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Äîâåäåíî iñíóâàííÿ i âñòàíîâëåíî îöiíêè êëàñè÷íîãî ðîçâ'ÿçêó ó âñüîìó ïðîñòîði.

The existence of the classical solution and it's estimations are established on the whole space.

Ó 1938 ð. ç'ÿâèëàñÿ ôóíäàìåíòàëüíà ðî-
áîòà I.Ã. Ïåòðîâñüêîãî "Ïðî çàäà÷ó Êîøi
äëÿ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷à-
ñòèííèìè ïîõiäíèìè â îáëàñòi íåàíàëiòè-
÷íèõ ôóíêöié" [5], â ÿêié áóëî ïî÷àòî âèâ÷å-
ííÿ äåÿêèõ âàæëèâèõ êëàñiâ ñèñòåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíè-
ìè. Â íié áóâ âèçíà÷åíèé øèðîêèé êëàñ ïà-
ðàáîëi÷íèõ ñèñòåì (ïàðàáîëi÷íèõ çà Ïåòðîâ-
ñüêèì ñèñòåì), ÿêi ¹ óçàãàëüíåííÿì ðiâíÿí-
íÿ òåïëîïðîâiäíîñòi. Ó 1964 ð. âèéøëà ó ñâiò
ïðàöÿ Ñ.Ä. Åéäåëüìàíà [2], â ÿêié âèâ÷å-
íî ôóíäàìåíòàëüíi ìàòðèöi ðîçâ'ÿçêiâ ïàðà-
áîëi÷íèõ ñèñòåì, äëÿ ÿêèõ îäåðæàíi òî÷íi
îöiíêè, i ¨õ çàñòîñóâàííÿ äî âèâ÷åííÿ êëàñiâ
êîðåêòíîñòi çàäà÷i Êîøi.

Íåëîêàëüíi áàãàòîòî÷êîâi êðàéîâi çàäà÷i
âèâ÷àëèñÿ äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõi-
äíèìè áàãàòüìà àâòîðàìè. Çîêðåìà, ó ïðà-
öÿõ Á.É. Ïòàøíèêà [1] òà éîãî ó÷íiâ ïðîâî-
äèëîñü äîñëiäæåííÿ íåëîêàëüíèõ çàäà÷ äëÿ
ãiïåðáîëi÷íèõ òà áåçòèïíèõ ðiâíÿíü â îáìå-
æåíèõ îáëàñòÿõ (íà òîði) ó ðiçíèõ ôóíêöiî-
íàëüíèõ ïðîñòîðàõ.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ äâîòî÷êî-
âà êðàéîâà çàäà÷à äëÿ ïàðàáîëi÷íèõ ðiâíÿíü
âèùîãî ïîðÿäêó ïî t.

1. Ó øàði Π = (0, T )× Rn ðîçãëÿíåìî çà-
äà÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ

∂mu

∂tm
=

=
∑

2bk0+|k|≤2bm

Ak0kD
k0
t Dk

xu(t, x) + f(t, x), (1)

ÿêèé çàäîâîëüíÿ¹ óìîâè

∂j−1u

∂tj−1

∣∣∣∣∣
t=0

− µ
∂j−1u

∂tj−1

∣∣∣∣∣
t=T

=

= ϕj(x), j = 1,m, (2)

äå Ak0k � ñòàëi àáî ôóíêöi¨ âiä àðãóìåíòà t,
ϕj(x), f(t, x) � ôóíêöi¨, ÿêi àïðiîði äîïóñêà-
þòü ïåðåòâîðåííÿ Ôóð'¹.

Ðîçâ'ÿçîê çàäà÷i (1), (2) áóäåìî øóêàòè ó
âèãëÿäi

u(t, x) =
1

(2π)n

∫

Rn

ei0(σ,x)v(t, σ)dσ, (3)

äå v(t, σ) � ðîçâ'ÿçîê äâîòî÷êîâî¨ çàäà÷i

dmv

dtm
=

∑

2bk0+|k|≤2bm

Ak0k(i0σ)kDk0
t v(t, σ)+

+f̃(t, σ), (4)

dj−1v

dtj−1

∣∣∣∣∣
t=0

− µ
dj−1v

dtj−1

∣∣∣∣∣
t=T

=

= ϕ̃j(σ), j = 1,m, i20 = −1. (5)

Ðiâíÿííÿ (1) áóäåìî íàçèâàòè ïàðàáîëi-
÷íèì, ÿêùî äiéñíi ÷àñòèíè λi(σ) êîðåíiâ õà-
ðàêòåðèñòè÷íîãî ðiâíÿííÿ

λm −
∑

2bk0+|k|=2bm

Ak0k(i0σ)kλk0 = 0,

çàäîâîëüíÿþòü íåðiâíiñòü

Reλi(σ) ≤ −δ|σ|2b, δ > 0, σ ∈ Rn. (6)
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Íåõàé {Ki(t, σ)}m
i=1 ôóíäàìåíòàëüíà ñè-

