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Âñòàíîâëåíî îöiíêè çíèçó äëÿ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà iíòåãðàëüíî¨ çàäà÷i äëÿ

ëiíiéíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè êîåôiöi¹íòàìè.

The theorems of the estimations of characteristic determinant of the integral problem for
linear partial di�erential equations with constant coe�cients are proved.

Âñòóï
Íåõàé QT

p = (0, T ) × Ωp, äå T > 0, Ωp−
òîð (R/2πZ)p, x = (x1, . . . , xp) ∈ Ωp, Dx =
(−i∂x1 , . . . ,−i∂xp), k = (k1, . . . , kp) ∈ Zp,
|k| = |k1|+ . . .+ |kp|; (k, x) = k1x1 + . . .+kpxp;
W γ

α,β(α, β ∈ R, γ > 0) � ïðîñòið, îòðèìà-
íèé â ðåçóëüòàòi ïîïîâíåííÿ ïðîñòîðó ñêií-
÷åííèõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ϕ(x) =∑

ϕk exp(ik, x) çà íîðìîþ

‖ϕ(x); W γ
α,β‖ =

( ∑

|k|≥0

|ϕk|2w2
k(α, β, γ)

)1/2

,

wk(α, β, γ) = (1 + |k|)α exp(β|k|γ), k ∈ Zp.

Ðîçãëÿíåìî òàêó çàäà÷ó ç iíòåãðàëüíèìè
óìîâàìè:

L (∂t, Dx) u(t, x) ≡ ∂n
t u(t, x)+

+
n−1∑
j=0

Aj(Dx)∂
j
t u(t, x) = 0, (t, x) ∈ QT

p ,
(1)

Ij[u(t, x)] ≡
∫ t1

0

tj−1u(t, x)dt = ϕj(x),

j = 1, n, x ∈ Ωp, 0 < t1 ≤ T,
(2)

äå Aj(ξ), j = 0, n− 1, � ìíîãî÷ëåíè ç êîì-
ïëåêñíèìè êîåôiöi¹íòàìè ñòåïåíiâ Nj, Nj ∈
N, âiäïîâiäíî (ξ ∈ Rp).

×åðåç f1(t, k), . . . , fn(t, k), k ∈ Zp, ïî-
çíà÷èìî ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿç-
êiâ ðiâíÿííÿ L(d/dt, k)y(t) = 0 òàêó, ùî
f

(j−1)
q (0, k) = δjq, j, q = 1, n, äå δjq− ñèìâîë
Êðîíåêåðà. Ïðè äîñëiäæåííi ðîçâ'ÿçíîñòi

çàäà÷i (1), (2) ó ïðîñòîðàõ 2π-ïåðiîäè÷íèõ çà
çìiííèìè x1, . . . , xp ôóíêöié âèíèêàþòü òàêi
âèçíà÷íèêè:

∆(k, t1) = det

∥∥∥∥
∫ t1

0

tj−1fq(t, k)dt

∥∥∥∥
n

j,q=1

, (3)

äå k ∈ Zp. ßêùî ∆(k, t1) 6= 0 äëÿ âñiõ k ∈ Zp,
òî çàäà÷à (1), (2) ìà¹ ¹äèíèé ôîðìàëüíèé
ðîçâ'ÿçîê, ÿêèé çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
∑

|k|≥0

exp(ik, x)×

×
n∑

j,q=1

∆jq(k, t1)

∆(k, t1)
fq(t, k)ϕjk,

(4)

äå ϕjk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöié
ϕj(x), j = 1, n, ∆jq(k, t1), j, q = 1, n, � àëãåá-
ðè÷íå äîïîâíåííÿ åëåìåíòà

∫ t1
0

tj−1fq(t, k)dt
ó âèçíà÷íèêó ∆(k, t1).

Îçíà÷åííÿ 1. Âåðõíþ ìåæó iíòåãðó-
âàííÿ t1 â óìîâàõ (2) íàçèâà¹ìî (ω, δ, γ)−
íîðìàëüíîþ ìåæåþ äëÿ ðiâíÿííÿ (1) (ω, δ ∈
R, γ > 0), ÿêùî iñíó¹ ñòàëà C > 0 òàêà, ùî
äëÿ âñiõ k ∈ Zp âèêîíó¹òüñÿ íåðiâíiñòü

|∆(k, t1)| > C(1 + |k|)−ω exp(−δ|k|γ). (5)

ßêùî òî÷êà t1 ¹ (ω, δ, γ)−íîðìàëüíîþ ìå-
æåþ äëÿ ðiâíÿííÿ (1), òî íà îñíîâi âiäî-
ìèõ îöiíîê [10, ñ. 162] äëÿ ôóíäàìåíòàëüíèõ
ñèñòåì f1(t, k), . . . , fn(t, k), k ∈ Zp, òà îöi-
íîê äëÿ êîåôiöi¹íòiâ Ôóð'¹ ôóíêöié ϕj(x),
j = 1, n, ìîæíà âñòàíîâèòè çáiæíiñòü ðÿäó
(4) ó øêàëi ïðîñòîðiâ Cn([0, T ]; W γ

α,β). Òîìó
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âàæëèâèì ¹ äîñëiäæåííÿ ïèòàííÿ ïðî ìî-
æëèâiñòü âèêîíàííÿ íåðiâíîñòi (5) � öå i ¹
ìåòîþ äàíî¨ ðîáîòè.

Ñòðóêòóðà ðîáîòè ¹ òàêîþ. Ó �1 íàâåäå-
íî ðiâíÿííÿ (ïðèêëàäè 1.1, 1.2, 1.3, òåîðå-
ìà 1.1), äëÿ ÿêèõ êîæíà òî÷êà t1 ∈ (0, T ]
¹ (ω, δ, γ)−íîðìàëüíîþ ìåæåþ iíòåãðóâàííÿ
â óìîâàõ (2) äëÿ íàëåæíî âèáðàíèõ ÷èñåë
ω, δ, γ. Ïðèêëàä 1.4 ç �1 ïîêàçó¹, ùî iñíó-
þòü òî÷êè t1 ∈ (0, T ], ÿêi íå ìîæóòü áóòè
(ω, δ, γ)−íîðìàëüíèìè ìåæàìè äëÿ ðiâíÿí-
íÿ êîëèâàííÿ ñòðóíè ïðè æîäíèõ çíà÷åííÿõ
ω, δ ∈ R, γ > 0. ßâèùå, îïèñàíå ó ïðèêëàäi
1.4, âiäîáðàæà¹, ñêîðiøå, âèíÿòêîâó âëàñòè-
âiñòü iíòåãðàëüíî¨ çàäà÷i, à íå çàãàëüíó, áî ó
�4 ðîáîòè äîâåäåíî çàãàëüíèé ðåçóëüòàò ïðî
òå, ùî äëÿ êîæíîãî ðiâíÿííÿ (1) iñíóþòü òà-
êi çíà÷åííÿ ω0, δ0, γ0, ùî ìíîæèíà òèõ ÷èñåë
t1 ∈ (0, T ], ÿêi íå ¹ (ω, δ, γ)−íîðìàëüíèìè
äëÿ ðiâíÿííÿ (1), ìà¹ íóëüîâó ìiðó Ãàóñäîð-
ôà äëÿ âñiõ ω > ω0, δ ≥ δ0, γ ≥ γ0 òà íóëüî-
âó ðîçìiðíiñòü Ãàóñäîðôà äëÿ âñiõ ω ∈ R,
δ > δ0, γ ≥ γ0 àáî æ äëÿ âñiõ ω ∈ R, δ > 0,
γ > γ0.

Äîâåäåííÿ ðåçóëüòàòiâ �4 ñïèðà¹òüñÿ íà
òâåðäæåííÿ äîïîìiæíèõ �2 i �3.

Ó �2 âñòàíîâëåíî òâåðäæåííÿ ïðî îöií-
êè êiëüêîñòi òà äîâæèí ïðîìiæêiâ ïîêðèòòÿ
òàê çâàíèõ âèíÿòêîâèõ ìíîæèí êâàçiìíîãî-
÷ëåíà, âñi çíà÷åííÿ ïîõiäíèõ ÿêîãî â çàäà-
íié ïî÷àòêîâié òî÷öi (äî äåÿêîãî ñêií÷åííî-
ãî ïîðÿäêó) íå ïåðåòâîðþþòüñÿ â íóëü îäíî-
÷àñíî. Ðîçãëÿíóòî âèïàäêè äiéñíîçíà÷íèõ
òà êîìïëåêñíîçíà÷íèõ êâàçiìíîãî÷ëåíiâ.

Ó �3 ïîêàçàíî, ùî äëÿ êîæíîãî k ∈ Zp âè-
çíà÷íèê ∆(k, t1) ¹ êâàçiìíîãî÷ëåíîì çà çìií-
íîþ t1, âñi ïîõiäíi ÿêîãî äî ïîðÿäêó (n2− 1)
âêëþ÷íî ïåðåòâîðþþòüñÿ â íóëü ïðè t1 = 0,
à ïîõiäíà ïîðÿäêó n2 ïðè t1 = 0 ¹ íåíóëüî-
âîþ ñòàëîþ, ùî íå çàëåæèòü âiä k. Âñòàíîâ-
ëåíî îöiíêè çíèçó äëÿ äiéñíèõ ÷àñòèí ïîêà-
çíèêiâ åêñïîíåíò, ÿêi âõîäÿòü äî âèçíà÷íèêà
∆(k, t1), à òàêîæ îöiíêè çâåðõó äëÿ ïîðÿäêó
êâàçiìíîãî÷ëåíà ∆(k, t1), k ∈ Zp.

Íàðåøòi, ó �5 îáãîâîðåíî ìîæëèâi óçà-
ãàëüíåííÿ îòðèìàíèõ ðåçóëüòàòiâ.

