > 0 ïðè τ ∈

[0, L] i êðèâà x̄ = x̄(τ, y, ζ) ëåæèòü â D ðà-
çîì iç ñâî��ì ρ-îêîëîì äëÿ âñiõ τ ∈ I, y ∈
D1, ζ ∈ Q.

Òîäi äëÿ äîâiëüíîãî µ > 0 ìîæíà âêà-
çàòè òàêå äîñèòü ìàëå ε0(µ) > 0, ùî äëÿ
âñiõ τ ∈ [0, L], y ∈ D1, ψ ∈ Rm, ζ ∈ Q, η ∈ Iλ

i ε ∈ (0, ε0] íîðìè îñöèëÿöiéíèõ iíòåãðàëiâ
òà ñóì

τ∫

0

∂c̃

∂x

∂x̄

∂y
dt,

∑
0<τj<τ

ε
∂r̃

∂x

∂x̄

∂y
,

τ∫

0

∂c̃

∂ϕ

∂ϕ̄

∂y
dt,

∑
0<τj<τ

ε
∂r̃

∂ϕ

∂ϕ̄

∂y
,

τ∫

0

∂c̃

∂x

∂x̄

∂ζ
dt,

∑
0<τj<τ

ε
∂r̃

∂x

∂x̄

∂ζ
,

τ∫

0

∂c̃

∂ϕ

∂ϕ̄

∂ζ
dt,

∑
0<τj<τ

ε
∂r̃

∂ϕ

∂ϕ̄

∂ζ
,

τ∫

0

∂c̃

∂ϕ
dt,

∑
0<τj<τ

ε
∂r̃

∂ϕ
,

τ∫

0

∂g̃

∂ϕ

∂ϕ̄

∂ψ
dt,

τ∫

0

∂f̃

∂ϕ

∂x̄

∂y
dt,

τ∫

0

∂f̃

∂ϕ

∂x̄

∂ζ
dt,

τ∫

0

∂f̃

∂x
dt,

τ∫

0

∂f̃

∂ζ
dt,

τ∫

0

f̃dt,

τ∫

0

∂f̃

∂ην

dt, ν = 1, λ, (16)

íå ïåðåâèùóþòü µ. Òóò

c̃ = c(x, ϕ, ζ, t)− c0(x, ζ, t), r̃ = r(x, ϕ, ζ)−

−r0(x, ζ), f̃ = f(x̄, ϕ̄, ζ, η, t)−f0(x̄, ζ, η, t),

g̃ = g(x̄, ϕ̄, ζ, η, t)− g0(x̄, ζ, η, t),
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x = x(t, y, ψ, ζ, ε), x̄ = x̄(t, y, ζ),

ϕ = ϕ(t, y, ψ, ζ, ε), ϕ̄ = ϕ̄(t, y, ψ, ζ, ε).

Äîâåäåííÿ. Äëÿ äîâåäåííÿ
âèêîðèñòàcìî ìåòîä îöiíêè îñöèëÿöié-
íèõ iíòåãðàëiâ i ñóì, çàïðîïîíîâàíèé â
òåîðåìi 1 [7].

Ïîðÿä ç íåðiâíîñòÿìè (15) iç óñåðåäíåíèõ
ðiâíÿíü (7)-(10) îäåðæèìî îöiíêè

∥∥∥∥
∂ϕ̄

∂ζ

∥∥∥∥ ≤ c2
3e

c3 ,

∥∥∥∥
∂ϕ̄

∂y

∥∥∥∥ ≤ c3nec3 ,

∥∥∥∥
∂x̄

∂ζ
|t=t′ − ∂x̄

∂ζ
|t=t′′

∥∥∥∥ ≤ (1+c3e
c3)c1(1+

1

θ
)|t′−t′′|,

∥∥∥∥
∂ϕ̄

∂ζ
|t=t′ − ∂ϕ̄

∂ζ
|t=t′′

∥∥∥∥ ≤ c1(1+
1

θ
)c2

3e
c3|t′−t′′|,

∥∥∥∥
∂ϕ̄

∂y
|t=t′ − ∂ϕ̄

∂y
|t=t′′

∥∥∥∥ ≤ nc3e
c3|t′ − t′′|,

∥∥∥∥
∂x̄

∂y
|t=t′ − ∂x̄

∂y
|t=t′′

∥∥∥∥ ≤ c1(1 +
1

θ
)nec3|t′ − t′′|.

(17)
Ðîçãëÿíåìî îäèí ç iíòåãðàëiâ i îäíó ç ñóì

ç (16), íàïðèêëàä

J ≡
τ∫

0

∂c̃

∂x

∂x̄

∂y
dt, S ≡

∑
0<τj<τ

ε
∂r̃

∂x

∂x̄

∂y
.

Ïðè çàìiíi

ϕ = θ̄ +
1

ε

τ∫

0

ω(z)dz

äðóãå ðiâíÿííÿ ç (2) íàáóâàc âèãëÿäó

dθ̄

dτ
= b


x, θ̄ +

1

ε

τ∫

0

ω(z)dz, ζ, τ


 . (18)

ßê i â [7] çàôiêñócìî äîñèòü ìàëå ∆ >
0 i ïîäàìî âiäðiçîê [0, τ ] ó âèãëÿäi [0, τ ] =

h⋃
ν=0

[lν , lν+1], äå l0 = 0, lν+1− lν = ∆ ïðè ν < h,
ls+1 = τ, h � öiëà ÷àñòèíà ÷èñëà τ/∆.

Ïîçíà÷èìî

Jν =

lν+1∫

lν

∂c̃

∂x

∂x̄

∂y
dt, Sν =

∑

lν≤τj<lν+1

ε
∂r̃

∂x

∂x̄

∂y
.

Òîäi

‖J‖ ≤
h∑

ν=0

‖Jν‖ =
h∑

ν=0

∥∥∥∥∥

lν+1∫

lν

∂

∂x
c̃

(
x(t),

θ̄(t) +
1

ε

t∫

0

ω(z)dz, ζ, t

)
∂x̄(t, y, ζ)

∂y
dt

∥∥∥∥∥,

‖S‖ ≤
h∑

ν=0

‖Sν‖ =
h∑

ν=0

∥∥∥∥∥ε
∑

lν≤τj<lν+1

∂

∂x
r̃

(
x(τj),

θ̄(τj) +
1

ε

τj∫

0

ω(z)dz, ζ

)
∂x̄(τj, y, ζ)

∂y

∥∥∥∥∥.

