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ÊÐÀÉÎÂI ÇÀÄÀ×I ÄËß ÄÅßÊÈÕ ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ
ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ ÇI ÇÐÎÑÒÀÞ×ÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ

Äîâåäåíî òåîðåìè ïðî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Äiðiõëå òà Íåéìàíà äëÿ
ðiâíÿííÿ Êîëìîãîðîâà äèôóçiéíîãî ïðîöåñó Óëåíáåêà-Îðíøòåéíà òà ðiâíÿííÿ, ùî çâîäèòüñÿ
äî çãàäàíîãî.

There have been proved the theorems about integral image of Dirichle's and Neumann's task
for Kolmogorov's equations of Ulenbeck-Ornstein's di�usion process and the equations which is
derived from the above-said one.

Íà äàíèé ÷àñ òåîðiÿ ëiíiéíèõ ïàðàáîëi÷-
íèõ ðiâíÿíü ç îáìåæåíèìè êîåôiöi¹íòàìè
äîñèòü ïîâíî ðîçâèíåíà. Ïîáóäîâà ôóíäà-
ìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi, âåêòîð-
ôóíêöié Ãðiíà êðàéîâèõ çàäà÷ äëÿ ïàðàáî-
ëi÷íèõ ñèñòåì ç îáìåæåíèìè êîåôiöi¹íòàìè
çäiéñíåíà ó ïðàöÿõ Ñ.Ä. Åéäåëüìàíà [1] òà
Ñ. Ä. Iâàñèøåíà [2,3]. Çíà÷íèé iíòåðåñ âèíè-
êà¹ íà ñó÷àñíîìó åòàïi äî ðiâíÿíü, êîåôiöi-
¹íòè ÿêèõ ìîæóòü íåîáìåæåíî çðîñòàòè ïðè
|x| → ∞. Ó ðîáîòàõ [1�3] âèâ÷àþòüñÿ ïèòà-
ííÿ äîñëiäæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çà-
äà÷i Êîøi òà êðàéîâèõ çàäà÷ äëÿ çàãàëüíèõ
ïàðàáîëi÷íèõ ñèñòåì çi çðîñòàþ÷èìè êîåôi-
öi¹íòàìè â ñïåöiàëüíèõ êëàñàõ ôóíêöié. Ïðè
öüîìó íà êîåôiöi¹íòè ñèñòåìè íàêëàäàþòüñÿ
äîäàòêîâi óìîâè.

Âàæëèâèì ïðèêëàäîì ïàðàáîëi÷íèõ ðiâ-
íÿíü çi çðîñòàþ÷èìè êîåôiöi¹íòàìè ¹ ðiâíÿ-
ííÿ ç òåîði¨ ñèãíàëiâ âèãëÿäó

∂tu(t, x) = a∂2
xu(t, x) + b∂x(xu(t, x)),

t > 0, x ∈ R.
Òàêi ðiâíÿííÿ âèíèêàþòü â òåîði¨ äèôóçié-
íèõ ïðîöåñiâ iç çíà÷åííÿì íà äiéñíié ïðÿ-
ìié ïðè äîñëiäæåííi øâèäêîñòi âiëüíî¨ ÷à-
ñòèíêè ó áðîóíiâñüêîìó ðóñi. Óëåíáåêîì i
Îðíøòåéíîì áóëî âñòàíîâëåíî, ùî éìîâið-
íiñòü u øâèäêîñòi ïåðåõîäó ÷àñòèíêè ç îäíî-
ãî ñòàíó â iíøèé îïèñó¹òüñÿ çàäàíèì ðiâ-
íÿííÿì. Öå ðiâíÿííÿ íàçèâà¹òüñÿ ïðÿìèì
ðiâíÿííÿ Êîëìîãîðîâà äèôóçiéíîãî ïðîöå-
ñó Óëåíáåêà-Îðíøòåéíà. Âîíî öiêàâå òèì,
ùî äëÿ íüîãî âiäîìi ÿâíi âèðàçè âåêòîð-

ôóíêöié Ãðiíà êðàéîâèõ òà ñïðÿæåíèõ çàäà÷
[4].

Ïðèðîäíî âèíèêà¹ ïèòàííÿ äîñëiäæåííÿ
ðîçâ'ÿçíîñòi êðàéîâèõ äëÿ çãàäàíîãî ðiâíÿí-
íÿ i ðiâíÿííÿ, ùî çâîäèòüñÿ äî íüîãî.

1. Íåõàé b � äèôåðåíöiéîâíà íà [0,∞)
ôóíêöiÿ òàêà, ùî b(0) = 0, à B � äåÿêà
¨¨ ïåðâiñíà òàêà, ùî B(0) = 0, Π(t0,T ] ≡
{(t, x) | t ∈ (t0, T ] , x ∈ R+}, äå T � äîâiëüíå
ôiêñîâàíå äîäàòíå ÷èñëî.

Ðîçãëÿíåìî äèôåðåíöiàëüíi âèðàçè
L ≡ ∂t − ∂2

x − x∂x − 1,

L1 ≡ ∂t − ∂2
x − 2b(x)∂x − b′(x)− b2(x) + x2

4
− 1

2
;

i êðàéîâi çàäà÷i âèãëÿäó
(Lu)(t, x) = f(t, x), (t, x) ∈ Π(t0,T ], (1)

(Au)(t, x)|x=0 = g(t), t ∈ (t0, T ], (2)
u(t, x)|t=t0 = ϕ(x), x ∈ R+, (3)

äå óìîâà (2) çáiãà¹òüñÿ ç îäíi¹þ ç òàêèõ óìîâ
u(t, x)|x=0 = g(t), t ∈ (t0, T ], (21)

∂xu(t, x)|x=0 = g(t), t ∈ (t0, T ], (22)
à t0 - ôiêñîâàíå äiéñíå ÷èñëî òàêå, ùî t0 < T .