Çàóâàæèìî, ùî ðàíiøå Ï.I.Øòàáàëþê
[12], [13, �2.3] (äèâ. òàêîæ � 7.4 ó [5]), äîñëi-

äæóþ÷è iíòåãðàëüíó çàäà÷ó (2) äëÿ ñòðîãî
ãiïåðáîëi÷íèõ çà Ïåòðîâñüêèì ðiâíÿíü âè-
ãëÿäó

n∑
j=0

∑

|s|=j

aj,s
∂nu(t, x)

∂tn−j∂xs1
1 . . . ∂x

sp
p

= 0, (6)

äå a0,0 = 1, aj,s ∈ R, |s| = j, j = 1, n, âñòàíî-
âèâ, ùî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáå-
ãà) âåêòîðiâ ~A = colon(aj,s : |s| = j, j = 1, n),
ñêëàäåíèõ ç êîåôiöi¹íòiâ ðiâíÿííÿ (6), i äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà íà ïðÿìié)
òî÷îê t1 ∈ (0, T ] âèêîíó¹òüñÿ îöiíêà

|∆̃(k, ~A, t1)| ≥ c(1 + |k|)−ω−ε, ε > 0, k ∈ Zp,

äå ∆̃(k, ~A, t1) = det
∥∥∥
∫ t1

0
tj−1eµq(k)tdt

∥∥∥
n

j,q=1
,

µq(k), q = 1, n, � ïðîñòi êîðåíi ìíîãî÷ëåíà
n∑

j=0

∑

|s|=j

aj,sµ
n−j(ik1)

s1 . . . (ikp)
sp , k ∈ Zp,

à ÷èñëîâå çíà÷åííÿ äëÿ ñòàëî¨ ω ìîæíà çíà-
éòè â òåîðåìi 13 íà ñ. 85 ó [5] (öå çíà÷åííÿ, ç
îãëÿäó íà ãðîìiçäêiñòü ôîðìóëè äëÿ íüîãî,
òóò íå íàâîäèìî).

Ïîðiâíÿíî ç [12], [13, �2.3] (äèâ. òàêîæ
�7.4 ó [5]) äàíà ðîáîòà ìiñòèòü âèêëàä íî-
âî¨ ìåòîäèêè äîâåäåííÿ ìåòðè÷íèõ îöiíîê
çíèçó õàðàêòåðèñòè÷íèõ âèçíà÷íèêiâ iíòå-
ãðàëüíî¨ çàäà÷i (1), (2), à òàêîæ íîâi ðåçóëü-
òàòè, ÿêi ñòîñóþòüñÿ ìiðè òà ðîçìiðíîñòi Ãà-
óñäîðôà ìíîæèíè íîðìàëüíèõ ìåæ çàäà÷i.

Äàíà ðîáîòà óçàãàëüíþ¹ äîñëiäæåííÿ
ñòàòòi [2], ó ÿêié âñòàíîâëåíî, ùî ìíîæèíà
÷èñåë t1 ∈ (0, T ], (ω, δ, γ)−íîðìàëüíèõ äëÿ
ðiâíÿííÿ (1) äðóãîãî ïîðÿäêó çà çìiííîþ t
(n = 2), ¹ ìíîæèíîþ ïîâíî¨ Ëåáåãà íà ïðÿ-
ìié, ÿêùî ω > 5(p + 2γ0), δ ≥ 2ΛT , γ ≥ γ0

(çíà÷åííÿ äëÿ γ0, Λ âêàçàíi ó �3 ðîáîòè).
Îñíîâíi ðåçóëüòàòè ðîáîòè äîïîâiäàëèñü

íà Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨, ïðè-
ñâÿ÷åíié 125-ié ði÷íèöi âiä äíÿ íàðîäæåííÿ
Ãàíñà Ãàíà [3].

�1. Ïðèêëàäè
Íàâåäåìî ïðèêëàäè iíòåãðàëüíèõ çàäà÷ òà
ïðèêëàäè íîðìàëüíèõ ìåæ äëÿ íèõ.
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Ïðèêëàä 1.1. Äëÿ çàäà÷i
(
∂t − a2∂2

x

)2
u(t, x) = 0, a > 0, (t, x) ∈ QT

1 ,

Ij[u(t, x)] = ϕj(x), j = 1, 2, x ∈ Ω1,

âèçíà÷íèê ∆(k, t1), k ∈ Z, îá÷èñëþ¹òüñÿ çà
ôîðìóëàìè:

∆(0, t1) =
t41
12

, ∆(k, t1) =
4 exp(−a2k2t1)

(ak)8
×

×
(

sh2

(
a2k2t1

2

)
−

(
a2k2t1

2

)2
)

, k 6= 0.

Îñêiëüêè äëÿ äîñèòü âåëèêèõ |k| âèêîíóþ-
òüñÿ íåðiâíîñòi

sh2

(
a2k2t1

2

)
−

(
a2k2t1

2

)2

≥ 1

2
sh2

(
a2k2t1

2

)
,

exp(−a2k2t1) sh2

(
a2k2t1

2

)
≥ 1

8
, t1 > 0,

òî ∆(k, t1) ≥ 1

4(ak)8
(t1 > 0) äëÿ äîñèòü âå-

ëèêèõ |k|. Âðàõîâóþ÷è, ùî ∆(k, t1) 6= 0 äëÿ
âñiõ k ∈ Z, t1 > 0, ç ïîïåðåäíüî¨ íåðiâíîñòi
îäåðæèìî, ùî äëÿ äîâiëüíîãî γ > 0 áóäü-ÿêà
òî÷êà t1 > 0 ¹ (8, 0, γ)−íîðìàëüíîþ ìåæåþ
äëÿ äàíîãî ðiâíÿííÿ.

Ïðèêëàä 1.2. Ðîçãëÿíåìî çàäà÷ó
(
∂t + a2∂2

x

)2
u(t, x) = 0, a > 0, (t, x) ∈ QT

1 ,

Ij[u(t, x)] = ϕj(x), j = 1, 2, x ∈ Ω1.

Äëÿ öi¹¨ çàäà÷i

∆(0, t1) =
t41
12

, ∆(k, t1) =
4 exp(a2k2t1)

(ak)8
×

×
(

sh2

(
a2k2t1

2

)
−

(
a2k2t1

2

)2
)

, k 6= 0.

Î÷åâèäíî, ùî äëÿ âñiõ t1 > 0 òà äîñèòü âå-
ëèêèõ |k| âèêîíó¹òüñÿ íåðiâíiñòü

exp(a2k2t1) sh2

(
a2k2t1

2

)
≥ 1

8
exp(2a2k2t1).

Âðàõîâóþ÷è, ùî ∆(k, t1) > 0, k ∈ Z, ÿêùî
t1 > 0, çâiäñè äiñòàíåìî, ùî
∆(k, t1) ≥ C1(1 + |k|)−8 exp(2a2k2t1), k ∈ Z,

äå C1 = C1(a, t1). Îòæå, êîæíà òî÷êà t1 > 0
¹ (8,−2a2t1, 2)−íîðìàëüíîþ ìåæåþ äëÿ äà-
íîãî ðiâíÿííÿ.

Ïðèêëàä 1.3. Ëåãêî ïåðåâiðèòè, ùî äëÿ
çàäà÷i

(
∂2

t + a2∂2
x

)
u(t, x) = 0, a > 0, (t, x) ∈ QT

1 ,

Ij[u(t, x)] = ϕj(x), j = 1, 2, x ∈ Ω1,

âèçíà÷íèê ∆(k, t1), k ∈ Z, îá÷èñëþ¹òüñÿ çà
ôîðìóëàìè

∆(0, t1) =
t41
12

, ∆(k, t1) =
2 sh(akt1/2)

(ak)4
×

× ((akt1) ch(akt1/2)− 2 sh(akt1/2)) , k 6= 0.

Îñêiëüêè äëÿ âñiõ t1 > 0 òà äîñèòü âåëèêèõ
|k| âèêîíó¹òüñÿ íåðiâíiñòü

|∆(k, t1)| ≥ exp(a|k|t1)
8a3|k|3 ,

òî, âðàõîâóþ÷è, ùî ∆(k, t1) 6= 0, k ∈ Z, ÿêùî
t1 > 0, çâiäñè äiñòàíåìî, ùî êîæíà òî÷êà
t1 > 0 ¹ (3,−at1, 1)−íîðìàëüíîþ ìåæåþ äëÿ
äàíîãî ðiâíÿííÿ.

Çàãàëüíiøi ïðèêëàäè ðiâíÿíü, äëÿ ÿêèõ
êîæíà òî÷êà t1 > 0 ¹ íîðìàëüíîþ ìåæåþ,
äà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1.1. Íåõàé îïåðàòîð L(∂t, Dx)
ó ðiâíÿííi (1) ìà¹ âèãëÿä

L (∂t, Dx) =
n∏

j=1

(∂t − µjB(Dx)) , (7)

äå µj ∈ R, j = 1, n, µj 6= µq, j 6= q, à äèôå-
ðåíöiàëüíèé îïåðàòîð B(Dx) ¹ òàêèì, ùî
äëÿ âñiõ k ∈ Zp âèêîíóþòüñÿ óìîâè

B(k) ∈ R, B(k) ≥ b1|k|γ1 , b1 > 0.

ßêùî µj < 0 äëÿ âñiõ j = 1, n, òî êîæíà
òî÷êà t1 > 0 ¹ (γ1n

2, 0, γ1)−íîðìàëüíîþ ìå-
æåþ äëÿ ðiâíÿííÿ (1). ßêùî æ µj > 0
äëÿ âñiõ j = 1, n, òî êîæíà òî÷êà t1 > 0
¹ (γ1n(n + 1)/2,−b1µt1, γ1)−íîðìàëüíîþ ìå-
æåþ äëÿ ðiâíÿííÿ (1), µ = µ1 + . . . + µn.

Äëÿ äîâåäåííÿ òåîðåìè 1.1 âñòàíîâèìî
ñïî÷àòêó äîïîìiæíi òâåðäæåííÿ.
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Ëåìà 1.1. ßêùî äëÿ êîæíîãî k ∈ Zp

λ−êîðåíi ðiâíÿííÿ L(λ, k) = 0 ¹ äiéñíèìè,
òî äëÿ äîâiëüíîãî t1 > 0 âèçíà÷íèê ∆(k, t1)
¹ âiäìiííèì âiä íóëÿ.

