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Â êëàñi ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ, ùî äiþòü ó ïðîñòîði àíàëiòè÷íèõ â êðóçi ôóí-
êöié, îïèñàíi ðîçâ'ÿçêè îïåðàòîðíèõ ðiâíÿíü, ùî ïîâ'ÿçàíi ç îïåðàòîðàìè óçàãàëüíåíîãî äè-
ôåðåíöiþâàííÿ.

The solutions of one class of operator equations which are connected with operators of generali-
zed integration in the set of linear continuous operators which act in the space of analytic in the
circle functions are described.

Ïðè âèâ÷åííi ðiçíèõ êëàñiâ ëiíiéíèõ íå-
ïåðåðâíèõ îïåðàòîðiâ, ùî äiþòü ó ïðîñòî-
ðàõ àíàëiòè÷íèõ ôóíêöié, âàæëèâå çíà÷åí-
íÿ ìà¹ çàäà÷à çíàõîäæåííÿ âñiõ ëiíiéíèõ íå-
ïåðåðâíèõ îïåðàòîðiâ T , ùî çàäîâîëüíÿþòü
ðiâíÿííÿ TA = BT , äå A,B � ôiêñîâàíi ëi-
íiéíi íåïåðåðâíi îïåðàòîðè, ùî äiþòü ó âêà-
çàíèõ ïðîñòîðàõ. Íàéâàæëèâiøèìè ¹ îïåðà-
òîðíi ðiâíÿííÿ âêàçàíîãî âèäó, ùî ïîâ'ÿçà-
íi ç îïåðàòîðàìè óçàãàëüíåíîãî äèôåðåíöi-
þâàííÿ. Äëÿ ðîçâ'ÿçóâàííÿ òàêèõ ðiâíÿíü
âèêîðèñòîâóâàëèñÿ ðiçíi ìåòîäè: ìàòðè÷íèé
ìåòîä [1], iíòåãðàëüíå çîáðàæåííÿ ëiíiéíèõ
íåïåðåðâíèõ îïåðàòîðiâ [2], ïåðåõiä äî ñïðÿ-
æåíèõ îïåðàòîðiâ [3], õàðàêòåðèñòè÷íi ôóí-
êöi¨ ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ [4], çî-
áðàæåííÿ ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ
ó âèãëÿäi äèôåðåíöiàëüíèì îïåðàòîðiâ íå-
ñêií÷åííîãî ïîðÿäêó [5] òîùî. Â öié ñòàòòi
íàâåäåíî ùå îäèí ñïîñiá ðîçâ'ÿçóâàííÿ òà-
êèõ ðiâíÿíü.

×åðåç AR (0 < R ≤ ∞) ïîçíà÷èìî ïðî-
ñòið óñiõ àíàëiòè÷íèõ ó êðóçi |z| < R ôóí-
êöié, ùî íàäiëåíèé òîïîëîãi¹þ êîìïàêòíî¨
çáiæíîñòi, à ÷åðåç A∗

R � ñïðÿæåíèé ïðîñòið
äî AR. Ñèìâîëîì L(AR1 , AR2) ïîçíà÷àòèìå-
ìî êëàñ óñiõ ëiíiéíèõ íåïåðåðâíèõ îïåðàòî-
ðiâ, ùî äiþòü ç ïðîñòîðó AR1 â AR2 .

Äëÿ ïîäàëüøîãî íàì áóäå ïîòðiáíå íàñòó-
ïíå òâåðäæåííÿ.

Ëåìà. Çàãàëüíèé âèãëÿä îïåðàòîðiâ T ∈

L(AR1 , AR2) äà¹òüñÿ ôîðìóëîþ

(Tf)(z) =
∞∑

n=0

Ln(f)zn, (1)

äå f ∈ AR1 , à (Ln)∞n=0 � ïîñëiäîâíiñòü ëiíié-
íèõ íåïåðåðâíèõ ôóíêöiîíàëîâ íà ïðîñòîði
AR1, ùî çàäîâîëüíÿ¹ óìîâó:

∀f ∈ AR1 lim
n→∞

n
√
|Ln(f)| ≤ 1

R2

. (2)