Òóò x(τ) = x(τ, y, ψ, ζ, ε), θ̄(τ) =
θ̄(τ, y, ψ, ζ, ε).

Âðàõîâóþ÷è îáìåæåííiñòü ÷àñòèí-
íèõ ïîõiäíèõ ïåðøîãî ïîðÿäêó ôóíêöié
c(x, ϕ, ξ, τ), r(x, ϕ, ξ) ïî çìiííèõ x, ϕ, ç
ðiâíÿíü (1),(18) äiñòàíåìî

||x(τ)−x(lν)||+||θ̄(τ)−θ̄(lν)|| ≤ 2c1(1+L/θ1)∆
(19)

äëÿ âñiõ τ ∈ [lν , lν+1).
Íà ïiäñòàâi [6] äëÿ êîæíîãî µ̄ > 0 iñíóc

òàêå ε0(µ̄) > 0, ùî
∣∣∣∣∣∣
ε

∑
0<τj<τ

v(τj) exp





i

ε

τj∫

0

(k, ω(z))dz





∣∣∣∣∣∣
≤

≤ ‖k‖µ̄
(

sup
t∈[0,τ ]

‖v(t)‖+ L̄

)
(20)

äëÿ âñiõ ε ∈ (0, ε0(µ̄)], τ ∈ I. Òóò v(t) � äî-
âiëüíà ôóíêöiÿ, ÿêà çàäîâîëüíÿc óìîâó Ëi-
ïøèöÿ ïî t çi ñòàëîþ L̄ íà âiäðiçêó [0, L].

Äëÿ îöiíêè ñóìè Sν , ν =
1, h, ñêîðèñòàcìîñü íåðiâíîñòÿìè
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(5),(15),(17),(19) i (20), â ÿêié v(t) =
∂x̄(t, y, ζ)

∂y
:

‖Sν‖ ≤
∥∥∥∥∥ε

∑

lν≤τj<lν+1

[
∂

∂x
r̃

(
x(τj), θ̄(τj)+

+
1

ε

τj∫

0

ω(z)dz, ζ

)
− ∂

∂x
r̃

(
x(lν), θ̄(lν)+

+
1

ε

τj∫

0

ω(z)dz, ζ

)]
×

×∂x̄(τj, y, ζ)

∂y

∥∥∥∥∥+

∥∥∥∥∥ε
∑

lν≤τj<lν+1

∂

∂x
r̃

(
x(lν), θ̄(lν)+

+
1

ε

τj∫

0

ω(z)dz, ζ

)
∂x̄(τj, y, ζ)

∂y

∥∥∥∥∥ ≤ 2εc1
∆

εθ1

nec3×

× (||x(τj)− x(lν)||+ ||θ̄(τj)− θ̄(lν)||
)
+

+
∑

k 6=0

‖ε
∑

lν≤τj<lν+1

∂rk(x(lν), ζ)

∂x

∂x̄(τj, y, ζ)

∂y
×

× exp{i(k, θ̄(lν))} exp{ i

ε

τj∫

0

(k, ω(z))dz}‖ ≤

≤ 4c2
1(1+L/θ1)

∆2

θ1

nec3+µ̄
∑

k

∥∥∥∥
∂rk(x(lν), ζ)

∂x

∥∥∥∥×

×‖k‖
(

nec3 + c1(1 +
1

θ
)nec3

)
.

Îòæå,
‖S‖ ≤ c6(∆ + µ̄/∆), (21)

äå
c6 = nec3c1×

×max{4c1(1+L/θ1)Lθ−1
1 , L(1+ c1(1+ θ−1))}.

Äëÿ äîâiëüíîãî äîäàòíîãî µ ïîêëàäåìî

∆ = µ/(2c6), µ̄ = µ∆/(2c6),

à ε0 âèáåðåìî òàêèì ÷èíîì, ùîá âèêîíóâà-
ëèñü îöiíêè (13) òà (20). Òîäi ç íåðiâíîñòi
(21) âèïëèâàc, ùî

‖S‖ ≤ µ, (τ, y, ψ, ξ, ε) ∈ I×D1×Rm×Q×(0, ε0].

Â ðîáîòàõ [7,8] äëÿ îñöèëÿöiéíîãî iíòå-
ãðàëà äîâåäåíî îöiíêó
∣∣∣∣∣∣

τ∫

0

exp





i

ε

t∫

0

(k, ω(z))dz



 dt

∣∣∣∣∣∣
≤ c5ε

1
l+1‖k‖− 1

l+1 ,

(τ, ε) ∈ [0, L]× (0, ε0], (22)

çi ñòàëîþ c5 = c5(L), íå çàëåæíîþ âiä ε.
Âðàõîâóþ÷è óìîâè (5),(15),(17),(19),(22),

îöiíèìî iíòåãðàë Jν , ν = 1, h:

‖Jν‖ ≤

≤
∥∥∥∥∥

lν+1∫

lν

[
∂

∂x
c̃


x(t), θ̄(t) +

1

ε

t∫

0

ω(z)dz, ζ, t


−

− ∂

∂x
c̃


x̄(lν), θ̄(lν) +

1

ε

t∫

0

ω(z)dz, ζ, lν




]
×

×∂x̄(t, y, ζ)

∂y
dt

∥∥∥∥∥ +

∥∥∥∥∥

lν+1∫

lν

∂

∂x
c̃

(
x(lν), θ̄(lν)+

+
1

ε

t∫

0

ω(z)dz, ζ, lν

)
∂x̄(lν , y, ζ)

∂y
dt

∥∥∥∥∥+

+

∥∥∥∥∥

lν+1∫

lν

∂

∂x
c̃


x(lν), θ̄(lν) +

1

ε

t∫

0

ω(z)dz, ζ, lν


×

×
[
∂x̄(t, y, ζ)

∂y
− ∂x̄(lν , y, ζ)

∂y

]
dt

∥∥∥∥∥ ≤

≤ 2c1(2c1(1 + L/θ1) + 1)∆2ec3+

+ε
1

l+1

∑

k 6=0

∥∥∥∥
∂ck(x(lν), ζ, lν)

∂x

∥∥∥∥ ‖k‖−
1

l+1 nec3+

+∆2c2
1(1 +

1

θ
)nec3 .

