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ÏÐÎÑÒÎÐÀÕ ÏÎÑËIÄÎÂÍÎÑÒÅÉ

Âñòàíîâëåíî íåîáõiäíi é äîñòàòíi óìîâè åêâiâàëåíòíîñòi äåÿêèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ
ïåðøîãî ïîðÿäêó â ïðîñòîðàõ ôóíêöié, àíàëiòè÷íèõ ó 2π

n -iíâàðiàíòíèõ îáëàñòÿõ, à òàêîæ
ïîäiáíèõ îïåðàòîðiâ ó ïðîñòîðàõ ïîñëiäîâíîñòåé, ùî íàäiëåíi íîðìàëüíîþ òîïîëîãi¹þ.

It is obtained the necessary and su�cient conditions of similarity of some di�erential operators
of the �rst order in the spaces of functions analytic in 2π

n -invariant domains. It is also establi-
shed analogical conditions of similarity of analogical operators in spaces of sequences with normal
topology.

1. Íåõàé G � îáëàñòü êîìïëåêñíî¨ ïëî-
ùèíè, à A(G) � ïðîñòið óñiõ àíàëiòè÷íèõ â
G ôóíêöié, ùî íàäiëåíèé òîïîëîãi¹þ êîìïà-
êòíî¨ çáiæíîñòi. ßêùî G = {z ∈ C : |z| < R}
(0 < R ≤ ∞), òî âiäïîâiäíèé ïðîñòið A(G)
ïîçíà÷àòèìåìî ÷åðåçAR. Íàãàäà¹ìî, ùî äâà
ëiíiéíi íåïåðåðâíi îïåðàòîðè A òà B, ÿêi äi-
þòü â A(G), íàçèâàþòüñÿ åêâiâàëåíòíèìè,
ÿêùî iñíó¹ òàêèé içîìîðôiçì T ïðîñòîðó
A(G) íà ñåáå, äëÿ ÿêîãî

TA = BT.

Çàôiêñó¹ìî n ∈ N òà ôóíêöiþ a ∈ A(G).
Íåõàé E � òîòîæíèé îïåðàòîð â A(G), à
D � îïåðàòîð çâè÷àéíîãî äèôåðåíöiþâàííÿ
â A(G). Â [1] âñòàíîâëåíî, ùî äëÿ âèïàäêó
ïðîñòîðó AR îïåðàòîðè A = zn+1D + a(z)E
òà B = zn+1D ¹ åêâiâàëåíòíèìè òîäi é ëèøå
òîäi, êîëè

a(0) = a′(0) = ... = a(n−1)(0) = 0,

a(n)(0) = −ln!,

äå l ∈ {0, 1, ..., n − 1}. Çàóâàæèìî, ùî äî-
âîäèëîñü öå òâåðäæåííÿ çà äîïîìîãîþ ìà-
òðè÷íîãî çîáðàæåííÿ ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ, ùî äiþòü â AR. Äëÿ âèïàäêó
íåêðóãîâèõ îáëàñòåé G òàêîãî çîáðàæåí-
íÿ âæå íåìà¹. Ó äðóãîìó ïóíêòi äàíî¨ ðî-
áîòè ñôîðìóëüîâàíèé âèùå ðåçóëüòàò ç [1]

óçàãàëüíþ¹òüñÿ íà âèïàäîê 2π
n
-iíâàðiàíòíî¨

îáëàñòi G. Êðiì öüîãî, çâàæàþ÷è íà içî-
ìîðôiçì ïðîñòîðó AR äî ïåâíîãî ïðîñòîðó
ïîñëiäîâíîñòåé, íàäiëåíîãî íîðìàëüíîþ çà
Êåòå òîïîëîãi¹þ, ó òðåòüîìó ïóíêòi ðîáîòè
âñòàíîâëþþòüñÿ àíàëîãi÷íi íåîáõiäíi é äî-
ñòàòíi óìîâè åêâiâàëåíòíîñòi îïåðàòîðiâ, ïî-
äiáíèõ äî A òà B, ÿêi äiþòü ó ïðîñòîðàõ ïî-
ñëiäîâíîñòåé ç äåÿêîãî êëàñó, ÿêèé ìiñòèòü,
çîêðåìà, âñi ïðîñòîðè ïîñëiäîâíîñòåé, içî-
ìîðôíi äî ïðîñòîðiâ AR (0 < R ≤ ∞).