Äîâåäåííÿ. Íåõàé T ∈ L(AR1 , AR2). Òîäi
éîãî ìîæíà ïîäàòè ó ìàòðè÷íîìó âèãëÿäi

(Tf)(z) =
∞∑

k=0

(
∞∑

n=0

tknfn)zk, (3)

äå f(z) =
∞∑

n=0

fnz
n ∈ AR1 , à åëåìåíòè ìàòðè-

öi [tkn]∞k,n=0 çàäîâîëüíÿþòü óìîâó

∀r2 < R2 ∃r1 < R1 ∃C > 0 ∀k, n ≥ 0 :

|tkn| ≤ C
rn
1

rk
2

. (4)

Ïîçíà÷èìî Lk(f) =
∞∑

n=0

tknfn. Ç (4) âèïëèâà¹,
ùî Ln ∈ A∗

R1
, n = 0, 1, ... . Ïîêàæåìî, ùî äëÿ

ïîñëiäîâíîñòi (Ln) âèêîíó¹òüñÿ óìîâà (2).
Çàôiêñó¹ìî äîâiëüíå r2 < R2 i çíàéäåíi äëÿ
íüîãî r1 < R1 i C > 0 çãiäíî óìîâè (4). Òîäi
äëÿ äîâiëüíî¨ ôóíêöi¨ f(z) =

∞∑
n=0

fnz
n ∈ AR1
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i äëÿ äîâiëüíîãî k = 0, 1, ... |Lk(f)| ≤ CC1

rk ,
äå C1 =

∞∑
n=0

|fn|rn
1 . Äîáóâàþ÷è ç îáîõ ÷àñòèí

îñòàííüî¨ íåðiâíîñòi êîðiíü k-ãî ñòåïåíÿ i ïå-
ðåéøîâøè äî âåðõíüî¨ ãðàíèöi ïðè k → ∞,
ìàòèìåìî: lim

k→∞
k
√
|Lk(f)| ≤ 1

r2
. Ñïðÿìóâàâ-

øè r2 → R2 , îäåðæèìî (2). Òàêèì ÷èíîì,
îïåðàòîð T ïîäà¹òüñÿ ó âèãëÿäi (1) i âèêî-
íó¹òüñÿ óìîâà (2).

Íàâïàêè, íåõàé ïîñëiäîâíiñòü ëiíiéíèõ
íåïåðåðâíèõ ôóíêöiîíàëiâ (Ln) ç ïðîñòîðó
A∗

R1
çàäîâîëüíÿ¹ óìîâó (2). Ïîêàæåìî, ùî

ôîðìóëîþ (1) âèçíà÷à¹òüñÿ îïåðàòîð T ∈
L(AR1 , AR2). Çðîçóìiëî, ùî îïåðàòîð T äi¹ ç
ïðîñòîðó AR1 â ïðîñòið AR2 . Öåé îïåðàòîð ¹
ïîòî÷êîâîþ ãðàíèöåþ ïîñëiäîâíîñòi îïåðà-
òîðiâ (Tn)∞n=0, (Tnf)(z) =

n∑
k=0

Lk(f)zk,. Çðî-
çóìiëî, ùî Tn ∈ L(AR1 , AR2), n = 0, 1, . . ..
Òîìó çà ïðèíöèïîì ðiâíîìiðíî¨ îáìåæåíîñòi
îïåðàòîð T ∈ L(AR1 , AR2), ÷èì i çàâåðøó¹-
òüñÿ äîâåäåííÿ ëåìè.

Íåõàé Dα� îïåðàòîð óçàãàëüíåíîãî äèôå-
ðåíöiþâàííÿ, ùî ïîðîäæåíèé ïîñëiäîâíiñòþ
âiäìiííèõ âiä íóëÿ êîìïëåêñíèõ ÷èñåë (αn),
ÿêèé ëiíiéíî òà íåïåðåðâíî äi¹ â ïðîñòî-
ði AR2 , òîáòî (Dαf)(z) =

∞∑
n=1

αn−1

αn

f (n)(0)
n!

zn−1

i lim
n→∞

n

√
|αn−1

αn
| ≤ 1,ÿêùî R2� ñêií÷åíå, àáî

lim
n→∞

n

√
|αn−1

αn
| < ∞, ÿêùî R2 = ∞.