Îòæå,

‖J‖ ≤ c̄6(∆ + ε
1

l+1 /∆), c̄6 = const. (23)

ßêùî ïîêëàñòè ∆ = µ/(2c̄6), à ε0 âèáðàòè
òàêèì ÷èíîì, ùîá âèêîíóâàëèñü îöiíêè (13)
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òà (20) i ε0 ≤ µ2(l+1), òî ç íåðiâíîñòi (23)
äiñòàíåìî

‖J‖ ≤ µ,

(τ, y, ψ, ξ, ε) ∈ [0, L]× D1 ×Rm ×Q× (0, ε0].

Âñi iíøi îöiíêè äëÿ îñöèëÿöiéíèõ iíòå-
ãðàëiâ i ñóì â (16) âñòàíîâëþþòüñÿ àíàëî-
ãi÷íî. Ëåìó äîâåäåíî.

Çàçíà÷èìî, ùî ç ëåìè 2 âèïëèâàc
Ëåìà 3. Íåõàé:
1) det(W T

l (τ)Wl(τ)) > 0, τ ∈ [0, L];
2) âèêîíóþòüñÿ óìîâè (3), (4), (5);
3) êðèâà x̄ = x̄(τ, y, ζ) ëåæèòü â D ðàçîì

iç ñâî��ì ρ-îêîëîì äëÿ âñiõ τ ∈ I, y ∈ D1, ζ ∈
Q.

Òîäi äëÿ äîâiëüíîãî µ > 0 ìîæíà âêàçà-
òè òàêå äîñèòü ìàëå ε0(µ) > 0, ùî äëÿ âñiõ
τ ∈ [0, L], y ∈ D1, ψ ∈ Rm, ζ ∈ Q i ε ∈ (0, ε0]
ñïðàâäæóþòüñÿ îöiíêè (13),(14).

ßêùî æ â ñèñòåìi (1) t̄j ≡ θ äëÿ âñiõ
j ∈ N , à ôóíêöi�� rj(x, ϕ, ξ) ≡ r(x, ϕ, ξ, τj) i
r(x, ϕ, ξ, τ) çàäîâîëüíÿc â G óìîâó Ëiïøèöÿ
ïî âñiõ àðãóìåíòàõ, òî

‖U‖+

∥∥∥∥
∂U

∂y

∥∥∥∥+

∥∥∥∥
∂U

∂ψ

∥∥∥∥+

∥∥∥∥
∂U

∂ζ

∥∥∥∥ ≤ σε
1

2(l+1) (24)

çi ñòàëîþ σ = σ(L).
Íåõàé A1, A2, A3 i A4 ïîçíà÷àþòü âiäîâiä-

íî (n+s+λ)×n-, (n+s+λ)×s-, (n+s+λ)×λ-,
i (n + s + λ)× λ- âèìiðíi ìàòðèöi

A1 =




η0
1∫

0

∂f̄1(z0)
∂x̄0

∂x̄0

∂x0 dτ

· · ·

η0
λ∫

0

∂f̄λ(z0)
∂x̄0

∂x̄0

∂x0 dτ




,

A2 =




η0
1∫

0

(
∂f̄1(z0)

∂x̄0
∂x̄0

∂ξ0 + ∂f̄1(z0)
∂ξ0

)
dτ

· · ·
η0

λ∫
0

(
∂f̄λ(z0)

∂x̄0
∂x̄0

∂ξ0 + ∂f̄λ(z0)
∂ξ0

)
dτ




,

A3 =




η0
1∫

0

∂f̄1(z0)

∂η0
1

dτ ...
η0
1∫

0

∂f̄1(z0)

∂η0
λ

dτ

· · · · · · · · ·

η0
λ∫

0

∂f̄λ(z0)

∂η0
1

dτ ...
η0

λ∫
0

∂f̄λ(z0)

∂η0
λ

dτ




,

A4 = diag
(

f̄1(z
0)|τ=η0

1
· · · f̄λ(z

0)|τ=η0
λ

)
,

äå x̄0 = x̄(τ, x0, ξ0), z0 = (x0, ξ0, η0, τ), η0 =
(η0

1..., η
0
λ), i A =

(
A1 A2 A3 + A4

)
� êâà-

äðàòíà (n + s + λ)-âèìiðíà ìàòðèöÿ.
Òåîðåìà. ßêùî âèêîíóþòüñÿ ïðèïó-

ùåííÿ ëåìè 1, óìîâè (3)-(5), detA 6= 0 i
det(W T

l (τ)Wl(τ)) > 0 ïðè τ ∈ [0, L], òî:
1) äëÿ äîâiëüíîãî µ0 > 0 ìîæíà âêàçà-

òè òàêi ñòàëó ε0(µ0) > 0 i ôóíêöiþ ψ :
(0, ε0] → Rm, ùî ïðè êîæíîìó ε ∈ (0, ε0]
iñíóc òàêèé ðîçâ'ÿçîê ξ, η, x, ϕ êðàéîâî�� çà-
äà÷i (1),(2), ÿêèé çàäîâîëüíÿc îöiíêó

u(τ, ε) ≡ ‖x− x̄(τ, x0, ξ0)‖+ ‖ξ − ξ0‖+
+‖η−η0‖+‖ϕ−ϕ̄(τ, x0, ϕ0, ξ0, ε)−ψ(ε)‖ ≤ µ0

(25)
äëÿ âñiõ (τ, ε) ∈ [0, L]× (0, ε0];

2) ïðè âèêîíàííi îáìåæåíü (6) ó
âèïàäêó, êîëè â êðàéîâèõ óìîâàõ (2)
B(x, ξ, η, τ) ≡ B(τ), äëÿ äîâiëüíîãî µ0 > 0
ìîæíà âêàçàòè òàêå ε0(µ0) > 0, ùî ïðè
êîæíîìó ε ∈ (0, ε0(µ0)] â ìàëîìó îêîëi
ðîçâ'ÿçêó óñåðåäíåíî�� çàäà÷i iñíóc cäèíèé
ðîçâ'ÿçîê ξ, η, x, ϕ êðàéîâî�� çàäà÷i (1),(2)
i öåé ðîçâ'ÿçîê çàäîâîëüíÿc îöiíêó (25) ç
ψ(ε) ≡ 0.