2. Íåõàé G � çiðêîâà âiäíîñíî íóëÿ
îáëàñòü â C, n ∈ N, à a(z) � ôiêñîâàíà ôóí-
êöiÿ ç A(G). Ðîçãëÿíåìî â A(G) îïåðàòîðè

A = zn+1D + a(z)E

òà
B = zn+1D.

Âñòàíîâèìî íåîáõiäíi é äîñòàòíi óìîâè åêâi-
âàëåíòíîñòi â A(G) îïåðàòîðiâ A òà B. Ñïî-
÷àòêó, ÿê i â [1], âiäçíà÷èìî, ùî îïåðàòîð A
åêâiâàëåíòíèé â A(G) äî îïåðàòîðà

A1 = zn+1D +

(
a(0) +

n∑

k=1

a(k)(0)

k!
zk

)
E.

Çîêðåìà, â öüîìó âèïàäêó çà îïåðàòîð ïåðå-
òâîðåííÿ A â A1 ìîæíà âçÿòè, íàïðèêëàä,
içîìîðôiçì T , ÿêèé íà äîâiëüíó ôóíêöiþ
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f ∈ A(G) äi¹ çà ïðàâèëîì [1]

(Tf)(z) = f(z)g(z),

äå
g(z) =

= exp




z∫

0

a(ζ)− a(0)−
n∑

k=1

a(k)(0)ζk/k!

ζn+1
dζ


 .

Äiéñíî, äëÿ f ∈ A(G) ìà¹ìî:

TAf(z) = (zn+1f ′(z) + a(z)f(z))g(z);

A1Tf(z) = zn+1f ′(z)g(z) + f(z)g(z)×

×
(

a(z)− a(0)−
n∑

k=1

a(k)(0)

k!
zk

)
+

+

(
a(0) +

n∑

k=1

a(k)(0)

k!
zk

)
f(z)g(z) =

= (zn+1f ′(z) + a(z)f(z))g(z).

Îòæå, äîñèòü âñòàíîâèòè óìîâè åêâiâà-
ëåíòíîñòi â A(G) îïåðàòîðiâ A1 òà B.

Ïîçíà÷èìî

a0 = a(0), ak =
a(k)(0)

k!
, k ∈ {1, 2, ..., n}.

Òîäi

A1 = zn+1D +

(
n∑

k=0

akz
k

)
E,

ïðè÷îìó ââàæàòèìåìî, ùî
n∑

k=0

|ak| 6= 0.
Ïðèïóñòèìî, ùî îïåðàòîðè A1 òà B åêâi-

âàëåíòíi â A(G), òîáòî TA1 = BT äëÿ äå-
ÿêîãî içîìîðôiçìó T ïðîñòîðó A(G) íà ñå-
áå. Äëÿ âñòàíîâëåííÿ íåîáõiäíèõ óìîâ åêâi-
âàëåíòíîñòi öèõ îïåðàòîðiâ ó A(G) ïðîâåäå-
ìî ìiðêóâàííÿ, àíàëîãi÷íi äî íàâåäåíèõ â [1]
äëÿ âèïàäêó ïðîñòîðó AR.

Îñêiëüêè îïåðàòîð B ìà¹ â A(G) íåòðèâi-
àëüíèé íóëü (à ñàìå, B1 = 0), òî é îïåðàòîð
A1 ìà¹ íåòðèâiàëüíèé íóëü â A(G). Ïîçíà-
÷èìî éîãî ÷åðåç ϕ(z), òîáòî íåõàé

zn+1ϕ′(z)+(a0+a1z+...+anz
n)ϕ(z) = 0. (1)

Ïðèïóñòèìî, ùî a0 6= 0. Ïîêëàäåìî â (1)
z = 0. Òîäi a0ϕ(0) = 0, çâiäêè ϕ(0) = 0.
Äîâåäåìî òåïåð iíäóêöi¹þ ïî k, ùî

ϕ(k)(0) = 0, k ∈ {0, 1, 2, ...},
(ââàæàòèìåìî íàäàëi, ùî ϕ(0)(z) = ϕ(z)).

Íåõàé k ≥ 1 i
ϕ(0) = ϕ′(0) = ... = ϕ(k−1)(0) = 0.