Çíàéäeìî çàãàëüíèé ðîçâ'ÿçîê â êëàñi
îïåðàòîðiâ T ∈ L(AR1 , AR2) îïåðàòîðíîãî
ðiâíÿííÿ âèäó

Dm
α T = TA (5)

äå m � ôiêñîâàíå íàòóðàëüíå ÷èñëî i A �
ôiêñîâàíèé îïåðàòîð, ùî íàëåæèòü êëàñó
L(AR1 , AR). Íåõàé îïåðàòîð T ∈ L(AR1 , AR2)
çàäîâîëüíÿ¹ (5). Òîäi çà ëåìîþ âií ïîäà¹òüñÿ
ó âèãëÿäi (1), äå (Ln)� ïîñëiäîâíiñòü ôóí-
êöiîíàëiâ ç ïðîñòîðó A∗

R1
, ùî çàäîâîëüíÿ¹

óìîâó (2). Îñêiëüêè äëÿ äîâiëüíî¨ ôóíêöi¨
f ∈ AR1

(Dm
α T )f =

∞∑
n=0

Ln+m(f)
αn

αn+m

zn,

òî
∞∑

n=0

Ln+m(f)
αn

αn+m

zn =
∞∑

n=0

Ln(Af)zn.

Òîìó

Ln+m(f) =
αn+m

αn

Ln(Af), n = 0, 1, ... . (6)

Ç (6) âèïëèâà¹, ùî ∀q = 0, 1, ..., ∀r = 0,m− 1
âèêîíó¹òüñÿ ðiâíiñòü:

Lqm+r(f) =
αqm+r

αr

Lr(A
qf). (7)

Òàêèì ÷èíîì,

(Tf)(z) =
∞∑

q=0

m−1∑
r=0

αqm+r

αr

Lr(A
qf)zqm+r. (8)

Ç âðàõóâàííÿì (7) óìîâà (2) ðiâíîñèëüíà íà-
ñòóïíié

∀r = 0,m− 1 ∀f ∈ AR1

lim
q→∞

qm+r

√
|αqm+r||Lr(Aqf)| ≤ 1

R2

. (9)

Òàêèì ÷èíîì äîâåäåíà íåîáõiäíiñòü óìîâ íà-
ñòóïíîãî òâåðäæåííÿ.

Òåîðåìà. Íåõàé Dα� ëiíiéíèé íåïåðåðâ-
íèé îïåðàòîð óçàãàëüíåíîãî äèôåðåíöiþâà-
ííÿ, ùî ïîðîäæåíèé ïîñëiäîâíiñòþ (αn) i
äi¹ â ïðîñòîði AR2, A � ôiêñîâàíèé îïåðà-
òîð ç êëàñó L(AR1 , AR1), à m � ôiêñîâàíå
íàòóðàëüíå ÷èñëî. Äëÿ òîãî ùîá îïåðàòîð
T ∈ L(AR1 , AR2) áóâ ðîçâ'ÿçêîì ðiâíÿííÿ (5)
íåîáõiäíî i äîñèòü, ùîá iñíóâàëè ôóíêöiî-
íàëè L0, L1, ..., Lm−1 ç A∗

R1
òàêi, ùî T çîáðà-

æà¹òüñÿ ó âèãëÿäi (8) i âèêîíó¹òüñÿ óìîâà
(9).

Äîâåäåííÿ. Äîñòàòíiñòü. Ïðè âèêî-
íàííi óìîâè (9) ôîðìóëîþ (8) âèçíà÷à¹òüñÿ
îïåðàòîð T ∈ L(AR1 , AR2) . Áåçïîñåðåäíüîþ
ïåðåâiðêîþ ïåðåêîíó¹ìîñÿ â òîìó, ùî îïåðà-
òîð T çàäîâîëüíÿ¹ ðiâíÿííÿ (5).

