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ÀÑÈÌÏÒÎÒÈ×ÍI ÇÎÁÐÀÆÅÍÍß ÇÍÈÊÀÞ×ÈÕ ÐÎÇÂ'ßÇÊIÂ IÑÒÎÒÍÎ
ÍÅËIÍIÉÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ

Äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó, ùî ìiñòÿòü ó ïðàâié ÷àñòèíi ñóìó äîäàíêiâ ç íåëiíiéíîñòÿ-
ìè ðiçíèõ òèïiâ, âñòàíîâëåíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ îäíîãî êëàñó çíèêàþ÷èõ
ïðè t ↑ ω (ω ≤ +∞) íåêîëèâíèõ ðîçâ'ÿçêiâ i îäåðæàíî äëÿ öèõ ðîçâ'ÿçêiâ àñèìïòîòè÷íi
çîáðàæåííÿ.

The necessary and su�cient conditions of one class existance disappearing under t ↑ ω of non-
oscillating solutions were stated for the equations of the second order with non-linearities of more
general kind of Emden-Fowler non-linearity type and asymptotic representations were obtained for
these solutions.

1. Ïîñòàíîâêà çàäà÷i è ôîðìóëþ-
âàííÿ îñíîâíèõ ðåçóëüòàòiâ. Â [1,2] äëÿ
íåëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

y′′ = p(t)ϕ(y),

äå p : [a, +∞[−→]0, +∞[- íåïåðåðâíà ôóí-
êöiÿ, à ϕ :]0, y0] −→]0, +∞[- íåïåðåðâíà i
ïðàâèëüíî ìiíëèâà â íóëi (äèâ. [3]) ôóíêöiÿ,
âñòàíîâëåíî äîñòàòíi îçíàêè iñíóâàííÿ çíè-
êàþ÷èõ ó íåñêií÷åííîñòi ðîçâ'ÿçêiâ i îòðè-
ìàíî äëÿ öèõ ðîçâ'ÿçêiâ, à òî÷íiøå äëÿ âiä-
íîøåííÿ y(t)

ϕ(y(t))
, äâîái÷íi àñèìïòîòè÷íi îöií-

êè. Ïðè äåÿêèõ áiëüø ñèëüíèõ îáìåæåííÿõ
íà ôóíêöiþ ϕ, àëå â ïðèïóùåííi, ùî ôóí-
êöiÿ p íåïåðåðâíà i âiäìiííà âiä íóëÿ íà ïðî-
ìiæêó [a, ω[, äå ω ≤ +∞, â [4] áóâ âèëó-
÷åíèé äëÿ äàíîãî ðiâíÿííÿ êëàñ çíèêàþ÷èõ
ïðè t ↑ ω ðîçâ'ÿçêiâ, ùî äîïóñêà¹, íà âiäìi-
íó âiä [1,2], âñòàíîâëåííÿ òî÷íûõ àñèìïòî-
òè÷íèõ ôîðìóë äëÿ y(t)

ϕ(y(t))
, à òàêîæ íåîáõi-

äíèõ i äîñòàòíiõ óìîâ iñíóâàííÿ ðîçâ'ÿçêiâ
ç îòðèìàíèìè àñèìïòîòè÷íèìè çîáðàæåííÿ-
ìè.

Òóò ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâ-
íÿííÿ âèäó

y′′ =
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk(y), (1.1)

äå αk ∈ {−1; 1} (k = 1,m), pk : [a, ω[−→
]0, +∞[ (k = 1, m)- íåïåðåðâíî äèôåðåíöi-

éîâíi ôóíêöi¨, rk : [a, ω[−→ R (k = 1, m)- íå-
ïåðåðâíi ôóíêöèè, ùî çàäîâîëüíÿþòü óìîâè

lim
t↑ω

rk(t) = 0, k = 1,m, (1.2)

−∞ < a < ω ≤ +∞, à ϕk :]0, y0] −→]0, +∞[
(k = 1,m; 0 < y0 < +∞)- äâi÷i íåïåðåðâíî
äèôåðåíöiéîâíi ôóíêöi¨ òàêi, øî

lim
y↓0

ϕk(y) = ϕ0
k > 0, k = 1,m1,

1 (1.3)

lim
y↓0

ϕk(y) =

{
àáî 0,
àáî +∞,

k = m1 + 1,m,

(1.4)
ïðè÷îìó

ϕ′k(y) 6= 0 ïðè y ∈]0, y0],

lim
y↓0

yϕ′′k(y)

ϕ′k(y)
= σk = const

(1.5)

ÿêùî k ∈ {1, . . . , m} i âiäìiííî âiä òèõ k ∈
{1, . . . ,m1}, äëÿ ÿêèõ ϕk(y) ≡ ϕ0

k > 0.
Ïîêëàäåìî

πω(t) =

{
t, ÿêùî ω = +∞,

t− ω, ÿêùî ω < +∞,

i äëÿ êîæíîãî i ∈ {1, . . . , m} ââåäåìî ôóí-
êöi¨

Ii1(t) =

t∫

Ai1

pi(s) ds, Ii2(t) =

t∫

Ai2

πω(s)pi(s) ds,

1Òóò i íèæ÷å ââàæà¹ìî, ùî m1 = 0 (m1 = m), ÿêùî âèêî-
íó¹òüñÿ òiëüêè óìîâà (1.4) (òiëüêè óìîâà (1.3)).
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äå

Ai1 =





a, ÿêùî
ω∫
a

pi(s) ds = +∞,

ω, ÿêùî
ω∫
a

pi(s) ds < +∞,

Ai2 =





a, ÿêùî
ω∫
a

|πω(s)|pi(s) ds = +∞,

ω, ÿêùî
ω∫
a

|πω(s)|pi(s) ds < +∞.

Îçíà÷åííÿ 1.1. Ðîçâ'ÿçîê y : [t0, ω[−→
]0, y0] (t0 ∈ [a, ω[) ðiâíÿííÿ (1.1) íàçèâà¹-
òüñÿ Ï0

ω(µ0)- ðîçâ'ÿçêîì, äå −∞ ≤ µ0 ≤
+∞, ÿêùî âií çàäîâîëüíÿ¹ íàñòóïíi òðè
óìîâè:

1) lim
t↑ω

y(t) = 0;

2) y′(t) < 0 ïðè t ∈ [t0, ω[,

lim
t↑ω

y′(t) =

{
àáî 0,
àáî +∞;

3) lim
t↑ω

πω(t)y′′(t)
y′(t)

= µ0,

ïðè÷îìó lim
t↑ω

y′′(t)y(t)

[y′(t)]2
= 1, ÿêùî µ0 = ±∞.

Çàóâàæåííÿ 1.1. ßêùî µ0 = ±∞ i iñíó¹
ñêií÷åííà àáî ðiâíà ±∞ ãðàíèöÿ lim

t↑ω
y′′(t)y(t)
[y′(t)]2 ,

òî íåâàæêî çðîçóìiòè, ùî çíà÷åííÿì öi¹¨
ãðàíèöi ìîæå áóòè ëèøå 1.

Íèæ÷å áóäå âñòàíîâëåíî, ùî äëÿ ðiâíÿí-
íÿ (1.1) ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 1.1. Íåõàé |µo| < +∞, m1 ≥ 1
i äëÿ äåÿêîãî i ∈ {1, . . . , m1} âèêîíóþòüñÿ
óìîâè:

lim
t↑ω

pj(t)

pi(t)
= 0 ïðè j = 1,m1 (j 6= i); (1.6)

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< (1 + σj)|1 + µ0|

ïðè j = m1 + 1, m, ÿêùî m1 < m. (1.7)

Òîäi äëÿ iñíóâàííÿ ó ðiâíÿííÿ (1.1) Ï0
ω(µ0)-

ðîçâ'ÿçêiâ íåîáõiäíî i äîñòàòíüî, ùîá

lim
t↑ω

πω(t)I ′i1(t)
Ii1(t)

= µ0, (1.8)

ω∫

a

|Ii1(t)| dt < +∞ (1.9)

i ïðè t ∈]a, ω[ ñïðàâäæóâàëèñü íåðiâíîñòi
(1 + µ0)πω(t) ≤ 0, αiIi1(t) < 0, (1.10)

ïðè÷îìó äëÿ êîæíîãî ç öèõ ðîçâ'ÿçêiâ ïðà-
âèëüíèìè ¹ ïðè t ↑ ω àñèìïòîòè÷íi çîáðà-
æåííÿ

y(t) = −αiϕ
0
i

ω∫

t

Ii1(s) ds[1 + o(1)], (1.11)

y′(t) = αiϕ
0
i Ii1(t)[1 + o(1)]. (1.12)

Áiëüøå òîãî, ïðè âèêîíàííi óìîâ (1.8) −
(1.10) ðiâíÿííÿ (1.1) ìà¹ îäíîïàðàìåòðè-
÷íó ñiì'þ òàêèõ ðîçâ'ÿçêiâ ó âèïàäêó, êîëè
αi < 0.

Òåîðåìà 1.2. Íåõàé m1 ≥ 1 i äëÿ äåÿêî-
ãî i ∈ {1, . . . , m1} âèêîíóþòüñÿ ïðèïóùåííÿ
(1.6) i

σj > −1, lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< +∞

ïðè j = m1 + 1, m, ÿêùî m1 < m. (1.13)

Òîäi äëÿ iñíóâàííÿ ó ðiâíÿííÿ (1.1)
Ï0

ω(+∞)- ðîçâ'ÿçêiâ (Ï0
ω(−∞)- ðîçâ'ÿç-

êiâ) íåîáõiäíî i äîñòàòíüî, ùîá
ω < +∞ (ω = +∞), âèêîíóâàëèñü óìî-
âè (1.9),

lim
t↑ω

πω(t)I ′i1(t)
Ii1(t)

= +∞ (−∞) (1.14)

i ñïðàâäæóâàëàñü ïðè t ∈]a, ω[ äðóãà ç íåðiâ-
íîñòåé (1.10). Áiëüøå òîãî, êîæíèé òàêèé
ðîçâ'ÿçîê äîïóñêà¹ ïðè t ↑ ω àñèìïòîòè÷íi
çîáðàæåííÿ (1.11), (1.12).