Ïåðåêîíà¹ìîñÿ, ùî i ϕ(k)(0) = 0. Ñïðàâäi,
äèôåðåíöiþþ÷è ðiâíiñòü (1) k ðàçiâ, îäåð-
æèìî
(
zn+1ϕ′(z) + (a0 + a1z + ... + anz

n)ϕ(z)
)(k)

=

=
k∑

j=0

Cj
k(z

n+1)(j)ϕ(k−j+1)(z)+

+
k∑

j=0

Cj
k(a0 + a1z + ... + anz

n)(j)ϕ(k−j)(z) =

=

min{n+1,k}∑
j=0

Cj
k

[
(zn+1)(j)ϕ(k−j+1)(z)+

+ (a0 + a1z + ... + anzn)(j)ϕ(k−j)(z)
]

= 0.

Çâiäñè, ïîêëàâøè z = 0, îòðèìà¹ìî (îñêiëü-
êè a0 6= 0), ùî ϕ(k)(0) = 0.

Îòæå, ϕ(k)(0) = 0, k ∈ {0, 1, 2, ...}, à òî-
ìó ϕ(z) ≡ 0 íà G.

Òàêèì ÷èíîì, ÿêùî a0 6= 0, òî ðiâíÿííÿ
(1) ìà¹ ëèøå íóëüîâèé ðîçâ'ÿçîê, ùî ñóïåðå-
÷èòü âèáîðó ϕ(z). Òîìó a0 = 0. Òîäi ðiâíiñòü
(1) íàáóäå âèãëÿäó
znϕ′(z) + (a1 + a2z + ... + anzn−1)ϕ(z) = 0.

Çâiäñè, ÿê i âèùå, îäåðæèìî, ùî a1 = 0.
Ïîâòîðþþ÷è àíàëîãi÷íi ìiðêóâàííÿ,

îòðèìà¹ìî, ùî a0 = a1 = ... = an−1 = 0 i
òîìó ôóíêöiÿ ϕ(z) çàäîâîëüíÿ¹ ñïiââiäíî-
øåííÿ

zϕ′(z) + anϕ(z) = 0, (2)

ïðè÷îìó an 6= 0.
Ðîçãëÿíåìî äåÿêèé êðóã K = {z ∈ C :

|z| < r} ⊂ G i ðîçêëàäåìî â íüîìó ϕ(z) ó
ñòåïåíåâèé ðÿä

ϕ(z) =
∞∑

k=0

ϕkz
k, z ∈ K. (3)
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Ïiäñòàâèâøè (3) â (2), ìàòèìåìî
∞∑

k=0

(k + an)ϕkz
k = 0.

Ôóíêöiÿ ϕ(z) áóäå íåòðèâiàëüíèì íóëåì îïå-
ðàòîðà A1, ÿêùî íå âñi ϕk (k ∈ {0, 1, 2, ...})
ðiâíi 0. Ðàçîì ç öèì,

(k + an)ϕk = 0, k ∈ {0, 1, 2, ...}.
Îñêiëüêè ìíîæíèê k + an ìîæå áóòè ðiâíèé
íóëåâi ëèøå ïðè ÿêîìóñü îäíîìó k = l ∈ N,
òî ϕk = 0, k 6= l. Òîìó ðiâíÿííÿ (2), à îòæå
i ðiâíÿííÿ (1), ìà¹ íåíóëüîâèé ðîçâ'ÿçîê (à
ñàìå, ϕ(z) = zl), ëèøå ÿêùî an = −l, l ∈ N.

Ðîçãëÿíåìî ôóíêöiþ ϕ(z) = zl, l ∈ N. Íå-
õàé A1z

l = 0. Òîäi TA1z
l = 0. Àëå TA1 =

BT , òîìó B(Tzl) = 0, çâiäêè (Tzl)′ = 0,
òîáòî Tzl = C, z ∈ G, äå C � äåÿêà ñòàëà
ç C \ {0} (C 6= 0, áî içîìîðôiçì T íå ìî-
æå ìàòè íåòðèâiàëüíîãî íóëÿ). Êðiì öüîãî,
îñêiëüêè T � içîìîðôiçì ïðîñòîðó A(G) íà
ñåáå, òî ç ðiâíîñòi TA1 = BT âèïëèâà¹, ùî
T (Im A1) = Im B, äå Im B = {g ∈ A(G) :
g = Bf, f ∈ A(G)}.