Ç äîâåäåíî¨ òåîðåìè ïðè m = 1 îäåðæó¹-
ìî

Íàñëiäîê. Íåõàé Dα ∈ L(AR2 , AR2) i
A ∈ L(AR1 , AR1). Äëÿ òîãî ùîá îïåðàòîð
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T ∈ L(AR1 , AR2) áóâ ðîçâ'ÿçêîì îïåðàòîðíî-
ãî ðiâíÿííÿ DαT = TA íåîáõiäíî i äîñèòü,
ùîá âií ïîäàâàâñÿ ó âèãëÿäi

(Tf)(z) =
∞∑

n=0

αn

α0

L0(A
nf)zn, (10)

äå L0 ∈ A∗
R1

i âèêîíó¹òüñÿ óìîâà

∀f ∈ AR1 lim
n→∞

n
√
|αn||L0(Anf)| ≤ 1

R2

. (11)

Ç äîâåäåíî¨ òåîðåìè ìîæíà îäåðæàòè
îïèñ êîìóòàíòiâ îïåðàòîðiâ óçàãàëüíåíîãî
äèôåðåíöiþâàííÿ òà ¨õíiõ ñòåïåíiâ.

Ðîçãëÿíåìî äåÿêi ïðèêëàäè çàñòîñóâàí-
íÿ òåîðåìè äî êîíêðåòíèõ îïåðàòîðíèõ ðiâ-
íÿíü. Äëÿ ïðîñòîòè îáìåæèìîñü âèïàäêîì
n = 1.

1. Íåõàé A = I � âîëüòåðiâñüêèé
îïåðàòîð iíòåãðóâàííÿ, òîáòî (If)(z) =
z∫
0

f(t)dt. Ââàæàòèìåìî äîäàòêîâî, ùî ïîñëi-
äîâíiñòü êîìïëåêñíèõ ÷èñåë (αn) òàêà, ùî
lim

n→∞

n
√
|αn|
n

= 0. Â öüîìó âèïàäêó âiäïîâiäíà
óìîâà (11) âèêîíó¹òüñÿ äëÿ äîâiëüíîãî ôóí-
êöiîíàëà L0 ∈ A∗

R1
. Òîìó çàãàëüíèé ðîçâ'ÿ-

çîê ðiâíÿííÿ
DαT = TA

â êëàñi îïåðàòîðiâ T ∈ L(AR1 , AR2) äà¹òüñÿ
ôîðìóëîþ

(Tf)(z) =

L0(f) +
∞∑

n=1

αn

α0

L0(

z∫

0

(z − t)n−1

(n− 1)!
f(t)dt)zn,

äå L0 � äîâiëüíèé ëiíiéíèé ôóíêöiîíàë íà
ïðîñòîði AR1 .

2. Íåõàé Dα� öå îïåðàòîð Ïîìì'¹ ∆, òîá-
òî îïåðàòîð óçàãàëüíåíîãî äèôåðåíöiþâàí-
íÿ, ùî ïîðîäæåíèé ïîñëiäîâíiñòþ αn = 1,
n = 0, 1, ... i A = D � îïåðàòîð äèôåðåí-
öiþâàííÿ. Òîäi âiäïîâiäíó óìîâó (11) çàäî-
âîëüíÿ¹ ëèøå íóëüîâèé ôóíêöiîíàë. Òîìó
äëÿ äîâiëüíèõ R1, R2 îïåðàòîðíå ðiâíÿííÿ
∆T = TD â êëàñi ëiíiéíèõ íåïåðåðâíèõ îïå-
ðàòîðiâ T ∈ L(AR1 , AR2) ìà¹ ëèøå òðèâiàëü-
íèé ðîçâ'ÿçîê.

3. Íåõàé Dα = ∆ i A = U � îïåðàòîð ìíî-
æåííÿ íà íåçàëåæíó çìiííó. Òîäi çàãàëüíèé
ðîçâ'ÿçîê îïåðàòîðíîãî ðiâíÿííÿ DαT = TU
äà¹òüñÿ ôîðìóëîþ

(Tf)(z) =
∞∑

n=0

L0(U
nf)zn,

äå L0 � äîâiëüíèé ëiíiéíèé íåïåðåðâíèé
ôóíêöiîíàë ç ïðîñòîðó A∗

R1
ó âèïàäêó

R1R2 ≤ 1. ßêùî æ R1R2 > 1, òî õàðà-
êòåðèñòè÷íà ïîñëiäîâíiñòü ln = L0(z

n), n =
0, 1, . . ., ôóíêöiîíàëà L0 êðiì òîãî çàäîâîëü-
íÿ¹ óìîâó lim

n→∞
n
√
|ln| ≤ 1

R2
.
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