Çà äîïîìîãîþ çàìiíè
v(t, x) = exp{−B(x) + x2

4
}u(t, x), (4)

äî çàäà÷ (1)�(3) çâîäÿòüñÿ çàäà÷i
(L1v)(t, x) = f1(t, x), (t, x) ∈ Π(t0,T ], (5)

(Av)(t, x)|x=0 = g1(t), t ∈ (t0, T ], (6)
v(t, x)|t=t0 = ϕ1(x), x ∈ R+, (7)

ïðè÷îìó óìîâà (6) ¹ îäíi¹þ ç òàêèõ óìîâ
v(t, x)|x=0 = g1(t), t ∈ (t0, T ], (61)

∂xv(t, x)|x=0 = g1(t), t ∈ (t0, T ], (62)

à f(t, x) = exp{B(x)− x2

4
}f1(t, x),

ϕ(t, x) = exp{B(x)− x2

4
}ϕ1(x), g(t) = g1(t).
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Îçíà÷åííÿ. Âåêòîð-ôóíêöi¹þ Ãðiíà çà-
äà÷i (1), (2i), (3), i ∈ {1, 2}, íàçèâà¹òüñÿ
òàêà âåêòîð-ôóíêöiÿ −→

Gi = (G0i, G1i, G2i),
ùî äëÿ äîâiëüíèõ äîñèòü ãëàäêèõ i ôiíi-
òíèõ ôóíêöié f , g i ϕ ðîçâ'ÿçîê çàäà÷i (1),
(2i), (3), i ∈ {1, 2}, çîáðàæó¹òüñÿ ó âèãëÿäi

u(t, x) =
t∫

t0

dτ
∞∫
0

G0i(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t0

G1i(t, x; τ)g(τ)dτ+

+
∞∫
0

G2i(t, x; ξ)ϕ(ξ)dξ, (t, x) ∈ Π(t0,T ].

Ôóíêöiþ G0i íàçèâàþòü îäíîðiäíîþ ôóíêöi-
¹þ Ãðiíà, à ôóíêöiþ G1i− ÿäðîì Ïóàññîíà
êðàéîâî¨ çàäà÷i (1), (2i), (3), i ∈ {1, 2}.

ßâíi ôîðìóëè äëÿ êîìïîíåíò âåêòîð-
ôóíêöié Ãðiíà −→Gi = (G0i, G1i, G2i) êðàéîâèõ
çàäà÷ (1), (2i), (3) ìàþòü âèãëÿä [5]

G0i(t, x; τ, ξ) = 1√
2π(1−e−2(t−τ))

×

×
[
exp

{
− (x−ξe−(t−τ))2

2(1−e−2(t−τ))

}
+ (−1)i×

× exp

{
− (x+ξe−(t−τ))2

2(1−e−2(t−τ))

}]
, τ < t, {x, ξ} ⊂ R+, (8)

G1i(t, x; τ) = (−1)i+1
√

2(xe−(t−τ))2−i√
π(1−e−2(t−τ))2+(−1)i+1

×

× exp

{
− x2

2(1−e−2(t−τ))

}
, τ < t , x ∈ R+, (9)

G2i(t, x; ξ) = G0i(t, x; t0, ξ), i ∈ {1, 2}. (10)

Ôîðìóëè äëÿ êîìïîíåíò âåêòîð-ôóíêöié
Ãðiíà

−→
G1

i = (G1
0i, G

1
1i, G

1
2i), i ∈ {1, 2}, çàäà÷

(5)�(7) îäåðæóþòüñÿ iç ôîðìóë (8)�(10) çà
äîïîìîãîþ ðiâíîñòåé
G1

0i(t, x; τ, ξ) = exp{−B(x) + B(ξ) + x2−ξ2

4
}×

×G0i(t, x; τ, ξ), τ < t, {x, ξ} ∈ R+,

G1
1i(t, x; τ) = exp{−B(x) + x2

4
}G1i(t, x; τ),

τ < t, x ∈ R+,

G1
2i(t, x; ξ) = exp{−B(x) + B(ξ) + x2−ξ2

4
}×

×G2i(t, x; ξ), t0 < t, {x, ξ} ⊂ R+. (11)
Ðîçãëÿíåìî ñïðÿæåíi êðàéîâi çàäà÷ äî çàäà÷
(1)�(3) â Π(t0,T ]. Öi çàäà÷i âiäïîâiäíî ìàþòü
âèãëÿä

(L∗u)(τ, ξ) = f(τ, ξ), (τ, ξ) ∈ Π[t0,T ),
Au(τ, ξ)|ξ=0 = g(τ), τ ∈ [t0, T ),

u(τ, ξ)|τ=T = ϕ(ξ), ξ ∈ R+,
äå L∗ = −∂τ − ∂2

ξ + ξ∂ξ.

Çàçíà÷èìî [5], ùî îäíîðiäíi ôóíêöi¨ Ãði-
íà çàäà÷ (1)�(3) â Π(t0,T ] âîëîäiþòü âëàñòè-
âiñòþ íîðìàëüíîñòi, òîáòî

G∗
0i(τ, ξ; t, x) = G0i(t, x; τ, ξ), i ∈ {1, 2},

τ < t, {x, ξ} ⊂ R+. (12)
Äëÿ ôîðìóëþâàííÿ ðåçóëüòàòiâ ðîáîòè ââå-
äåìî íåîáõiäíi íîðìè.

Ðîçãëÿíåìî ôóíêöiþ [1]

k(t, a) ≡ cae2t

c+a(1−e2t)
, (13)

äå 0 < c < 1
2
, a ≥ 0, t < T < 1

2
ln c+a

a
.

Äëÿ íåïåðåðâíî¨ ôóíêöi¨ u : Π(t0,T] → R
ðîçãëÿíåìî íîðìè
‖u(t, ·)‖k(t,a) ≡ sup

x∈R+

(|u(t, x)| exp{−k(t, a) x2}),
‖u(t, ·)‖k(t,a),B ≡ sup

x∈R+

(|u(t, x)|×
× exp{B(x)− (k(t, a) + 1

4
) x2})

Ïðè öüîìó ïiä âèðàçàìè ‖ϕ‖k(t0,a) i
‖ϕ‖k(t0,a),B, ÿêùî ϕ : R+ → R, ðîçóìi-
òèìåìî:
‖ϕ‖k(t0,a) ≡ sup

x∈R+

(|ϕ(x)| exp{−k(t0, a)x2}),
‖ϕ‖k(t0,a),B ≡ sup

x∈R+

(|ϕ(x)|×
× exp{B(x)− (k(t0, a) + 1

4
)x2}).