Äîâåäåííÿ. Çðîçóìiëî, ùî óìîâà âiä-
ìiííîñòi âiä íóëÿ âèçíà÷íèêà ∆(k, t1) ðiâíî-
ñèëüíà òîìó, ùî iíòåãðàëüíà çàäà÷à

L(d/dt, k)y(t) = 0, (8)
∫ t1

0

tj−1y(t)dt = 0, j = 1, n, (9)

ìà¹ â Cn[0, T ] òiëüêè íóëüîâèé ðîçâ'ÿçîê.
Ïðèïóñòèìî, ùî çàäà÷à (8), (9) ìà¹ íå-

òðèâiàëüíèé ðîçâ'ÿçîê f(t) ∈ Cn[0, T ].
Îñêiëüêè ôóíêöiÿ f(t) ¹ íåíóëüîâèì ðîç-

â'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (8), êî-
ðåíi õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà ¹ äiéñ-
íèìè, òî çà òåîðåìîþ Ïîéÿ [9, ñ. 87] f(t) ìî-
æå ìàòè íà [0, T ] íå áiëüøå, íiæ (n−1) íóëiâ.
Îñêiëüêè ôóíêöiÿ f(t) 6≡ 0 ñïðàâäæó¹ óìî-
âè (9), òî, çãiäíî iç çàäà÷åþ 140 íà ñ. 90 ó [4,
×. 1], f(t) ìà¹ íà [0, t1], à, îòæå, i íà [0, T ],
íå ìåíøå, íiæ n íóëiâ.

Îòðèìàíà ñóïåðå÷íiñòü îçíà÷à¹ iñòèí-
íiñòü òâåðäæåííÿ ëåìè 1.1.

Ëåìà 1.2. Äëÿ äîâiëüíèõ λ ∈ C òà äî-
âiëüíèõ m ∈ N ∪ {0} ñïðàâåäëèâà ðiâíiñòü

∫ t1

0

tmeλtdt = eλt1Pm(λ, t1)− Pm(λ, 0),

äå Pm(λ, t1)−ìíîãî÷ëåíè çìiííî¨ t1 âèãëÿäó

Pm(λ, t1) =





m∑
j=0

ajmtm−j
1

λj+1
, λ 6= 0,

tm+1
1

m + 1
, λ = 0,

ajm = (−1)jm(m−1)·. . .·(m−j+1), j = 0,m.
Äîâåäåííÿ ëåìè 1.2 ¹ åëåìåíòàðíèì i

ïðîâîäèòüñÿ iíòåãðóâàííÿì ÷àñòèíàìè.
Äîâåäåííÿ òåîðåìè 1.1. Íåõàé

hq(t, k) =

{
tq−1/(q − 1)!, k = ~0, q = 1, n,

exp(µqB(k)t), k 6= ~0, q = 1, n.

Ëåãêî ïåðåâiðèòè, ùî âèçíà÷íèêè ∆(k, t1),
∆1(k, t1) = det ‖ ∫ t1

0
tj−1hq(t, k)dt‖n

j,q=1 âiäðiç-
íÿþòüñÿ ñòàëèì ìíîæíèêîì, ÿêèé äîðiâíþ¹

çíà÷åííþ â íóëi âðîíñêiàíà ôóíäàìåíòàëü-
íî¨ ñèñòåìè h1(t, k), . . . , hn(t, k). Òîìó

∆(0, t1) = ∆1(0, t1),

∆(k, t1) =
∆1(k, t1)∏

n≥j>q≥1

(µj − µq)B(k)
, (10)

äå k 6= ~0. Çàñòîñîâóþ÷è ëåìó 1.2 äëÿ îá-
÷èñëåííÿ åëåìåíòiâ âèçíà÷íèêà ∆1(k, t1), äi-
ñòàíåìî, ùî äëÿ k 6= ~0

∆1(k, t1) = det ‖ exp(µqB(k)t1)×
×Pj−1(µqB(k), t1)− Pj−1(µqB(k), 0)‖n

j,q=1.

Ç îòðèìàíî¨ ôîðìóëè i óìîâ òåîðåìè 1.1 âè-
ïëèâà¹, ùî äëÿ äîñèòü âåëèêèõ |k| ïðàâèëü-
íèìè ¹ íåðiâíîñòi

|∆1(k, t1)| ≥ 1

2

∣∣det ‖Pj−1(µqB(k), 0)‖n
j,q=1

∣∣ ≥

≥ C2B
−n(n+1)/2(k) ≥ C2b1|k|−γ1n(n+1)/2, (11)

ÿêùî µj < 0 äëÿ âñiõ j = 1, n, òà íåðiâíîñòi

|∆1(k, t1)| ≥ 1

2

∣∣ det ‖ exp(µqB(k)t1)×

×Pj−1(µqB(k), t1)‖n
j,q=1

∣∣ =
1

2
exp(µB(k)t1)×

×∣∣ det ‖Pj−1(µqB(k), t1)‖n
j,q=1

∣∣ ≥
≥ C3B

−n(k) exp(µB(k)t1) ≥
≥ C3b1|k|−γ1n exp(µb1t1|k|γ1), (12)

ÿêùî µj > 0 äëÿ âñiõ j = 1, n. Îñêiëüêè ÷è-
ñëà µj, j = 1, n, òà ÷èñëà B(k), k ∈ Zp, ¹ äié-
ñíèìè, òî çà ëåìîþ 1.1 âèçíà÷íèê ∆(k, t1)
¹ âiäìiííèì âiä íóëÿ. Òîìó ç îòðèìàíèõ
îöiíîê (11), (12) òà ôîðìóëè (10) äiñòà¹ìî
òâåðäæåííÿ òåîðåìè 1.1.

Ó íàñòóïíîìó ïðèêëàäi íàâåäåìî çàäà÷ó,
âåðõíÿ ìåæà iíòåãðóâàííÿ ÿêî¨ íå ìîæå áóòè
(ω, δ, γ)−íîðìàëüíîþ, ÿêèìè á íå áóëè ÷è-
ñëà ω, δ ∈ R, γ > 0.

Ïðèêëàä 1.4. Äëÿ çàäà÷i
(
∂2

t − a2∂2
x

)
u(t, x) = 0, a > 0, (t, x) ∈ QT

1 ,

Ij[u(t, x)] = ϕj(x), j = 1, 2, x ∈ Ω1,
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âèçíà÷íèê ∆(k, t1), k ∈ Z, îá÷èñëþ¹òüñÿ çà
ôîðìóëàìè:

∆(0, t1) =
t41
12

, ∆(k, t1) =
2 sin(akt1/2)

(ak)4
×

× (2 sin(akt1/2)− (akt1) cos(akt1/2)) , (13)

äå k 6= 0. Çðîçóìiëî, ùî áóäü-ÿêà òî÷-
êà t1 = 2πl

aq
, äå l, q ∈ N, íå ìîæå áóòè

(ω, δ, γ)−íîðìàëüíîþ ìåæåþ äëÿ ðîçãëÿäó-
âàíîãî ðiâíÿííÿ êîëèâàííÿ ñòðóíè ïðè æîä-
íèõ çíà÷åííÿõ ω, δ ∈ R i γ > 0, áî äëÿ òàêèõ
òî÷îê t1 âèçíà÷íèê ∆(k, t1), k ∈ Z\{0}, äî-
ðiâíþ¹ íóëþ, ÿêùî |k| ¹ êðàòíèì ÷èñëà q.

Iñíóþòü òî÷êè t1 6∈ 2π
a
Q, ÿêi íå ìî-

æóòü áóòè (ω, δ, γ)−íîðìàëüíèìè ìåæàìè
ïðè æîäíèõ çíà÷åííÿõ ω, δ ∈ R òà γ > 0.
Íàâåäåìî íåîáõiäíi ïîÿñíåííÿ. Çà òåîðåìîþ
Õií÷èíà (äèâ. ñ. 48 ó [11]) äëÿ äîâiëüíèõ
ω, δ ∈ R òà γ > 0 iñíó¹ òàêå ÷èñëî θ ∈
(0, aT/2], θ/π 6∈ Q, ùî íåðiâíiñòü

|kθ −mπ| < (ak)4(1 + |k|)−ω exp(−δ|k|γ)
4(aT |k|+ 1)

ìà¹ íåñêií÷åííó ìíîæèíó ðîçâ'ÿçêiâ ó öiëèõ
÷èñëàõ k,m (k 6= 0). Îñêiëüêè ïðè ôiêñîâà-
íîìó k íåðiâíiñòü

|kθ −mπ| < (ak)4(1 + |k|)−ω exp(−δ|k|γ)
4(aT |k|+ 1)

ìîæå ìàòè ëèøå ñêií÷åííó êiëüêiñòü
ðîçâ'ÿçêiâ ó öiëèõ m, òî ç òîãî, ùî
| sin(kθ)| = | sin(kθ − mπ)| ≤ |kθ − mπ|,
äå m−öiëå ÷èñëî, âèïëèâà¹, ùî íåðiâíiñòü

| sin(kθ)| < (ak)4(1 + |k|)−ω exp(−δ|k|γ)
4(aT |k|+ 1)

ìà¹ áåçìåæíó êiëüêiñòü ðîçâ'ÿçêiâ ó öiëèõ
÷èñëàõ k. Âèáèðàþ÷è òî÷êó t1 > 0 òàê, ùî
t1 = 2θ/a, ç ôîðìóëè (13) îòðèìà¹ìî, ùî
íåðiâíiñòü |∆(k, t1)| < (1 + |k|)−ω exp(−δ|k|γ)
ìîæå âèêîíóâàòèñÿ äëÿ íåñêií÷åííî¨ ìíî-
æèíè K1 öiëèõ ÷èñåë k. Çàóâàæèìî, ùî ç
ôîðìóëè (13) âèïëèâà¹, ùî äëÿ âèáðàíîãî
òàêèì ÷èíîì çíà÷åííÿ t1 êiëüêiñòü öiëèõ ÷è-
ñåë k ∈ K1, äëÿ ÿêèõ âèçíà÷íèê ∆(k, t1) ïå-
ðåòâîðþ¹òüñÿ â íóëü, ìîæå áóòè íå áiëüø
íiæ ñêií÷åííîþ.