ñòåìà ðîçâ'ÿçêiâ âiäïîâiäíîãî îäíîðiäíîãî
ðiâíÿííÿ (4), ùî çàäîâîëüíÿþòü ïî÷àòêîâi
óìîâè

dj−1Ki(t, σ)

dtj−1

∣∣∣∣∣
t=0

= δi,j, i, j = 1,m, (7)

à ôóíêöiÿ K(t − τ, σ) ¹ ôóíêöi¹þ Ãðiíà çà-
äà÷i Êîøi îäíîðiäíîãî ðiâíÿííÿ (4) i çàäî-
âîëüíÿ¹ óìîâè

dj−1K(t− τ, σ)

dtj−1

∣∣∣∣∣
t=τ

= δj−1,m−1,

j = 1,m, (8)

äå δij =

{
0, i 6= j,
1, i = j.

Òîäi çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) íà-
áóäå âèãëÿäó

v(t, σ) =
m∑

i=1

ciKi(t, σ)+

t∫

0

K(t−τ, σ)f̃(τ, σ)dτ.

(9)
Äëÿ îòðèìàííÿ ðîçâ'ÿçêó çàäà÷i (4), (5) çà-
ñòîñó¹ìî äî v(t, σ) êðàéîâi óìîâè (5), ïiñëÿ
÷îãî áóäåìî ìàòè ñèñòåìó ëiíiéíèõ íåîäíî-
ðiäíèõ àëãåáðà¨÷íèõ ðiâíÿíü ùîäî c1, ..., cm

m∑
i=1

ci

[
dj−1Ki(t, σ)

dtj−1

∣∣∣∣∣
t=0

−µ
dj−1Ki(t, σ)

dtj−1

∣∣∣∣∣
t=T

]
=

= ϕ̃j(σ) + µ

T∫

0

dj−1K(t− τ, σ)

dtj−1

∣∣∣∣∣
t=T

f̃(τ, σ)dτ,

j = 1,m. (10)

Çíàéøîâøè âåëè÷èíè ci(T, σ) ç (10), ðîçâ'ÿ-
çîê çàäà÷i (4), (5) ìîæíà çàïèñàòè ó âèãëÿäi

v(t, σ) =
m∑

i=1

ϕ̃i(σ)
∆i(σ, µ)

∆(σ, µ)
Ki(t, σ)+

+µ

T∫

0

m∑
i=1

dj−1K(t− τ, σ)

dtj−1

∣∣∣∣∣
t=T

Ki(t, σ)×

×∆i(σ, µ)

∆(σ, µ)
f̃(τ, σ)dτ+

+

t∫

0

K(t− τ, σ)f̃(τ, σ)dτ, (11)

äå ÷åðåç ∆(σ, µ) ïîçíà÷åíî âèçíà÷íèê ñèñòå-
ìè (10), ∆i(σ, µ) � àëãåáðà¨÷íi äîïîâíåííÿ
âiäïîâiäíî¨ ìàòðèöi.

Ó ïðàöi [2, c.55] äëÿ ôóíêöié Ki(t, σ) òà
K(t − τ, σ) i ¨õ ïîõiäíèõ, çà óìîâè ïàðàáî-
ëi÷íîñòi, îòðèìàíi îöiíêè ïðè êîìïëåêñíèõ
àðãóìåíòàõ s = σ + i0γ∣∣∣∣∣

dk0

dtk0
Ki(t, s)

∣∣∣∣∣ ≤

≤ c1k0t
i−k0−1 exp{(−δ1|σ|2b + F1|γ|2b)t}, (12)∣∣∣∣∣

dk0

dtk0
K(t− τ, s)

∣∣∣∣∣ ≤

≤ c2k0(t− τ)m−k0−1 exp{(−δ2|σ|2b+

+F2|γ|2b)(t− τ)}, i = 1,m,

δ1 > 0, δ2 > 0. (13)

Ïiäñòàâèìî ôóíêöiþ v(t, σ) ç (11) ó ôîðìóëó
(3) i ïîìiíÿ¹ìî ïîðÿäîê iíòåãðóâàííÿ, îòðè-
ìó¹ìî ôîðìàëüíî ðîçâ'ÿçîê çàäà÷i (1), (2) ó
âèãëÿäi

u(t, x) =

∫

Rn

m∑
i=1

ϕi(ξ)G
(1)
i (t, x− ξ)dξ+

+µ

T∫

0

dτ

∫

Rn

m∑
i=1

G
(2)
i (t, τ, x− ξ)f(τ, ξ)dξ+

+

t∫

0

dτ

∫

Rn

G0(t, τ, x− ξ)f(τ, ξ)dξ, (14)

äå âæèòî òàêi ïîçíà÷åííÿ:

G0(t, τ, x−ξ) =
1

(2π)n

∫

Rn

ei0(x−ξ)σK(t−τ, σ)dσ,

(15)
ôóíêöiÿ Ãðiíà çàäà÷i Êîøi,

G
(1)
i (t, x− ξ) =
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=
1

(2π)n

∫

Rn

ei0(x−ξ)σ ∆i(σ, µ)

∆(σ, µ)
Ki(t, σ)dσ, (16)

G
(2)
i (t, τ, x− ξ) =

=
1

(2π)n

∫

Rn

ei0(x−ξ)σ di−1K(t− τ, σ)

dti−1

∣∣∣∣∣
t=T

×

×∆i(σ, µ)

∆(σ, µ)
Ki(t, σ)dσ, i = 1,m. (17)

Áóäåìî ââàæàòè, ùî µ çàäîâîëüíÿ¹ îáìåæå-
ííÿ, ïðè ÿêèõ çáiãàþòüñÿ iíòåãðàëè

Ii(t, c, µ) =

∫

Rn

e−ct|σ|2b

∣∣∣∣∣
∆i(σ, µ)

∆(σ, µ)

∣∣∣∣∣dσ, i = 1,m.

(A)

Îöiíèìî ôóíêöi¨ G
(1)
i òà G

(2)
i (i = 1,m). Çãi-

äíî ç (12), äëÿ ïîõiäíèõ Dk0
t Dk

xG
(1)
i ìà¹ìî

|Dk0
t Dk

xG
(1)
i (t, x−ξ)| ≤ ck0k

∫

Rn

|σ||k|
∣∣∣∣∣
∆i(σ, µ)

∆(σ, µ)

∣∣∣∣∣×

×tm−k0−1e−δ1|σ|2btdσ.

Çâiäñè îòðèìó¹ìî íåðiâíiñòü

|Dk0
t Dk

xG
(1)
i (t, x− ξ)| ≤

≤ ck0kt
m−k0−1− |k|

2b Ii(t, δ1, µ). (18)

Àíàëîãi÷íî îòðèìó¹ìî çãiäíî ç (12) òà (13)
îöiíêè äëÿ ïîõiäíèõ ôóíêöi¨ G

(2)
i :

|Dk0
t Dk

xG
(2)
i (t, τ, x− ξ)| ≤

≤ c̃k0k(T + t− τ)m−k0−1− |k|
2b×

×Ii(T + t− τ, δ, µ), δ = min(δ1, δ2). (19)

Çàïèøåìî ðîçâ'ÿçîê (9) òà ñèñòåìó (10) ó ìà-
òðè÷íîìó âèãëÿäi

v(t, σ) = K̃C + K ∗ f̃ ,

(E − µA)C = ϕ̃ + F̃ ,

äå E � îäèíè÷íà ìàòðèöÿ,

C =




c1

...
cm


 , ϕ̃ =




ϕ1

...
ϕm


 ,

A = (K
(j−1)
i (T, σ))m

i,j=1,

F̃ =

(
µ

T∫

0

dj−1K(t− τ, σ)

dtj−1

∣∣∣∣∣
t=T

f̃(τ, σ)dτ

)m

j=1

.

Ïðèïóñòèìî, ùî iñíó¹ îáåðíåíà ìàòðèöÿ
(E − µA)−1, òîäi çíàõîäèìî

C = (E − µA)−1ϕ̃ + (E − µA)−1F̃ .

Òîäi ðîçâ'ÿçîê çàäà÷i (4), (5) íàáóâà¹ âèãëÿ-
äó

v(t, σ) = K̃(E−µA)−1ϕ̃+K̃(E−µA)−1F̃+K∗f̃ .

ßêùî äëÿ íîðìè ìàòðèöi (µA) âèêîíó¹òüñÿ
íåðiâíiñòü

‖µA‖ ≤ µ0 < 1, σ ∈ Rn, (B)

òîäi äîïóñòèìå ðîçâèíåííÿ â ðÿä

(E − µA)−1 =
∞∑

k=0

µkAk.

Òîäi äëÿ ôóíêöi¨

ψ(t, T, σ) = K̃ · (E − µA)−1

íà îñíîâi îöiíîê (12) ïðè êîìïëåêñíèõ àðãó-
ìåíòàõ σ ñïðàâåäëèâà íåðiâíiñòü

|ψ(t, T, σ)| ≤ c

∞∑

k=0

µk exp{−δ|σ|2b(t + kT )+

+F |γ|2b(t + kT )}. (20)

Çãiäíî ç ëåìîþ 1.1 [2, c.36], óòî÷íþþòüñÿ
îöiíêè (18) òà (19) ôóíêöié G

(1)
i òà G

(2)
i

|Dk0
t Ds

xG
(1)
i (t, x− ξ)| ≤

≤ c

∞∑

k=0

µk(t + kT )m−k0−1− |s|+n
2b ×

× exp{−c1|x− ξ| 2b
2b−1 (t + kT )−

1
2b−1}, (21)

|Dk0
t Ds

xG
(2)
i (t, τ, x− ξ)| ≤

≤ c

∞∑

k=0

µk(t + kT + T − τ)m−k0−1− |s|+n
2b ×
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× exp{−c1|x− ξ| 2b
2b−1 (t + kT + T − τ)−

1
2b−1},

(22)

i = 0, 1, ..., m, G
(2)
0 ≡ G0.