2. Ñôîðìóëþ¹ìî òà äîâåäåìî òåîðåìó
ïðî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ êðà-
éîâèõ çàäà÷ (1)�(3).

Òåîðåìà 1. Íåõàé ðîçâ'ÿçîê u çàäà÷i (1),
(2i), (3), i ∈ {1, 2}, çàäîâîëüíÿ¹ óìîâó
∀T > 0 ∃C > 0∀t ∈ (t0, T ] : ‖u(t, ·)‖k(t,a) ≤ C
i, êðiì òîãî,

1) ∃C > 0 : ‖ϕ‖k(t0,a) ≤ Ce−(T−t0);

2)
t∫

t0

‖f(τ, ·)‖k(τ,a)et−τdτ < ∞;

3) ∃C > 0 ∀t ∈ (t0, T ] : |g(t)| ≤ Ce−i(T−t).
Òîäi äëÿ u ∈ Π(t0,T ] ïðàâèëüíå çîáðàæåííÿ

u(t, x) =
t∫

t0

dτ
∞∫
0

G0i(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t0

G1i(t, x; τ)g(τ)dτ+

+
∞∫
0

G0i(t, x; t0, ξ)ϕ(ξ)dξ, (t, x) ∈ Π(t0,T ]. (14)

Äîâåäåííÿ. Íåõàé u � ðîçâ'ÿçîê çàäà÷i
(1), (21), (3), ÿêèé çàäîâîëüíÿ¹ óìîâè òåî-
ðåìè.

Ââàæàòèìåìî, ùî Θ � ôóíêöiÿ ç ïðî-
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ñòîðó C∞([0,∞)) òàêà, ùî Θ(τ) = 1 ïðè
τ ∈ [0, 1

2
], Θ(τ) = 0 ïðè τ ∈ [3

4
,∞] i Θ′(τ) ≤ 0;

(t, x) � ôiêñîâàíà òî÷êà ç (t0, T ] × (0, R
4
) ,

äå R > 0. Ñêîðèñòà¹ìîñü ôîðìóëîþ Ãðiíà�
Îñòðîãðàäñüêîãî

t2∫
t1

dβ
R∫
0

(uLv − vL∗u)(β, λ)dλ =

=
R∫
0

u(t2, λ) v(t2, λ)dλ−
R∫
0

u(t1, λ)v(t1, λ)dλ−

−
t1∫
t1

[u∂λv − v∂λu](β, λ)

∣∣∣∣
λ=R

λ=0

dβ−

−
t1∫
t1

[λ(u, v)](β, λ)

∣∣∣∣
λ=R

λ=0

dβ, (15)

äå t1 < t2, R > 0. Ó ôîðìóëi (15) ïîêëàäåìî
çàìiñòü β, λ, t1, t2, u(β, λ) i v(β, λ) âiäïîâiäíî
τ , ξ, t0 + ε, t− h, G01(t, x; τ, ξ)Θ( ξ

R
) i u(τ, ξ),

äå 0 < ε < 1
2
(t− t0), 0 < h < 1

2
(t− t0), R ≥ R,

à u � ðîçâ'ÿçîê çàäà÷i. Îñêiëüêè
Lu(τ, ξ) = f(τ, ξ), (τ, ξ) ∈ Π(t0,T],

u(τ, ξ)|ξ=0 = g(τ), τ ∈ (t0, T ],
L∗G01(t, x; τ, ξ) = 0, τ < t, {x, ξ} ⊂ R+,

G01(t, x; τ, ξ)|ξ=0 = 0, τ < t, x ∈ R+,
∂ξG01(t, x; τ, ξ)|ξ=0 = G11(t, x; τ), τ < t, x ∈ R+,
òî, ïåðåéøîâøè äî ãðàíèöi ïðè h → 0 òà âè-
êîðèñòàâøè âëàñòèâiñòü îäíîðiäíî¨ ôóíêöi¨
Ãðiíà, îäåðæèìî
u(t, x) =

t∫
t0+ε

dτ
R∫
0

G01(t, x; τ, ξ)Θ( ξ
R
)f(τ, ξ)dξ+

+
t∫

t0+ε

G11(t, x; τ)g(τ) dτ+

+
R∫
0

G01(t, x; t0 + ε, ξ)Θ( ξ
R
)u(t0 + ε, ξ)dξ−

−
t∫

t0+ε

dτ

3R
4∫

R
2

L∗(G∗
01(τ, ξ; t, x)Θ( ξ

R
))u(τ, ξ)dξ ≡

≡ IR
1 + I2 + IR

3 + IR
4 .

Ïåðåéäåìî äî ãðàíèöi ïðè R → ∞. Äîâåäå-
ìî, ùî ïðè öüîìó IR

1 ïðÿìó¹ äî
I1 ≡

t∫
t0+ε

dτ
∞∫
0

G01(t, x; τ, ξ)f(τ, ξ)dξ.

Îöiíèìî ðiçíèöþ

|I1 − IR
1 | = |

t∫
t0+ε

dτ
∞∫
0

G01(t, x; τ, ξ)×
×(1−Θ( ξ

R
))f(τ, ξ)dξ|. (16)

Âèêîðèñòîâóþ÷è îöiíêó
|G01(t, x; τ, ξ)| ≤

√
2√

π(1−e−2(t−τ))
×

× exp{− (x−ξe−(t−τ))2

2(1−e−2(t−τ))
}, ξ ∈ R+, (17)

ÿêà âèïëèâà¹ ç (10) i òîãî, ùî äëÿ x > 0 i
ξ > 0 (x + ξe−(t−τ))2 ≥ (x− ξe−(t−τ))2, ìà¹ìî
| I1 − IR

1 | ≤
≤

√
2√
π

t∫
t0+ε

dτ
∞∫
R
2

exp{−(1
2
− c) (x−ξe−(t−τ))2

2(1−e−2(t−τ))
}×

× exp{−c (x−ξe−(t−τ))2

2(1−e−2(t−τ))
+ k(τ, a)ξ2}×

×(exp{−k(τ, a)ξ2}|f(τ, ξ)|) dξ√
1−e−2(t−τ)

.