Äîâåäåííÿ.Ðîçâ'ÿçîê âèõiäíî�� çàäà÷i
(1),(2) áóäócìî ó âèãëÿäi x = x(τ, x0+ x̃, ϕ0+

ϕ̃, ξ0 + ξ̃, ε), ϕ = ϕ(τ, x0 + x̃, ϕ0 + ϕ̃, ξ0 + ξ̃, ε),

ξ = ξ0 + ξ̃, η = η0 + η̃, äå x̃, ϕ̃, ξ̃, η̃ � íåâiäîìi
ïàðàìåòðè.

Î÷åâèäíî, ùî iñíóc òàêà äîäàòíà ñòàëà c2,
ùî ïðè

‖x̃‖+ ‖ξ̃‖ ≤ c2 (26)

êðèâà x̄ = x̄(τ, x0 + x̃, ξ0 + ξ̃) íàëåæèòü D ðà-
çîì iç ñâî��ì 1

2
ρ-îêîëîì äëÿ âñiõ τ ∈ [0, L].
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Òîìó íåâiäîìi ïàðàìåòðè x̃, ξ̃ áóäåìî âèçíà-
÷àòè, âðàõîâóþ÷è (26).

Çàïðîâàäèìî ïîçíà÷åííÿ

x = x(τ, x0 + x̃, ϕ0 + ϕ̃, ξ0 + ξ̃, ε),

x̄ = x̄(τ, x0 + x̃, ξ0 + ξ̃), x̄0 = x̄(τ, x0, ξ0),

ϕ = ϕ(τ, x0 + x̃, ϕ0 + ϕ̃, ξ0 + ξ̃, ε),

ϕ̄ = ϕ̄(τ, x0 + x̃, ϕ0 + ϕ̃, ξ0 + ξ̃, ε),

ϕ̄0 = ϕ̄(τ, x0, ϕ0, ξ0, ε), ξ = ξ0 + ξ̃,

η = η0 + η̃, ∆x = x− x̄, ∆ϕ = ϕ− ϕ̄,

fν = fν

(
x̄ + ∆x, ϕ̄ + ∆ϕ, ξ, η, τ

)
,

f̄ν = f̄ν

(
x̄0 +

∂x̄0

∂x0
x̃ +

∂x̄0

∂ξ0
ξ̃, ξ, η, τ

)
,

f̄ 0
ν = f̄ 0

ν (x̄0, ξ0, η0, τ),

d̃ = (x̃, ξ̃, η̃), d0 = (x0, ξ0, η0), d = (x, ξ, η).
(27)

Ç iíòåãðàëüíèõ êðàéîâèõ óìîâ (2) i (8)
ìàcìî

D1 + D2 −D3 = 0, (28)

äå

D1 =




η1∫
0

(f1 − f̄1)dτ

· · ·
ηλ∫
0

(fλ − f̄λ)dτ




,

D2 =




η1∫
0

f̄1dτ

· · ·
ηλ∫
0

f̄λdτ




, D3 =




η0
1∫

0

f̄ 0
1 dτ

· · ·

η0
λ∫

0

f̄ 0
λdτ




.

Ðîçêëàäåìî ìàòðèöþ D2 â ðÿä Òåéëîðà â
îêîëi òî÷êè z0 ≡ (x0, ξ0, η0, τ) i ïåðåïèøåìî
ðiâíiñòü (28) ó âèãëÿäi

D1 + Ad̃ + R̃ = 0, (29)

äå

R̃ =




1∫
0

[
∂

∂d0 F̄1(z
0 + th)− ∂

∂d0 F̄1(z
0)

]
d th

· · ·
1∫
0

[
∂

∂d0 F̄λ(z
0 + th)− ∂

∂d0 F̄λ(z
0)

]
d th




,

F̄ν =

ην∫

0

f̄νdτ, ν = 1, λ,

h =

(
∂x̄(τ, x0, ξ0)

∂x0
x̃ +

∂x̄(τ, x0, ξ0)

∂ξ0
ξ̃, ξ̃, η̃, 0

)
.

Çãiäíî iç çðîáëåííèìè ïðèïóùåííÿìè
äëÿ äîâiëüíîãî µ1 ∈ (0, 1) iñíóc òàêå äîñèòü
ìàëå δ∗(µ1) > 0, ùî äëÿ âñiõ ‖h‖ < δ∗, t ∈
[0, 1] âèêîíóþòüñÿ íåðiâíîñòi

∥∥f̄ν(z
0 + th)− f̄ν(z

0)
∥∥ < µ1,

∥∥∥∥
∂

∂d0
F̄ν(z

0 + th)− ∂

∂d0
F̄ν(z

0)

∥∥∥∥ < µ1, ν = 1, λ,

ÿêi ðàçîì iç (15) âåäóòü äî îöiíêè

‖R̃‖ < µ1Lλ‖h‖ ≤ µ1Lλ (ec3(n + c3) + 2) ‖d̃‖.
(30)

Ïåðåïèøåìî ðiâíÿííÿ (29) ó âèãëÿäi

d̃ = F (d̃, ϕ̃, ε), (31)

äå

F (d̃, ϕ̃, ε) ≡ −A−1
(
D1 + R̃

)
. (32)

Îñêiëüêè detA 6= 0, detB1 6= 0, òî iñíóc
òàêà ñòàëà c4, ùî âèêîíóþòüñÿ íåðiâíîñòi

‖A−1‖ ≤ c4, ‖B−1
1 ‖ ≤ c4. (33)

Íà ïiäñòàâi çðîáëåíèõ ïðèïóùåíü ìàcìî
ðiâíîñòi

x̄(τ, x0+x̃, ξ0+ξ̃) = x̄(τ, x0, ξ0)+
∂x̄(τ, x0, ξ0)

∂x0
x̃+

+
∂x̄(τ, x0, ξ0)

∂ξ0
ξ̃ + R1(τ, x̃, ξ̃),

x̄(τ, x0 + x̃, ξ0 + ξ̃) = x̄(τ, x0, ξ0) + R2(τ, x̃, ξ̃),
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â ÿêèõ

R1(τ, x̃, ξ̃) =

1∫

0

[
∂x̄(e0 + th)

∂e
− ∂x̄(e0)

∂e

]
d th,

R2(τ, x̃, ξ̃) =

1∫

0

∂x̄(e0 + th)