Ïîçíà÷èìî ÷åðåç H(1,α) êëàñ ôóíêöié u ∈
C

(α)
x (Π) ∩ L1(Rn) ç íîðìîþ [4, c.147]:

|u|(α)
1 = |u|α + sup

0≤t≤T

∫

Rn

|u(t, x)|dx ≡

≡ |u|α + |u|1, (23)

à H(1,0) ≡ C(Π) ∩ L1(Rn) ç íîðìîþ

|u|01 = |u|0 + |u|1.

Òåîðåìà 1. ßêùî ðiâíÿííÿ (1) ïàðàáî-
ëi÷íå, Ak0k ∈ C[0, T ] i âèêîíó¹òüñÿ óìîâà
(À), òî äëÿ äîâiëüíèõ ôóíêöié f ∈ H(1,α),
ϕ ∈ H(1,0) ðîçâ'ÿçîê çàäà÷i (1), (2) âèçíà-
÷à¹òüñÿ ôîðìóëîþ (14) i äëÿ éîãî ïîõiäíèõ
âèêîíóþòüñÿ íåðiâíîñòi

|Dk0
t Dk

xu(t, x)| ≤ ck0kt
m−k0−1− |k|

2b×

×(|ϕ|1 + |f |1) sup
i

Ii(t, δ, µ) + c|f |α,

2bk0 + k ≤ 2bm, |Dk0
t Dk

xG0(t, x, x− ξ)| ≤

≤ ck0k(t− τ)m−k0−1+
|k|+n

2b ×
× sup

i
Ii(t, δ, µ), (24)

à äëÿ G
(1)
i , G

(2)
i âèêîíóþòüñÿ íåðiâíîñòi

(18), (19). ßêùî âèêîíó¹òüñÿ óìîâà (Â),
òîäi äëÿ G

(1)
i , G

(2)
i , G0 ñïðàâåäëèâi îöiíêè

(21) òà (22), à äëÿ ðîçâ'ÿçêó çàäà÷i íåðiâ-
íiñòü

|Dk0
t Dk

xu(t, x)| ≤ ck0kt
m−k0−1− |k|

2b×

×(|ϕ|H(1,0) + |f |H(1,α)), 2bk0 + |k| ≤ 2bm.

Äîâåäåííÿ. Âiäçíà÷èìî, ùî ôóíêöi¨
G0(t, τ, x), G

(1)
i (t, x), G

(2)
i (t, τ, x), ïðè t > τ ≥

0 ¹ ðîçâ'ÿçêàìè âiäïîâiäíîãî îäíîðiäíîãî
ðiâíÿííÿ (1). Îöiíêè (18), (19) òà (21), (22)
äîçâîëÿþòü ðîçøèðèòè îáëàñòü âèçíà÷åííÿ
îáåðíåíîãî îïåðàòîðà çàäà÷i (1), (2), ÿêèé

äi¹ íà ñóìîâíi ôóíêöi¨ (ϕi, f)m
i=1 çà ôîðìó-

ëîþ (14). Ïîçíà÷èìî ïåðøèé äîäàíîê (14)
÷åðåç

u1(t, x) =

∫

Rn

m∑
i=1

ϕi(ξ)G
(1)
i (t, x− ξ)dξ, (25)

òà âèâ÷èìî âëàñòèâîñòi ïîõiäíèõ ôóíêöié
u1(t, x). Íåõàé

z =
|x− ξ|

t
1
2
b

. (∗)

Âèêîðèñòîâóþ÷è îöiíêó (18), äëÿ ïîõiäíèõ
u1(t, x) îòðèìà¹ìî

|Dk0
t Dk

xu1(t, x)| ≤

≤ ck0k

∫

Rn

m∑
i=1

|ϕi(ξ)|tm−k0−1− |k|
2b×

× sup
i

Ii(t, δ1, µ)dξ, 2bk0 + |k| ≤ 2bm.

ßêùî ϕi(ξ) ∈ C(ΠT ) ∩ L1(Rn), òî

|Dk0
t Ds

xu1(t, x)| ≤ ck0kt
m−k0−1− |k|

2b×
× sup

i
Ii(t, δ1, µ)|ϕ|1. (26)

Âèêîðèñòîâóþ÷è îöiíêó (21), îòðèìà¹ìî

|Dk0
t Ds

xu1(t, x)| ≤ ck0k

∫

Rn

m∑
i=1

|ϕi(ξ)|×

×
∞∑

k=0

µk(t + kT )m−k0−1− |s|+n
2b ×

× exp{−c1|x− ξ| 2b
2b−1 (t + kT )−

1
2b−1}dξ ≤

≤ ck0k

∫

Rn

m∑
i=1

|ϕi(ξ)|dξ×

×
∞∑

k=1

µk(t + kT )m−k0−1− |s|+n
2b .