Ç âëàñòèâîñòåé ôóíêöi¨ k, óìîâè 2) òåî-
ðåìè i çáiæíîñòi iíòåãðàëà

∞∫
0

exp{−(1
2
− c) (x−ξe−(t−τ))2

2(1−e−2(t−τ))
} dξ√

1−e−2(t−τ)

âèïëèâà¹, ùî |I1 − IR
1 | → 0 ïðè R →∞.

Äîâåäåìî, ùî IR
3 ïðÿìó¹ äî

I3 ≡
∞∫
0

G01(t, x; t0 + ε, ξ)u(t0 + ε, ξ)dξ.

Îöiíèìî ðiçíèöþ
|I3 − IR

3 | = |
∞∫
0

G01(t, x; t0 + ε, ξ)×
×(1−Θ( ξ

R
))u(t0 + ε, ξ)dξ|.

Âèêîðèñòîâóþ÷è îöiíêó (17) ìà¹ìî
|I3 − IR

3 | ≤
√

2√
π(1−e−2(t−(t0+ε)))

×

×
∞∫
R
2

exp{−(1
2
− c) (x−ξe−(t−(t0+ε)))2

1−e−2(t−(t0+ε)) }×

× exp{−c (x−ξe−(t−(t0+ε)))2

1−e−2(t−(t0+ε)) + k(t0 + ε, a)ξ2}×
×(exp{−k(t0 + ε, a)ξ2}|u(t0 + ε, ξ)|) dξ. (18)
Ñêîðèñòà¹ìîñü íåðiâíîñòÿìè
−c (x−ξe−(t−(t0+ε)))2

1−e−2(t−(t0+ε)) + k(t + ε, a)ξ2 ≤ k(t, a)R
2

16
,

x ∈ (x ∈ [0; R
4
], ξ > 0 (19)

(x− ξe−(t−(t0+ε)))2 ≥ 1
16

e−2(t−(t0+ε))R2,

0 < t− t0 + ε < T, x ∈ (0, R
4
], ξ ∈ [R

2
,∞), (20)

äå R � äîñèòü âåëèêå, R � ôiêñîâàíå ÷èñ-
ëî, ïðè÷îìó 0 < R < e−TR. Ç íåðiâíîñòåé
(18)�(20) òà óìîâè 1) òåîðåìè âèïëèâà¹, ùî
|I3 − IR

3 | → 0 ïðè R →∞ i ôiêñîâàíîìó ε.
Òåïåð äîâåäåìî, ùî IR

4 → 0 ïðè R → ∞.
Äëÿ öüîãî âiäçíà÷èìî, ùî
L∗G∗

01(τ, ξ; t, x)Θ( ξ
R
) = L∗G∗

01(τ, ξ; t, x)Θ( ξ
R
)−

−G∗
01(τ, ξ; t, x)∂2

ξ2Θ( ξ
R
)− 2∂ξG

∗
01(τ, ξ; t, x)×

×∂ξΘ( ξ
R
) + ξG01(t, x; τ, ξ)∂ξΘ( ξ

R
). (21)
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Íà ïiäñòàâi âëàñòèâîñòåé G01 ïåðøèé äî-
äàíîê â (21) äîðiâíþ¹ íóëåâi. Âèêîðèñòîâó-
þ÷è òå, ùî
|∂ξΘ( ξ

R
)| ≤ C

R
, |∂2

ξ Θ( ξ
R2 )| ≤ C

R2 ,
îöiíêè |G01| òà |∂ξG01| ïðè R ≥ 1, ìà¹ìî
|L∗G∗

01(τ, ξ; t, x)Θ( ξ
R
)| ≤ C

1−e−2(t−τ)×
× exp{−(1

2
− c) (x−ξe−(t−τ))2

2(1−e−2(t−τ))
}.

Çà äîïîìîãîþ öi¹¨ îöiíêè òàê ñàìî, ÿê âè-
ùå äëÿ |I3 − IR

3 |, îäåðæó¹ìî

|
3R
4∫

R
2

L∗(G∗
01(τ, ξ; t, x)Θ( ξ

R
))u(τ, ξ)dξ| ≤

≤ C‖u(τ, ·)‖k(τ,a) exp{−(1
2
− c) R2e−2(t−τ)

64(1−e−2(t−τ))
}×

× 1√
1−e−2(t−τ)

.

Çâiäñè íà ïiäñòàâi íåðiâíîñòi
1√

1−e−2(t−τ)
exp{−(1

2
− c) R2e−2(t−τ)

64(1−e−2(t−τ))
} ≤

≤ C exp{−δ e−2(t−τ)

1−e−2(t−τ) , τ < t, R ≥ 1, δ > 0,
òà óìîâè òåîðåìè âèïëèâà¹, ùî
|IR

4 | ≤ C exp{−δ e−2(t−(t0+ε))

1−e−2(t−(t0+ε)) R
2} → 0 ïðè

R →∞.
Îòæå, ïiñëÿ ïåðåõîäó â (16) äî ãðàíèöi

ïðè R →∞ îäåðæó¹ìî
u(t, x) =

∫ t

t0+ε
dτ

∫∞
0

G01(t, x; τ, ξ)f(τ, ξ)dξ+

+
∫ t

t0+ε
G11(t, x; τ)g(τ) dτ+

+
∫∞
0

G01(t, x; t0 + ε, ξ)u(t0 + ε, ξ)dξ. (22)
Òåïåð ó ðiâíîñòi (22) ïåðåéäåìî äî ãðàíèöi
ïðè ε → 0. Î÷åâèäíî, ùî äðóãèé äîäàíîê â
(22) çà óìîâè 3) òåîðåìè ïðÿìó¹ ïðè ε → 0
äî âiäïîâiäíîãî äîäàíêà ç (14). Ïðè ε → 0
òðåòié äîäàíîê ç (22) ïðÿìó¹ äî âiäïîâiäíî-
ãî äîäàíêà ç (14) íà ïiäñòàâi òåîðåìè Ëåáåãà
ïðî îáìåæåíó çáiæíiñòü.