Òåîðåìà 1.3. Íåõàé µ0 ∈ R \ {0,−1},
m1 < m i äëÿ äåÿêîãî i ∈ {m1 + 1, . . . , m}
âèêîíóþòüñÿ ïðèïóùåííÿ σi 6= 0,

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< −(1 + σi)|1 + µ0|
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ïðè j = 1, m1 (ÿêùî m1 ≥ 1),
(1.15)

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< (σj − σi)|1 + µ0|

ïðè j = m1 + 1,m (j 6= i). (1.16)

Òîäi äëÿ iñíóâàííÿ ó ðiâíÿííÿ (1.1) Ï0
ω(µ0)-

ðîçâ'ÿçêiâ íåîáõiäíî, à ÿêùî âèêîíó¹òüñÿ
îäíà ç íàñòóïíèõ äâîõ óìîâ:

µ0 6= −1

2
; µ0 = −1

2
i σi < 0, (1.17)

òî i äîñòàòíüî, ùîá

lim
t↑ω

πω(t)I ′i2(t)
Ii2(t)

= −(1 + µ0)σi (1.18)

i ñïðàâäæóâàëèñü ïðè t ∈]a, ω[ íåðiâíîñòi

(1 + µ0)πω(t) < 0, αiµ0πω(t) < 0. (1.19)

Áiëüø òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó
ìàþòü ìiñöå ïðè t ↑ ω àñèìïòîòè÷íi çî-
áðàæåííÿ

y(t)

ϕi(y(t))
= −αiσi

µ0

Ii2(t)[1 + o(1)], (1.20)

y′(t) =
1 + µ0

πω(t)
y(t)[1 + o(1)]. (1.21).

2. Äîïîìiæíi òâåðäæåííÿ.
Ëåìà 2.1. ßêùî m1 < m i k ∈ {m1 +

1, . . . , m}, òî

lim
y↓0

yϕ′k(y)

ϕk(y)
= 1 + σk. (2.1)

ßêùî æ m1 ≥ 1, k ∈ {1, . . . , m1} i m âiä-
ìiííå âiä òèõ k, äëÿ ÿêèõ ϕk(y) ≡ ϕ0

k > 0,
òî

σk ≥ −1 i lim
y↓0

yϕ′k(y) = 0. (2.2)

Äîâåäåííÿ. Íåõàé k ∈ {1, . . . , m} i âiä-
ìiííî âiä òèõ k ∈ {1, . . . , m1}, äëÿ ÿêèõ
ϕk(y) ≡ ϕ0

k > 0. Â öüîìó âèïàäêó âèêîíó-
þòüñÿ óìîâè (1.5).

Ïîêëàâøè

zk(y) =
yϕ′k(y)

ϕk(y)
,

ïîìi÷à¹ìî, ùî

z′k(y) =
1

y
zk(y)

[
1 +

yϕ′′k(y)

ϕk(y)
− zk(y)

]
. (2.3)

Ó çâ'ÿçêó ç (1.5) âiäïîâiäíà äî (2.3) ôóíêöiÿ
f(y, c) = 1

y
c
[
1 +

yϕ′′k(y)

ϕk(y)
− c

]
ïðè áóäü-ÿêîìó

çíà÷åííi c, ùî âiäìiííî âiä 0 i 1+σk, çáåðiãà¹
çíàê â äåÿêîìó ïðàâîìó îêîëi íóëÿ. Òîìó
äëÿ ôóíêöi¨ zk iñíó¹ ñêií÷åííà àáî ðiâíà ±∞
ãðàíèöÿ ïðè y ↓ 0. ßêùî ïðèïóñòèòè, ùî öÿ
ãðàíèöÿ äîðiâíþ¹ ±∞, òî ç (2.3) îäåðæèìî

z′k(y)

z2
k(y)

= −1

y
[1 + o(1)] ïðè y ↓ 0.

Çâiäñè ïiñëÿ iíòåãðóâàííÿ îòðèìà¹ìî àñèì-
ïòîòè÷íå ñïiââiäíîøåííÿ

1

zk(y)
∼ ln y ïðè y ↓ 0,

â ÿêîìó âèðàç, ùî ñòî¨òü ëiâîðó÷, ïðÿìó¹ äî
íóëÿ, à ïðàâîðó÷ - äî −∞ ïðè y ↓ 0, ÷îãî
áóòè íå ìîæå. Îòæå, lim

y↓0
zk(y) = c = const.

Äàëi, ïîêàæåìî, ùî c ìîæå áóòè ðiâíèì ëè-
øå àáî 0, àáî 1 + σk. Äiéñíî, ÿêùî á öå áóëî
íå òàê, òî ç (2.3) ç óðàõóâàííÿì (1.5) îäåð-
æàëè á ñïiââiäíîøåííÿ

z′k(y) =
c

y
[1 + σk − c + o(1)] ïðè y ↓ 0,

çâiäêè îòðèìàëè á àñèìïòîòè÷íå çîáðàæåí-
íÿ

zk(y) = c [1 + σk − c + o(1)] ln y ïðè y ↓ 0,

ÿêå ñóïåðå÷èòü óìîâi lim
y↓0

zk(y) = c = const.
Òàêèì ÷èíîì,

lim
y↓0

zk(y) =

{
àáî 0,
àáî 1 + σk.

(2.4)

Çâiäñè, çîêðåìà, âèïëèâà¹, ùî ïðè σk = −1
òâåðäæåííÿ ëåìè âiðíi.

Íåõàé σk 6= −1. Òîäi, ÿêùî k ∈ {m1 +
1, . . . , m} (âèïàäîê m1 < m), òî ó çâ'ÿçêó ç
(1.4), (1.5) i (2.4) äëÿ îá÷èñëåííÿ lim

y↓0
zk(y)

ìîæå áóòè âèêîðèñòàíî ïðàâèëî Ëîïiòàëÿ ó
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ôîðìi Øòîëüöÿ (äèâ. [5], ñòîð. 115). Òîìó
îòðèìà¹ìî

lim
y↓0

yϕ′k(y)

ϕk(y)
= lim

y↓0
ϕ′k(y) + yϕ′′k(y)

ϕ′k(y)
=

= 1 + lim
y↓0

yϕ′′k(y)

ϕk(y)
= 1 + σk.

Îòæå, âñòàíîâëåíî âiðíiñòü ïåðøîãî òâåð-
äæåííÿ ëåìè.

ßêùî k ∈ {1, . . . , m1} (âèïàäîê m1 ≥ 1) i
âiäìiííî âiä òèõ çíà÷åíü, äëÿ ÿêèõ ϕk(y) ≡
ϕ0

k > 0, òî lim
y↓0

zk(y) = 0, òàê ÿê â ïðîòèëå-
æíîìó âèïàäêó ÷åðåç (2.4) i (1.3) îòðèìàëè
á àñèìïòîòè÷íå ñïiââiäíîøåííÿ

yϕ′k(y) ∼ (1 + σk)ϕ
0
k 6= 0 ïðè y ↓ 0,

çâiäêè âèïëèâà¹, ùî lim
y↓0

ϕk(y) = ±∞, àëå öå
ñóïåðå÷èòü (1.3). Òàêèì ÷èíîì, âèêîíó¹òüñÿ
äðóãà ç óìîâ (2.2). Âðàõîâóþ÷è ¨¨, ç (2.3) ìà-
¹ìî

z′k(y)

zk(y)
∼ 1 + σk

y
ïðè y ↓ 0.

Çâiäñè îòðèìó¹ìî àñèìïòîòè÷íå ñïiââiäíî-
øåííÿ

ln |zk(y)| ∼ (1 + σk) ln y ïðè y ↓ 0,

ÿêå íå ñóïåðå÷èòü óìîâi lim
y↓0

zk(y) = 0 ëèøå
ó âèïàäêó, êîëè âèêîíó¹òüñÿ íåðiâíiñòü σk >
−1. Ëåìó äîâåäåíî.

Ëåìà 2.2. Íåõàé y : [t0, ω[−→]0, y0]-
Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1). Òîäi

lim
t↑ω

πω(t)y′(t)
y(t)

= µ0 + 1 ïðè |µ0| < +∞ (2.5)

i

lim
t↑ω

πω(t)y′(t)
y(t)

= ±∞ ïðè µ0 = ±∞. (2.6)

Áiëüø òîãî, ÿêùî |µ0| < +∞, òî ñïðàâ-
äæó¹òüñÿ íåðiâíiñòü (µ0 + 1)πω(t) ≤ 0 ïðè
t ∈ [a, ω[2, à ÿêùî µ0 = +∞ (µ0 = −∞), òî
ω < +∞ (ω = +∞).

Äîâåäåííÿ. Íåõàé y : [t0, ω[−→]0, y0]-
äîâiëüíèé Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1).
2Ïðè ω = +∞ ââàæàåìî, ùî a > 0.

Òîäi, ÿêùî µ0 = ±∞, òî ç óìîâè 3) îçíà-
÷åííÿ 1.1 áåçïîñåðåäíüî âèïëèâà¹ ñïðàâå-
äëèâiñòü ãðàíè÷íîãî ñïiââiäíîøåííÿ (2.6).
ßêùî æ |µ0| < +∞, òî ïîêëàâøè

z(t) =
πω(t)y′(t)

y(t)

i âðàõîâóþ÷è, ùî

z′(t) =
1

πω(t)
z(t)

[
1 +

πω(t)y′′(t)
y′(t)

− z(t)

]
,

òî÷íî â òàêèé æå ñïîñiá, ÿê ïðè äîâåäåííi
ëåìè 2.1 âñòàíîâëþ¹ìî iñíóâàííÿ ñêií÷åí-
íî¨ ãðàíèöi ïðè t ↑ ω äëÿ ôóíêöi¨ z. Çâiä-
ñè ç óðàõóâàííÿì óìîâè 1) îçíà÷åíííÿ 1.1
âèïëèâà¹, ùî lim

t↑ω
πω(t)y′(t) = 0. Òîìó, çàñòî-

ñîâóþ÷è ïðàâèëî Ëîïèòàëÿ, îäåðæèìî

lim
t↑ω

πω(t)y′(t)
y(t)

= lim
t↑ω

πω(t)y′′(t) + y′(t)
y′(t)

=

= lim
t↑ω

πω(t)y′′(t)
y′(t)

+ 1 = 1 + µ0,

òîáòî ìà¹ ìiñöå (2.5). Cïðàâåäëèâiñòü äðó-
ãîãî òâåðäæåííÿ ëåìè áåçïîñåðåäíüî âèïëè-
âà¹ ç (2.5) i (2.6), ÿêùî äîäàòêîâî âðàõóâàòè
çíàêîâi óìîâè ç îçíà÷åííÿ 1.1 òà âèä ôóíêöi¨
πω(t).