Òðåáà çàóâàæèòè, ùî â îñòàííié íåðiâíîñòi
ðÿä çáiæíèé ïðè |µ| < 1 i n ≥ 1 àáî |µ| = 1 i
n > 2bm− 2bk0 − |s|.

Òàêèì ÷èíîì,

|Dk0
t Ds

xu1(t, x)| ≤ ctm−k0−1− |s|+n
2b |ϕ|1. (27)
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Iç (26), (27) âèïëèâà¹, ùî äëÿ ïîõiäíèõ
2bk0 + |k| ≤ 2b(m − 1) ôóíêöiÿ u1(t, x) íå-
ïåðåðâíà àæ äî ãiïåðïëîùèíè t = 0, à ïðè
2bk0 + |k| > 2b(m − 1) ðîçðèâíà ïðè t = 0.
Âèêîðèñòîâóþ÷è ïîïåðåäíi ìiðêóâàííÿ, äëÿ
äðóãîãî äîäàíêó (14) ìîæíà îòðèìàòè àíà-
ëîãi÷íi îöiíêè.

Ðîçãëÿíåìî òðåòié äîäàíîê ôîðìóëè (14)

u2(t, x) =

t∫

0

dτ

∫

Rn

G0(t, τ, x− ξ)f(τ, ξ)dξ.

(28)
Âèêîðèñòîâóþ÷è îöiíêó (13) äëÿ G0(t, τ, x−
ξ) i ¨¨ ïîõiäíèõ ìîæíà îòðèìàòè îöiíêó

|Dk0
t Dk

xG0(t, τ, x− ξ)| ≤

≤ ck0k(t− τ)m−k0−1−n+|k|
2b |×

× exp{−c|x− ξ| 2b
2b−1 (t− τ)−

1
2b−1}. (29)

Òîäi äëÿ u2(t, x) îòðèìà¹ìî

|Dk0
t Dk

xu2(t, x)| ≤

≤ c

t∫

0

dτ

∫

Rn

(t− τ)m−k0−1−n+|k|
2b ×

× exp{−c|x− ξ| 2b
2b−1 (t− τ)−

1
2b−1}f(τ, ξ)dξ.

Áóäåìî ïðèïóñêàòè, ùî f(t, x) ∈ C(ΠT ) òà â
îñòàííié íåðiâíîñòi çðîáèìî çàìiíó (*), òîäi
îòðèìà¹ìî

|Dk0
t Dk

xu2(t, x)| ≤ c|f |0
t∫

0

(t−τ)m−k0−1− |k|
2b dτ×

×
∫

Rn

e−cz
2b

2b−1
dz.

Ç îñòàííüî¨ ðiâíîñòi ìîæíà ïîáà÷èòè, ùî ií-
òåãðàë ïî τ çáiæíèé òiëüêè ïðè 2bk0 + |k| <
2bm, à öå îçíà÷à¹, ùî ïîõiäíà ïî t òà x
äî ïîðÿäêó 2bm− 1 îòðèìóþòüñÿ ôîðìàëü-
íèì äèôåðåíöiþâàííÿì. Ïîêàæåìî, ùî ïðè
ïiäâèùåííi ãëàäêîñòi äî óìîâè Ãåëüäåðà íà
ôóíêöiþ f(t, x), iñíóþòü ñòàðøi ïîõiäíi äî
ïîðÿäêó 2bm, ÿêi áóäóòü îá÷èñëþâàòèñÿ çà

äîïîìîãîþ ñïåöiàëüíî¨ ôîðìóëè, òîáòî ïðî-
âåäåìî ðåãóëÿðèçàöiþ ðîçáiæíîãî iíòåãðàëà.
Ïðèïóñòèìî, ùî f(t, x) çàäîâîëüíÿ¹ óìîâó
Ãåëüäåðà ïî çìiííié x, òîäi ñòàðøi ïîõiäíi
áóäóòü îá÷èñëþâàòèñÿ çà ôîðìóëîþ

Dk0
t Dk

xu2(t, x) =

=

t∫

0

dτ

∫

Rn

[f(τ, ξ)− f(τ, x)]×

×Dk0
t Dk

xG0(t, τ, x− ξ)dξ+

+

t∫

0

dτ

∫

Rn

Dk0
t Dk

xG0(t, τ, x− ξ)f(τ, x)dξ ≡

≡ J1 + J2, (30)

2bk0 + |k| = 2bm.