Ó âèïàäêó çàäà÷i (1), (22), (3) äîâåäåí-
íÿ çäiéñíþ¹òüñÿ àíàëîãi÷íî. Òóò âèêîðèñòî-
âó¹òüñÿ ôîðìóëà Ãðiíà-Îñòðîãðàäñüêîãî òà
âëàñòèâîñòi

∂ξu(τ, ξ)|ξ=0 = g(τ), τ ∈ (t0, T ],

G02(t, x; τ, ξ)|ξ=0 = 0, τ < t, x ∈ R+,
∂ξG02(t, x; τ, ξ)|ξ=0 = −G12(t, x; τ), τ < t,

lim
ε→0

G02(t, x; t0 + ε, ξ)u(t0 + ε, ξ) =

= G02(t, x; t0, ξ)ϕ(ξ), ξ ∈ R+, x ∈ R+.

Çàóâàæèìî, ùî ç ôîðìóë çâ'ÿçêó ìiæ
êðàéîâèìè çàäà÷àìè äëÿ ðiâíÿííÿ (5) òà
âiäïîâiäíèìè çàäà÷àìè äëÿ ðiâíÿííÿ (1) âè-

ïëèâàþòü àíàëîãi÷íi òåîðåìè ïðî iíòåãðàëü-
íå çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷ (5)�(7).

3. Íàâåäåìî äåÿêi âëàñòèâîñòi iíòåãðàëiâ
âèãëÿäó

v1(t, x) =
t∫

t0

dτ
∞∫
0

G0i(t, x; τ, ξ)f(τ, ξ)dξ,

v2(t, x) =
∞∫
0

G0i(t, x; t0, ξ)ϕ(ξ)dξ, (t, x) ∈ Π(t0,T ],

äå G0i(t, x; ·, ·) � îäíîðiäíà ôóíêöiÿ Ãðiíà
êðàéîâî¨ çàäà÷i (1), (2i), (3), i ∈ {1, 2}.

Ëåìà 1. Íåõàé äëÿ ôóíêöi�� f âèêîíó-
þòüñÿ òàêi óìîâè:

1) ôóíêöiÿ f íåïåðåðâíà i çàäîâîëüíÿ¹
òàêó ëîêàëüíó óìîâó Ãåëüäåðà çà çìiííîþ
x ç ïîêàçíèêîì λ ∈ (0, 1]:
∀R > 0 ∃C > 0 ∀{x, ξ} ⊂ (0, R] ∀t ∈ (t0, T ] :

|f(t, x)− f(t, ξ)| ≤ Ce−3(T−t)|x− ξ|λ;
2) ∀t ∈ (t0, T ] : ‖f(t, ·)‖k(t,a) ≤ Ce−3(T−t).

Òîäi 1) ôóíêöiÿ v1 ìà¹ íåïåðåðâíi ïîõiäíi,
ÿêi âõîäÿòü â ðiâíÿííÿ (1), ïðè öüîìó ïî-
õiäíà ∂xv1 îäåðæó¹òüñÿ ôîðìàëüíèì äèôå-
ðåíöiþâàííÿì ïiä çíàêîì iíòåãðàëiâ, à ïî-
õiäíà äðóãîãî ïîðÿäêó îäåðæó¹òüñÿ çà ôîð-
ìóëîþ
∂2

xv1(t, x) =
t1∫
t0

dτ
∞∫
0

∂2
xG0i(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t1

dτ
∞∫
0

∂2
xG0i(t, x; τ, ξ)[f(τ, ξ)− f(τ, x)]dξ+

+
t∫

t1

(
∞∫
0

∂2
xG0i(t, x; τ, ξ)dξ)f(τ, x)dτ, (23)

∂tv1(t, x) = f(t, x)+

+
t1∫
t0

dτ
∞∫
0

∂tG0i(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t1

dτ
∞∫
0

∂tG0i(t, x; τ, ξ)[f(τ, ξ)− f(τ, x)]dξ+

+
t∫

t0

(
∞∫
0

∂tG0i(t, x; τ, ξ)dξ)f(τ, x)dτ, (24)

(t, x) ∈ Π(t0,T ], t1 = t+t0
2

, i ∈ {1, 2};
2) äëÿ ôóíêöi¨ v1 âèêîíó¹òüñÿ îöiíêà
‖v1(t, ·)‖k(t,a) ≤ C

t∫
t0

‖f(τ, ·)‖k(τ,a)et−τdτ. (25)

Äîâåäåííÿ çäiéñíèìî äëÿ âèïàäêó i = 1.
Ðîçãëÿíåìî v1 i äîâåäåìî, ùî äëÿ äîâiëüíî¨
òî÷êè (t, x) ∈ Π(t0,T]
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∂xv1 =
t∫

t0

dτ
∞∫
0

∂xG01(t, x; τ, ξ)f(τ, ξ)dξ. (26)

Íåõàé ΠR
(t0,T ] ≡ {(t, x) | t ∈ (t0, T ] , x ∈ [0, R]},

äå R > 0 äîâiëüíî ôiêñîâàíå ÷èñëî. Ïîçíà-
÷èìî ÷åðåç J0 iíòåãðàë ïî (0,∞) ç ôîðìóëè
(26) i âñòàíîâèìî éîãî îöiíêó, êîðèñòóþ÷èñü
íåðiâíîñòÿìè âëàñòèâîñòi G01 òà ôóíêöi¨ k.
Ìà¹ìî
|J0| = |

∞∫
0

∂xG01(t, x; τ, ξ)f(τ, ξ)dξ| ≤

≤ C‖f(τ,·)‖k(τ,a)ek(t,a)R2

1−e−2(t−τ) ×
×

∞∫
0

exp{−(1
4
− c) (x−ξe−(t−τ))2

1−e−2(t−τ) }dξ.

Îñêiëüêè∞∫
0

exp{−(1
4
− c) (x−ξe−(t−τ))2

1−e−2(t−τ) }dξ ≤
≤ Cet−τ

√
1− e−2(t−τ), (27)

òî ìà¹ìî îñòàòî÷íî îöiíêó
|J0| ≤ C‖f(τ,·)‖k(τ,a)ek(t,a)R2

et−τ√
1−e−2(t−τ)

,

ÿêà ãîâîðèòü ïðî ðiâíîìiðíó çáiæíiñòü ùîäî
x ∈ [0, R] iíòåãðàëà J0 äëÿ äîâiëüíèõ t, τ .