Ëåìà 2.3. Íåõàé |µ0| < +∞, m1 ≥ 1
i äëÿ äåÿêîãî i ∈ {1, . . . , m1} âèêîíóþòüñÿ
ïðèïóùåííÿ (1.6), (1.7). Òîäi äëÿ êàæíîãî
Ï0

ω(µ0)- ðîçâ'ÿçêó ðiâíÿííÿ (1.1) ïðè áóäü-
ÿêîìó j ∈ {1, . . . , m}, âiäìiííîìó âiä i,

lim
t↑ω

pj(t)ϕj(y(t))

pi(t)ϕi(y(t))
= 0. (2.7)

Äîâåäåííÿ. Íåõàé y : [t0, ω[−→]0, y0]-
äîâiëüíèé Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1).
Òîäi ÷åðåç óìîâè 1) îçíà÷åííÿ 1.1, (1.3) i
(1.6), î÷åâèäíî, ùî (2.7) ñïðàâäæó¹òüñÿ äëÿ
áóäü-ÿêîãî j ∈ {1, . . . ,m1}, âiäìiííîãî âiä i.

Ïðèïóñòèìî òåïåð, ùî j ∈ {m1+1, . . . , m}
(ÿêùî m1 < m) i ïîçíà÷èìî

zj(t) =
pj(t)ϕj(y(t))

pi(t)
.
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Çâiäñè âèïëèâà¹, ùî

z′j(t) =
pj(t)ϕj(y(t))

pi(t)
×

×
[
p′j(t)

pj(t)
− p′i(t)

pi(t)
+

ϕ′j(y(t))y′(t)

ϕj(y(t))

]
,

àáî

z′j(t) =
zj(t)

|πω(t)|
[ |πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
+

+
|πω(t)|y′(t)

y(t)
· y(t)ϕ′j(y(t))

ϕj(y(t))

]
. (2.8)

Òóò íà ïiäñòàâi ëåì 2.1 i 2.2

lim
t↑ω

|πω(t)|y′(t)
y(t)

·y(t)ϕ′j(y(t))

ϕj(y(t))
= −|1+µ0|(1+σj).

Òîìó ó çâ'ÿçêó ç óìîâàìè (1.7) iñíóþòü ÷è-
ñëà γj < 0 i tj ∈ [t0, ω[ òàêi, ùî ïðè t ∈ [tj, ω[
ñïðàâäæó¹òüñÿ íåðiâíiñòü

|πω(t)|p′j(t)
pj(t)

− |πω(t)|p′i(t)
pi(t)

+

+
|πω(t)|y′(t)

y(t)
· y(t)ϕ′j(y(t))

ϕj(y(t))
< γj.

Âðàõîâóþ÷è öþ íåðiâíiñòü iç (2.8) îäåðæèìî

z′j(t) ≤
γjzj(t)

|πω(t)| ïðè t ∈ [tj, ω[. (2.9)

Çâiäñè çíàõîäèìî, ùî

ln zj(t) ≤ C + (γj sign πω(t)) ln |πω(t)|
ïðè t ∈ [tj, ω[, äå C- äåÿêà äiéñíà ñòàëà. Òóò
âèðàç, ùî ñòî¨òü ïðàâîðó÷, íà ïiäñòàâi óìîâè
γj < 0 i âèäó ôóíêöi¨ πω(t) ïðÿìó¹ äî −∞
ïðè t ↑ ω. Òîìó lim

t↑ω
zj(t) = 0. ßêùî æ íà

äîäàòîê äî öüîãî âðàõóâàòè (1.3) ïðè k = i,
òî îäåðæèìî (2.7).

Ëåìà 2.4. Íåõàé |µ0| < +∞, m1 < m i
äëÿ äåÿêîãî i ∈ {m1+1, . . . , m} âèêîíóþòüñÿ
ïðèïóùåííÿ (1.15), (1.16). Òîäi äëÿ êîæíîãî
Ï0

ω(µ0)- ðîçâ'ÿçêó ðiâíÿííÿ (1.1) ìàþòü ìi-
ñöå ïðè áóäü-ÿêîìó j ∈ {1, . . . , m}, âiäìií-
íîìó âiä i, ãðàíè÷íi ñïiââiäíîøåííÿ (2.7).

Äîâåäåííÿ. Íåõàé y : [t0, ω[−→]0, y0]-
äîâiëüíèé Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1).
Âèáåðåìî ñïî÷àòêó (ÿêùî m1 ≥ 1) äîâiëü-
íèì ÷èíîì j ∈ {1, . . . , m1} i ðîçãëÿíåìî ôóí-
êöiþ

zj(t) =
pj(t)

pi(t)ϕi(y(t))
.

Äëÿ íå¨ ìà¹ìî

z′j(t) =
zj(t)

|πω(t)|
[ |πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
−

−|πω(t)|y′(t)
y(t)

· y(t)ϕ′j(y(t))

ϕj(y(t))

]
.

Íà ïiäñòàâi îçíà÷åííÿ 1.1, ëåì 2.1, 2.2 i óìî-
âè (1.15) iñíóþòü ÷èñëà γj < 0 è tj ∈ [t0, ω[
òàêi, ùî ïðè t ∈ [tj, ω[ ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü
|πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
−

−|πω(t)|y′(t)
y(t)

· y(t)ϕ′j(y(t))

ϕj(y(t))
< γj.

Òîìó iç ïîïåðåäíüîãî ñïiââiäíîøåííÿ îäåð-
æèìî íåðiâíiñòü (2.9). Ç (2.9), ÿê áóëî âñòà-
íîâëåíî ïðè äîâåäåíi ëåìè 2.3, âèïëèâà¹, ùî
lim
t↑ω

zj(t) = 0. Çâiäñè ç óðàõóâàííÿì óìîâè
(1.3) ïðèõîäèìî äî âèñíîâêó ïðî ñïðàâåäëè-
âiñòü ãðàíè÷íîãî ñïiââiäíîøåííÿ (2.7) ïðè
j ∈ {1, . . . , m1}.

Òåïåð âèáåðåìî äîâiëüíèì ÷èíîì ÷èñëî
j ∈ {m1 +1, . . . , m}, ùî âiäìiííî âiä i (ÿêùî
òàêå iñíó¹), i ââåäåìî ôóíêöiþ

zj(t) =
pj(t)ϕj(y(t))

pi(t)ϕi(y(t))
.

Äëÿ öi¹¨ ôóíêöi¨

z′j(t) =
zj(t)

|πω(t)|
[ |πω(t)|p′j(t)

pj(t)
− |πω(t)|p′i(t)

pi(t)
+

+
|πω(t)|y′(t)

y(t)

(
y(t)ϕ′j(y(t))

ϕj(y(t))
− y(t)ϕ′i(y(t))

ϕi(y(t))

)]
.

Çâiäñè ç óðàõóâàííÿì îçíà÷åííÿ 1.1, ëåì 2.1,
2.2 i óìîâè (1.16) âèïëèâà¹ iñíóâàííÿ ñòàëèõ
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γj < 0 i tj ∈ [t0, ω[ òàêèõ, ùî ñïðàâäæó¹òüñÿ
íåðiâíiñòü (2.9), ÿêà, â ñâîþ ÷åðãó, ÿê áóëî
âñòàíîâëåíî ïðè äîâåäåíi ëåìè 2.3, ãàðàíòó¹
âèêîíàííÿ óìîâè lim

t↑ω
zj(t) = 0. Îòæå, ïðè

áóäü-ÿêîìó j ∈ {m1 +1, . . . , m}, ùî âiäìiííî
âiä i, ãðàíè÷íå ñïiââiäíîøåííÿ (2.7) òàêîæ
ñïðàâåäëèâî. Ëåìó ïîâíiñòþ äîâåäåíî.

Àíàëîãi÷íèì ÷èíîì âñòàíîâëþþòüñÿ íà-
ñòóïíi äâi ëåìè.

Ëåìà 2.5. Íåõàé m1 ≥ 1 i äëÿ äåÿêîãî i ∈
{1, . . . , m1} âèêîíóþòüñÿ ïðèïóùåííÿ (1.6),
(1.13). Òîäi äëÿ êîæíîãî Ï0

ω(±∞)- ðîçâ'ÿçêó
ðiâíÿííÿ (1.1) ìàþòü ìiñöå ïðè áóäü-ÿêîìó
j ∈ {1, . . . , m}, âiäìiííîìó âiä i, ãðàíè÷íi
ñïiââiäíîøåííÿ (2.7).

Ëåìà 2.6. Íåõàé m1 < m i äëÿ äåÿêîãî
i ∈ {m1 +1, . . . , m} âèêîíóþòüñÿ íåðiâíîñòi
σi < −1,

σj > σi ïðè j = m1 + 1,m, (2.10)

à òàêîæ ïðè j = 1,m (j 6= i) óìîâè

lim
t↑ω
|πω(t)|

[
p′j(t)

pj(t)
− p′i(t)

pi(t)

]
< +∞. (2.11)

Òîäi äëÿ êîæíîãî Ï0
ω(±∞)- ðîçâ'ÿçêó ðiâ-

íÿííÿ (1.1) ìàþòü ìiñöå ïðè áóäü-ÿêîìó
j ∈ {1, . . . , m}, âiäìiííîìó âiä i, ãðàíè÷íi
ñïiââiäíîøåííÿ (2.7).

3. Äîâåäåííÿ òåîðåì.
Äîâåäåííÿ òåîðåìè 1.1. Íåîáõiä-

íiñòü. Íåõàé y : [t0, ω[−→]0, y0]- äîâiëüíèé
Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1). Òîäi çãiäíî
ç ëåìîþ 2.2 ñïðàâäæó¹òüñÿ ïåðøà iç íåðiâíî-
ñòåé (1.10). Êðiì òîãî, íà ïiäñòàâi óìîâ (1.6)
i (1.7) iç ëåìè 2.3 âèïëèâà¹, ùî äëÿ äàíîãî
ðîçâ'ÿçêó ïðè j = 1,m i j 6= i ìàþòü ìiñöå
ãðàíè÷íi ñïiââiäíîøåííÿ (2.7). Âðàõîâóþ÷è
¨õ iç (1.1) äiñòàíåìî

y′′(t) = αipi(t)ϕi(y(t))[1 + o(1)] ïðè t ↑ ω.

Òóò i ∈ {1, . . . , m1} i òîìó ÷åðåç (1.3) áóäåìî
ìàòè

y′′(t) = αiϕ
0
i pi(t)[1 + o(1)] ïðè t ↑ ω.

Çâiäñè, ç óðàõóâàííÿì îçíà÷åííÿ 1.1, ñïî-
÷àòêó îäåðæó¹ìî àñèìïòîòè÷íå çîáðàæåí-

íÿ (1.12) i äðóãó iç íåðiâíîñòåé (1.10), à ïî-
òiì àñèìïòîòè÷íå çîáðàæåííÿ (1.11) i óìîâè
(1.9), (1.8).