∂e
d th,

e0 = (τ, x0, ξ0), h = (0, x̃, ξ̃),

‖R2(τ, x̃, ξ̃)‖ ≤ c7(‖x̃‖+ ‖ξ̃‖), τ ∈ [0, L],
(34)

c7 � äåÿêà ñòàëà.
Ïðè âèêîíàííi ïðèïóùåíü òåîðåìè äëÿ

äîâiëüíîãî µ1 ∈ (0, 1) iñíóc òàêå äîñèòü ìàëå
äîäàòíå δ(µ1) < δ∗, ùî äëÿ âñiõ ‖h‖ < δ, t ∈
[0, 1] âèêîíócòüñÿ íåðiâíiñòü

∥∥∥∥
∂x̄(e0 + th)

∂e
− ∂x̄(e0)

∂e

∥∥∥∥ < µ1,

ÿêà âåäå äî îöiíêè

‖R1‖ < µ1(‖x̃‖+ ‖ξ̃‖). (35)

Âðàõîâóþ÷è íåðiâíîñòi (5), (13), (35),
îäåðæèìî îöiíêè

‖fν − f̄ν‖ = ‖ (fν − fν(x̄, ϕ̄, ξ, η, τ)) +

+
(
fν(x̄, ϕ̄, ξ, η, τ)− f̄ν(x̄, ξ, η, τ)

)−
− (

f̄ν(x̄, ξ, η, τ)− f̄ν)
) ‖ ≤

≤ 2c1Lµ + c1L‖R1(τ, x̃, ξ̃)‖, ν = 1, λ,

‖D1‖ ≤ λ
(
2c1Lµ + c1µ1L(‖x̃‖+ ‖ξ̃‖)

)
.

Íà ïiäñòàâi îñòàííüî�� îöiíêè, óìîâ (30),
(33) òà ðiâíîñòi (32) äiñòàíåìî íåðiâíîñòi

‖F (d̃, ϕ̃, ε)‖ ≤ c4Lλ

(
2c1µ + µ1‖d̃‖×

× (c1 + (ec3(n + c3) + 2))

)
,

∥∥∥∥
∂

∂ϕ̃
F (d̃, ϕ̃, ε)

∥∥∥∥ ≤ λc1µL. (36)

Ç ïåðøî�� ç íåðiâíîñòåé (36) âèïëèâàc, ùî
F âiäîáðàæàc ìíîæèíó Mµ = {d̃ : d̃ ∈
Rn+s+λ, ‖d̃‖ ≤ c8µ} â ñåáå ïðè

µ ≤ min

{
1

2λc1c4c8

,
c2

c7

}
, c8 = 4c1c4Lλ,

µ1 ≤ 1

2c4Lλ (c1 + (ec3(n + c3) + 2))
.

Äëÿ âñòàíîâëåííÿ îöiíêè íîðìè
∂
∂d̃

F (d̃, ϕ̃, ε) ïåðåïèøåìî (32) ó âèãëÿäi

F (d̃, ϕ̃, ε) = −A−1
(
V − Ad̃

)
,

V =




η1∫
0

f1dτ − P1

· · ·
ηλ∫
0

fλdτ − Pλ




.

Òîäi

∂F

∂d̃
= −A−1

{(
∂V

∂x̃
;

∂V

∂ξ̃
;

∂V

∂η̃

)
− A

}
≡

≡ −A−1 (H1...Hλ)
T ,

äå Hν � nν × (n+ s+λ)- âèìiðíà ìàòðèöÿ

Hν =

{ ην∫

0

(
∂fν

∂x

∂(x− x̄)

∂x0
+

∂fν

∂x

∂(x̄− x̄0)

∂x0

)
dτ+

+




ην∫

0

∂fν

∂x

∂x̄0

∂x0
dτ −

η0
ν∫

0

∂f̄ν(z
0)

∂x

∂x̄0

∂x0
dτ


 +

+

ην∫

0

(
∂fν

∂ϕ

∂(ϕ− ϕ̄)

∂x0
+

∂fν

∂ϕ

∂ϕ̄

∂x0

)
dτ ;

ην∫

0

(
∂fν

∂x

∂(x− x̄)

∂ξ0
+

∂fν

∂x

∂(x̄− x̄0)

∂ξ0

)
dτ+

+




ην∫

0

∂fν

∂x

∂x̄0

∂ξ0
dτ −

η0
ν∫

0

∂f̄ν(z
0)

∂x

∂x̄0

∂ξ0
dτ


 +
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+

ην∫

0

(
∂fν

∂ϕ

∂(ϕ− ϕ̄)

∂ξ0
+

∂fν

∂ϕ

∂ϕ̄

∂ξ0

)
dτ+

+




ην∫

0

∂fν

∂ξ0
dτ −

η0
ν∫

0

∂f̄ν(z
0)

∂ξ0
dτ


 ;




ην∫

0

∂fν

∂η0
1

dτ −
η0

ν∫

0

∂f̄ν(z
0)

∂η0
1

dτ


 ; ...;

[
fν |τ=ην − f̄ν(z0)|τ=η0

ν

]
+

+




ην∫

0

∂fν

∂η0
ν

dτ −
η0

ν∫

0

∂f̄ν(z
0)

∂η0
ν

dτ


 ; ...;




ην∫

0

∂fν

∂η0
λ

dτ −
η0

λ∫

0

∂f̄ν(z
0)

∂η0
ν

dτ




}
, ν = 1, λ.

(37)
Äëÿ îöiíêè íîðìè ìàòðèöi Hν ïîäàìî

ôóíêöi�� f̄ν , ∂f̄ν

∂d0 , ν = 1, λ, ó âèãëÿäi

f̄ν(x̄, ξ, η, τ) = f̄ν(z
0 + h̃),

∂f̄ν(x̄, ξ, η, τ)

∂d0
=

∂f̄ν(z
0 + h̃)

∂d0
,

äå

h̃ =

(
x̄− x̄0, ξ̃, η̃, 0

)
,

‖h̃‖ ≤ c7(‖x̃‖+ ‖ξ̃‖) + ‖ξ̃‖+ ‖η̃‖.
Íà ïiäñòàâi íåïåðåðâíîñòi ôóíêöié f̄ν ,

∂f̄ν

∂d0 , ν = 1, λ, â òî÷öi z0 äëÿ äîâiëüíîãî
δ1 ∈ (0, 1) iñíóc òàêå äîñèòü ìàëå δ2(δ1) > 0,
ùî äëÿ âñiõ d̃ òàêèõ, ùî (c7 + 1)‖d̃‖ < δ2,
ñïðàâäæóþòüñÿ íåðiâíîñòi

∥∥∥f̄ν(z
0 + h̃)− f̄ν(z

0)
∥∥∥ < δ1,

∥∥∥∥∥
∂f̄ν(z

0 + h̃)

∂d0
− ∂f̄ν(z

0)

∂d0

∥∥∥∥∥ < δ1, ν = 1, λ.