Ç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹ ôîðìó-
ëà (26) äëÿ (t, x) ∈ ΠR

(t0,T], áî iíòåãðàë
t∫

t0

‖f(τ,·)‖k(τ,a)et−τ√
1−e−2(t−τ)

dτ çáiãà¹òüñÿ äëÿ äîâiëüíîãî

t ∈ (t0, T ]. Îñêiëüêè R � äîâiëüíî ôiêñîâàíå
÷èñëî, òî ôîðìóëà (26) ïðàâèëüíà äëÿ äî-
âiëüíèõ (t, x) ∈ Π(t0,T ].

Ùîäî ïîõiäíî¨ ∂2
xv1, òî ïîïåðåäíüî âèêëà-

äåíà ìåòîäèêà äîñëiäæåííÿ óæå íå ïðèäà-
òíà.

Íåõàé x ∈ [δ, R], t ∈ [t0, T ], äå δ, R � äî-
âiëüíî ôiêñîâàíi ÷èñëà òàêi, ùî 0 < δ < R <
∞. Âñòàíîâèìî âèãëÿä äðóãî¨ ïîõiäíî¨ âiä
ôóíêöi¨ v1 äëÿ (t, x) ∈ Πδ,R

(t0,T ] ≡ {(t, x) | t ∈
(t0, T ] , x ∈ [δ, R]}.

Íåõàé
t∫

t0

dτ
∞∫
0

G01(t, x; τ, ξ)f(τ, ξ)dξ =

=
t1∫
t0

dτ
∞∫
0

G01(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t1

dτ
∞∫
0

G01(t, x; τ, ξ)f(τ, ξ)dξ ≡ H1 + H2.(28)

Îñêiëüêè â iíòåãðàëi H1 ïiäiíòåãðàëüíà
ôóíêöiÿ íå ìà¹ îñîáëèâîñòåé, òî ìîæåìî äè-

ôåðåíöiþâàòè ïiä çíàêîì iíòåãðàëà
∂2

xH1 =
t1∫
t0

dτ
∞∫
0

∂2
xG01(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Πδ,R
(t0,T ]. (29)

Ùîá äîâåñòè ìîæëèâiñòü çàñòîñóâàííÿ îïå-
ðàöi¨ ∂2

x ïiä çíàêîì iíòåãðàëà ïî (0,∞), äî-
ñèòü ïîêàçàòè, ùî iíòåãðàë

J0
0 ≡

∞∫
0

∂2
xG01(t, x; τ, ξ)f(τ, ξ)dξ

çáiãà¹òüñÿ ðiâíîìiðíî ùîäî x ∈ [δ, R] äëÿ äî-
âiëüíèõ ôiêñîâàíèõ t , τ . Âðàõîâóþ÷è îöiíêè
G01, âëàñòèâîñòi ôóíêöi¨ k, óìîâó 2) ëåìè 1,
îòðèìà¹ìî îöiíêó
|∂2

xH1| ≤ Cek(t,a)R2
e−3(T−t) ln 1−e−2(t−t0)

1−e−2(t−t1) ,

ÿêà ñâiä÷èòü ïðî ðiâíîìiðíó ùîäî t ∈ (t0, T ]
çáiæíiñòü iíòåãðàëà ∂2

xH1. Îòæå, ìà¹ìî ôîð-
ìóëó (29) äëÿ (t, x) ∈ Π(t0,T ].

Äîâåäåìî, ùî ∂2
xH2 =

t∫
t1

dτ
2Ret−τ∫

0

∂2
xG01(t, x; τ, ξ)[f(τ, ξ)−f(τ, x)]dξ+

+
t∫

t1

dτ
∞∫

2Ret−τ

∂2
xG01(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t1

dτ
2Ret−τ∫

0

∂2
xG01(t, x; τ, ξ)f(τ, x)dξ ≡

≡ J1 + J2 + J3, (t, x) ∈ Πδ,R
(t0,T ].

Äëÿ öüîãî ðîçãëÿíåìî ïðè 0 < h < t+t0
2

= t1
ôóíêöi¨

H
(h)
2 =

t−h∫
t1

dτ
∞∫
0

G01(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(t0,T ]. (30)

Î÷åâèäíî, ùî lim
h→0

H
(h)
2 = H2, (t, x) ∈ Π(t0,T ].

Äîâåäåìî iñíóâàííÿ ãðàíèöi lim
h→0

∂2
xH

(h)
2 . Çà-

ïèøåìî

Hh
2 =

t−h∫
t1

dτ
2Ret−τ∫

0

G01(t, x; τ, ξ)×
×[f(τ, ξ)− f(τ, x)]dξ+

+
t−h∫
t1

dτ
∞∫

2Ret−τ

G01(t, x; τ, ξ)f(τ, ξ)dξ+

+
t−h∫
t1

dτ
2Ret−τ∫

0

G01(t, x; τ, ξ)f(τ, x)dξ,

(t, x) ∈ Πδ,R
(t0,T ].

Îñêiëüêè â êîæíîìó ç öèõ iíòåãðàëiâ ïiä-
iíòåãðàëüíà ôóíêöiÿ íå ìà¹ îñîáëèâîñòåé,
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òî ìîæåìî äèôåðåíöiþâàòè ∂2
xH

(h)
2 =

t−h∫
t1

dτ
2Ret−τ∫

0

∂2
xG01(t, x; τ, ξ)[f(τ, ξ)− f(τ, x)]×

×dξ +
t−h∫
t1

dτ
∞∫

2Ret−τ

∂2
xG01(t, x; τ, ξ)f(τ, ξ)dξ+

+
t−h∫
t1

dτ
2Ret−τ∫

0

∂2
xG01(t, x; τ, ξ)f(τ, x)dξ ≡
≡ Jh

1 + Jh
2 + Jh

3 .
Ùîá îá ðóíòóâàòè ìîæëèâiñòü çàñòîñóâàí-
íÿ îïåðàöi¨ ∂2

x ïiä çíàêàìè iíòåãðàëiâ ïî
[0, 2Ret−τ ] òà [2Ret−τ ,∞), äîñèòü äîâå-
ñòè, ùî iíòåãðàëè ïî [0, 2Ret−τ ] ç Jh

