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Ðîçãëÿäàþòüñÿ içîñïåêòðàëüíi çáóðåííÿ çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ Ïóàññîíà â îäèíè÷-
íîìó êâàäðàòi. Äîñëiäæåíi ñïåêòðàëüíi âëàñòèâîñòi çàäà÷i. Äîâåäåíî, ùî ñïåêòð òàêèõ çàäà÷ c
íåçìiííèì, à ñèñòåìà âëàñíèõ ôóíêöié çáóðåíî�� çàäà÷i óòâîðþc áàçó Ðiñà. Äëÿ çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü òà äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü àíàëîãi÷íi çàäà÷i âèâ÷àëèñü
ó ïðàöÿõ [1,2,3].

We consider isospectral perturbations of the Dirichlet problem for the Poisson equations in
the unit square. Spectral properties of such problems are studied. We prove that eigenfunctions of
the perturbed problem form a Riesz basis. Conditions of existence and uniqueness of the solution
are established. Similar problems for ordinary di�erentional equations and operator- di�erentional
equations was studied in [1,2,3].

1. Âñòóï. Ïðè çàñòîñóâàííi óçàãàëüíåíî-
ãî ìåòîäó âiäîêðåìëåíèõ çìiííèõ [4] äëÿ äî-
ñëiäæåííÿ ðîçâ'ÿçêiâ ðÿäó íåëîêàëüíèõ êðà-
éîâèõ çàäà÷ áóëî çàïðîïîíîâàíî ìåòîä içî-
ñïåêòðàëüíèõ çáóðåíü. Çàäà÷i ç íåëîêàëüíè-
ìè êðàéîâèìè óìîâàìè ñêëàäíî�� ñòðóêòó-
ðè ïåâíèì ÷èíîì âèáðàíèì âiäîáðàæåííÿì
çâîäèëèñÿ äî êëàñè÷íèõ (íåçáóðåíèõ çàäà÷),
âëàñòèâîñòi ÿêèõ äîáðå âèâ÷åíi. Áóëî äî-
âåäåíî, ùî ñïåêòð òàêèõ çàäà÷ ïðè öüîìó
âiäîáðàæåííi çàëèøàcòüñÿ íåçìiííèì. Äî-
ñëiäæóâàëèñÿ óìîâè iñíóâàííÿ òà cäèíîñòi
ðîçâ'ÿçêó öèõ çàäà÷. Ó ìîíîãðàôi�� [4] îïè-
ñàíi êðàéîâi çàäà÷i ç îäíàêîâèì ñïåêòðîì
äëÿ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü íà
ñêií÷åííîìó iíòåðâàëi, íåëîêàëüíi çàäà÷i ç
îäíàêîâèì ñïåêòðîì: äëÿ äèôåðåíöiàëüíî-
îïåðàòîðíèõ ðiâíÿíü ïàðíîãî ïîðÿäêó, äëÿ
åëiïòè÷íèõ çàäà÷ âèùîãî ïîðÿäêó. Â ïî-
ïåðåäíiõ äîñëiäæåííÿõ [4] âèâ÷àâñÿ âèïà-
äîê, êîëè ïðè ôiêñîâàíîìó äèôåðåíöiàëü-
íîìó ðiâíÿííi içîñïåêòðàëüíi çáóðåííÿ íà-
ëåæàëè ðiçíèì êëàñàì íåëîêàëüíèõ óìîâ
(äâîòî÷êîâi, áàãàòîòî÷êîâi, iíòåãðàëüíi). Ó
ïðàöÿõ [1,2,3] ìåòîä içîñïåêòðàëüíèõ çáó-
ðåíü ïîøèðþcòüñÿ íà çàäà÷i ç îäíàêîâèìè
êðàéîâèìè óìîâàìè òà çìiíåíèìè (çáóðå-

íèìè) ðiâíÿííÿìè. Äîñëiäæóþòüñÿ ñèñòåìè
âëàñíèõ ôóíêöié òàêèõ çàäà÷, çíàéäåíî ��õ
ðîçâ'ÿçêè â ÿâíîìó âèãëÿäi. Ìåòîþ äàíî��
ñòàòòi c äîñëiäæåííÿ içîñïåêðàëüíîãî çáó-
ðåííÿ çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ Ïóàññî-
íà â îäèíè÷íîìó êâàäðàòi òà âñòàíîâëåííÿ
óìîâè iñíóâàííÿ òà cäèíîñòi ðîçâ'ÿçêó çáó-
ðåíî�� çàäà÷i.