ßêùî l ≥ n, òî zl ∈ Im A1, áî A1z
l−n =

(l−n)zl− lzl = −nzl. Òîìó C = Tzl ∈ Im B.
Àëå öå íåìîæëèâî, áî ÿêùî á C ∈ Im B, òî
iñíóâàëà á òàêà ôóíêöiÿ h ∈ A(G), ùî Bh =
C, òîáòî zn+1h(z) = C, z ∈ G. Ïîêëàäàþ÷è
òóò z = 0, îäåðæèìî 0 = C, ùî ñóïåðå÷èòü
âèáîðó C. Îòæå, l < n.

Òàêèì ÷èíîì, íåîáõiäíîþ óìîâîþ åêâiâà-
ëåíòíîñòi îïåðàòîðiâ A1 i B ó ïðîñòîði A(G)
¹ òàêà óìîâà:

a0 = a1 = ... = an−1 = 0,

an = −l, l ∈ {0, 1, ..., n− 1}.
Äîâåäåìî òåïåð, ùî ïðè äîäàòêîâié óìîâi

íà îáëàñòü G öÿ íåîáõiäíà óìîâà ¹ i äîñòà-
òíüîþ.

Íåõàé ω = exp 2πi
n
, à G � çiðêîâà âiäíî-

ñíî íóëÿ îáëàñòü êîìïëåêñíî¨ ïëîùèíè, äëÿ
ÿêî¨ ωG = G. Äëÿ k ∈ {0, 1, ..., n− 1} ïîçíà-
÷àòèìåìî

(Pkf)(z) =
1

n

n−1∑
j=0

ω−kjf(zωj), f ∈ A(G).

Êðiì öüîãî, ïiä ñèìâîëàìè I òà ∆ ðîçóìiòè-
ìåìî âiäïîâiäíî îïåðàòîð çâè÷àéíîãî iíòå-
ãðóâàííÿ òà îïåðàòîð Ïîìì'¹ â A(G), òîáòî

(If)(z) =

z∫

0

f(ζ) dζ,

(∆f)(z) =
f(z)− f(0)

z
, f ∈ A(G).

ßêùî l = 0, òî A1 = B. Òîìó ââàæàòèìå-
ìî, ùî l ≥ 1. Çàôiêñó¹ìî l ∈ {1, 2, ..., n − 1}
i ðîçãëÿíåìî â A(G) îïåðàòîðè T i T1, ÿêi
âèçíà÷àþòüñÿ ôîðìóëàìè

(Tf)(z) =

= (zn+1−lD − lzn−l)(P0 + ... + Pl−1)f(z)+

+∆l(Pl + ... + Pn−1)f(z),

(T1f)(z) = zl(P0 + ... + Pn−l−1)f(z)+

+zlI∆n+1(Pn−l + ... + Pn−1)f(z)−

−
n−1∑

j=n−l

f (j)(0)

j!

zj−n+l

n− j
, f ∈ A(G).

Ïåðåêîíà¹ìîñÿ, ùî äëÿ m ∈ {0, 1, 2, ...} âè-
êîíóþòüñÿ ñïiââiäíîøåííÿ

TT1z
m = T1Tzm = zm (4)

i
TA1z

m = BTzm. (5)

Äîâåäåìî ñïî÷àòêó (4). Çàôiêñó¹ìî ÿêåñü
m ∈ {0, 1, 2, ...}. Íåõàé m = kn + s, äå k ≥ 0,
à 0 ≤ s ≤ n− 1.

Ðîçãëÿíåìî âèïàäîê, êîëè 0 ≤ s ≤ l − 1.
Òîäi

Tzkn+s = zn+1−l(kn+s)zkn+s−1− lzn−lzkn+s =

= (kn + s− l)zkn+n+s−l.

Îñêiëüêè n − l ≤ n + s − l ≤ n − 1, òî ïðè
k = 0

T1Tzs = −(s− l)
(n + s− l)!