1 , ïî
[2Ret−τ ,∞) ç Jh

2 òà ïî [0, 2Ret−τ ] ç Jh
3 çáiãàþ-

òüñÿ ðiâíîìiðíî ùîäî x ∈ [δ, R] äëÿ äîâiëü-
íèõ ôiêñîâàíèõ t i τ . Òóò âèêîðèñòîâóþòüñÿ
âëàñòèâîñòi G01, ôóíêöi¨ k, óìîâà 2) ëåìè,
íåðiâíîñòi
|x− ξ|λ ≤ |x− ξe−(t−τ)|λ + (1− e−2(t−τ))λξλ,

{x, ξ} ⊂ [0,∞), λ ∈ (0, 1],
|x− ξe−(t−τ)| ≥ R,

x ∈ [δ, R], ξ ∈ [2Ret−τ ,∞).

Îñêiëüêè
2Ret−τ∫

0

∂2
xG01(t, x; τ, ξ)dξ =

=
∞∫
0

∂2
xG01(t, x; τ, ξ)dξ−

−
∞∫

2Ret−τ

∂2
xG01(t, x; τ, ξ)dξ,

òî äîñëiäæåííÿ iíòåãðàëà Jh
3 çâîäèòüñÿ äî

äîñëiäæåííÿ iíòåãðàëà, àíàëîãi÷íîãî Jh
2 òà

iíòåãðàëà
t−h∫
t1

dτ
∞∫
0

∂2
xG01(t, x; τ, ξ)f(τ, ξ)dξ.

Äëÿ îöiíêè öüîãî iíòåãðàëà âèêîðèñòîâó¹òü-
ñÿ çîáðàæåííÿ

∞∫
0

∂2
xG01(t, x; τ, ξ)dξ =

= −
0∫

−∞
∂2

xZ(t, x; τ, ξ)dξ −
∞∫
0

∂2
xV (t, x; τ, ξ)dξ,

äå Z � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i
Êîøi äëÿ ðiâíÿííÿ (1), à V (t, x; τ, ξ) ≡
≡ 1√

2π(1−e−2(t−τ))
exp{− (x+ξe−(t−τ))2

2(1−e−2(t−τ))
}.

Äîâåäåìî, ùî ïîõiäíà çà t âiä ôóíêöi¨ v1

äîðiâíþ¹ ∂tv1 = f(t, x)+

+
t1∫
t0

dτ
∞∫
0

∂tG01(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t1

dτ
2Ret−τ∫

0

∂tG01(t, x; τ, ξ)[f(τ, ξ)− f(τ, x)]×

×dξ +
t∫

t1

dτ
∞∫

2Ret−τ

∂tG01(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t1

dτ
2Ret−τ∫

0

∂tG01(t, x; τ, ξ)f(τ, x)dξ,

(t, x) ∈ ΠδR
(t0,T ].

ßê i â ïîïåðåäíüîìó âèïàäêó, ðîçãëÿíåìî
ìíîæèíó Πδ,R

(t0,T ] i çîáðàæåííÿ (28). Ìîæëè-
âiñòü çàñòîñóâàííÿ îïåðàöi¨ ∂t ïåðåâiðÿ¹òüñÿ
àíàëîãi÷íî âèïàäêó ∂2

xH1.
Ïðè 0 < h < t1 ðîçãëÿíåìî ôóíêöi¨ (30) i

çàñòîñó¹ìî äî íèõ îïåðàöiþ ∂t

∂tH
(h)
2 =

∞∫
0

G01(t, x; t− h, ξ)f(t− h, ξ)dξ−

−
∞∫
0

G01(t, x; t1, ξ)f(t1, ξ)dξ+

+
t−h∫
t1

dτ
2Ret−τ∫

0

∂tG01(t, x; τ, ξ)×
×[f(τ, ξ)− f(τ, x)]dξ+

+
t−h∫
t1

dτ
∞∫

2Ret−τ

∂tG01(t, x; τ, ξ)f(τ, ξ)dξ+

+
t−h∫
t1

dτ
2Ret−τ∫

0

∂tG01(t, x; τ, ξ)f(τ, x)dξ. Îá-
 ðóíòóâàííÿ ìîæëèâîñòi çàñòîñóâàííÿ
îïåðàöi¨ ∂t ïðîâîäèòüñÿ àíàëîãi÷íî âèïàäêó
ç äðóãîþ ïîõiäíîþ âiä ôóíêöi¨ v1.

Äðóãå òâåðäæåííÿ ëåìè âèïëèâà¹ íà ïiä-
ñòàâi (27) ç

|v1(t, x)| ≤
t∫

t0

√
2dτ√

π(1−e−2(t−τ))
×

×
∞∫
0

exp{−(1
2
− c) (x−ξe−(t−τ))2

1−e−2(t−τ) }×

× exp{−c (x−ξe−(t−τ))2

1−e−2(t−τ) + k(τ, a)ξ2}×
×|f(τ, ξ)| exp{−k(τ, a)ξ2}dξ ≤
≤ Cek(t,a)x2

t∫
t0

‖f(τ, ·)‖k(τ,a)et−τdτ.

Íàâåäåìî äåÿêi âëàñòèâîñòi iíòåãðàëà v2.
Ëåìà 2. Íåõàé äëÿ ôóíêöi¨ ϕ âèêîíó-

þòüñÿ óìîâè
∃C > 0 : ‖ϕ‖k(t0,a) ≤ Ce−(T−t0). (31)

Òîäi äëÿ v2 âèêîíó¹òüñÿ îöiíêà
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‖v2(t, ·)‖k(t,a) ≤ C‖ϕ‖k(t0,a)eT−t0 . (32)
Äîâåäåìî äëÿ v2 íåðiâíiñòü (32) ó âèïàä-

êó i = 1. Âèêîðèñòîâóþ÷è îöiíêè G01 òà (27)
ìà¹ìî
|v2(t, x)| ≤

∞∫
0

√
2√

π(1−e−2(t−t0))
×

× exp{−(1
2
− c) (x−ξe−(t−t0))2

1−e−2(t−t0) }×
× exp{k(t0, a)ξ2 − c (x−ξe−(t−t0))2

1−e−2(t−t0) }×
×(|ϕ(ξ)| exp{−k(t0, a)ξ2})dξ ≤

≤ C‖ϕ‖k(t0,a)ek(t,a)x2
et−t0 .