�2. Îöiíêà êiëüêîñòi òà äîâæèí ïðî-
ìiæêiâ ïîêðèòòÿ âèíÿòêîâèõ ìíîæèí
ãëàäêèõ ôóíêöié
Äëÿ çàäàíî¨ íà âiäðiçêó [a, b] ôóíêöi¨ f(t)
÷åðåç E(f, ε, [a, b]) ïîçíà÷àòèìåìî ìíîæèíó
{t ∈ [a, b] : |f(t)| ≤ ε}, ε > 0. Ìíîæèíó
E(f, ε, [a, b]) íàçèâàòèìåìî ½ε−âèíÿòêîâîþ�
äëÿ ôóíêöi¨ f(t) íà âiäðiçêó [a, b]. Ïðîìiæ-
êîì íàçèâà¹ìî ìíîæèíó îäíîãî ç òàêèõ âè-
ãëÿäiâ: [α, β], [α, β), (α, β], (α, β), äå α < β;
ñèìâîëîì mesA ïîçíà÷à¹ìî ìiðó Ëåáåãà â R
âèìiðíî¨ ìíîæèíè A ⊂ R.

Íàñòóïíà ëåìà îïèñó¹ ïîêðèòòÿ òà îöií-
êó äîâæèí ïðîìiæêiâ ïîêðèòòÿ ½ε−âèíÿòêî-
âî¨� ìíîæèíè E(f, ε, [a, b]) äëÿ ãëàäêî¨ äié-
ñíîçíà÷íî¨ ôóíêöi¨ f(t), äåÿêà ïîõiäíà ÿêî¨
íå ïåðåòâîðþ¹òüñÿ â íóëü íà âiäðiçêó [a, b].

Ëåìà 2.1. Íåõàé f : [a, b] → R � òà-
êà äiéñíîçíà÷íà ôóíêöiÿ, ùî f ∈ Cn[0, T ] i
äëÿ âñiõ t ∈ [a, b] âèêîíó¹òüñÿ íåðiâíiñòü
|f (n)(t)| > δ, δ > 0. Òîäi äëÿ äîâiëüíîãî ε > 0
ìíîæèíó E(f, ε, [a, b]) ìîæíà ïîêðèòè íå
áiëüø íiæ (2n − 1) ïðîìiæêàìè, äîâæèíà
êîæíîãî ç ÿêèõ íå ïåðåâèùó¹

(
2ε/δ

)1/n.
Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ìàòå-

ìàòè÷íî¨ iíäóêöi¨ çà n. ßêùî |f ′(t)| > δ > 0
äëÿ âñiõ t ∈ [a, b], òî ôóíêöiÿ f(t) ñòðîãî ìî-
íîòîííà íà [a, b]. Òîìó ìíîæèíà E(f, ε, [a, b])
àáî ïîðîæíÿ, àáî ¹ òî÷êîþ, àáî ¹ âiäðiç-
êîì [α, β], a ≤ α < β ≤ b. Ó ïåðøèõ
äâîõ âèïàäêàõ òâåðäæåííÿ ëåìè 2.1 ¹ î÷å-
âèäíèì. Â îñòàííüîìó âèïàäêó çà òåîðåìîþ
Ëàãðàíæà çíàéäåòüñÿ òàêà òî÷êà ξ ∈ (α, β),
ùî f(β) − f(α) = f ′(ξ)(β − α). Îñêiëüêè
α, β ∈ E(f, ε, [a, b]), òî |f(α)| ≤ ε, |f(β)| ≤ ε,
i, îòæå,

|β − α| = |f(β)− f(α)|
|f ′(ξ)| ≤ 2ε

δ
.

Áàçà iíäóêöi¨ äîâåäåíà.
Ïðèïóñòèìî, ùî ëåìà 2.1 âñòàíîâëåíà

äëÿ çàäàíîãî íàòóðàëüíîãî n ≥ 2 i äîâiëüíî¨
äiéñíîçíà÷íî¨ ôóíêöi¨ f(t) ∈ Cn[a, b] (çàäà-
íî¨ íà äîâiëüíîìó âiäðiçêó [a, b]) òàêî¨, ùî
|f (n)(t)| > δ > 0 äëÿ âñiõ t ∈ [a, b].

Ðîçãëÿíåìî òàêó äiéñíîçíà÷íó ôóíêöiþ
g(t) ∈ Cn+1[a, b], ùî |g(n+1)(t)| > δ > 0 äëÿ
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âñiõ t ∈ [a, b]. Ìíîæèíó E(g, ε, [a, b]) ïîêðè¹-
ìî äâîìà ìíîæèíàìè:

E(g, ε, [a, b]) ⊂ {t ∈ [a, b] : |g(t)| ≤ η}∪

∪{t ∈ [a, b] : |g(t)| ≤ ε, |g(n)(t)| > η}, (14)

äå η =
δ

2
(4ε/δ)1/(n+1). Îñêiëüêè ôóíêöiÿ

g(n)(t) ñòðîãî ìîíîòîííà íà [a, b], òî ìíîæè-
íà {t ∈ [a, b] : |g(n)(t)| ≤ η} àáî ïîðîæíÿ, àáî
ñêëàäà¹òüñÿ ëèøå ç îäíîãî âiäðiçêà I1 (ÿêèé,
ìîæëèâî, âèðîäæó¹òüñÿ â òî÷êó), à ìíîæè-
íà {t ∈ [a, b] : |g(n)(t)| > η} àáî ïîðîæíÿ, àáî
ñêëàäà¹òüñÿ ùîíàéáiëüøå ç äâîõ íåïåðåòèí-
íèõ ïðîìiæêiâ I2, I3 (îäèí ç ÿêèõ, ìîæëèâî,
¹ ïîðîæíiì). Òàêèì ÷èíîì, àáî {t ∈ [a, b] :
|g(n)(t)| ≤ η} = ∅, àáî {t ∈ [a, b] : |g(n)(t)| ≤
η} = E(g(n), η, I1). Àíàëîãi÷íî, àáî {t ∈
[a, b] : |g(t)| ≤ ε, |g(n)(t)| > η} = ∅, àáî {t ∈
[a, b] : |g(t)| ≤ ε, |g(n)(t)| > η} = E(g, ε, I2) ∪
E(g, ε, I3) ⊂ E(g, ε, I2)∪E(g, ε, I3), äå âiäðiç-
êè I2, I3− çàìèêàííÿ ïðîìiæêiâ I2, I3.

Íà âiäðiçêó I1 âèêîíó¹òüñÿ íåðiâíiñòü
|g(n+1)(t)| > δ, òîìó ç iñòèííîñòi ëåìè 2.1 ïðè
n = 1 âèïëèâà¹, ùî ìíîæèíó E(g(n), η, I1)
ìîæíà ïîêðèòè îäíèì ïðîìiæêîì, äîâæèíà
ÿêîãî íå ïåðåâèùó¹ 2η/δ =

(
2ε/δ

)1/(n+1).
Íà âiäðiçêàõ I2, I3 âèêîíó¹òüñÿ íåðiâíiñòü

|g(n)(t)| > η. Çà ïðèïóùåííÿì iíäóêöi¨ êî-
æíó ç ìíîæèí E(g, ε, I2), E(g, ε, I3) ìîæíà
ïîêðèòè íå áiëüø íiæ (2n − 1) ïðîìiæêà-
ìè, äîâæèíà êîæíîãî ç ÿêèõ íå ïåðåâèùó¹(
2ε/η

)1/n
=

(
2ε/δ

)1/(n+1).
Âðàõîâóþ÷è âêëþ÷åííÿ (14), äiñòà¹ìî ïî-

êðèòòÿ ìíîæèíè E(g, ε, [a, b]) íå áiëüø íiæ
(2n+1 − 1) ïðîìiæêàìè äîâæèíè íå áiëüøî¨
âiä

(
2ε/δ

)1/(n+1).
Ëåìà äîâåäåíà.
Çàóâàæåííÿ 2.1. ßêùî ôóíêöiÿ f(t)

ñïðàâäæó¹ óìîâàì ëåìè 2.1, òî äëÿ äîâiëü-
íîãî ε > 0 îöiíêà |f(t)| > ε âèêîíó¹òüñÿ íà
âñüîìó âiäðiçêó [a, b] çà âèíÿòêîì íå áiëüø
íiæ (2n − 1) ïðîìiæêiâ, äîâæèíà êîæíîãî
ç ÿêèõ íå ïåðåâèùó¹

(
2ε/δ

)1/n. Òàêå åêâiâà-
ëåíòíå ôîðìóëþâàííÿ ëåìè 3.1 ïîÿñíþ¹ âè-
áið íàçâè òåðìiíó ½ε−âèíÿòêîâî¨� ìíîæèíè
ãëàäêî¨ ôóíêöi¨.

Íèæ÷å áóäåìî ðîçãëÿäàòè êâàçiìíîãî-
÷ëåíè Q(t) âèãëÿäó

Q(t) =
m∑

j=1

exp(µjt)pj(t), (15)

äå µj ∈ C, j = 1,m, µj 6= µr, j 6= r, a pj(t)
� ìíîãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòà-
ìè ñòåïåíiâ (nj − 1), j = 1,m, âiäïîâiäíî.
Äëÿ êâàçiìíîãî÷ëåíà Q(t) áóäåìî ïîçíà÷à-
òè: n = n1 + . . . + nm, BQ = 1 + max

1≤j≤m
|µj|,

MQ = min
1≤j≤m

Reµj, ψQ = max
t∈[0,T ]

exp(−MQt),

GQ(t) = max
1≤j≤n

{|Q(j−1)(t)|B−j
Q

}
.