(38)
Äëÿ îöiíêè äîäàíêiâ â êâàäðàòíèõ

äóæêàõ â ïðàâié ÷àñòèíi ðiâíîñòi (37)

âèêîðèñòàcìî íåðiâíîñòi (5), (13),(38) i ëåìè
2,3. Ðîçãëÿíåìî îäèí ç òàêèõ äîäàíêiâ,
íàïðèêëàä




ην∫

0

∂fν

∂ξ0
dτ −

η0
ν∫

0

∂f̄ν(z
0)

∂ξ0
dτ


 =

= −
ην∫

η0
ν

∂f̄ν(x̄, ξ, η, τ)

∂ξ0
dτ+

+

ην∫

0

(
∂fν

∂ξ0
− ∂fν(x̄, ϕ̄, ξ, η, τ)

∂ξ0

)
dτ+

+

ην∫

0

(
∂fν(x̄, ϕ̄, ξ, η, τ)

∂ξ0
− ∂f̄ν(x̄, ξ, η, τ)

∂ξ0

)
dτ+

+

( η0
ν∫

0

∂f̄ν(x̄, ξ, η, τ)

∂ξ0
dτ −

η0
ν∫

0

∂f̄ν(z
0)

∂ξ0
dτ

)
.

Çâiäñè âèïëèâàc, ùî âñi äîäàíêè â êâàäðà-
òíèõ äóæêàõ â (37) ìîæíà îöiíèòè çâåðõó
âåëè÷èíîþ c9(δ1 + µ + ‖η̃‖), c9 = const.

Çà ëåìîþ 2 îñöèëÿöiéíi iíòåãðàëè
ην∫

0

∂fν

∂ϕ

∂ϕ̄

∂x0
dτ,

ην∫

0

∂fν

∂ϕ

∂ϕ̄

∂ξ0
dτ

îöiíþcìî çâåðõó âåëè÷èíîþ c9µ, à íåðiâíî-
ñòi (5), (14) çàáåçïå÷óþòü òàêó ñàìó îöiíêó
iíòåãðàëiâ

ην∫

0

∂fν

∂x

∂(x− x̄)

∂x0
dτ,

ην∫

0

∂fν

∂ϕ

∂(ϕ− ϕ̄)

∂x0
dτ,

ην∫

0

∂fν

∂x

∂(x− x̄)

∂ξ0
dτ,

ην∫

0

∂fν

∂ϕ

∂(ϕ− ϕ̄)

∂ξ0
dτ.

Êðiì òîãî, çãiäíî iç çðîáëåíèìè ïðèïóùåí-
íÿìè∥∥∥∥∥

∂x̄(τ, x0 + x̃, ξ0 + ξ̃)

∂x̃
− ∂x̄(τ, x0, ξ0)

∂x0

∥∥∥∥∥ ≤

≤ c̄1(‖x̃‖+ ‖ξ̃‖),
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∥∥∥∥∥
∂x̄(τ, x0 + x̃, ξ0 + ξ̃)

∂ξ̃
− ∂x̄(τ, x0, ξ0)

∂ξ0

∥∥∥∥∥ ≤

≤ c̄1(‖x̃‖+ ‖ξ̃‖), c̄1 = const,

òîìó
∥∥∥∥∥∥

ην∫

0

∂fν

∂x

∂(x̄− x̄0)

∂x0
dτ

∥∥∥∥∥∥
+

∥∥∥∥∥∥

ην∫

0

∂fν

∂x

∂(x̄− x̄0)

∂ξ0
dτ

∥∥∥∥∥∥
≤

≤ 2Lc1c̄1(‖x̃‖+ ‖ξ̃‖).
Îá'cäíóþ÷è îòðèìàíi îöiíêè, äiñòàíåìî

∥∥∥∥
∂

∂d̃
F (d̃, ϕ̃, ε)

∥∥∥∥ ≤

≤ c4λ
(
2Lc1c̄1‖d̃‖+ 7c9µ + c9(δ1 + ‖η̃‖)

)
.

Îñêiëüêè d̃ ∈ Mµ, òî

‖d̃‖ ≤ c8µ,

µ ≤ min

{
δ2

c7c8 + c8

,
1

2λc1c4c8

,
c2

c8

}
, (39)

ó çâÿçêó ç ÷èì
∥∥∥∥

∂

∂d̃
F (d̃, ϕ̃, ε)

∥∥∥∥ ≤ c11δ1 + c12δ2(δ1) ≤ 1

2
(40)

ïðè äîñèòü ìàëîìó δ1 > 0.
Îòæå, íà ïiäñòàâi ïðèíöèïó ñòèñëèõ âiä-

îáðàæåíü äëÿ êîæíèõ ôiêñîâàíèõ ε ∈
(0, ε0], ϕ̃ ∈ Rm ðiâíÿííÿ (31) ìàc cäèíèé
ðîçâ'ÿçîê d̃ = d̃(ϕ̃, ε) ∈ Mµ.

Ðîçâ'ÿçîê ðiâíÿííÿ (31) ìîæíà âèçíà÷è-
òè ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü:

d̃(ϕ̃, ε) = lim
k→∞

dk(ϕ̃, ε), d0(ϕ̃, ε) ≡ 0,

dk(ϕ̃, ε) = F (dk−1(ϕ̃, ε), ϕ̃, ε), k ≥ 1. (41)

Âèêîðèñòîâóþ÷è îöiíêè (36), (40), iç (41)
äiñòàíåìî, ùî

∥∥∥∥
∂dk(ϕ̃, ε)

∂ϕ̃

∥∥∥∥ ≤
1

2

∥∥∥∥
∂dk−1(ϕ̃, ε)

∂ϕ̃

∥∥∥∥ + c1Lλµ.