2. Îñíîâíi ðåçóëüòàòè. Íåõàé L2(K) �
ãiëüáåðòiâ ïðîñòið äiéñíîçíà÷íèõ ôóíêöié,
iíòåãðîâàíèõ ç êâàäðàòîì ìîäóëÿ çà Ëåáå-
ãîì íà K = (0, 1)× (0, 1) ⊂ R2, S = ∂K,

W 2
2 (K) =

{
u (x, y) ∈ L2 (K) ,

∂2u(x, y)

∂x2
∈ L2(K),

∂2u(x, y)

∂y2
∈ L2(K)

}
,

‖u (x, y)‖2
W 2

2 (K) = ‖u (x, y)‖2
L2(K) +

+

∥∥∥∥
∂2u(x, y)

∂x2

∥∥∥∥
2

L2(K)

+

∥∥∥∥
∂2u(x, y)

∂y2

∥∥∥∥
2

L2(K)

.

Ðîçãëÿíåìî çàäà÷ó

L̂u(x, y) = L̂0u(x, y) + ∆Lu(x, y) = f(x, y),

u(x, y) ∈ W 2
2 (K),
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L̂0u(x, y) = −∆u(x, y), (x, y) ∈ K, (1)

äå

−∆u (x, y) ≡ −
(

∂2u (x, y)

∂x2
+

∂2u (x, y)

∂y2

)
,

∆Lu (x, y) =
∂

∂x
(u (x, y)− u (1− x, 1− y)) .

u (x, y)|x=0 = 0, u (x, y)|x=1 = 0

u (x, y)|y=0 = 0, u (x, y)|y=1 = 0 (2)

òà çàäà÷ó

L̂0u (x, y) = −∆u(x, y) = f(x, y) (3)

u (x, y)|x=0 = 0, u (x, y)|x=1 = 0,

u (x, y)|y=0 = 0, u (x, y)|y=1 = 0. (4)

Çàäà÷à (1), (2) c çáóðåííÿì çàäà÷i Äiðiõëå
äëÿ ðiâíÿííÿ Ïóàñîíà (3), (4). Âèçíà÷èìî
îïåðàòîðè L0, L:

L0, L : L2(K) → L2(K), L0u(x, y) ≡ L̂0u(x, y),

Lu(x, y) ≡ L̂u(x, y), u ∈ D(L0) = D(L) =

= {u ∈ W 2
2 (K), u|S = 0}.

Òåîðåìà 1. 1. Òî÷êîâèé ñïåêòð îïåðàòî-
ðà L çáiãàcòüñÿ ç òî÷êîâèì ñïåêòðîì îïå-
ðàòîðà L0,

Sp(L) = Sp(L0) =

= {λk,m : λk,m = (πk)2 + (πm)2, k, m ∈ N}.
2. Ñèñòåìà âëàñíèõ ôóíêöié V (L) c ïîâ-

íîþ òà ìiíiìàëüíîþ â L2(K).
3. Ñèñòåìà âëàñíèõ ôóíêöié V (L) c áà-

çîþ Ðiñà â L2(K).
Äîâåäåííÿ. Ñêîðèñòàcìîñü âiäîìîþ òå-

îðåìîþ: îïåðàòîð L0 ìàc ñèñòåìó âëàñ-
íèõ ôóíêöié V (L0) = {v0

k,m(x, y) ∈
H : v0

k,m(x, y) = 2 sin πkx sin πmy},
ÿêà óòâîðþc îðòîíîðìîâàíó áàçó â L2(K)
òà ìíîæèíó âëàñíèõ çíà÷åíü Sp(L0) ={
λk,m : λk,m = (πk)2 + (πm)2 , k, m ∈ N

}
.