Îöiíèìî J1 òà J2:

|J1| ≤ c|f |0α
t∫

0

dτ

∫

Rn

(t− τ)m−k0−1−n+|k|
2b ×

× exp{−c|x− ξ| 2b
2b−1 (t− τ)−

1
2b−1}|x− ξ|αdξ,

çðîáèìî çàìiíó (*), îòðèìó¹ìî

|J1| ≤ c|f |0α
t∫

0

(t− τ)m−k0−1− |k|
2b

+ α
2b dτ×

×
∫

Rn

|z|αe−c|z|
2b

2b−1
dz.

Iç îñòàííüî¨ íåðiâíîñòi îòðèìó¹ìî, ùî iíòå-
ãðàë ïî τ çáiæíèé. Ïîêàæåìî, ùî J2 äîðiâ-
íþ¹ íóëåâi. Ñêîðèñòà¹ìîñÿ òèì, ùî ôóíêöiÿ
G0(t, τ, x − ξ) ïî òðåòüîìó àðãóìåíòó çàëå-
æèòü âiä ðiçíèöi, òîìó ïîõiäíà ïî x ç òî÷íi-
ñòþ äî çíàêó äîðiâíþ¹ ïîõiäíié ïî ξ:

J2 =

t∫

0

f(τ, x)dτ×

×
∫

Rn

Dk0
t

∂

∂ξi

(Dk−1
x G0(t, τ, x− ξ))dξ =
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=

t∫

0

f(τ, x)dτ

∫

Rn−1

dξ′×

×
+∞∫

−∞

Dk0
t

∂

∂ξi

(Dk−1
x G0(t, τ, x− ξ))dξi =

= −
t∫

0

f(τ, x)dτ

∫

Rn−1

dξ′×

×Dk0
t Dk−1

x G0(t, τ, x− ξ)

∣∣∣∣∣

ξi=+∞

ξi=−∞
= 0,

ôóíêöiÿ G0 òà ¨¨ ïîõiäíi íà áåçìåæíîñòi ïå-
ðåòâîðþ¹òüñÿ â íóëü çà îöiíêîþ (29). Òåîðå-
ìà äîâåäåíà.

2. Ïðîiëþñòðó¹ìî íà ïðèêëàäi, ïðè ÿêié
óìîâi íà ïàðàìåòð µ áóäå âèêîíóâàòèñÿ óìî-
âà (À). Ðîçãëÿíåìî çàäà÷ó

D2
t u− 2DtD

2
xu + 2D4

xu = f(t, x), (31)

u|t=0 − µu|t=T = ϕ1(x),

Dtu|t=0 − µDtu|t=T = ϕ2(x), (32)

x ∈ R, t ∈ (0, T ).
Çàñòîñó¹ìî äî (31), (32) ïåðåòâîðåííÿ

Ôóð'¹

d2v

dt2
+ 2σ2dv

dt
+ 2σ4v = f̃(t, σ), (33)

v|t=0 − µv|t=T = ϕ̃1(σ),

dv

dt

∣∣∣∣∣
t=0

− µ
dv

dt

∣∣∣∣∣
t=T

= ϕ̃2(σ). (34)

Ðîçâ'ÿçîê çàäà÷i (33), (34) ïîäà¹òüñÿ ó âè-
ãëÿäi

v(t, σ) = ϕ̃1(σ)
∆1(σ, µ)

∆(σ, µ)
+ ϕ̃2(σ)

∆2(σ, µ)

∆(σ, µ)
+

+µ

T∫

0

f̃(τ, σ)

[
∆1(σ, µ)

∆(σ, µ)
K(T − τ, σ)+

+
∆2(σ, µ)

∆(σ, µ)
K ′(T − τ, σ)

]
dτ+

+

t∫

0

f̃(τ, σ)K(t− τ, σ)dτ, (35)

äå

K1(t, σ) = e−σ2t(cos σ2t + sin σ2t), (36)

K2(t, σ) = e−σ2t sin σ2t

σ2
, (37)

K(t− τ, σ) = e−σ2(t−τ) sin σ2(t− τ)

σ2
, (38)

∆1(σ, µ) =

∣∣∣∣
K1(t, σ) K2(t, σ)

−µK
′
1(T, σ) 1− µK

′
2(T, σ)

∣∣∣∣ ,

∆2(σ, µ) =

∣∣∣∣
1− µK1(T, σ) −µK2(t, σ)

K1(T, σ) K2(T, σ)

∣∣∣∣ ,

∆(σ, µ) =

∣∣∣∣
1− µK1(T, σ) −µK2(T, σ)
−µK

′
1(T, σ) 1− µK

′
2(T, σ)

∣∣∣∣ .