Íàñòóïíi òåîðåìè 2.1 i 2.2 äàþòü îöiíêè
çâåðõó äëÿ êiëüêîñòi òà äîâæèí ïðîìiæêiâ
ïîêðèòòÿ ½ε−âèíÿòêîâèõ� ìíîæèí êîìïëå-
êñíîçíà÷íèõ òà äiéñíîçíà÷íèõ êâàçiìíîãî-
÷ëåíiâ (15).

Òåîðåìà 2.1. Iñíóþòü òàêi ñòàëi C4, C5

(ÿêi çàëåæàòü òiëüêè âiä n, T ), ùî äëÿ äî-
âiëüíîãî êâàçiìíîãî÷ëåíà Q(t) âèãëÿäó (15),
äîâiëüíîãî ε ∈ (0, ε0), ε0 =

C4GQ(0)

4ψQBn−1
Q

, ìíîæè-
íó E(Q, ε, [0, T ]) ìîæíà ïîêðèòè íå áiëüø
íiæ C5BQ ïðîìiæêàìè, äîâæèíà êîæíîãî
ç ÿêèõ íå ïåðåâèùó¹

(
4εψQ

C4GQ(0)

)1/(n−1)

.
Äîâåäåííÿ. Ó äîâåäåííi ëåìè ç ðîáîòè

[7] âñòàíîâëåíî, ùî iñíó¹ òàêà ñòàëà C4 (ÿêà
çàëåæèòü òiëüêè âiä n, T ), ùî â êîæíié òî÷öi
t ∈ [0, T ] âèêîíó¹òüñÿ íåðiâíiñòü

GQ(t) ≥ C4GQ(0)

Bn
QψQ

≡ η. (16)

Ðîçãëÿíåìî ôóíêöi¨

yj(t) = ReQ(j−1)(t)/Bj
Q, j = 1, n,

yn+j(t) = ImQ(j−1)(t)/Bj
Q, j = 1, n.

Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨

z±jq(t) = yj(t)± yq(t), 1 ≤ j < q ≤ 2n,

¹ ðîçâ'ÿçêàìè çâè÷àéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ

m∏
j=1

(
d2

dt2
− 2Reµj

d

dt
+ |µj|2

)nj

y(t) = 0. (17)
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Îñêiëüêè |µj| < BQ, j = 1,m, òî ç òåîðå-
ìè Âi¹òà âèïëèâà¹, ùî ìîäóëü êîåôiöi¹íòà
ïðè ïîõiäíié y(j)(t), j = 1, 2n, ó ðiâíÿííi (17)
íå ïåðåâèùó¹ C6B

2n−j
Q . Çà òåîðåìîþ Âàëëå

Ïóññåíà (äèâ. ñ. 157 ó [6]) iñíó¹ òàêå h0 =
h0(n,C6), ùî êîæíèé íåòðèâiàëüíèé ðîçâ'ÿ-
çîê ðiâíÿííÿ (17) ìà¹ íå áiëüøå (2n−1) íóëiâ
íà áóäü-ÿêîìó ïðîìiæêó, äîâæèíà ÿêîãî íå
ïåðåâèùó¹ h0/BQ. Ðîçiá'¹ìî [0, T ] íà âiäðiç-
êè Ij = [ξj−1, ξj] òàê, ùî mes Ij ≤ h0/BQ,
1 ≤ j ≤ [BQT/h0] + 1 = K. Òîäi íà êî-
æíîìó ç âiäðiçêiâ Ir ôóíêöi¨ z±jq(t) àáî òî-
òîæíî äîðiâíþþòü íóëåâi, àáî æ ìàþòü íà
íüîìó K±

jq(r) íóëiâ t±jqr(1), . . . , t±jqr(K
±
jq(r)), äå

K±
jq(r) ≤ 2n− 1.
Íåõàé J = {Jr, r = 1,M} � ðîçáèò-

òÿ âiäðiçêà [0, T ] íà âiäðiçêè Jr, óòâîðåíå
òî÷êàìè ξj, j = 1, K, òà òî÷êàìè t±jqr(s),
s = 1, K±

jq(r), r = 1, K, 1 ≤ j < q ≤ 2n.
Äëÿ êiëüêîñòi M âiäðiçêiâ ðîçáèòòÿ J âè-
êîíó¹òüñÿ íåðiâíiñòü M ≤ C7BQ. Çãiäíî ç
ïîáóäîâîþ ðîçáèòòÿ J = {Jr, r = 1,M}, êî-
æíà ç ôóíêöié z±jq(t, k) = yj(t, k) ± yq(t, k),
1 ≤ j < q ≤ 2n, íå ìîæå íàáóâàòè íà âiäðiç-
êó Jr çíà÷åíü ðiçíèõ çíàêiâ. Òîìó íà êîæíî-
ìó ç âiäðiçêiâ Jr äëÿ äîâiëüíèõ j, q âèêîíó-
¹òüñÿ íåðiâíiñòü |yj(t)| ≥ |yq(t)|, t ∈ Jr, àáî
æ íåðiâíiñòü |yq(t)| ≥ |yj(t)|, t ∈ Jr. Çâiä-
ñè îòðèìó¹ìî, ùî äëÿ êîæíîãî r, 1 ≤ r ≤
M , çíàéäåòüñÿ òàêå q(r), 1 ≤ q(r) ≤ 2n,
ùî â êîæíié òî÷öi t ∈ Jr ñïðàâäæó¹òüñÿ
ðiâíiñòü |yq(r)(t)| = max

1≤j≤2n
|yj(t)|. Îñêiëüêè

|Q(j−1)(t)|B−j
Q ≤ 2 max{|yj(t)|, |yn+j(t)|}, òî

ç íåðiâíîñòi (16) âèïëèâà¹, ùî íà êîæíîìó
âiäðiçêó Jr, r = 1,M , âèêîíó¹òüñÿ íåðiâíiñòü

|yq(r)(t)| ≥ η/2, t ∈ Jr,

òîáòî

|ReQ(q(r)−1)(t)| ≥ ηB
q(r)
Q /2, t ∈ Jr, (18)

ÿêùî 1 ≤ q(r) ≤ n, àáî

|ImQ(q(r)−n−1)(t)| ≥ ηB
q(r)−n
Q /2, t ∈ Jr, (19)

ÿêùî n + 1 ≤ q(r) ≤ 2n. Çàóâàæèìî, ùî
E(Q, ε, Jr) ⊂ E(ReQ, ε, Jr), E(Q, ε, Jr) ⊂
E(ImQ, ε, Jr). Òîìó ç íåðiâíîñòåé (18), (19)

âèïëèâà¹, ùî ïðè ε < ε0, ε0 = ηBQ/4, ìíî-
æèíà E(Q, ε, Jr) ¹ ïîðîæíüîþ, ÿêùî q(r) = 1
àáî q(r) = n + 1. ßêùî æ 2 ≤ q(r) ≤ n,
òî íà îñíîâi òâåðäæåííÿ ëåìè 2.1 ç íåðiâíî-
ñòåé (18), (19) âèïëèâà¹, ùî ïðè ε < ε0, ε0 =
ηBQ/4, ìíîæèíó E(ReQ, ε, Jr) ìîæíà ïî-
êðèòè íå áiëüø íiæ (2q(r)−1− 1) ≤ (2n−1− 1)
ïðîìiæêàìè, äîâæèíà êîæíîãî ç ÿêèõ íå ïå-
ðåâèùó¹

(
4ε

ηB
q(r)
Q

) 1
q(r)−1

=
1

BQ

(
4ε

ηBQ

) 1
q(r)−1

≤

≤ 1

BQ

(
4ε

ηBQ

) 1
n−1

=

(
4εψQ

C4GQ(0)

) 1
n−1

.

Àíàëîãi÷íî, ÿêùî n + 2 ≤ q(r) ≤ 2n, òî
íà îñíîâi òâåðäæåííÿ ëåìè 2.1 ç íåðiâíî-
ñòåé (18), (19) âèïëèâà¹, ùî ïðè ε < ε0, ε0 =
ηBQ/4, ìíîæèíó E(ImQ, ε, Jr) ìîæíà ïî-
êðèòè íå áiëüø íiæ (2q(r)−n−1−1) ≤ (2n−1−1)
ïðîìiæêàìè, äîâæèíà êîæíîãî ç ÿêèõ íå ïå-
ðåâèùó¹
(

4ε

ηB
q(r)−n
Q

) 1
q(r)−n−1

=
1

BQ

(
4ε

ηBQ

) 1
q(r)−n−1

≤

≤ 1

BQ

(
4ε

ηBQ

) 1
n−1

=

(
4εψQ

C4GQ(0)

) 1
n−1

.

Çàëèøà¹òüñÿ âðàõóâàòè, ùî êiëüêiñòü ïðî-
ìiæêiâ ïîêðèòòÿ ìíîæèíè E(Q, ε, [0, T ]) íå
ïåðåâèùó¹ (2n−1 − 1)M ≤ C8BQ.

Òåîðåìà 2.2. Íåõàé Q(t)−äiéñíîçíà÷-
íèé êâàçiìíîãî÷ëåí âèãëÿäó (15), äå µj ∈ R,
j = 1,m, µj 6= µr, j 6= r, a pj(t)−ìíî-
ãî÷ëåíè ç äiéñíèìè êîåôiöi¹íòàìè ñòåïå-
íiâ (nj − 1), j = 1,m, âiäïîâiäíî. Iñíóþòü
òàêi ñòàëi C9, C10 (ÿêi çàëåæàòü òiëüêè
âiä n, T ), ùî äëÿ äîâiëüíîãî ε ∈ (0, ε0),
ε0 =

C9GQ(0)

2ψQBn−1
Q

, ìíîæèíó E(Q, ε, [0, T ]) ìî-
æíà ïîêðèòè íå áiëüø íiæ C10 ïðîìiæêà-
ìè, äîâæèíà êîæíîãî ç ÿêèõ íå ïåðåâèùó¹(

2εψQ

C9GQ(0)

)1/(n−1)

.
Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöi¨

yj(t) = Q(j−1)(t)/Bj
Q, j = 1, n,
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z±jq(t) = yj(t)± yq(t), 1 ≤ j < q ≤ n.