Çâiäñè îäåðæó¹ìî íåðiâíiñòü (32).
4. Ñôîðìóëþ¹ìî i äîâåäåìî òåîðåìè ïðî

êîðåêòíó ðîçâ'ÿçíiñòü êðàéîâèõ (1)�(3).
Òåîðåìà 2. Íåõàé äëÿ ôóíêöié f , g òà

ϕ âèêîíóþòüñÿ óìîâè:
1) ∃C > 0∀t ∈ (t0, T ] : ‖f(t, ·)‖k(t,a) ≤
Ce−3(T−t);
2) f çàäîâîëüíÿ¹ ëîêàëüíó óìîâó Ãåëüäåðà
çà çìiííîþ x ç ïîêàçíèêîì λ ∈ (0, 1]:
∀R > 0 ∃C > 0 ∀{x, ξ} ⊂ (0, R] ∀t ∈ (t0, T ]
|f(t, x)− f(t, ξ)| ≤ Ce−3(T−t)|x− ξ|λ;

3) ∃C > 0 ∀t ∈ (t0, T ] : |g(t)| ≤ Ce−i(T−t);
4) ∃C > 0 : ‖ϕ‖k(t0,a) ≤ Ce−(T−t0).

Òîäi ôîðìóëîþ
u(t, x) =

t∫
t0

dτ
∞∫
0

G0i(t, x; τ, ξ)f(τ, ξ)dξ+

+
t∫

t0

G1i(t, x; τ)g(τ)dτ+

+
∞∫
0

G0i(t, x; t0, ξ)ϕ(ξ)dξ, (t, x) ∈ Π(t0,T ], (33),

âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çà-
äà÷i (1)�(3) â Π(t0,T ], ÿêèé çàäîâîëüíÿ¹ óìî-
âó:
∃C > 0 ∀t ∈ (t0, T ] : ‖u(t, ·)‖k(t,a) ≤ C×
×(

t∫
t0

‖f(τ, ·)‖k(τ,a)et−τdτ + ‖ϕ‖k(t0,a)eT−t0). (34)

Ùîá äîâåñòè, ùî ôóíêöiÿ u, ÿêà âèçíà-
÷à¹òüñÿ ôîðìóëîþ (33) ¹ ðîçâ'ÿçêîì êðà-
éîâî¨ çàäà÷i Äiðiõëå (1)�(3), òðåáà äîâåñòè,
ùî ôóíêöiÿ u çàäîâîëüíÿ¹ öi çàäà÷i, òîá-
òî äîñèòü ïîêàçàòè ìîæëèâiñòü äèôåðåíöi-
þâàííÿ iíòåãðàëiâ ç (33). Öå âèïëèâà¹ ç âëà-
ñòèâîñòåé îá'¹ìíèõ ïîòåíöiàëiâ òà iíòåãðàëiâ
Ïóàññîíà ïîðîäæåíèõ îäíîðiäíîþ ôóíêöi¹þ
Ãðiíà òà (23), (24). Îöiíêà (34) âèïëèâà¹ ç
(25) òà (32). Òåîðåìè ïðî êîðåêòíó ðîçâ'ÿ-

çíiñòü êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ, ùî çâî-
äèòüñÿ äî ðiâíÿííÿ Êîëìîãîðîâà îäåðæóþ-
òüñÿ ç òåîðåìè 2 íà ïiäñòàâi çàìiíè (4).

Òåîðåìà 3. Íåõàé äëÿ ôóíêöié f1 ,
g1 òà ϕ1 âèêîíóþòüñÿ óìîâè: 1) ∃C >
0 ∀t ∈ (t0, T ] : ‖f1(t, ·)‖k(t,a),B ≤ Ce−3(T−t);
2) f1 çàäîâîëüíÿ¹ ëîêàëüíó óìîâó Ãåëüäå-
ðà çà çìiííîþ x ç ïîêàçíèêîì λ ∈ (0, 1]:
∀R > 0 ∃C > 0 ∀{x, ξ} ⊂ (0, R] ∀t ∈ (t0, T ]
|f1(t, x) − f1(t, ξ)| ≤ Ce−3(T−t)|x − ξ|λ; 3)
∃C > 0 ∀t ∈ (t0, T ] : |g1(t)| ≤ Ce−i(T−t); 4)
∃ > 0 : ‖ϕ1‖k(t0,a),B ≤ Ce−(T−t0). Òîäi ôîðìó-
ëîþ v(t, x) =

t∫
t0

dτ
∞∫
0

G1
0i(t, x; τ, ξ) f1(τ, ξ)dξ +

t∫
t0

G1
1i(t, x; τ)g1(τ)dτ +

∞∫
0

G1
0i(t, x; t0, ξ)ϕ1(ξ)dξ,

(t, x) ∈ Π(t0,T ], âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿ-
çîê çàäà÷i (5)�(7) â Π(t0,T ], ÿêèé çàäî-
âîëüíÿ¹ óìîâó: ∃C > 0 ∀t ∈ (t0, T ] :

‖v(t, ·)‖k(t,a),B ≤ C(
t∫

t0

‖f1(τ, ·)‖k(τ,a),Bet−τdτ +

‖ϕ1‖k(t0,a),BeT−t0).
Òóò G1

0i(t, x; ·, ·) òà G1
1i(t, x; ·), � âiäïîâiäíî

îäíîðiäíà ôóíêöiÿ Ãðiíà òà ÿäðî Ïóàññîíà
çàäà÷i (5), (6i), (7), i ∈ {1, 2}. Äîâåäåííÿ äà-
íî¨ òåîðåìè çäiéñíþ¹òüñÿ àíàëîãi÷íî äîâå-
äåííþ òåîðåìè 2. îñêiëüêè îäíîðiäíà ôóí-
êöiÿ Ãðiíà òà ÿäðà Ïóàññîíà çàäà÷ (5)�(7)
âèðàæàþòüñÿ ôîðìóëàìè (11).
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