Òîäi ðîçâ'ÿçîê çàäà÷i (31), (32) ôîðìàëüíî
ìîæíà ïîäàòè ó âèãëÿäi

u(t, x) =

∫

R

ϕ1(ξ)G
(1)
1 (t, x− ξ)dξ+

+

∫

R

ϕ2(ξ)G
(1)
2 (t, x− ξ)dξ+

+µ

T∫

0

dτ

∫

R

f(τ, ξ)G0(t, τ, x− ξ)dξ, (39)

äå

G0(t, τ, x− ξ) =

∫

R

ei0σ(x−ξ)K(t− τ, σ)dσ

� ôóíêöiÿ Ãðiíà çàäà÷i Êîøi,

G
(1)
i (t, x− ξ) =

∫

R

ei0σ(x−ξ) ∆i(σ, µ)

∆(σ, µ)
dσ, (40)

G
(2)
i (t, τ, x− ξ) =

=

∫

R

ei0σ(x−ξ) ∆i(σ, µ)

∆(σ, µ)
K(i−1)(T−τ, σ)dσ, (41)

i = 1, 2.
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Âèêîðèñòîâóþ÷è (36), (37), ôóíêöi¨ G
(1)
i ìî-

æíà ïîäàòè ó âèãëÿäi

G
(1)
1 (t, x− ξ) =

∫

R

(
ei0σ(x−ξ)[e−σ2t×

×(cos σ2t+sin σ2t)+µe−σ2(T+t)(sin σ2(T + t)+

+ cos σ2(T + t))]

)/(
(1− µe(−σ2+iσ2)T )×

×(1− µe(−σ2−iσ2)T )

)
dσ, (42)

G
(1)
2 (t, x− ξ) =

∫

R

(
eiσ(x−ξ)[e−σ2t×

×sin σ2t

σ2
+µe−σ2(T+t) sin σ2(T + t)

σ2
]

)/(
(1−µ×

×e(−σ2+iσ2)T )(1− µe(−σ2−iσ2)T )

)
dσ. (43)

Ïîêàæåìî, ïðè ÿêié óìîâi íà ïàðàìåòð µ
áóäóòü çáiæíèìè iíòåãðàëè ó ôîðìóëàõ (42)
òà (43).

Òåîðåìà. Äëÿ iíòåãðàëà

I(t, x, µ) =

=

∫

R

eiσx−σ2t sin σ2t
σ2

(1− µe(−σ2+iσ2)T )(1− µe(−σ2+iσ2)T )
dσ,

(44)

t ∈ (0, T ), x ∈ R,

ïðè |µ| < 1 ñïðàâåäëèâà îöiíêà

|I(t, x + i0y, µ)| ≤ c

∞∑

k,j=0

µk+j(t + T (k + j))
1
2×

× exp

{
−c1

|x|2
t + T (k + j)

+ F1
|y|2

t + T (k + j)

}
,

(45)
c1, F1 > 0.

Äîâåäåííÿ. Ïîäàìî iíòåãðàë (44) ó òà-
êîìó âèãëÿäi

I(t, x, µ) =
∞∑

k,j=0

µk+j

∫

R

ei0σxFk,j(t, σ)dσ,

(46)
äå

Fk,j(t, σ) =

=
sin σ2t

σ2
exp{−σ2(t+T (k+j))+iσ2T (j−k)}.

Ðîçãëÿíåìî ôóíêöiþ Fk,j(t, σ) ïðè |σ| > ε0

òà çðîáèìî â íié çàìiíó

σ =
α√

t + T (k + j)
, (47)

òàêèì ÷èíîì îòðèìà¹ìî

Fk,j(t, α) =
sin α2t

t+T (k+j)

α2

t+T (k+j)

e−α2+i0α2 T (j−k)
t+T (k+j) . (48)

Ðîçãëÿíåìî (48), ÿê ôóíêöiþ êîìïëåêñíîãî
àðãóìåíòà α+ i0β, òà ñêîðèñòà¹ìîñÿ òèì, ùî
| sin(α + i0β)| ïðè âåëèêèõ çíà÷åííÿõ àðãó-
ìåíòà íàáëèæà¹òüñÿ äî 1

2
eβ [3, c.36].

|Fk,j(t, α + i0β)| ≤ c
t + T (k + j)

α2 + β2
×

× exp

{
−(α2 − β2)− 2αβ

t + T (j − k)

t + T (k + j)

}
.

Äëÿ ïîäàëüøèõ ìiðêóâàíü ñêîðèñòà¹ìîñÿ
î÷åâèäíèìè íåðiâíîñòÿìè

αβ ≤ ε2α2 + (2ε)−2β2, (0 < ε < 1), (49)

−1 ≤ t + T (j − k)

t + T (k + j)
≤ 1. (50)

Ïðîäîâæóþ÷è îöiíþâàòè ôóíêöiþ
Fk,j(t, α + i0β) òà âèêîðèñòîâóþ÷è îöií-
êè (49), (50), îòðèìà¹ìî

|Fk,j(t, α + i0β)| ≤

≤ c
t + T (k + j)

α2 + β2
exp{−(α2 − β2) + 2αβ} ≤

≤ c
t + T (k + j)