Äîñòàòíiñòü. Çàñòîñîâóþ÷è äî ðiâíÿí-
íÿ (1.1) ïåðåòâîðåííÿ

y(t) = −αiϕ
0
i

ω∫

t

Ii1(s) ds[1 + v1(t)],

y′(t) = αiϕ
0
i Ii1(t)[1 + v2(t)],

(3.1)

îäåðæèìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü




v′1 =
q′i(t)
qi(t)

[v2 − v1],

v′2 =
I ′i1(t)
Ii1(t)

[
− 1− v2+

(3.2)

+
m∑

k=1

αkpk(t)[1 + rk(t)]

αiϕ0
i pi(t)

ϕk (qi(t)[1 + v1])

]
,

äå

qi(t) = −αiϕ
0
i

ω∫

t

Ii1(s) ds.

Öþ ñèñòåìó ðîçãëÿíåìî íà ìíîæèíi Ω =
[t1, ω[×D, äå

D =

{
(v1, v2) ∈ R2 : |vk| ≤ 1

2
, k = 1, 2

}
,

à ÷èñëî t1 ∈ [a, ω[ îáðàíî ç óðàõóâàííÿì
(1.9) i äðóãî¨ iç íåðiâíîñòåé (1.10) òàêèì,
ùîá ïðè t ∈ [t1, ω[ ñïðàâäæóâàëàñü íåðiâ-
íiñòü qi(t) ≤ 2

3
y0.

Òàê ÿê äëÿ êîæíîãî k ∈ {1, . . . , m}
∂ϕk (qi(t)[1 + v1])

∂v1

= qi(t)ϕ
′
k (qi(t)[1 + v1]) ,

∂2ϕk (qi(t)[1 + v1])

∂v2
1

= q2
i (t)ϕ

′′
k (qi(t)[1 + v1]) ,

òî çãiäíî ç ôîðìóëîþ Òåéëîðà ç çàëèøêîâèì
÷ëåíîì ó ôîðìi Ëàãðàíæà
ϕk (qi(t)[1 + v1]) = ϕk (qi(t)) +

+qi(t)ϕ
′
k (qi(t)) v1 + q2

i (t)ϕ
′′
k (qi(t)[1 + ξk]) v2

1,
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äå ξk = ξk(t, v1) òàêà, ùî |ξk(t, v1)| <
|v1| ≤ 1

2
ïðè áóäü-ÿêîìó t ∈ [t1, ω[. Çâåð-

íåìî óâàãó íà òå, ùî öåé ðîçêëàä ìà¹
âèä ϕk (qi(t)[1 + v1]) ≡ ϕ0

k, äëÿ òèõ k ∈
{1, . . . , m1}, ïðè ÿêèõ ϕk(y) ≡ ϕ0

k > 0.
Âðàõîâóþ÷è îòðèìàíèé ðîçêëàä ïåðåïè-

øåìî ñèñòåìó ðiâíÿíü (3.2) ó âèäi




v′1 =
q′i(t)
qi(t)

[v2 − v1],

(3.3)

v′2 =
I ′i1(t)
Ii1(t)

[f(t) + c1(t)v1 − v2 + V (t, v1)],

äå

f(t) = −1 +
ϕi (qi(t)) [1 + ri(t)]

ϕ0
i

+

+
m∑

k=1
k 6=i

αkpk(t)[1 + rk(t)]ϕk (qi(t))

αipi(t)ϕ0
i

,

c1(t) =
[1 + ri(t)]qi(t)ϕ

′
i (qi(t))

ϕ0
i

+

+
m∑

k=1
k 6=i

αkpk(t)[1 + rk(t)]qi(t)ϕ
′
k (qi(t))

αipi(t)ϕ0
i

,

V (t, v1) =
q2
i (t) v2

1

αipi(t)ϕ0
i

×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕ
′′
k (qi(t)[1 + ξk(t, v1)]) .

Ó çâ'ÿçêó ç (1.8)-(1.10) qi(t) > 0 ïðè t ∈
]t1, ω[,

lim
t↑ω

qi(t) = 0, lim
t↑ω

q′i(t) =

{
ëèáî 0,
ëèáî ±∞,

lim
t↑ω

πω(t)q′′i (t)
q′i(t)

= µ0.

Îòæå, ôóíêöiÿ qi ìà¹ òi æ ñàìi àñèìïòîòè÷íi
âëàñòèâîñòi, ùî i áóäü-ÿêèé Ï0

ω(µ0)- ðîçâ'ÿ-
çîê ðiâíÿííÿ (1.1). Òîìó íà ïiäñòàâi ëåì 2.1,
2.3 i óìîâ (1.3),(1.4)

lim
t↑ω

pk(t)ϕk(qi(t))

pi(t)ϕ0
i

= 0 ïðè k = 1, m (k 6= i),

lim
t↑ω

ϕk(qi(t)) = ϕ0
k > 0, lim

t↑ω
qi(t)ϕ

′
k(qi(t)) = 0

ïðè k = 1,m1,

lim
t↑ω

qi(t)ϕ
′
k(qi(t))

ϕk(qi(t))
= 1+σk ïðè k = m1 + 1,m.

ßêùî æ âðàõóâàòè, ùî |ξk(t, v1)| < 1
2
ïðè

t ∈ [t1, ω[ i |v1| ≤ 1
2
, à òàêîæ ëåìó 2.1 i óìîâè

(1.5), òî ïðè áóäü-ÿêèõ k ∈ {1, . . . , m}, âiä-
ìiííèõ âiä òèõ, äëÿ ÿêèõ ϕk(y) ≡ ϕ0

k > 0,
áóäåìî ìàòè

lim
t↑ω

q2
i (t)[1 + ξk(t, v1)]

2ϕ′′k(qi(t)[1 + ξk(t, v1)])

ϕk(qi(t)[1 + ξk(t, v1)])
=

= σk(1 + σk) ðàâíîìåðíî ïî v1 ∈
[
−1

2
,
1

2

]
.

Ó çâ'ÿçêó ç óìîâàìè (1.3)-(1.5) êîæíà ç ôóí-
êöié ϕk, k ∈ {1, . . . ,m}, ¹ (äèâ. ìîíîãðà-
ôiþ [3], Ðîçä.1, ñòîð. 15) ïðàâèëüíî ìiíëè-
âîþ ó íóëi. Òîìó äëÿ êîæíîãî k ∈ {1, . . . , m}
çíàéäóòüñÿ ñòàëi lk, Lk > 0 òàêi, ùî ïðè
t ∈ [t1, ω[ i |v1| ≤ 1

2
áóäå ñïðàâäæóâàòèñü

íåðiâíiñòü

lkϕk(qi(t)) ≤ ϕk (qi(t)[1 + ξk(t, v1)]) ≤
≤ Lkϕk(qi(t)).

Íà ïiäñòàâi íàâåäåíèõ âèùå óìîâ

lim
t↑ω

f(t) = 0, lim
t↑ω

c1(t) = 0

è

lim
v1→0

V (t, v1)

v1

= 0 ðàâíîìåðíî ïî t ∈ [t1, ω[.

Òàêèì ÷èíîì, âñòàíîâëåíî, ùî äëÿ ñèñòåìè
ðiâíÿíü (3.3) âèêîíàíî âñi óìîâè ëåìè 2.1
ç ïðàöi [6]. Ç öi¹¨ ëåìè âèïëèâà¹, ùî ñèñòå-
ìà äèôåðåíöiàëüíèõ ðiâíÿíü (3.3) ìà¹ õî÷à
á îäèí ðîçâ'ÿçîê (vk)

2
k=1 : [t2, ω[−→ R2 (t2 ∈

[t1, ω[), ÿêèé ïðÿìó¹ äî íóëÿ ïðè t ↑ ω. ßêùî
æ âðàõóâàòè, ùî

lim
t↑ω

ln |Ii1(t)| =
{

+∞ ïðè Ai1 = a,
−∞ ïðè Ai1 = ω

i ïðèéíÿòè äî óâàãè çàóâàæåííÿ 1.1 ç ïðà-
öi [7], òî íåâàæêî çðîçóìiòè, ùî ó âèïàäêó
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αi < 0, òîáòî êîëè ó çâ'ÿçêó ç (1.10) ãðàíèöÿ
iíòåãðóâàííÿ Ai1 = a, ó ñèñòåìè (3.3) iñíó¹
îäíîïàðàìåòðè÷íå ñiì'ÿ ðîçâ'ÿçêiâ, çíèêàþ-
÷èõ ïðè t ↑ ω. Ç óðàõóâàííÿì ïåðåòâîðåí-
íÿ (3.1) êîæíîìó òàêîìó ðîçâ'ÿçêó ñèñòåìè
(3.3) âiäïîâiäà¹ ðîçâ'ÿçîê y : [t2, ω[−→]0, y0]
ðiâíÿííÿ (1.1), ùî äîïóñêà¹ ïðè t ↑ ω àñèì-
ïòîòè÷íi çîáðàæåííÿ (1.11) i (1.12). Âèêî-
ðèñòîâóþ÷è öi çîáðàæåííÿ i óìîâè (1.8)-
(1.10), ïåðåêîíó¹ìîñÿ â òîìó, ùî êîæíèé òà-
êèé ðîçâ'ÿçîê çàäîâîëüíÿ¹ âñi óìîâè îçíà÷å-
ííÿ Ï0

ω(µ0)- ðîçâ'ÿçêó ðiâíÿííÿ (1.1). Òåîðå-
ìó ïîâíiñòþ äîâåäåíî.

Äîâåäåííÿ òåîðåìè 1.2. Íåîáõiä-
íiñòü. Íåõàé y : [t0, ω[−→]0, y0]- äîâiëü-
íèé Ï0

ω(+∞)- ðîçâ'ÿçîê (Ï0
ω(−∞)- ðîçâ'ÿ-

çîê) ðiâíÿííÿ (1.1). Òîäi çãiäíî ç ëåìîþ 2.2
ω < +∞ (ω = +∞). Êðiì òîãî, ÷åðåç (1.6) i
(1.13) äëÿ äàíîãî ðîçâ'ÿçêó íà ïiäñòàâi ëåìè
2.5 ìàþòü ìiñöå ïðè j = 1,m i j 6= i ãðàíè÷íi
ñïiââiäíîøåííÿ (2.7). Âðàõîâóþ÷è ¨õ iç (1.1)
äiñòàíåìî

y′′(t) = αipi(t)ϕi(y(t))[1 + o(1)] ïðè t ↑ ω.

Çâiäñè ç óðàõóâàííÿì îçíà÷åííÿ Ï0
ω(+∞)-

ðîçâ'ÿçêó (Ï0
ω(−∞)- ðîçâ'ÿçêó) ðiâíÿííÿ

(1.1) âèïëèâàþòü àñèìïòîòè÷íi çîáðàæåííÿ
(1.11), (1.12), óìîâè (1.9), (1.14) i äðóãà iç
íåðiâíîñòåé (1.10).