Îñêiëüêè z±jq(t), 1 ≤ j < q ≤ n,− äiéñíîçíà÷-
íi êâàçiìíîãî÷ëåíè, òî íà îñíîâi òâåðäæåííÿ
çàäà÷i 75 íà ñ. 58 ó [4, ×. 2] íà âiäðiçêó [0, T ]
êîæíà ôóíêöiÿ z±jq(t) ìîæå ìàòè íå áiëüøå,
íiæ (n− 1) íóëiâ

τ±jq(1), . . . , τ±jq(K
±
jq), K±

jq ≤ n− 1.

Íåõàé J = {Jr, r = 1,M} � ðîçáèòòÿ âiä-
ðiçêà [0, T ] íà âiäðiçêè Jr, óòâîðåíå òî÷êàìè
τ±jq(s), s = 1, K±

jq, 1 ≤ j < q ≤ n. Çðîçóìiëî,
ùî M ≤ n(n− 1)2/2 + 1. ßê i ïðè äîâåäåííi
ïîïåðåäíüî¨ òåîðåìè, ëåãêî ïåðåâiðèòè, ùî
äëÿ êîæíîãî âiäðiçêà Jr öüîãî ðîçáèòòÿ iñíó¹
òàêå q(r), 1 ≤ q(r) ≤ n, äëÿ ÿêîãî

|Q(q(r)−1)(t)| ≥ ηB
q(r)
Q , t ∈ Jr. (20)

Ç îöiíêè (20) âèïëèâà¹, ùî ïðè ε < ε0,
ε0 = ηBQ/2, ìíîæèíà E(Q, ε, Jr) ¹ ïîðîæ-
íüîþ, ÿêùî q(r) = 1. ßêùî æ 2 ≤ q(r) ≤ n,
òî íà îñíîâi òâåðäæåííÿ ëåìè 2.1 ç íåðiâ-
íîñòi (20) âèïëèâà¹, ùî ïðè ε < ε0 ìíîæè-
íó E(Q, ε, Jr) ìîæíà ïîêðèòè íå áiëüø íiæ
(2q(r)−1 − 1) ≤ (2n−1 − 1) ïðîìiæêàìè, äîâ-
æèíà êîæíîãî ç ÿêèõ íå ïåðåâèùó¹

(
2ε

ηB
q(r)
Q

) 1
q(r)−1

=
1

BQ

(
2ε

ηBQ

) 1
q(r)−1

≤

≤ 1

BQ

(
2ε

ηBQ

) 1
n−1

=
( 2εψQ

C9GQ(0)

)1/(n−1)

.

Çàëèøà¹òüñÿ âðàõóâàòè, ùî êiëüêiñòü ïðî-
ìiæêiâ ïîêðèòòÿ ìíîæèíè E(Q, ε, [0, T ]) íå
ïåðåâèùó¹ (2n−1 − 1)M .

�3. Ñòðóêòóðà âèçíà÷íèêà ∆(k, t1)

Ó öüîìó ïàðàãðàôi ðîáîòè ç'ÿñó¹ìî äåÿêi
ñòðóêòóðíi âëàñòèâîñòi âèçíà÷íèêà ∆(k, t1).

Ëåìà 3.1. Äëÿ âèçíà÷íèêà ∆(k, t1), k ∈
Zp, âèêîíóþòüñÿ òàêi ðiâíîñòi:
∂q∆(k, t1)

∂tq1

∣∣∣
t1=0

=

{
0, ÿêùî 0 ≤ q < n2,
C11, ÿêùî q = n2,

äå C11 = (n2)!
n−1∏
q=1

(q!)2/
2n−1∏
q=n

(q!) ∈ N.

Äîâåäåííÿ. Çãiäíî ç âèáîðîì ôóíäà-
ìåíòàëüíî¨ ñèñòåìè fq(t, k), q = 1, n, ôóíêöi¨

∫ t1

0

tj−1fq(t, k)dt− tj+q−1
1

(j + q − 1) · (q − 1)!
,

ÿê ôóíêöi¨ çìiííî¨ t1 ¹ àíàëiòè÷íèìè i ìà-
þòü â òî÷öi t1 = 0 íóëü (n + j)-ãî ïîðÿäêó,
j = 1, n. Òîìó ïðàâèëüíèìè ¹ ðîçâèíåííÿ

∫ t1

0

tj−1fq(t, k)dt =
tj+q−1
1

(j + q − 1) · (q − 1)!
+

+αjq(t1, k)tn+j
1 , j, q = 1, n,

äå αjq(t1, k), j, q = 1, n,− àíàëiòè÷íi ôóíêöi¨
â îêîëi òî÷êè t1 = 0. Òàêèì ÷èíîì, â îêîëi
òî÷êè t1 = 0

∆(k, t1) = det
∥∥∥ tj+q−1

1

(j + q − 1) · (q − 1)!
+

+αjq(t1, k)tn+j
1

∥∥∥
n

j,q=1
.

Ó öüîìó âèçíà÷íèêó âèíåñåìî ç êîæíîãî j-
ãî ðÿäêà ìíîæíèê tj1, j = 1, n, à ïîòiì â îäåð-
æàíîìó âèçíà÷íèêó âèíåñåìî ç êîæíîãî q-ãî
ñòîâïöÿ ìíîæíèê tq−1

1 /(q−1)!, q = 1, n. Ó ðå-
çóëüòàòi äiñòàíåìî, ùî

∆(k, t1) = C12t
n2

1 det ‖(j + q − 1)−1+

+(q − 1)!αjq(t1, k)tn−q+1
1 ‖n

j,q=1 = C12t
n2

1 ×
× (

det ‖(j + q − 1)−1‖n
j,q=1 + β(t1, k)t1

)
,

äå C12 =
n−1∏
q=1

(q!)−1, β(t1, k)−àíàëiòè÷íà
ôóíêöiÿ â îêîëi òî÷êè t1 = 0. Âiäîìî (äèâ.
[4, ×. 2], çàäà÷à 3 íà ñ. 110), ùî

det
∥∥(j + q − 1)−1

∥∥n

j,q=1
=

n−1∏
q=1

(q!)3/

2n−1∏
q=n

q!.

Òàêèì ÷èíîì, äiñòà¹ìî ðîçâèíåííÿ

∆(k, t1) =
C11t

n2

1

(n2)!
+ C12β(t1, k)tn

2+1
1 ,

ç ÿêîãî âèïëèâà¹ òâåðäæåííÿ ëåìè 3.1.
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Íåõàé λ1(k), . . . , λm(k)(k), m(k) ≤ n, � ðiç-
íi êîðåíi ðiâíÿííÿ L(λ, k) = 0, k ∈ Zp, êðà-
òíîñòåé n1(k), . . . , nm(k)(k) âiäïîâiäíî. Ïî-
çíà÷èìî:

γ0 = max
0≤j≤n−1

{
Nj

n− j

}
,

Λ = −min

{
0; inf

k∈Zp
min

1≤j≤m(k)

Reλj(k)

1 + |k|γ0

}
.

Âiäîìî (äèâ. ðîçäië 5, �7 ó [8]), ùî òî÷íà
íèæíÿ ãðàíü â ïîïåðåäíié ôîðìóëi ¹ ñêií-
÷åííèì ÷èñëîì.

Äëÿ êîæíîãî k ∈ Zp íåõàé m0(k) = 0,
mj(k) = n1(k) + . . . + nj(k), j = 1,m(k). Äëÿ
êîæíîãî q, q = 1, n, ïîçíà÷èìî

gq(t, k) = tαq exp(λβq(k)t),
αq = q −mj−1(k)− 1, βq = j,

(21)

äå iíäåêñ j = j(q) îäíîçíà÷íî âèçíà÷à¹òüñÿ
ç óìîâè mj−1(k) < q ≤ mj(k).

Ëåìà 3.2. Âèçíà÷íèê ∆(k, t1), k ∈ Zp, ¹
êâàçiìíîãî÷ëåíîì âèãëÿäó

∆(k, t1) =
R∑

q=1

exp(Λq(k)t1)pq(t1, k),

äå R ≤ 2n, Λj(k) 6= Λq(k), j 6= q, à äëÿ äié-
ñíèõ ÷àñòèí ïîêàçíèêiâ åêñïîíåíò âèêîíó-
þòüñÿ íåðiâíîñòi

ReΛq(k) ≥ −nΛ(1 + |k|γ0), q = 1, R.

Ïîðÿäîê n∆(k) ≡
R∑

q=1

(deg pq(t1, k) + 1) êâàçi-

ìíîãî÷ëåíà ∆(k, t1), k ∈ Zp, íå ïåðåâèùó¹

2n
(
2 + C2

n +

m(k)∑
j=1

nj(k)(nj(k)− 1

2

)
.

Äîâåäåííÿ. ×åðåç ∆1(k, t1) ïîçíà÷è-
ìî âèçíà÷íèê det ‖ ∫ t1

0
tj−1gq(t, k)dt‖n

j,q=1. Âè-
çíà÷íèêè ∆(k, t1) òà ∆1(k, t1) ïîâ'ÿçàíi ðiâ-
íiñòþ

∆(k, t1) = ∆1(k, t1)/W (k), (22)

äå W (k) =
n−1∏
q=1

q!, ÿêùî m(k) = 1, i W (k) =

m(k)∏
j=1

nj(k)−1∏
q=1

q!
∏

m(k)≥j>q≥1

(λj(k)−λq(k))nj(k)nq(k),

ÿêùî m(k) ≥ 2. Ç îãëÿäó íà ðiâíiñòü (22),
äëÿ äîâåäåííÿ ëåìè 3.2 äîñèòü ïîêàçàòè, ùî
âèçíà÷íèê ∆1(k, t1) ìà¹ ñòðóêòóðó, îïèñàíó
ó ôîðìóëþâàííi ëåìè 3.2.