α2 + β2
exp{α2(−1 + 2ε2)+
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+β2(1 + 2(2ε)−2)},
âèáèðàþ÷è äîñèòü ìàëå ε i ïîçíà÷àþ÷è −1+
2ε2 = −δ1, δ1 > 0, 1 + 2 · (2ε)−2 = F , îòðèìà-
¹ìî

|Fk,j(t, α + iβ)| ≤

≤ c
t + T (k + j)

α2 + β2
exp{−δ1α

2 + Fβ2}. (51)

Ïîçíà÷èìî ÷åðåç Ik,j(t, x) âèðàç

Ik,j(t, x) =

∫

R

ei0σxFk,j(t, σ)dσ. (52)

Â iíòåãðàëi (52) çðîáèìî çàìiíó (47), ïi-
ñëÿ ÷îãî îòðèìà¹ìî

Ik,j(t, x) =
1√

t + T (k + j)
×

×
∫

R

e
i0αx√

t+T (k+j) Fk,j(t, α)dα. (53)

Ðîçãëÿíåìî Ik,j(t, x) äëÿ x0 + i0y. Âèêîðè-
ñòà¹ìî òåîðåìó [3, c.162]. ßêùî G ¹ âíóòði-
øíiñòü çàìêíåíî¨ æîðäàíîâî¨ ñïðÿìíî¨ êðè-
âî¨ L i f(z) íåïåðåðâíà ó çàìêíåíié îáëàñòi
Ḡ òà àíàëiòè÷íà â îáëàñòi G, òî iíòåãðàë âiä
f(z) ïî L äîðiâíþ¹ íóëåâi.

Ó íàøîìó âèïàäêó
∫

L

exp

{
i0(x + i0y)√
t + T (k + j)

z

}
Fk,j(t, z)dz = 0,

z = α + i0β. (54)

Êîíòóð L âèáåðåìî ÿê ïîêàçàíî íà Ðèñ. 1.
Ðîçãëÿíåìî ïiäiíòåãðàëüíó ôóíêöiþ (54)

íà ïðîìiæêàõ (R; A) òà (B;−R).
∣∣∣∣∣exp

{
i0(x + i0y)√
t + T (k + j)

(R + i0β)

}
×

×Fk,j(t, R + i0β)

∣∣∣∣∣ ≤

≤ c exp

{
−Ry + xβ√
t + T (k + j)

}
1

R2 + β2
e−δ1R2+Fβ2

.

Ðèñ. 1
Çâiäñè âèäíî, ùî ïiäiíòåãðàëüíà ôóíêöiÿ

ïðè R → ±∞ ïðÿìó¹ ðiâíîìiðíî äî íóëÿ
äëÿ áóäü-ÿêèõ β. Òîäi îòðèìà¹ìî

∫

R

exp

{
i0(x + i0y)√
t + T (k + j)

α

}
sin α2t

t+T (k+j)

α2
×

×e−α2+i0α2 T (j−k)
t+T (k+j) dα =

=

∫

R

exp

{
i0(x + i0y)√
t + T (k + j)

(α + i0β)

}
×

×
sin (α+i0β)2t

t+T (k+j)

(α + i0β)2
×

×e−(α+i0β)2+i0(α+i0β)2
T (j−k)

t+T (k+j) dα.

Âèêîðèñòîâóþ÷è îöiíêó (51), îòðè-
ìà¹ìî |Ik,j(t, x + i0y)| ≤ (t + T (k +

j))
1
2 exp

{
− xβ√

t+T (k+j)
+ Fβ2

}
∫
R

1
α2+β2

exp

{
−δ1α

2 − yα√
t+T (k+j)

}
dα. Âèáåðåìî

β = x√
t+T (k+j)

β0, β0 = const, òà âèêîðèñòîâó-
þ÷è (49), îòðèìà¹ìî |Ik,j(t, x + i0y)| ≤
(t + T (k + j))

1
2 exp

{
−c1

|x|2
t+T (k+j)

+

F1
|y|2

t+T (k+j)

}
∫
R

1

α2+ x2

t+T (k+j)

exp{−δ1α
2}dα ≤
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c(t+T (k+j))
1
2 exp

{
−c1

|x|2
t+T (k+j)

+F1
|y|2

t+T (k+j)

}
,

c1 > 0.
Ïðè |σ| < ε0 îòðèìà¹ìî |I(t, x, µ)| ≤
ct

(1−µ)2
√

t
e−

|x|2
t = ct

1
2

(1−µ)2
e−

|x|2
t . Òåîðåìà äîâåäå-

íà.
Ó ïîäàëüøèõ ðîáîòàõ ïëàíó¹òüñÿ ðîçãëÿ-

íóòè çàäà÷ó ïðî çíàõîäæåííÿ ïåðiîäè÷íîãî
ðîçâ'ÿçêó ïàðàáîëi÷íîãî ðiâíÿííÿ (1).
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