Äîñòàòíiñòü. Ïðèïóñêàþ÷è âèêîíàíè-
ìè óìîâè ω < +∞ (ω = +∞), (1.9), (1.14)
i äðóãó iç íåðiâíîñòåé (1.10), ðiâíÿííÿ (1.1)
çà äîïîìîãîþ ïåðåòâîðåííÿ (3.1) çâåäåìî äî
ñèñòåìè ðiâíÿíü âèäó (3.2). Ïiñëÿ öüîãî íà
òàêèé æå ñïîñiá, ÿê ïðè äîâåäåííi äîñòàòíî-
ñòi òåîðåìè 3.1, âñòàíîâëþ¹ìî, ùî öÿ ñè-
ñòåìà ìà¹ õî÷à á îäèí ðîçâ'ÿçîê (vk)

2
k=1 :

[t2, ω[−→ R2 (t2 ∈ [t1, ω[), ÿêèé ïðÿìó¹ äî
íóëÿ ïðè t ↑ ω. Éîìó ç óðàõóâàííÿì ïåðå-
òâîðåííÿ (3.1) âiäïîâiäà¹ Ï0

ω(+∞)- ðîçâ'ÿ-
çîê (Ï0

ω(−∞)- ðîçâ'ÿçîê) y : [t2, ω[−→]0, y0]
ðiâíÿííÿ (1.1), ùî äîïóñêà¹ ïðè t ↑ ω àñèì-
ïòîòè÷íi çîáðàæåííÿ (1.11) i (1.12). Òåîðåìó
äîâåäåíî.

Ïðè äîâåäåííi òåîðåìè 1.3, ùî ñòîñó¹òüñÿ
äî âèïàäêó m1 < m, áóäå âèêîðèñòàíà ïðè
i ∈ {m1 + 1, . . . , m} íàñòóïíà äîïîìiæíà

ôóíêöiÿ

Φi(y) =

y∫

Bi

dz

ϕi(z)
,

äå

Bi =





y0, ÿêùî
y0∫
0

dz
ϕi(z)

= +∞,

0, ÿêùî
y0∫
0

dz
ϕi(z)

< +∞.

Âðàõîâóþ÷è ëåìó 2.1, ïîìiòèìî, ùî ïðè
σi > 0 ãðàíèöÿ iíòåãðóâàííÿ Bi = y0, à ïðè
σi < 0� Bi = 0. Çâåðíåìî òàêîæ óâàãó íà òå,
ùî äëÿ ôóíêöi¨ Φi iñíó¹ îáåðíåíà ôóíêöiÿ
Φ−1

i , ÿêà âèçíà÷åíà íà ïðîìiæêó ] − ∞, 0],
êîëè Bi = y0, àáî íà ïðîìiæêó ]0, bi], äå bi =∫ y0

0
dz

ϕi(z)
, êîëè Bi = 0, ïðè÷îìó äëÿ íèõ

lim
y↓0

Φi(y) = −∞, lim
z→−∞

Φ−1
i (z) = 0 (3.41)

ïðè Bi = y0 i

lim
y↓0

Φi(y) = 0, lim
z↓0

Φ−1
i (z) = 0 (3.42)

ïðè Bi = 0.
Äîâåäåííÿ òåîðåìè 1.3. Íåîáõiä-

íiñòü. Íåõàé y : [t0, ω[−→]0, y0]- äîâiëüíèé
Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1). Òîäi çãiäíî
ç ëåìîþ 2.2 âèêîíó¹òüñÿ ïåðøà iç íåðiâíî-
ñòåé (1.19), à çãiäíî ç ëåìîþ 2.4 ìàþòü ìiñöå
ïðè j = 1,m, âiäìiííèõ âiä i, ãðàíè÷íi ñïiâ-
âiäíîøåííÿ (2.7). Âðàõîâóþ÷è (2.7) ç (1.1)
îäåðæèìî

y′′(t) = αipi(t)ϕi(y(t))[1 + o(1)] ïðè t ↑ ω.

Òàê ÿê µ0 6= 0 i ó çâ'ÿçêó ç îçíà÷åííÿì
Ï0

ω(µ0)- ðîçâ'ÿçêó lim
t↑ω

πω(t)y′′(t)
y′(t) = µ0, òî çâiä-

ñè âèïëèâà¹, ùî ïðè t ↑ ω

y′(t)
ϕi(y(t))

=
αi

µ0

pi(t)πω(t)[1 + o(1)]. (3.5)

Iç öüîãî àñèìïòîòè÷íîãî çîáðàæåííÿ, ç óðà-
õóâàííÿì ïåðøèõ äâîõ óìîâ îçíà÷åííÿ 1.1,
ïðèõîäèìî äî âèñíîâêó ïðî ñïðàâåäëèâiñòü
äðóãî¨ iç íåðiâíîñòåé (1.19).
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Äàëi, çàñòîñîâóþ÷è ïðàâèëî Ëîïèòàëÿ ó
ôîðìi Øòîëüöÿ (äèâ. [5], còîð. 115), íà ïiä-
ñòàâi (3.5), íåðiâíîñòi σi 6= 0 i ëåìè 2.1, äi-
ñòàíåìî

lim
t↑ω

y(t)

Ii2(t)ϕi(y(t))
= lim

t↑ω

(
y(t)

ϕi(y(t))

)

Ii2(t)
=

= lim
t↑ω

y′(t)
ϕi(y(t))

[
1− y(t)ϕ′i(y(t))

ϕi(y(t))

]

πω(t)pi(t)
=

= lim
t↑ω

αi

µ0

πω(t)pi(t)[1− (1 + σi)]

πω(t)pi(t)
= −αiσi

µ0

.

Îòæå, ìà¹ ìiñöå ïðè t ↑ ω àñèìïòîòè÷íå çî-
áðàæåííÿ (1.20). Âiðíiñòü ïðè t ↑ ω àñèìïòî-
òè÷íîãî çîáðàæåííÿ (1.21) âèïëèâà¹ iç ëåìè
2.2.

Âèêîðèñòîâóþ÷è òåïåð (3.5) i (1.20), îäåð-
æèìî
πω(t)y′(t)

y(t)
= −π2

ω(t)pi(t)

σiIi2(t)
[1+o(1)] ïðè t ↑ ω.

Çâiäñè ç óðàõóâàííÿì ëåìè 2.2 i âèäó ôóí-
êöi¨ Ii2(t) âèïëèâà¹, ùî âèêîíó¹òüñÿ óìîâà
(1.18).

Äîñòàòíiñòü. Íåõàé ïîðÿä ç (1.18) i
(1.19) âèêîíó¹òüñÿ îäíà ç óìîâ (1.17).

Ðiâíÿííÿ (1.1) çà äîïîìîãîþ ïåðåòâîðåí-
íÿ

Φi(y(t)) =
αi

µ0

Ii2(t)[1 + v1(x)],

(3.6)
y′(t)
y(t)

=
1 + µo

πω(t)
[1 + v2(x)], x = β ln |πω(t)|,

äå
β =

{
1, ÿêùî ω = +∞,

−1, ÿêùî ω < +∞,

çâåäåìî äî ñèñòåìè ðiâíÿíü




v′1 = β [−qi(t)(1 + v1) + (1 + v2)F1(t, v1)]
(3.7)

v′2 = β [1 + v2 − (1 + µ0)(1 + v2)
2 + F2(t, v1)]

â ÿêié
qi(t) =

πω(t)I ′i2(t)
Ii2(t)

,

F1(t, v1) =
αiµ0(1 + µ0)

Ii2(t)
· Yi(t, v1)

ϕi (Yi(t, v1))
,

F2(t, v1) =
π2

ω(t)

(1 + µ0)Yi(t, v1)
×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk (Yi(t, v1))
]
,

Yi(t, v1) = Φ−1
i

(
αi

µ0

Ii2(t)(1 + v1)

)

è
t =

{
ex ïðè ω = +∞,

ω − e−x ïðè ω < +∞.

Íà ïiäñòàâi íåðiâíîñòåé σi 6= 0, µ0 6= 0,−1 i
óìîâ (1.18), (1.19)

αiµ0σiIi2(t) < 0 ïðè t ∈]a, ω[,

lim
t↑ω

Ii2(t) =

{ ±∞ ïðè σi > 0,
0 ïðè σi < 0.

(3.8)

Âðàõîâóþ÷è (3.8) ïiäáåðåìî ó âèïàäêó σi <
0 ÷èñëî t1 ∈]a, ω[ òàêèì, ùîá ïðè t ∈ [t1, ω[
ñïðàâäæóâàëàñü íåðiâíiñòü

0 <
3αiµ0

2
Ii2(t) < bi,

äå bi âèçíà÷åíî ïðè îïèñó âëàñòèâîñòåé ôóí-
êöié Φi, Φ−1

i . ßêùî æ σi > 0, òî ó ÿêîñòi t1
âèáèðà¹ìî áóäü-ÿêå ÷èñëî ç ïðîìiæêó ]a, ω[.

Ïîêëàâøè x0 = β ln |πω(t1)|, ðîçãëÿíåìî
ñèñòåìó ðiâíÿíü (3.7) íà ìíîæèíi

Ω = [x0, +∞[×D,

äå

D =

{
(v1, v2) ∈ R2 : |vk| ≤ 1

2
, k = 1, 2

}
.

Ç îãëÿäó íà âèáið ÷èñëà t1, âèä ôóí-
êöi¨ Φi i óìîâè (3.4k) (k = 1, 2), (3.8) 0 <
Yi(t(x), v1) ≤ y0 ïðè x ≥ x0 i |v1| ≤ 1

2
,

lim
x→+∞

Yi(t(x), v1) = lim
t↑ω

Yi(t, v1) = 0 (3.9)
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ðiâíîìiðíî çà v1 ∈
[−1

2
, 1

2

]
. Êðiì òîãî, ìà¹ìî

∂

∂v1

(
Yi(t, v1)

ϕi (Yi(t, v1))

)
=

=
αi

µ0

Ii2(t)

[
1− Yi(t, v1)ϕ

′
i (Yi(t, v1))

ϕi (Yi(t, v1))

]
,

∂2

∂v2
1

(
Yi(t, v1)

ϕi (Yi(t, v1))

)
= −

(
αi

µ0

Ii2(t)

)2

×

×ϕi (Yi(t, v1))

Yi(t, v1)

{
Yi(t, v1)ϕ

′
i (Yi(t, v1))

ϕi (Yi(t, v1))
+

+
Y 2

i (t, v1)ϕ
′′
i (Yi(t, v1))

ϕi (Yi(t, v1))
−

−
[
Yi(t, v1)ϕ

′
i (Yi(t, v1))

ϕi (Yi(t, v1))

]2
}

,

∂

∂v1

(
ϕk (Yi(t, v1))

Yi(t, v1)

)
=

=
αi

µ0

Ii2(t)ϕi (Yi(t, v1)) ϕk (Yi(t, v1))

Y 2
i (t, v1)

×

×
[
Yi(t, v1)ϕ

′
k (Yi(t, v1))

ϕk (Yi(t, v1))
− 1

]
,

∂2

∂v2
1

(
ϕk (Yi(t, v1))

Yi(t, v1)

)
=

[
αi

µ0

Ii2(t)

]2

×

×ϕ2
i (Yi(t, v1)) ϕk (Yi(t, v1))

Y 3
i (t, v1)

×

×
{

Y 2
i (t, v1)ϕ

′′
k (Yi(t, v1))

ϕk (Yi(t, v1))
+

+
Y 2

i (t, v1)ϕ
′
i (Yi(t, v1)) ϕ′k (Yi(t, v1))

ϕi (Yi(t, v1)) ϕk (Yi(t, v1))
−

−2
Yi(t, v1)ϕ

′
k (Yi(t, v1))

ϕk (Yi(t, v1))
−

−Yi(t, v1)ϕ
′
i (Yi(t, v1))

ϕi (Yi(t, v1))
+ 2

}
.