(n + s− l)!

zs

l − s
= zs,

à ïðè k ≥ 1

T1Tzkn+s = (kn + s− l)zlIzkn+s−l−1 = zkn+s.
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Îòæå, â öüîìó âèïàäêó T1Tzkn+s = zkn+s.
Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè l ≤ s ≤

n− 1, òîáòî 0 ≤ s− l ≤ n− l − 1. Òîäi

Tzkn+s = zkn+s−l;

T1Tzkn+s = T1z
kn+s−l = zkn+s.

Òàêèì ÷èíîì, i â öüîìó âèïàäêó T1Tzkn+s =
zkn+s.

Ïåðåâiðèìî çàðàç, ùî TT1z
kn+s = zkn+s.

Íåõàé 0 ≤ s ≤ n− 1− l, òîáòî l ≤ l + s ≤
n− 1, òîäi

T1z
kn+s = zkn+s+l;

TT1z
kn+s = ∆lzkn+s+l = zkn+s.

Îòæå, äëÿ âêàçàíèõ âèùå s ìà¹ìî, ùî
TT1z

kn+s = zkn+s.
Íåõàé n− l ≤ s ≤ n− 1, òîáòî 0 ≤ s+n−

l ≤ l − 1. ßêùî k = 0, òî

T1z
s =

zs−n+l

s− n
;

TT1z
s =

1

s− n
(zn+1−l(s− n + l)zs−n+l−1−

−lzn−lzs−n+l) =
1

s− n
((s−n+l)zs−lzs) = zs.

ßêùî k ≥ 1, òî

T1z
kn+s = zlI∆n+1zkn+s =

zkn+s+l−n

kn + s− n
;

TT1z
kn+s =

kn + s + l − n

kn + s− n
zkn+s−

− l

kn + s− n
zkn+s = zkn+s.

Òàêèì ÷èíîì, TT1z
kn+s = zkn+s.

Îòæå, íà ôóíêöiÿõ iç ïîâíî¨ â A(G) ñè-
ñòåìè {zm : m ≥ 0} âèêîíóþòüñÿ ñïiââiä-
íîøåííÿ (4). Âðàõîâóþ÷è ëiíiéíiñòü i íåïå-
ðåðâíiñòü â A(G) îïåðàòîðiâ T i T1, çâiäñè
îòðèìó¹ìî, ùî

TT1f = T1Tf = f, f ∈ A(G).

Òîìó îïåðàòîð T ¹ içîìîðôiçìîì ïðîñòîðó
A(G) íà ñåáå.

Äîâåäåìî òåïåð ðiâíiñòü (5). Çàôiêñó¹ìî
m ∈ {0, 1, 2, ...}. Íåõàé m = kn + s, äå k ≥ 0,
à 0 ≤ s ≤ n− 1. Òîäi

A1z
kn+s = (kn + s− l)zkn+n+s.

Ðîçãëÿíåìî âèïàäîê, êîëè 0 ≤ s ≤ l − 1.
Ìàòèìåìî

TA1z
kn+s = (kn+s−l)(kn+n+s)zkn+2n+s−l−

−l(kn + s− l)zkn+2n+s−l =

= (kn + s− l)(kn + n + s− l)zkn+2n+s−l;

Tzkn+s = (kn + s− l)zkn+n+s−l;

BTzkn+s = (kn+s−l)(kn+n+s−l)zkn+2n+s−l.

Òàêèì ÷èíîì, ó öüîìó âèïàäêó TA1z
kn+s =

BTzkn+s.
Íåõàé òåïåð l ≤ s ≤ n− 1. Òîäi

TA1z
kn+s = (kn + s− l)zkn+n+s−l;

BTzkn+s = Bzkn+s−l = (kn + s− l)zkn+n+s−l.

Îòæå, i â öüîìó âèïàäêó TA1z
kn+s =

BTzkn+s. Òîìó âèêîíó¹òüñÿ ñïiââiäíîøåííÿ
(5). Çâiäñè, âðàõîâóþ÷è ïîâíîòó â A(G) ñè-
ñòåìè {zm : m ≥ 0} òà ëiíiéíiñòü i íåïåðåðâ-
íiñòü â A(G) îïåðàòîðiâ T , A1 i B, îäåðæè-
ìî, ùî

TA1f = BTf, f ∈ A(G).

À öÿ ðiâíiñòü îçíà÷à¹ (ÿêùî ïðèãàäàòè, ùî
T � içîìîðôiçì ïðîñòîðó A(G) íà ñåáå), ùî
îïåðàòîðè A1 i B åêâiâàëåíòíi â A(G).