Çâiäñè çíàõîäèìî, ùî ïðè âèêîíàííi óìîâè
(39) äëÿ âñiõ k ≥ 0, ϕ̃ ∈ Rm i ε ∈ (0, ε0]
ñïðàâäæócòüñÿ íåðiâíiñòü

∥∥∥∥
∂dk(ϕ̃, ε)

∂ϕ̃

∥∥∥∥ ≤ c13µ

çi ñòàëîþ c13 = 2c1Lλ.
Îñòàííÿ îöiíêà çàáåçïå÷óc âèêîíàííÿ

óìîâè Ëiïøèöÿ

‖d̃(ϕ̃1, ε)− d̃(ϕ̃2, ε)‖ ≤ c13µ‖ϕ̃1 − ϕ̃2‖ (42)

äëÿ ãðàíè÷íî�� ôóíêöi�� d̃(ϕ̃, ε).
Ðîçãëÿíåìî äàëi âèïàäîê, êîëè â óìîâàõ

(2) ìàòðèöÿ B íå çàëåæèòü âiä x, ξ, η, òîáòî
B(x, ξ, η, τ) ≡ B(τ). Òîäi ç ç êðàéîâî�� çàäà÷i
(1),(2) îäåðæócìî

ϕ0 + ϕ̃ = B−1
1

( L∫

0

(
C − g(x, ϕ, ξ, η, τ)−

−B(τ)

ε

τ∫

0

[ω(t) + εb(x, ϕ, ξ)]dt−

−B(τ)ε
∑

0<τj<τν

qj(x(τj, x, ϕ, ξ, ε),

ϕ(τj, x, ϕ, ξ, ε), ξ0 + ξ̃)

)
dτ

)
.

Âðàõîâóþ÷è êðàéîâi óìîâè äëÿ âèõiäíî��
òà óñåðåäíåíî�� ñèñòåì, äiñòàíåìî ðiâíÿííÿ

ϕ̃ = Φ(d̃, ϕ̃, ε) (43)

äëÿ çíàõîäæåííÿ ϕ̃, â ÿêîìó

Φ(d̃, ϕ̃, ε) ≡

≡ −B−1
1

( L∫

0

(g(x, ϕ, ξ, η, τ)−ḡ(x̄0, ξ0, η0, τ))dτ−

−
L∫

0

(
B(τ)

τ∫

0

[b̄(x̄, ξ, t)−b̄(x̄0, ξ0, t)]dt+
B(τ)

θ
×

×
τ∫

0

[q̄(x̄, ξ)−q̄(x̄0, ξ0)]dt

)
dτ+

L∫

0

B(τ)∆ϕdτ

)
.

(44)

Äëÿ îöiíêè íîðìè Φ(d̃, ϕ̃, ε) âèêîðèñòàcìî
îöiíêè (5),(13),(33) i íåðiâíiñòü

‖x− x̄0‖ ≤ ‖∆x(t, x, ϕ, ξ, ε)‖+ ‖x̄− x̄0‖ ≤
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≤ µ + ‖d̃‖(n + c3)e
c3 .

Òîäi îäåðæèìî íåðiâíîñòi

‖Φ(d̃, ϕ̃, ε)‖ ≤ c4

(
3c1µL + c1L‖d̃‖(n + c3)e

c3+

+L2c2
1‖d̃‖(n + c3)e

c3(1 + 1/θ)

)
≤ c14(‖d̃‖+ µ)

(45)
çi ñòàëîþ

c14 = 3c1c4L+Lc1c4(n+c3)e
c3(c1L+c1L/θ+1).

Ç (45) âèïëèâàc, ùî Φ âiäîáðàæàc ìíîæè-
íó Tµ = {ϕ̃ : ϕ̃ ∈ Rm, ‖ϕ̃‖ ≤ c15µ} â ñåáå ïðè
c15 = c14(c8 + 1).

Ïðèïóñòèìî, ùî ϕ̃1, ϕ̃2� äîâiëüíi òî÷êè
ìíîæèíè Tµ. Âèêîðèñòîâóþ÷è óìîâó Ëi-
ïøèöÿ (42), îäåðæèìî íåðiâíîñòi

‖Φ(d̃(ϕ̃1, ε), ϕ̃1, ε)− Φ(d̃(ϕ̃2, ε), ϕ̃2, ε)‖ ≤

≤ sup

∥∥∥∥
∂Φ

∂d̃

∥∥∥∥ ‖d̃(ϕ̃1, ε)− d̃(ϕ̃2, ε)‖+

+ sup

∥∥∥∥
∂Φ

∂ϕ̃

∥∥∥∥ ‖ϕ̃1 − ϕ̃2‖ ≤

≤
(

c13µ sup

∥∥∥∥
∂Φ

∂d̃

∥∥∥∥ + sup

∥∥∥∥
∂Φ

∂ϕ̃

∥∥∥∥
)
‖ϕ̃1 − ϕ̃2‖.

Îñêiëüêè

∂g

∂d̃
=

{(
∂g

∂x

∂(x− x̄)

∂x0
+

∂g

∂x

∂x̄

∂x0

)
+

+

(
∂g

∂ϕ

∂(ϕ− ϕ̄)

∂x0
+

∂g

∂ϕ

∂ϕ̄

∂x0

)
;

(
∂g

∂x

∂(x− x̄)

∂ξ0
+

∂g

∂x

∂x̄

∂ξ0

)
+

+

(
∂g

∂ϕ

∂(ϕ− ϕ̄)

∂ξ0
+

∂g

∂ϕ

∂ϕ̄

∂ξ0

)
+

∂g

∂ξ0
;

∂g

∂η0

}
,

∂ḡ

∂d̃
=

{
∂ḡ

∂x

∂x̄0

∂x0
;

∂ḡ

∂x

∂x̄0

∂ξ0
+

∂ḡ

∂ξ0
;

∂ḡ

∂η0

}
,

∂g

∂ϕ̃
=

{
∂g

∂x

∂(x− x̄)

∂ϕ0
+

+

(
∂g

∂ϕ

∂(ϕ− ϕ̄)

∂ϕ0
+

∂g

∂ϕ

∂ϕ̄

∂ϕ0

)}
, (46)

g = g(x, ϕ, ξ, η, τ), ḡ = ḡ(x̄0, ξ0, η0, τ),

òî, âðàõîâóþ÷è îáìåæåííÿ íà ôóíêöiþ g i
ëåìè 2, 3, ç (45),(46) îòðèìàcìî îöiíêè

∥∥∥∥
∂Φ

∂ϕ̃

∥∥∥∥ ≤ c16µ,

∥∥∥∥
∂Φ

∂d̃

∥∥∥∥ ≤ c17µ + c18

ç äåÿêèìè äîäàòíèìè ñòàëèìè c16, c17, c18.
Òîìó ïðè

µ <
1

2(c13c17 + c13c18 + c16)