Òîäi âiäïîâiäíî äî ôîðìóëè Òåéëîðà ç çàëè-
øêîâèì ÷ëåíîì ó ôîðìi Ëàãðàíæà ìàþòü
ìiñöå ïðè êàæíîìó ôiêñîâàíîìó t ∈ [t1, ω[
ðîçâèíåííÿ

Yi(t, v1)

ϕi (Yi(t, v1))
=

Yi(t, 0)

ϕi (Yi(t, 0))
+

+
αi

µ0

Ii2(t)

[
1− Yi(t, 0)ϕ′i (Yi(t, 0))

ϕi (Yi(t, 0))

]
v1−

−
(

αi

µ0

Ii2(t)

)2 [
Yi(t, ξ0)ϕ

′
i (Yi(t, ξ0))

ϕi (Yi(t, ξ0))
+

+
Y 2

i (t, ξ0)ϕ
′′
i (Yi(t, ξ0))

ϕi (Yi(t, ξ0))
−

−
(

Yi(t, ξ0)ϕ
′
i (Yi(t, ξ0))

ϕi (Yi(t, ξ0))

)2
]

ϕi (Yi(t, ξ0))

Yi(t, ξ0)
v2

1,

ϕk (Yi(t, v1))

Yi(t, v1)
=

ϕk (Yi(t, 0))

Yi(t, 0)
+

+
αi

µ0

Ii2(t)ϕi (Yi(t, 0)) ϕk (Yi(t, 0))

Y 2
i (t, 0)

×

×
[
Yi(t, 0)ϕ′k (Yi(t, 0))

ϕk (Yi(t, 0))
− 1

]
v1+

+

(
αi

µ0

Ii2(t)

)2
ϕ2

i (Yi(t, ξk)) ϕk (Yi(t, ξk))

Y 3
i (t, ξk)

×

×
[
Y 2

i (t, ξk)ϕ
′′
k (Yi(t, ξk))

ϕk (Yi(t, ξk))
+ Yi(t, ξk)×

×ϕ′k (Yi(t, ξk))

ϕk (Yi(t, ξk))

(
Yi(t, ξk)ϕ

′
i (Yi(t, ξk))

ϕi (Yi(t, ξk))
− 2

)
−

−Yi(t, ξk)ϕ
′
i (Yi(t, ξk))

ϕi (Yi(t, ξk))
+ 2

]
v2

1,

äå ξk = ξk(t, v1) (k = 0, 1, . . . , m) òàêi, øî

|ξk(t, v1)| < |v1| (k = 0, 1, . . . ,m)

ïðè t ∈ [t1, ω[ è v1 ∈
[−1

2
, 1

2

]
.

(3.10)
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Âðàõîâóþ÷è öi ðîçâèíåííÿ, ïåðåïèøåìî ñè-
ñòåìó (3.7) ó âèãëÿäi




v′1 = β
[
f1(x) +

2∑
k=1

c1k(x)vk + V1(x, v1, v2)
]
,

(3.11)

v′2 = β
[
f2(x) +

2∑
k=1

c2k(x)vk + V2(x, v1, v2)
]
,

äå

f1(x(t)) = −qi(t) +
µ0(1 + µ0)

αiIi2(t)
· Yi(t, 0)

ϕi (Yi(t, 0))
,

f2(x(t)) = −µ0 +
qi(t)

1 + µ0

Ii2(t)ϕi (Yi(t, 0))

Yi(t, 0)
×

×
m∑

k=1

αkpk(t)ϕk (Yi(t, 0))

pi(t)ϕi (Yi(t, 0))
[1 + rk(t)],

c11(x(t)) = −qi(t)+

+(1 + µ0)

[
1− Yi(t, 0)ϕ′i (Yi(t, 0))

ϕi (Yi(t, 0))

]
,

c12(x(t)) =
µ0(1 + µ0)

αiIi2(t)
· Yi(t, 0)

ϕi (Yi(t, 0))
,

c21(x(t)) =
qi(t)

µ0(1 + µ0)

[
Ii2(t)ϕi (Yi(t, 0))

Yi(t, 0)

]
×

×
m∑

k=1

αkpk(t)[1 + rk(t)]ϕk (Yi(t, 0))

αipi(t)ϕi (Yi(t.0))
×

×
[
Yi(t, 0)ϕ′k (Yi(t, 0))

ϕk (Yi(t, 0))
− 1

]
,

c22(x(t)) = −1− 2µ0,

V1(x(t), v1, v2) = (1 + µ0)v1×

×
[(

1− Yi(t, 0)ϕ′i (Yi(t, 0))

ϕi (Yi(t, 0))

)
v2+

+
µ0 v1(1 + v2)

αiIi2(t)

∂2

∂v2
1

(
Yi(t, v1)

ϕi (Yi(t, v1))

)∣∣∣∣
v1=ξ0(t,v1)

]
,

V2(x(t), v1, v2) = −(1 + µ0)v
2
2+

+
qi(t)Ii2(t)v

2
1

1 + µ0

m∑

k=1

αkpk(t)[1 + rk(t)]

pi(t)
×

× ∂2

∂v2
1

(
ϕk (Yi(t, v1))

Yi(t, v1)

)∣∣∣∣
v1=ξk(t,v1)

.

Äàëi, âñòàíîâèìî âëàñòèâîñòi ôóíêöié,
ùî ìiñòÿòüñÿ â ïðàâié ÷àñòèíi ñèñòåìè
(3.11).

Íà ïiäñòàâi óìîâ (1.3)-(1.5), ëåìè 2.1 i
óìîâè (3.9) ñïðàâäæóþòüñÿ ðiâíîìiðíî çà
v1 ∈

[−1
2
, 1

2

]
ãðàíèöi

lim
t↑ω

Yi(t, v1)ϕ
′
k (Yi(t, v1))

ϕk (Yi(t, v1))
=

=

{
0 ïðè k = 1,m1,

1 + σk ïðè k = m1 + 1,m
(3.12)

i
lim
t↑ω

Yi(t, v1)ϕ
′′
k (Yi(t, v1))

ϕ′k (Yi(t, v1))
= σk (3.13)

ïðè áóäü-ÿêèõ k ∈ {1, . . . , m}, âiäìiííèõ âiä
òèõ, äëÿ ÿêèõ ϕk(y) ≡ ϕ0

k > 0.
Âðàõîâóþ÷è, ùî i ∈ {m1 + 1, . . . , m}, ç

âèêîðèñòàííÿì ïðàâèëà Ëîïèòàëÿ ó ôîðìi
Øòîëüöà i (3.12), äiñòàíåìî

lim
t↑ω

Yi(t, 0)

ϕi (Yi(t, 0)) Ii2(t)
= lim

t↑ω

(
Yi(t,0)

ϕi(Yi(t,0))

)′

I ′i2(t)
=

=
αi

µ0

lim
t↑ω

[
1− Yi(t.0)ϕ′i (Yi(t, 0))

ϕi (Yi(t, 0))

]
= −αiσi

µ0

.

Çâiäñè âèïëèâà¹, ùî ïðè t ↑ ω

Yi(t, 0)

ϕi (Yi(t, 0))
= −αiσi

µ0

Ii2(t)[1 + o(1)]. (3.14)

Îñêiëüêè Y ′
i (t, 0) = αi

µ0
I ′i2(t)ϕi (Yi(t, 0)), òî ÷å-

ðåç (3.14) i (1.18) îäåðæèìî

lim
t↑ω

πω(t)Y ′
i (t, 0)

Yi(t, 0)
= 1 + µ0,

òîáòî Yi(t, 0) ìà¹ òi æ ñàìi âëàñòèâîñòi, ùî i
áóäü-ÿêèé Ï0

ω(µ0)- ðîçâ'ÿçîê ðiâíÿííÿ (1.1),
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ÿêi áóëî âèêîðèñòàíî ïðè äîâåäåííi ëåìè
2.4. Ç îãëÿäó íà öåé ôàêò òà âèêîíàííÿ óìîâ
(1.15) i (1.16) ëåìè 2.4 áóäåìî ìàòè

lim
t↑ω

pk(t)ϕk (Yi(t, 0))

pi(t)ϕi (Yi(t, 0))
= 0 (3.15)

ïðè áóäü-ÿêîìó k ∈ {1, . . . ,m}, ùî âiäìiíî
âiä i.

Íàðåøòi, ïîìiòèìî, ùî âñi ôóíêöi¨ ϕk,
äå k âiäìiííî âiä òèõ çíà÷åíü, äëÿ ÿêèõ
ϕk(y) ≡ ϕ0

k, ¹ ñòðîãî ìîíîòîííèìè íà ïðî-
ìiæêó ]0, y0] i ïðàâèëüíî ìiíëèâèìè â íóëi
(äèâ. [3]). Òîìó äëÿ êîæíîãî k ∈ {1, . . . .m}
iñíóþòü ñòàëi lk, Lk > 0 òàêi, ùî ïðè áóäü-
ÿêèõ t ∈ [t1, ω[ i ξ ∈ [−1

2
, 1

2

]

lk ≤ ϕk (Yi(t, ξ))

ϕk (Yi(t, 0))
≤ Lk. (3.16)

Òåïåð, ïðèéìàþ÷è äî óâàãè óìîâè (3.9),
(3.10), (3.12)- (3.16) i (1.18), à òàêîæ çàìiíó
íåçàëåæíî¨ çìiííî¨ x = β ln |πω(t)|, ïåðåêî-
íó¹ìîñÿ ó òîìó, ùî â ñèñòåìi (3.11)
lim

x→+∞
fk(x) = 0 (k = 1, 2), lim

x→+∞
c11(x) = 0,

lim
x→+∞

c12(x) = −σi(1 + µ0),

lim
x→+∞

c21(x) = −µ0, lim
x→+∞

c22(x) = −1−2µ0,

à ôóíêöi¨ V1, V2 òàêi, ùî

lim
|v1|+|v2|→0

Vk(x, v1v2)

|v1|+ |v2| = 0 (k = 1, 2)

ðiâíîìiðíî çà x ∈ [x0, +∞[.
Îòæå, ñèñòåìà (3.11) ¹ êâàçiëiíiéíîþ ñè-

ñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ìàéæå
ñòàëèìè êîåôiöi¹íòàìè.