Òàêèì ÷èíîì, âñòàíîâëåíà íàñòóïíà òåî-
ðåìà, ÿêà óçàãàëüíþ¹ âiäïîâiäíèé ðåçóëüòàò
ç [1].

Òåîðåìà 1. Íåõàé n ∈ N, ω = exp 2πi
n
,

G � çiðêîâà âiäíîñíî íóëÿ îáëàñòü â C, äëÿ
ÿêî¨ ωG = G, à a(z) � ôiêñîâàíà ôóíêöiÿ
ç A(G). Îïåðàòîðè A = zn+1D + a(z)E òà
B = zn+1D åêâiâàëåíòíi â A(G) òîäi é ëè-
øå òîäi, êîëè

a(0) = a′(0) = ... = a(n−1)(0) = 0,

a(n)(0) = −ln!,

äå l ∈ {0, 1, ..., n− 1}.
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3. Íåõàé X � äåÿêèé âåêòîðíèé ïðîñòið
ïîñëiäîâíîñòåé x = (x0, x1, x2, ...) êîìïëå-
êñíèõ ÷èñåë íàä ïîëåì C, à Xα � äâî¨ñòèé
äî íüîãî ïðîñòið ïîñëiäîâíîñòåé, òîáòî

Xα =

{
u :

∞∑

k=0

|xkuk| < +∞, ∀x ∈ X

}
.

Íàáîðîì ïåðåäíîðì {pu(x) : u ∈ Xα}, äå

pu(x) =
∞∑

k=0

|xkuk|, x ∈ X, u ∈ Xα,

íà ïðîñòîði X âèçíà÷à¹òüñÿ íîðìàëüíà çà
Êåòå òîïîëîãiÿ [2].

Ñêðiçü íàäàëi ÷åðåç X ïîçíà÷àòèìåìî
ïðîñòið ïîñëiäîâíîñòåé, ÿêèé ìiñòèòü óñi ôi-
íiòíi ïîñëiäîâíîñòi é íàäiëåíèé íîðìàëüíîþ
òîïîëîãi¹þ. Êðiì öüîãî, ââàæàòèìåìî, ùî
X � ïîâíèé ïðîñòið, ùî ðiâíîñèëüíå éîãî
äîñêîíàëîñòi, òîáòî (Xα)α = X [2]. Äëÿ êî-
æíîãî k ∈ {0, 1, 2, ...} ÷åðåç e(k) ïîçíà÷èìî k-
èé îðò, òîáòî òàêó ïîñëiäîâíiñòü, ó ÿêî¨ k-èé
÷ëåí äîðiâíþ¹ 1, à âñi ðåøòà � 0. Âiäçíà÷è-
ìî, ùî ñóêóïíiñòü óñiõ îðòiâ óòâîðþ¹ áàçèñ
ïðîñòîðó X [2], òîáòî

∀ x ∈ X : x =
∞∑

k=0

xke
(k).

Íåõàé E � òîòîæíèé îïåðàòîð â X, à D,
I, ∆ òà Z � âiäïîâiäíî îïåðàòîðè äèôåðåí-
öiþâàííÿ, iíòåãðóâàííÿ, çñóâó âëiâî òà çñóâó
âïðàâî íà X, òîáòî äëÿ x ∈ X

Dx = (x1, 2x2, 3x3, ...),

Ix = (0, x0,
x1

2
,
x2

3
, ...),

∆x = (x1, x2, x3, x4, ...),

Zx = (0, x0, x1, x2, ...).

Ââàæàòèìåìî íàäàëi, ùî ïðîñòið X òàêèé,
ùî âñi öi îïåðàòîðè äiþòü ç X â X. Î÷åâè-
äíî, ùî âñi âîíè ëiíiéíi. Âðàõîâóþ÷è äîñêî-
íàëiñòü ïðîñòîðó X, íåâàæêî ïåðåêîíàòèñÿ,
ùî âîíè ¹ íåïåðåðâíèìè.

Çàôiêñó¹ìî n ∈ N òà ÷èñëà a0, a1, ..., an iç
C. Ðîçãëÿíåìî íà X îïåðàòîðè

A = Zn+1D + (a0E + a1Z + ... + anZ
n)

òà
B = Zn+1D.