Âëàñíi ôóíêöi�� îïåðàòîðà L áóäåìî øó-
êàòè ó âèãëÿäi vl,m = v0

l,m + ∆vl,m, äå v0
l,m

� âëàñíà ôóíêöiÿ îïåðàòîðà L0(l,m ∈ N).
Ðîçãëÿíåìî îïåðàòîð ∆L: H00∩W 2

2 (K); ∆L :
H11 ∩ W 2

2 (K) → 0, ∆L : H01 ∩ W 2
2 (K) →

H11, ∆L : H10 ∩ W 2
2 (K) → H00, îñêiëü-

êè ∆v2k−1,m ∈ H0t, òî ∆L∆v2k−1,m = 0,
îòæå Lv2k−1,m = L0v

0
2k−1,m i λ2k−1,m(L) =

λ2k−1,m(L0), (t = 0, 1,m, k ∈ N).
Òîìó âëàñíi ôóíêöi�� îïåðàòîðà L áóäåìî

øóêàòè ó âèãëÿäi:




v2k−1,2m−1 = v0
2k−1,2m−1 ;

v2k,2m = v0
2k,2m;

v2k−1,2m = v0
2k−1,2m + ∆v2k−1,2m;

v2k,2m−1 = v0
2k,2m−1 + ∆v2k,2m−1;

Âðàõîâóþ÷è, ùî v0
2k−1,2m−1 ∈ H00, v

0
2k,2m ∈

H11, v0
2k−1,2m ∈ H01, v

0
2k,2m−1 ∈ H10, òà ïiä-

ñòàâëÿþ÷è v2k−1,2m = v0
2k−1,2m + ∆v2k−1,2m ó

ñïiââiäíîøåííÿ Lv2k−1,2m = λ2k−1,2mv2k−1,2m,
îòðèìàcìî

(L0 − λ2k−1,2m) ∆v2k−1,2m = −∆Lv0
2k−1,2m.

(5)
Îñêiëüêè ∆Lv0

2k−1,2m ∈ H11 òà
îïåðàòîð(L0 − λ2k−1,2m) íå çìiíþc ïàð-
íîñòi ôóíêöi�� ∆v2k−1,2m, îòðèìàcìî, ùî
∆v2k−1,2m ∈ H11. Àíàëîãi÷íî äîâîäèòüñÿ, ùî
∆v2k,2m−1 ∈ H00.

Îòæå, ôóíêöiþ ∆v2k−1,2m ∈ H11 áóäåìî
øóêàòè ó âèãëÿäi:

∆v2k−1,2m = C(2x− 1) sin(2k − 1)πx×
× sin(2kπy), C = const. (6)

Ïiäñòàâèâøè (6) â (1), îòðèìàcìî, ùî

((2k)2 + (2m− 1)− (2k)2 − (2m− 1)2)π2×
×c(2x− 1) sin(2k)πx sin(2m− 1)πy−
−c8kπ cos 2kπx sin(2m− 1)πy =

= 8kπ cos 2kπx sin(2m− 1)πy, c = −1.

Òîìó ∆v2k−1,2m = −(2x − 1) sin(2k −
1)πx sin(2k)πy, (m, k ∈ N). Àíàëîãi÷-
íî îòðèìàcìî, ùî ∆v2k,2m−1 = (2x −
1) sin(2k)πx sin(2m − 1)πy, (m, k ∈ N). Îò-
æå, ñèñòåìà âëàñíèõ ôóíêöié îïåðàòîðà L
áóäå ìàòè âèãëÿä





v2k−1,2m−1 = v0
2k−1,2m−1,

v2k,2m = v0
2k,2m,

v2k−1,2m = v0
2k−1,2m + ∆v2k−1,2m,

v2k,2m−1 = v0
2k,2m−1 + ∆v2k,2m−1,

(7)
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äå

∆v2k,2m−1 = (2x− 1) sin 2kπx sin(2m− 1)πy,

∆v2k−1,2m = −(2x− 1) sin(2k − 1)πx×
× sin 2mπy, (m, k ∈ N).

Âèçíà÷èìî îïåðàòîð Q : V (L0) → V (L),
(k, m ∈ N), òàê, ùî

Q = E + R, (8)

äå

R :





v0
2k−1,2m−1, v

0
2k,2m → 0 ,

v0
2k,2m−1 → ∆v2k,2m−1,

v0
2k−1,2m → ∆v2k−1,2m,

ç îçíà÷åííÿ R ìàcìî:
R : H10 → H00, R : H01 → H11

R : H00, H11 → 0, R2 = 0.

Îçíà÷åííÿ 1. Íåõàé H � ãiëüáåð-
òiâ ïðîñòið, ñèñòåìà {h̃n}∞n=1 ⊂ H
íàçèâàcòüñÿ áiîðòîãîíàëüíîþ äî ñèñòåìè
{hm}∞m=1, ÿêùî (hm, h̃n)H = δm,n (m,n ∈ N).