âiäîáðàæåííÿ Φ : Tµ → Tµ c ñòèñëèì äëÿ
âñiõ ôiêñîâàíèõ ‖d̃‖ ≤ c8µ, ε ∈ (0, ε0], äå ε0

âèáèðàcòüñÿ òàê, ùîá âèêîíóâàëèñü óìîâà
(39). Îòæå, ïðè êîæíîìó ôiêñîâàíîìó ε ∈
(0, ε0] ñèñòåìà (31),(43) ìàc cäèíèé ðîçâ'ÿ-
çîê (d̃; ϕ̃), ÿêèé çàäîâîëüíÿc óìîâè

‖d̃‖ ≤ c8µ, ‖ϕ̃‖ ≤ c15µ.

Äîâåäåííÿ cäèíîñòi ðîçâ'ÿçêó êðàéîâî��
çàäà÷i (1),(2) i âñòàíîâëåííÿ îöiíêè (25) ç
ψ(ε) ≡ 0 ïðîâîäèòüñÿ òî÷íî òàê, ÿê i â ðîáî-
òi [5] ïðè äîñëiäæåííi áàãàòîòî÷êîâî�� çàäà÷i
ç ïàðàìåòðàìè. Òâåðäæåííÿ 2) òåîðåìè äî-
âåäåíî.

Äëÿ äîâåäåííÿ ïåðøîãî òâåðäæåííÿ òå-
îðåìè ïåðåïèøåìî ïðàâó ÷àñòèíó ðiâíÿííÿ
(43) ó âèãëÿäi

Φ(d̃, ϕ̃, ε) ≡ B−1
1

( L∫

0

(g(x, ϕ, ξ, η, τ)− ḡ(x̄, ξ0,

η0, τ))dτ −
L∫

0

(
Bϕ−B0ϕ̄0

)
dτ + B1ϕ̃

)
,

äå B = B(x, ξ, η, τ), à B0 îçíà÷åíå â ëåìi 1.
Âðàõîâóþ÷è, ùî

L∫

0

(
B0ϕ̄0 −Bϕ

)
dτ =
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=

L∫

0

[
B0(ϕ̄0− ϕ̄)−B(ϕ− ϕ̄)− ϕ̄(B−B0)

]
dτ,

iç (12), (14) i îáìåæåíü íà ôóíêöi�� g, B
îäåðæócìî íåðiâíiñòü
‖Φ(d̃, ϕ̃, ε)‖ ≤ c19(µ + ‖d̃‖)(1 + ‖ϕ̃‖+ ε−1)

ç äåÿêîþ ñòàëîþ c19. Îñêiëüêè d̃ ∈ Mµ,
òî Φ âiäîáðàæàc ìíîæèíó T̄ = {ϕ̃ : ϕ̃ ∈
Rm, ‖ϕ̃‖ ≤ 3c19(1 + c8)µε−1} â ñåáå ïðè

3µc19(1 + c8) ≤ 1. (47)

Âiäîáðàæåííÿ Φ : T̄ → T̄ íåïåðåðâíå ïî
ϕ̃, òîìó íà ïiäñòàâi òåîðåìè Áðàóåðà [9] ïðî
íåðóõîìó òî÷êó iñíóc ðîçâ'ÿçîê ϕ̃ = ψ(ε) ∈
T̄ ðiâíÿííÿ (43). ßêùî ε0 âèáðàòè òàê, ùîá
âèêîíóâàëèñü óìîâè (39), (47), òî äëÿ êî-
æíîãî ε ∈ (0, ε0] iñíóc ðîçâ'ÿçîê

ξ = ξ0 + ξ̃(ψ(ε), ε), η = η0 + η̃(ψ(ε), ε),

x = x(τ, x0 + x̃(ψ(ε), ε), ϕ0 + ψ(ε), ε),

ϕ = ϕ(τ, x0 + x̃(ψ(ε), ε), ϕ0 + ψ(ε), ε)

êðàéîâî�� çàäà÷i (1),(2). Îñêiëüêè äëÿ øâèä-
êèõ çìiííèõ âèêîíóþòüñÿ íåðiâíîñòi

‖ϕ− ϕ̄(τ, x0, ϕ0, ξ0, ε)− ψ(ε)‖ ≤
≤ ‖ϕ− ϕ̄‖+ ‖ϕ̄− ϕ̄0 − ψ(ε)‖ ≤ c20µ,

(τ, ε) ∈ [0, L]× (0, ε0],

ç äåÿêîþ ñòàëîþ c20, òî ñïðàâäæócòüñÿ îöií-
êà (25). Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ. ßêùî â ñèñòåìi (1) t̄j ≡ θ
äëÿ âñiõ j ∈ N , à ôóíêöi�� rj(x, ϕ, ξ) ≡
r(x, ϕ, ξ, τj) i r(x, ϕ, ξ, τ) çàäîâîëüíÿc â G
óìîâó Ëiïøèöÿ ïî âñiõ àðãóìåíòàõ, òî îöií-
êà (25) íàáóâàc âèãëÿäó

u(τ, ε) ≤ σ̄ε
1

2(l+1) (48)

çi ñòàëîþ σ̄, ÿêà çàëåæèòü âiä L i íå çàëå-
æèòü âiä ε.

Çàçíà÷èìî ëèøå, ùî äëÿ îáãðóíòóâàííÿ
íåðiâíîñòi (48) ïîòðiáíî çàìiñòü îöiíêè (20)
îñöèëÿöiéíî�� ñóìè âèêîðèñòàòè òî÷íó âiäíî-
ñíî ïàðàìåòðà ε îöiíêó ñóìè äëÿ ðiâíèõ âiä-
ñòàíåé ìiæ ìîìåíòàìè iìïóëüñíî�� äi�� [6-8],
íà ïiäñòàâi ÿêî�� íîðìè îñöèëÿöiéíèõ iíòå-
ãðàëiâ i ñóì â (16) íå áóäóòü ïåðåâèùóâàòè
σ̃ε

1
2(l+1) , σ̃ = const.
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