Âñòàíîâèìî íåîáõiäíi é äîñòàòíi óìîâè åêâi-
âàëåíòíîñòi â X öèõ îïåðàòîðiâ.

Íåõàé îïåðàòîðè A òà B åêâiâàëåíòíi â
X, òîáòî iñíó¹ òàêèé içîìîðôiçì T ïðîñòî-
ðó X íà ñåáå, ùî TA = BT . Îñêiëüêè îïåðà-
òîð B ìà¹ â X íåòðèâiàëüíèé íóëü (à ñàìå,
Be(0) = 0), òî é îïåðàòîð A ìà¹ â X íåòðèâi-
àëüíèé íóëü. Ïîçíà÷èìî éîãî ÷åðåç ϕ, òîáòî
íåõàé Aϕ = 0. Òîäi

(a0ϕ0, a0ϕ1+a1ϕ0, ..., a0ϕn+a1ϕn−1+...+anϕ0,

ϕ1 + a0ϕn+1 + ... + anϕ1,

2ϕ2 + a0ϕn+2 + ... + anϕ2, ...) = 0. (6)

Ïðèïóñòèìî, ùî a0 6= 0. Òîäi ç (6) áóäåìî
ìàòè

a0ϕ0 = 0, ϕ0 = 0;

a0ϕ1 + a1ϕ0 = 0, ϕ1 = 0;

... ... ...

a0ϕn + a1ϕn−1 + ... + anϕ0 = 0, ϕn = 0;

ϕ1 + a0ϕn+1 + ... + anϕ1 = 0, ϕn+1 = 0;

... ... ...

Îòæå, ϕ = 0. Àëå öå ñóïåðå÷èòü âèáîðó ϕ.
Òîìó a0 = 0 i ðiâíiñòü (6) íàáóäå âèãëÿäó

(0, a1ϕ0, a1ϕ1 + a2ϕ0, ..., a1ϕn−1 + ... + anϕ0,

ϕ1 + a1ϕn + ... + anϕ1,

2ϕ2 + a1ϕn+1 + ... + anϕ2, ...) = 0.

Ïîâòîðþþ÷è ïîïåðåäíi ìiðêóâàííÿ ùå n−1
ðàç, ïðèéäåìî äî âèñíîâêó, ùî

a1 = a2 = ... = an−1 = 0,

òîáòî (6) ïåðåïèøåòüñÿ òàê:

(0, ..., 0, anϕ0, ϕ1 + anϕ1, 2ϕ2 + anϕ2, ...) = 0.

ßêùî an = 0, òî îòðèìà¹ìî òðèâiàëüíèé âè-
ïàäîê, êîëè A = B. Òîìó ââàæàòèìåìî, ùî
an 6= 0. Òîäi ç îñòàííüî¨ ðiâíîñòi îäåðæèìî,
ùî

ϕ0 = 0; ϕ1(1 + an) = 0; ...; ϕk(k + an) = 0; ...
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À öi âñi ðiâíîñòi ìîæóòü âèêîíóâàòèñÿ, ëè-
øå ÿêùî ïðè äåÿêîìó l ∈ N ìàòèìåìî, ùî
an = −l, à ϕ = e(l).

Òàêèì ÷èíîì, ÿêùî îïåðàòîðè A òà B
åêâiâàëåíòíi â X, ïðè÷îìó A 6= B, òî

A = Zn+1D − lZn,

äå l ∈ N.
Çàôiêñó¹ìî ÿêåñü l ∈ N. Íåõàé Ae(l) =

0. Òîäi TAe(l) = 0. Àëå TA = BT , òîìó
B(Te(l)) = 0, òîáòî Te(l) = λe(0). Âiäçíà÷èìî,
ùî òóò λ 6= 0, áî içîìîðôiçì T íå ìîæå ìà-
òè íåòðèâiàëüíîãî íóëÿ. Êðiì öüîãî, îñêiëü-
êè T � içîìîðôiçì ïðîñòîðó X íà ñåáå, òî ç
ðiâíîñòi TA = BT âèïëèâà¹, ùî T (Im A) =
Im B, äå Im A = {y ∈ X : y = Ax, x ∈ X}.