Çàïèñàâøè õàðàêòåðèñòè÷íå ðiâíÿííÿ
äëÿ ãðàíè÷íî¨ ìàòðèöi êîåôiöi¹íòiâ ëiíiéíî¨
÷àñòèíè öi¹¨ ñèñòåìè ó âèäi

∣∣∣∣
−βλ −βσi(1 + µ0)
−βµ0 −β(1 + 2µ0)− βλ

∣∣∣∣ = 0,

îäåðæèìî
λ2 + (1 + 2µ0)λ− σiµ0(1 + µ0) = 0.

Îñêiëüêè âèêîíó¹òüñÿ îäíà ç óìîâ (1.17), òî
öå ðiâíÿííÿ íå ìà¹ êîðåíiâ ç íóëüîâîþ äié-
ñíîþ ÷àñòèíîþ.

Òàêèì ÷èíîì, äëÿ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü (3.11) âèêîíàíî âñi óìîâè òåî-
ðåìè 2.1 ðîáîòè [7]. Íà ïiäñòàâi öi¹¨ òåîðå-
ìè ñèñòåìà (3.11) ìà¹ õî÷à á îäèí ðîçâ'ÿ-
çîê (vk)

2
k=1 : [x1, +∞[−→ R2, äå x1 ≥ x0,

ÿêèé ïðÿìó¹ äî íóëÿ ïðè x → +∞. Éîìó ç
óðàõóâàííÿì ïåðåòâîðåííÿ (3.6) âiäïîâiäà¹
ðîçâ'ÿçîê y : [t2, ω[−→]0, y0] ðiâíÿííÿ (1.1),
ùî äîïóñêà¹ ïðè t ↑ ω àñèìïòîòè÷íi çîáðà-
æåííÿ

Φi(y(t)) =
αi

µ0

Ii2(t)[1 + o(1)],

y′(t)
y(t)

=
1 + µo

πω(t)
[1 + o(1)].

À òàê ÿê äëÿ öüîãî ðîçâ'ÿçêó

lim
t↑ω

Φi(y(t))
y(t)

ϕi(y(t))

= lim
t↑ω

Φ′
i(y(t))(
y(t)

ϕi(y(t))

)′ =

= lim
t↑ω

1

1− y(t)ϕ′i(y(t)

ϕi(y(t))

= − 1

σi

,

òî ç îñòàííiõ çîáðàæåíü îäåðæèìî çîáðàæå-
ííÿ âèäó (1.20), (1.21). Òåîðåìó ïîâíiñòþ äî-
âåäåíî.

4. Ïðèêëàä ðiâíÿííÿ çi ñòåïåíåâè-
ìè êîåôiöi¹íòàìè. Ïðîiëþñòðó¹ìî îòðè-
ìàíi ðåçóëüòàòè íà ïðèêëàäi äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

y′′ = a1t
γ1 + a2t

γ2yσ2 sin y + a3t
γ3y1+σ3| ln y|λ,

(4.1)
äå

(t, y) ∈]0, +∞[×]0, 1[,

ak ∈ R \ {0}, γk ∈ R (k = 1, 2, 3), à σ2, σ3, λ ∈
R i òàêi, ùî σ2 6= −1, |1 + σ3|+ |λ| 6= 0.

Òóò ó âiäïîâiäíîñòi ç (1.1)

αk = sign ak, pk(t) = |ak|tγk (k = 1, 2, 3),

ϕ1(y) ≡ 1, ϕ2(y) = yσ2 sin y,

ϕ3(y) = y1+σ3| ln y|λ,
ïðè÷îìó ïðè áóäü-ÿêîìó k ∈ {2, 3} ϕ′k(y) 6= 0
ó ïðàâîìó îêîëi íóëÿ i

lim
y↓0

yϕ′′k(y)

ϕ′k(y)
= σk.
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Îòæå, ìà¹ìî ðiâíÿííÿ âèäó (1.1), â ÿêîìó
m1 = 1 i m = 3.

Ñïî÷àòêó, ââàæàþ÷è, ùî ω = +∞, ç'ÿñó-
¹ìî ïèòàííÿ ïðî iñíóâàííÿ ó ðiâíÿííÿ (4.1)
Ï0

+∞(µ0)- ðîçâ'ÿçêiâ òà ¨õ àñèìïòîòèêó ïðè
t → +∞. Â öüîìó âèïàäêó πω(t) = t,

|πω(t)|p′k(t)
pk(t)

≡ γk (k = 1, 2, 3), (4.2)

I11(t) = |a1|
t∫

A11

τ γ1 dτ, (4.3)

Ii2(t) = |ai|
t∫

Ai2

τ 1+γi dτ, (i = 2, 3), (4.4)

äå

A11 =

{
1 ïðè γ1 ≥ −1,

+∞ ïðè γ1 < −1,

Ai2 =

{
1 ïðè γi ≥ −2,

+∞ ïðè γi < −2.

Çâiäñè, çîêðåìà, âèïëèâà¹, ùî

lim
t→+∞

tI ′11(t)

I11(t)
= 1 + γ1, (4.5)

lim
t→+∞

tI ′i2(t)
Ii2(t)

= 2 + γi (i = 2, 3). (4.6)

Îñêiëüêè ïåðøå ç öèõ ãðàíè÷íèõ ñïiââiäíî-
øåíü ñóïåðå÷èòü óìîâi (1.14) òåîðåìè 1.2,
òî îáìåæèìîñü ëèøå ðîçãëÿäîì Ï0

+∞(µ0)-
ðîçâ'ÿçêiâ, äëÿ ÿêèõ |µ0| < +∞.

Çãiäíî ç (4.2), (4.3) i (4.5) óìîâè (1.6)-
(1.10) òåîðåìè 1.3 íàáóâàþòü âèãëÿäó

γj − γ1 < (1 + σj)|1 + µ0| (j = 2, 3),

1 + γ1 = µ0, γ1 < −2,

1 + µ0 < 0, a1 > 0.

Âîíè ðiâíîñèëüíi óìîâàì

γj − γ1 + (1 + σj)(2 + γ1) < 0 (j = 2, 3),

a1 > 0, γ1 < −2.

Ïðè ¨õ âèêîíàííi ðiâíÿííÿ (4.1) ìà¹ íà ïiä-
ñòàâi òåîðåìè 1.1 õî÷à á îäèí ðîçâ'ÿçîê, âè-
çíà÷åíèé â îêîëi +∞, ùî äîïóñêà¹ ïðè t →
+∞ àñèìïòîòè÷íi çîáðàæåííÿ

y(t) ∼ a1 t2+γ1

(1 + γ1)(2 + γ1)
, y′(t) ∼ a1 t1+γ1

1 + γ1

.

Äàëi, çãiäíî ç (4.2), (4.4) i (4.6) óìîâè
(1.15)-(1.19) i σi 6= 0 òåîðåìè 1.3 çàïèøóòüñÿ
ïðè i = 2 ó âèãëÿäi

γ1 − γ2 +
(1 + σ2)(2 + γ2)

σ2

< 0, (4.7)

γ3 − γ2 +
(σ2 − σ3)(2 + γ2)

σ2

< 0, (4.8)

a2 > 0, σ2(2 + γ2) > 0, (4.9)

à ïðè i = 3 - ó âèãëÿäi

γ1 − γ3 +
(1 + σ3)(2 + γ3)

σ3

< 0, (4.10)

γ2 − γ3 +
(σ3 − σ2)(2 + γ3)

σ3

< 0, (4.11)

a3 > 0, σ3(2 + γ3) > 0. (4.12)

ßêùî âèêîíóþòüñÿ óìîâè (4.7)-(4.9), òî
ðiâíÿííÿ (4.1) ìà¹ íà ïiäñòàâi òåîðåìè 1.3
õî÷à á îäèí ðîçâ'ÿçîê, âèçíà÷åíèé â äåÿêî-
ìó îêîëi +∞ i çíèêàþ÷èé ó íåñêií÷åííîñòi,
ïðè÷îìó âií äîïóñêà¹ ïðè t → +∞ àñèìïòî-
òè÷íi çîáðàæåííÿ

y(t) ∼
∣∣∣∣
(2 + γ2)(2 + γ2 + σ2)

a2σ2
2

∣∣∣∣
1
σ

t
− 2+γ2

σ2 ,

y′(t) ∼ −(2 + γ2)y(t)

σ2 t
.

ßêùî æ âèêîíóþòüñÿ óìîâè (4.10)-(4.12),
òî ó ðiâíÿííÿ (4.1) iñíó¹ âiäïîâiäíî äî òåîðå-
ìè 1.3 õî÷à á îäèí çíèêàþ÷èé ó íåñêií÷åíî-
ñòi ðîçâ'ÿçîê y : [t0, +∞[−→]0, 1[, ïðè÷îìó
äëÿ íüîãî ìàþòü ìiñöå ïðè t → +∞ àñèì-
ïòîòè÷íi çîáðàæåííÿ

1

yσ3(t)| ln y(t)|λ ∼
a3σ

2
3 t2+γ3

(2 + γ3)(2 + γ3 + σ3)
, (4.13)

y′(t) ∼ −(2 + γ3)y(t)

σ3 t
. (4.14)
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Òóò äëÿ y îòðèìàíî àñèìïòîòè÷íå çîáðàæå-
ííÿ â íåÿâíîìó âèäi. Îäíàê, ÿêùî âðàõóâà-
òè, ùî ÷åðåç (4.14)

y(t) = t
− 2+γ3

σ3
+o(1) ïðè t → +∞,

òî áóäåìî ìàòè

| ln y(t)|λ =

∣∣∣∣
2 + γ3

σ3

∣∣∣∣
λ

lnλ t[1 + o(1)]

ïðè t → +∞, i òîìó (4.13) ìîæå áóòè ïåðå-
ïèñàíî ó ÿâíîìó âèäi

y(t) ∼ C t
− 2+γ3

σ3 ln
− λ

σ3 t ïðè t → +∞,

äå

C =

(
a3σ3

2 + γ3 + σ3

)− 1
σ3

(
2 + γ3

σ3

) 1−λ
σ3

.