Iç ôîðìóë (21) òà ëåìè 1.2 âèïëèâà¹, ùî
åëåìåíòè âèçíà÷íèêà ∆1(k, t1) ìàþòü âèãëÿä

∫ t1

0

tj−1gq(t, k)dt =

∫ t1

0

tαq+j−1eλβq (k)tdt =

= eλβq (k)t1Pαq+j−1(λβq(k), t1)−
−Pαq+j−1(λβq(k), 0), j, q = 1, n. (23)

Âèêîðèñòîâóþ÷è ôîðìóëó äëÿ ðîçâèíåííÿ
âèçíà÷íèêà ∆1(k, t1) òà ôîðìóëè (23), äiñòà-
íåìî

∆1(k, t1) =
∑

ω=(i1,...,in),
ω∈Sn

(−1)ρω×

×
n∏

r=1

∫ t1

0

tir−1gr(t, k)dt =
∑

ω=(i1,...,in),
ω∈Sn

(−1)ρω×

×
n∏

r=1

(
eλβr (k)t1Pαr+ir−1(λβr(k), t1)−

−Pαr+ir−1(λβr(k), 0)
)
. (24)

Îñêiëüêè äëÿ äîâiëüíèõ íàáîðiâ ÷èñåë
y1, . . . , yn ∈ C òà z1, . . . , zn ∈ C âèêîíó¹òüñÿ
ðiâíiñòü

n∏
r=1

(yr + zr) =
1∑

j1=0

. . .

1∑
jn=0

n∏
r=1

yjr
r

n∏
q=1

z1−jq
q ,

òî ç ôîðìóëè (24) îòðèìà¹ìî, ùî

∆1(k, t1) =
∑

ω=(i1,...,in),
ω∈Sn

1∑
j1=0

. . .

1∑
jn=0

(−1)S
j1,...,jn
ω ×

× exp((j1λβ1(k) + . . . + jnλβn(k))t1)×
×P j1

α1+i1−1(λβ1(k), t1)·. . .·P jn

αn+in−1(λβn(k), t1)×
×P 1−j1

α1+i1−1(λβ1(k), 0) · . . . · P 1−jn

αn+in−1(λβn(k), 0),

äå Sj1,...,jn
ω = ρω +n+ j1 + . . .+ jn. Çðîçóìiëî,

ùî êiëüêiñòü ðiçíèõ ïîêàçíèêiâ åêñïîíåíò â
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îñòàííié ôîðìóëi íå ïåðåâèùó¹ 2n. Çà ëåìîþ
1.2 ñòåïiíü êîæíîãî ìíîãî÷ëåíà

P j1
α1+i1−1(λβ1(k), t1)·. . .·P jn

αn+in−1(λβn(k), t1),

íå ïåðåâèùó¹

1 + j1(α1 + i1 − 1) + jn(αn + in − 1) ≤
≤ 1 + (α1 + i1 − 1) + (αn + in − 1) =

≤ 1 + (α1 + . . . + αn)− n + (i1 + . . . + in) =

= 1 + C2
n +

m(k)∑
j=1

nj(k)(nj(k)− 1)

2
.

Òàêèì ÷èíîì, äëÿ ïîðÿäêó n∆1(k) âèçíà÷íè-
êà ∆1(k, t1) îòðèìó¹ìî îöiíêó

n∆1(k) ≤ 2n
(
2 + C2

n +

m(k)∑
j=1

nj(k)(nj(k)− 1)

2

)
.

Îöiíêà çíèçó äëÿ äiéñíèõ ÷àñòèí ïîêàçíèêiâ
åêñïîíåíò â ïîïåðåäíié ôîðìóëi äëÿ âèçíà-
÷íèêà ∆(k, t1) ¹ î÷åâèäíîþ.

Ëåìà äîâåäåíà.
Çàóâàæåííÿ 3.1. ßêùî m(k) = 1, òîáòî

êîðåíi ìíîãî÷ëåíà L(λ, k), k ∈ Zp, ¹ ïðîñòè-
ìè, òî äëÿ ïîðÿäêó n∆(k) êâàçiìíîãî÷ëåíà
∆(k, t1) âèêîíó¹òüñÿ òî÷íiøà îöiíêà

n∆(k) ≤ 2n + C2
n +

n−1∑
j=1

Cj
n

(n− j)(n + j − 1)

2
.

�4. Ìiðà òà ðîçìiðíiñòü Ãàóñäîðôà
ìíîæèíè íîðìàëüíèõ ìåæ iíòåãðàëü-
íî¨ çàäà÷i
×åðåç Mγ

ω,δ(0, T ] ïîçíà÷èìî ìíîæèíó ÷èñåë
t1 ∈ (0, T ], ÿêi ¹ (ω, δ, γ)−íîðìàëüíèìè äëÿ
ðiâíÿííÿ (1).

Öåé ïàðàãðàô ðîáîòè ïðèñâÿ÷åíèé äîâå-
äåííþ ðåçóëüòàòiâ ïðî òå, ùî äëÿ êîæíîãî
ðiâíÿííÿ (1) ìíîæèíà Mγ

ω,δ(0, T ] (äëÿ íàëå-
æíî âèáðàíèõ ω, δ, γ) ¹ ìíîæèíîþ ïîâíî¨
ìiðè àáî æ ïîâíî¨ ðîçìiðíîñòi Ãàóñäîðôà íà
ïðÿìié.

Íàâåäåìî äëÿ çðó÷íîñòi âèêëàäó äåÿêi
ïîíÿòòÿ, ÿêi ñòîñóþòüñÿ ρ−ìiðè Ãàóñäîðôà
òà ðîçìiðíîñòi Ãàóñäîðôà ìíîæèíè M ⊂ R.

Äëÿ äîâiëüíîãî δ > 0 íåõàé Π(δ) ïîçíà÷à¹
ñiì'þ iíòåðâàëiâ äîâæèíè íå áiëüøî¨, íiæ δ.
Äëÿ çàäàíî¨ ìíîæèíè M ⊂ R òà çàäàíîãî
ρ ∈ (0, 1] íåõàé

Hρ,δ(M) = inf
{ ∞∑

j=1

(mesSj)
ρ

∣∣

Sj ∈ Π(δ), j ≥ 1, M ⊂
∞⋃

j=1

Sj

}
.

Äëÿ ôiêñîâàíèõ M ⊂ R, ρ ∈ (0, 1] ôóíêöiÿ
Hρ,δ(M) ÿê ôóíêöiÿ âiä δ ¹ ìîíîòîííî íåñïà-
äíîþ, ÿêùî δ ìîíîòîííî ñïàäà¹. Òîìó iñíó¹
ãðàíèöÿ (ñêií÷åííà àáî íåñêií÷åííà)

Hρ(M) := lim
δ→0

Hρ,δ(M).

Âåëè÷èíà Hρ(M) íàçèâà¹òüñÿ ρ−ìiðîþ Ãà-
óñäîðôà ìíîæèíè M . 1-ìiðà Ãàóñäîðôà ìíî-
æèíè M ñïiâïàäà¹ iç ìiðîþ Ëåáåãà öi¹¨ ìíî-
æèíè. Âiäçíà÷èìî, ùî ôóíêöiÿ Hρ(M) ÿê
ôóíêöiÿ âiä M ¹ çîâíiøíüîþ ìiðîþ. Îäíî-
çíà÷íî âèçíà÷åíå ÷èñëî H(M) òàêå, ùî

1) ∀ρ > H(M) : Hρ(M) = 0,

2) ∀ρ < H(M) : Hρ(M) = ∞,

íàçèâà¹òüñÿ ðîçìiðíiñòþ Ãàóñäîðôà ìíîæè-
íè M ⊂ R.

Áóäåìî âèêîðèñòîâóâàòè íàñòóïíå òâåðä-
æåííÿ, äîâåäåííÿ ÿêîãî ìiñòèòüñÿ â [1].

Òåîðåìà 4.1. Ìíîæèíà M ⊂ R ìà¹ íó-
ëüîâó ρ−ìiðó Ãàóñäîðôà òîäi i òiëüêè òîäi,
êîëè iñíó¹ ïîêðèòòÿ {Sj}∞j=1 ìíîæèíè M
òàêå, ùî

∞∑
j=1

(mesSj)
ρ < ∞,

i òàêå, ùî êîæíà òî÷êà ìíîæèíè M íàëå-
æèòü äî íåñêií÷åííî¨ êiëüêîñòi ïðîìiæêiâ
Sj.

Òåîðåìà 4.2. Äëÿ äîâiëüíîãî ρ ∈ (0; 1]
ìíîæèíà (0, T ]\Mγ

ω,δ ìà¹ íóëüîâó ρ−ìiðó
Ãàóñäîðôà, ÿêùî ω > ω0(ρ), δ ≥ δ0, γ ≥ γ0,
äå ω0(ρ) = γ0(n

2 + 1) + (p+γ0)(ξ−1)
ρ

, δ0 = nΛT ,

ξ = sup
k∈Zp

2n
(
2 + C2

n +

m(k)∑
j=1

nj(k)(nj(k)− 1)

2

)
.
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Äëÿ äîâiëüíèõ ω > γ0(n
2+1)+(p+γ0)(ξ−1),

δ ≥ δ0, γ ≥ γ0 ðîçìiðíiñòü Ãàóñäîðôà ìíî-
æèíè (0, T ]\Mγ

ω,δ íå ïåðåâèùó¹ (p+γ0)(ξ−1)
ω−γ0(n2+1)

.
Äëÿ äîâiëüíèõ ω ∈ R, δ > δ0, γ ≥ γ0 (àáî
äëÿ äîâiëüíèõ ω ∈ R, δ > 0, γ > γ0) ìíî-
æèíà (0, T ]\Mγ

ω,δ ìà¹ íóëüîâó ðîçìiðíiñòü
Ãàóñäîðôà.