Ïðèïóñòèìî, ùî l ≥ n. Òîäi e(l) ∈ Im A,
áî Ae(l−n) = Zn+1Del−n − lZne(l−n) = −ne(l).
Òîìó Te(l) = λe(0) ∈ Im B. Àëå öå íåìîæëè-
âî, áî λ 6= 0, à

∀ b ∈ Im B : b0 = b1 = ... = bn = 0.

Îòðèìàíà ñóïåðå÷íiñòü âêàçó¹, ùî l < n.
Îòæå, îòðèìàíi íåîáõiäíi óìîâè íàñòó-

ïíî¨ òåîðåìè.
Òåîðåìà 2. Íåõàé n ∈ N, à a0, a1, ..., an �

ôiêñîâàíi ÷èñëà ç C. Îïåðàòîðè
A = Zn+1D + (a0E + a1Z + ... + anZ

n)

òà
B = Zn+1D

¹ åêâiâàëåíòíèìè â ïðîñòîði X òîäi é ëè-
øå òîäi, êîëè

a0 = a1 = ... = an−1 = 0, an = −l,

äå l ∈ {0, 1, ..., n− 1}.
Äîâåäåííÿ. Äîñòàòíiñòü. ßêùî l = 0,

òî A = B. Òîìó ââàæàòèìåìî, ùî l ∈
{1, 2, ..., n−1} (n ≥ 2). Äëÿ k ∈ {0, 1, ..., n−1}
÷åðåç Pk ïîçíà÷àòèìåìî òàêèé îïåðàòîð íà
X:

Pkx =
∞∑

m=0

xmn+ke
(mn+k), x ∈ X.

Î÷åâèäíî, ùî âñi îïåðàòîðè Pk (k ∈
{0, 1, ..., n−1}) ëiíiéíî é íåïåðåðâíî äiþòü ç
X â X.

Çàôiêñó¹ìî l ∈ {1, 2, ..., n− 1} i ðîçãëÿíå-
ìî íà X îïåðàòîðè T i T1, ÿêi âèçíà÷àþòüñÿ
ôîðìóëàìè

Tx = (Zn+1−lD − lZn−l)(P0 + ... + Pl−1)x+

+∆l(Pl + ... + Pn−1)x,

T1x = Z l(P0 + ... + Pn−l−1)x+

+Z lI∆n+1(Pn−l + ... + Pn−1)x−

−
n−1∑

j=n−l

xj

n− j
ej−n+l, x ∈ X.

Ìiðêóâàííÿìè, ÿêi ïîâíiñòþ àíàëîãi÷íi
äî íàâåäåíèõ ó 2-ìó ïóíêòi ïðè äîâåäåííi òå-
îðåìè 1, îäåðæó¹ìî, ùî äëÿ âñiõ m ∈ N∪{0}

TT1e
(m) = T1Te(m), TAe(m) = BTe(m).

Âðàõîâóþ÷è ëiíiéíiñòü i íåïåðåðâíiñòü â X
îïåðàòîðiâ T , T1, A òà B i áàçèñíiñòü â X
ñèñòåìè {e(m) : m ≥ 0}, çâiäñè îòðèìó¹ìî,
ùî

TT1 = T1T, TA = BT.

À öå îçíà÷à¹, ùî T ¹ içîìîðôiçìîì ïðîñòîðó
X, à îïåðàòîðè A òà B åêâiâàëåíòíi â X.
Òåîðåìó äîâåäåíî.

Âiäçíà÷èìî, ùî îñêiëüêè áàãàòî ïðîñòî-
ðiâ àíàëiòè÷íèõ ôóíêöié içîìîðôíi äî âiä-
ïîâiäíèõ ïðîñòîðiâ ïîñëiäîâíîñòåé, ùî íà-
äiëåíi íîðìàëüíîþ òîïîëîãi¹þ [3], à òàêîæ
öi ïðîñòîðè ïîñëiäîâíîñòåé çàäîâîëüíÿþòü
òi óìîâè, ÿêi íàêëàäàëèñÿ íà ïðîñòið X ó
öüîìó ïóíêòi, òî ç òåîðåìè 2 îäåðæó¹ìî óìî-
âè åêâiâàëåíòíîñòi âiäïîâiäíèõ îïåðàòîðiâ ó
öèõ ïðîñòîðàõ àíàëiòè÷íèõ ôóíêöié.
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