Òåïåð, âçÿâøè çà ω äîâiëüíå äîäàòíå ÷è-
ñëî, äîñëiäèìî äëÿ ðiâíÿííÿ (4.1) ïèòàííÿ
ïðî iñíóâàííÿ Ï0

ω(µ0)- ðîçâ'ÿçêiâ i ïðî àñèì-
ïòîòèêó öèõ ðîçâ'ÿçêiâ ïðè t ↑ ω. Îñêiëüêè
ó äàíîìó âèïàäêó πω(t) = t−ω, òî ïðè t ↑ ω

|πω(t)|p′k(t)
pk(t)

∼ γk

ω
(ω−t) (k = 1, 2, 3), (4.15)

I11(t) = |a1|
t∫

ω

τ γ1 dτ ∼ |a1|ωγ1(t−ω), (4.16)

Ii2(t) = |ai|
t∫

ω

(τ − ω)τ γi dτ ∼

∼ |ai|ωγi

2
(t− ω)2 (i = 2, 3). (4.17)

Ç óðàõóâàííÿì (4.16) i (4.17) áóäåìî ìàòè

lim
t↑ω

πω(t)I ′11(t)

I11(t)
= 1, (4.18)

lim
t↑ω

πω(t)I ′i2(t)
Ii2(t)

= 2 (i = 2, 3). (4.19)

Îñêiëüêè ãðàíèöÿ (4.18) ¹ ñêií÷åíîþ (òîáòî
íå âèêîíóþòüñÿ óìîâè (1.14) òåîðåìè 1.2),
òî îáìåæèìîñü ëèøå ðîçãëÿäîì Ï0

ω(µ0)-
ðîçâ'ÿçêiâ, äëÿ ÿêèõ |µ0| < +∞.

Çãiäíî ç (4.15), (4.16) i (4.18) óìîâè (1.6)-
(1.10) òåîðåìè 1.1 íàáóâàþòü âèãëÿäó

a1 > 0, σj > −1 (j = 2, 3).

Ïðè öèõ óìîâàõ ðiâíÿííÿ (4.1) ìà¹ íà ïiä-
ñòàâi òåîðåìè 4.1 õî÷à á îäèí ðîçâ'ÿçîê y :
[t0, ω[−→]0, 1[, äå t0 ∈]a, ω[, ùî äîïóñêà¹ ïðè
t ↑ ω àñèìïòîòè÷íi çîáðàæåííÿ

y(t) ∼ a1ω
γ1

2
(t− ω)2, y′(t) ∼ a1ω

γ1(t− ω).

Äàëi, âðàõîâóþ÷è (4.15), (4.17) i (4.19),
ïðèõîäèìî äî âèñíîâêó, ùî óìîâè (1.15)-
(1.19) òåîðåìè 1.3 ðiâíîñèëüíi ïðè i = 2 óìî-
âàì

σ2 < −1, σ3 > σ2, a2(2 + σ2) < 0, (4.20)

à ïðè i = 3- óìîâàì

σ3 < −1, σ2 > σ3, a3(2 + σ3) < 0. (4.21)

Òîìó ïðè âèêîíàíi íåðiâíîñòåé (4.20) ðiâ-
íÿííÿ (4.1) ìà¹ íà ïiäñòàâi òåîðåìè 1.3 õî-
÷à á îäèí ðîçâ'ÿçîê y : [t0, ω[−→]0, 1[, äå
t0 ∈]a, ω[, ùî äîïóñêà¹ ïðè t ↑ ω àñèìïòî-
òè÷íi çîáðàæåííÿ

y(t) ∼
[

a2σ
2
2ω

γ2

2(2 + σ2)

]− 1
σ2

(t− ω)
− 2

σ2 ,

y′(t) ∼ − 2

σ2

[
a2σ

2
2ω

γ2

2(2 + σ2)

]− 1
σ2

(t− ω)
− 2+σ2

σ2 ,

à ïðè âèêîíàííi íåðiâíîñòåé (4.21) � ðîçâ'ÿ-
çîê ç àñèìïòîòè÷íèìè ïðè t ↑ ω çîáðàæåí-
íÿìè âèäó

1

yσ3| ln y(t)|λ ∼
a3σ

2
3ω

γ3

2(2 + σ3)
(t− ω)2, (4.22)

y′(t) ∼ − 2y(t)

σ3(t− ω)
. (4.23)

Îñêiëüêè çãiäíî ç (4.23)

y(t) = |t− ω|− 2
σ3

+o(1) ïðè t ↑ ω,

òî çîáðàæåííÿ (4.22) ìîæå áóòè ïåðåïèñàíî
â ÿâíîìó âèäi

y(t) ∼ Cω(t− ω)
− 2

σ3 ln
− λ

σ3 (ω − t),
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äå

Cω =

∣∣∣∣
2

σ3

∣∣∣∣
1−λ
σ3

∣∣∣∣
a3σ3ω

γ3

2 + σ3

∣∣∣∣
− 1

σ3

.

Íàðåøòi, çàçíà÷èìî, ùî ÿêùî çà ω âèáðà-
òè äîâiëüíå ÷èñëî ç ïðîìiæêó [0, +∞[ i â ðiâ-
íÿííi (4.1) çðîáèòè çàìiíó t − ω = ω − τ ,
y(t) = z(τ), òî îòðèìà¹ìî ðiâíÿííÿ, äî ÿêî-
ãî ìîæóòü áóòè çàñòîñîâàíi òåîðåìè 1.1-1.3.
Öå äîçâîëèòü îòðèìàòè äëÿ ðiâíÿííÿ (4.1)
ðåçóëüòàòè ïðî iñíóâàííÿ, à òàêîæ ïðî àñèì-
ïòîòèêó ðîçâ'ÿçêiâ, âèçíà÷åíèõ â ïðàâîìó
îêîëi ω i çíèêàþ÷èõ ïðè t ↓ ω (çîêðåìà, äëÿ
ðîçâ'ÿçêiâ, øî çíèêàþòü ïðè t ↓ 0).

5. Âèñíîâêè. Â ðîáîòi äëÿ íåëiíiéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó
ââåäåíî íîâèé êëàñ, òàê çâàíèõ, Ï0

ω(µ0)-
ðîçâ'ÿçêiâ, êîòðèé ó äåÿêîìó ñåíñi áëèçüêèé
äî êëàñó Pω-ðîçâ'ÿçêiâ, ÿêèé áóâ âèçíà÷åíèé
â [8]. Äëÿ âèïàäêó äèôåðåíöiàëüíèõ ðiâíÿíü
âèäó (1.1) çàïðîïîíîâàíî ïiäõiä, ùî äîçâî-
ëÿ¹ âèëó÷èòè ñèòóàöi¨, êîëè íà ðîçâ'ÿçêàõ
iç äàíîãî êëàñó òiëüêè îäèí äîäàíîê â ïðà-
âié ÷àñòèíi ðiâíÿííÿ ¹ ãîëîâíèì (äèâ. ëå-
ìè 2.3-2.6). Â êîæíié ç öèõ ñèòóàöié îòðè-
ìàíî (äèâ. òåîðåìè 1.1-1.3) íåîáõiäíi i äî-
ñòàòíi óìîâè iñíóâàííÿ Ï0

ω(µ0)- ðîçâ'ÿçêiâ i
âñòàíîâëåíî äëÿ íèõ àñèìïòîòè÷íi çîáðàæå-
ííÿ ïðè t ↑ ω, äå ω àáî ñêií÷åíå, àáî ðiâ-
íå ±∞. Ïðè öüîìó âèïàäêè, ùî âiäíîñÿòüñÿ
äî ω < +∞ i ω = ±∞ íå ðîçäiëÿþòüñÿ,
à äîñëiäæóþòüñÿ ó ðàìêàõ ¹äèíîãî ìåòîäó,
ùî äîçâîëÿ¹ (äèâ. ïðèêëàä ðiâíÿííÿ (4.1))
äàòè îïèñ àñèìïòîòè÷íîãî ïîâîäæåííÿ ÿê
ïðàâèëüíèõ, òàê i ðiçíîãî ðîäó ñèíãóëÿðíèõ
ðîçâ'ÿçêiâ (ç ïðèâîäó îçíà÷åíü ïðàâèëüíèõ i
ñèíãóëÿðíèõ ðîçâ'ÿçêiâ äèâ. ìîíîãðàôiþ [9],
ðîçä. III, ñòîð. 238, 262).

Îñêiëüêè îêðåìi äîäàíêè ó ïðàâié ÷àñòè-
íi ðiâíÿííÿ (1.1) ìiñòÿòü íåëiíiéíîñòi, ùî
íå ñóòî âèçíà÷åíi êëàñîì ïðàâèëüíî ìií-
ëèâèõ â íóëi ôóíêöié, òî àñèìïòîòèêà íå
çàâæäè ìîæå áóòè çàïèñàíà ó ÿâíîìó âèäi
(äèâ. òåîðåìó 1.3). Îäíàê, ÿêùî â öié òåî-
ðåìi áiëüø êîíêðåòíî âèçíà÷èòè âèä ôóí-
êöi¨ ϕi, òî àñèìïòîòè÷íi çîáðàæåííÿ ïðè
t ↑ ω ìîæóòü áóòè íàäàíi ÿâíèìè ôîð-
ìóëàìè. Íàïðèêëàä, ÿêùî íà äîäàòîê äî

óìîâ òåîðåìè 1.3 ïðèïóñòèòè, ùî ôóíêöiÿ
ψi(y) = y−σi−1ϕi(y) òàêà, ùî ïðè t ↑ ω ìà¹
ìiñöå ñïiââiäíîøåííÿ ψi

(|πω(t)|1+µ0+o(1)
)

=
[C(µ0)+o(1)]ψ(|πω(t)|) äå C(µ0)- âiäìiííà âiä
íóëÿ äiéñíà ñòàëà, òî àñèìïòîòè÷íi çîáðà-
æåííÿ (2.20), (2.21) ìîæóòü áóòè çàïèñàíi â
ÿâíîìó âèäi

y(t) ∼
∣∣∣∣
C(µ0)σi

µ0

Ii2(t)ψi(|πω(t)|)
∣∣∣∣
− 1

σi

,

y′(t) ∼ 1 + µ0

πω(t)

∣∣∣∣
C(µ0)σi

µ0

Ii2(t)ψi(|πω(t)|)
∣∣∣∣
− 1

σi

.

Âêàçàíié âèùå óìîâi çàäîâîëüíÿþòü ôóí-
êöi¨ âèäó ϕi(y) = y1+σi lnγ y, ϕi(y) =
y1+σi lnγ y lnλ ln y i áàãàòî iíøèõ.
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