Äîâåäåííÿ. ×åðåç Aγ
ω,δ(k) ïîçíà÷èìî

ìíîæèíó òèõ t1 ∈ (0, T ], äëÿ ÿêèõ íåðiâíiñòü

|∆(k, t1)| ≤ (1 + |k|)−ω exp(−δ|k|γ) (25)

âèêîíó¹òüñÿ ïðè ôiêñîâàíîìó k ∈ Zp, à ÷å-
ðåç Aγ

ω,δ−ìíîæèíó òèõ çíà÷åíü t1 ∈ (0, T ],
äëÿ ÿêèõ íåðiâíiñòü (25) âèêîíó¹òüñÿ äëÿ íå-
ñêií÷åííî¨ êiëüêîñòi âåêòîðiâ k ∈ Zp. Ìíî-
æèíà Aγ

ω,δ(k) ¹ ½εk-âèíÿòêîâîþ� ìíîæèíîþ
(äå εk = (1 + |k|)−ω exp(−δ|k|γ), k ∈ Zp) âè-
çíà÷íèêà ∆(k, t1) íà (0, T ]. Ç òåîðåìè 2.1 íà
îñíîâi òâåðäæåíü ëåì 3.1, 3.2 âèïëèâà¹, ùî
äëÿ ω > ω0(ρ), δ ≥ δ0, γ ≥ γ0 ìíîæèíó
Aγ

ω,δ(k) ìîæíà ïîêðèòè ïðîìiæêàìè Sγ,j
ω,δ(k),

j = 1, N(k), òàê, ùî äëÿ êiëüêîñòi N(k) öèõ
ïðîìiæêiâ âèêîíóþòüñÿ íåðiâíîñòi

N(k) ≤ C13(1 + |k|)γ0 , k ∈ Zp, (26)

à äëÿ ¨õíiõ äîâæèí � íåðiâíîñòi

mesSγ,j
ω,δ(k)≤C14

(
(1 + |k|)γ0(n2+1)−ω×

× exp((nΛT − δ)|k|γ0)
)1/(n∆(k)−1) ≤

≤ C14

(
1 + |k|)(γ0(n2+1)−ω)/(ξ−1)

=

= C14(1 + |k|)−(p+γ0)/ρ−ε,

j = 1, N(k), k ∈ Zp,

(27)

äå ε = ω−ω0(ρ)
ξ−1

> 0. Çàóâàæèìî, ùî äëÿ
ω > ω0(ρ), δ ≥ δ0, γ ≥ γ0 ïðàâèëüíèì ¹
âêëþ÷åííÿ

Aγ
ω,δ =

∞⋂
N=0

⋃

|k|≥N

Aγ
ω,δ(k) ⊂

⊂
∞⋂

N=0

⋃

|k|≥N

N(k)⋃
j=1

Sγ,j
ω,δ(k).

Òîìó êîæíà òî÷êà ìíîæèíè Aγ
ω,δ íàëåæèòü

äî íåñêií÷åííî¨ êiëüêîñòi ïðîìiæêiâ Sγ,j
ω,δ(k),

j = 1, N(k), k ∈ Zp. Ç íåðiâíîñòåé (26), (27)
âèïëèâà¹, ùî

∑

|k|≥0

N(k)∑
j=1

(mesSγ,j
ω,δ(k))ρ ≤ C15

∑

|k|≥0

(1+ |k|)−p−ερ.

Òîäi çà òåîðåìîþ 4.1 ρ−ìiðà Ãàóñäîðôà ìíî-
æèíè Aγ

ω,δ äîðiâíþ¹ íóëåâi, ÿêùî ω > ω0(ρ),
δ ≥ δ0, γ ≥ γ0. Î÷åâèäíî, ùî ìíîæèíà

S =
⋃

k∈Zp

{t1 ∈ (0, T ] : ∆(k, t1) = 0}

¹ íå áiëüø íiæ çëi÷åííîþ. Îñêiëüêè

(0, T ]\Mγ
ω,δ ⊂ Aγ

ω,δ ∪ S,

òî ç ìîíîòîííîñòi ìiðè Ãàóñäîðôà âiäíîñíî
âêëþ÷åííÿ ìíîæèí i òîãî, ùî äâi ìíîæèíè,
ÿêi âiäðiçíÿþòüñÿ íà íå áiëüø íiæ çëi÷åí-
íèé äîäàíîê, ìàþòü îäíàêîâó ìiðó Ãàóñäîð-
ôà, âèïëèâà¹, ùî Hρ((0, T ]\Mγ

ω,δ) = 0, ÿêùî
ω > ω0(ρ), δ ≥ δ0, γ ≥ γ0.

Äðóãå òâåðäæåííÿ òåîðåìè îäðàçó âèïëè-
âà¹ ç ïåðøîãî, à òðåò¹ äîâîäèòüñÿ òàêèìè æ
ìiðêóâàííÿìè, ÿê i ïåðøå.

Òåîðåìà äîâåäåíà.
Çàïðîïîíîâàíèé ïðè äîâåäåííi òåîðåìè

4.2 ïiäõiä äî àíàëiçó îöiíêè çíèçó ìîäóëÿ
âèçíà÷íèêà ∆(k, t1), âiäðiçíÿ¹òüñÿ âiä âiäî-
ìîãî ìåòîäó Ï.I.Øòàáàëþêà (äèâ. [12] òà
�2.3 ó [13], �7.4 ó [5]) i â òåõíi÷íîìó ïëàíi
¹ çðó÷íiøèì.

Òåîðåìà 4.3. Íåõàé ó ðiâíÿííi (1) îïåðà-
òîð L(∂t, Dx) ¹ òàêèì, ùî äëÿ âñiõ k ∈ Zp

êîðåíi ìíîãî÷ëåíà L(λ, k) ¹ äiéñíèìè. Äëÿ
âñiõ ρ ∈ (0; 1] ìíîæèíà (0, T ]\Mγ

ω,δ ìà¹ íó-
ëüîâó ρ−ìiðó Ãàóñäîðôà, ÿêùî ω > ω1(ρ),
δ ≥ δ0, γ ≥ γ0, äå ω1(ρ) = γ0(n

2 + 1) + p(ξ−1)
ρ

.
Äëÿ äîâiëüíèõ ω > γ0(n

2 + 1) + p(ξ − 1),
δ ≥ δ0, γ ≥ γ0 ðîçìiðíiñòü Ãàóñäîðôà ìíî-
æèíè (0, T ]\Mγ

ω,δ íå ïåðåâèùó¹ p(ξ−1)
ω−γ0(n2+1)

.
Äëÿ äîâiëüíèõ ω ∈ R, δ > δ0, γ ≥ γ0 (àáî
äëÿ äîâiëüíèõ ω ∈ R, δ > 0, γ > γ0) ìíî-
æèíà (0, T ]\Mγ

ω,δ ìà¹ íóëüîâó ðîçìiðíiñòü
Ãàóñäîðôà.

Äîâåäåííÿ òåîðåìè 4.3 ïðîâîäèòüñÿ
àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 4.2 �
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ïðè öüîìó äëÿ îöiíêè êiëüêîñòi ïðîìiæ-
êiâ ïîêðèòòÿ âèíÿòêîâèõ ìíîæèí âèçíà÷íè-
êà ∆(k, t1) òà äëÿ îöiíêè äîâæèí âiäðiçêiâ
ïîêðèòòÿ ñëiä âèêîðèñòàòè äîïîìiæíi ëåìè
3.1, 3.2 i òåîðåìó 2.3.

Çàóâàæåííÿ 4.1. ßêùî äëÿ âñiõ k ∈ Zp

êîðåíi ìíîãî÷ëåíà L(λ, k) ¹ ïðîñòèìè, òî ó
ôîðìóëþâàííi òåîðåì 4.2, 4.3 ìîæíà ââàæà-
òè, ùî

ξ = 2n + C2
n +

n−1∑
j=1

Cj
n

(n− j)(n + j − 1)

2
.

Çàóâàæåííÿ 4.2. Äëÿ âèïàäêó ðiâíÿí-
íÿ (1) äðóãîãî ïîðÿäêó çà ÷àñîâîþ çìiííîþ
t (n = 2) ðåçóëüòàòè �4 óçãîäæóþòüñÿ ç ðå-
çóëüòàòàìè, îòðèìàíèìè â [2].

�5. Ïåðñïåêòèâà íàñòóïíèõ
äîñëiäæåíü
Íåõàé ψ : Z+ → R+ òàêà ìîíîòîííî ñïàäíà
ôóíêöiÿ, ùî

1) ∀m ∈ Z+ ψ(m) > 0,

2)
∑

k∈Zp

ψ(|k|) < ∞.

Îçíà÷åííÿ 2. Âåðõíþ ìåæó iíòåãðó-
âàííÿ t1 â óìîâàõ (2) íàçèâà¹ìî

(ω, δ, γ, ξ)ψ − íîðìàëüíîþ ìåæåþ

äëÿ ðiâíÿííÿ (1) (ω, δ, ξ ∈ R, γ > 0), ÿêùî
iñíó¹ ñòàëà C > 0 òàêà, ùî äëÿ âñiõ âåêòî-
ðiâ k ∈ Zp âèêîíó¹òüñÿ íåðiâíiñòü

|∆(k, t1)| > C(1 + |k|)−ω exp(−δ|k|γ)ψξ(|k|).
Ïîíÿòòÿ íîðìàëüíîñòi âåðõíüî¨ ìåæi ií-

òåãðóâàííÿ t1, çàïðîâàäæåíå â îçíà÷åííi 2,
¹, î÷åâèäíî, øèðøèì âiä óâåäåíîãî â îçíà-
÷åííi 1.

Çàïðîïîíîâàíà â äàíié ðîáîòi ìåòîäèêà
ìîæå áóòè âèêîðèñòàíà äëÿ âñòàíîâëåííÿ
çàãàëüíiøèõ (ïîðiâíÿíî ç âèêëàäåíèìè) ðå-
çóëüòàòiâ ïðî ìiðó òà ðîçìiðíiñòü Ãàóñäîð-
ôà ìíîæèíè òèõ ÷èñåë t1 ∈ (0, T ], ÿêi ¹
(ω, δ, γ, ξ)ψ−íîðìàëüíèìè ìåæàìè äëÿ ðiâ-
íÿííÿ (1).
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