Ç (8) âèïëèâàc, ùî iñíóþòü îïåðàòîðè
Q−1 = E − R, (Q−1)∗ = E − R∗. Òîìó îïå-
ðàòîð (Q−1)∗ âèçíà÷àc cäèíó áiîðòîãîíàëüíó
ñèñòåìó Ṽ (L), äî V (L)

ṽr,m = (E −R∗)v0
r,m. (9)

Îòæå, ñèñòåìà V (L) c ìiíiìàëüíîþ ñèñòå-
ìîþ â L2(K). Ïîêàæåìî, ÿêèé ìàþòü âè-
ãëÿä åëåìåíòè ñèñòåìè Ṽ (L). Âðàõîâóþ÷è
(6), îòðèìócìî




ṽ2k−1,2m−1 = v0
2k−1,2m−1 + ∆ṽ2k−1,2m−1;

ṽ2k,2m = v0
2k,2m + ∆ṽ2k,2m;

ṽ2k−1,2m = v0
2k−1,2m;

ṽ2k,2m−1 = v0
2k,2m−1;

äå ∆ṽ2k−1,2m−1 = β(2x − 1) sin(2k −
1)πx sin(2m − 1)πy, ∆ṽ2k,2m =
γ (2x− 1) sin (2k) πx sin 2mπy, γ, β � øóêàíi
êîíñòàíòè.

Ç óìîâ áiîðòîãîíàëüíîñòi (vs,m, ṽq,r) =
δs,qδm,r âèïëèâàc, ùî

(v2k−1,2m, ṽ2k,2m)L2(K) = 0, s 6= q,m = r,

(v2k−1,2m, ṽ2k,2m)L2(K) = (v0
2k−1,2m, v0

2k,2m)L2(K)+

+(∆v2k−1,2m, v0
2k,2m)L2(K) + (v0

2k−1,2m,

∆v2k,2m)L2(K) + (∆v2k−1,2m, ∆v2k,2m)L2(K).

Âðàõîâóþ÷è, ùî H11⊥H10⊥H01⊥H00,
îòðèìàcìî:

(v2k−1,2m, ṽ2k,2m) = (∆v2k−1,2m, v0
2k,2m)+

+
(
v0

2k−1,2m, ∆v2k,2m

)
= 0,

(
∆v2k−1,2m, v0

2k,2m

)
+

(
v0

2k−1,2m, ∆v2k,2m

)
= 0,

−
1∫

0

β(2x− 1) sin(2k − 1)πx sin(2k)πxdx =

= 2

1∫

0

sin2(2m− 1)πydy = −
1∫

0

(2x− 1)×

× sin(2k − 1)πx sin(2k)πxdx =

= 2

1∫

0

sin2(2m− 1)πydy.

Îòæå, β = 1. Àíàëîãi÷íî, âèêîðèñòî-
âóþ÷è óìîâó áiîðòîãîíàëüíîñòi (v2k,2m−1,
ṽ2k−1,2m−1) = 0, s 6= q, m = r, îòðèìócìî
γ = −1.

Ðåøòà óìîâ áiîðòîãîíàëüíîñòi àâòîìà-
òè÷íî âèïëèâàc ç îðòîíîðìîâàíîñòi ñèñòåìè
V (L0).

Áiîðòîãîíàëüíà ñèñòåìà áóäå ìàòè âè-
ãëÿä:




ṽ2k−1,2m−1 = v0
2k−1,2m−1 + ∆v2k−1,2m−1;

ṽ2k,2m = v0
2k,2m + ∆v2k,2m;

ṽ2k−1,2m = v0
2k−1,2m;

ṽ2k,2m−1 = v0
2k,2m−1;

äå ∆v2k,2m = −(2x − 1) sin(2k)πx sin(2m)πy;
∆v2k−1,2m−1 = (2x− 1) sin(2k− 1)πx sin(2m−
1)πy. Ó ãiëüáåðòîâîìó ïðîñòîði ïîíÿòòÿ
ïîâíîòè çáiãàcòüñÿ ç ïîíÿòòÿì òîòàëüíîñòi.
Ñèñòåìà V (L) c òîòàëüíîþ â L2(K), à îòæå,
i ïîâíîþ.

Îçíà÷åííÿ 2. Ïîâíà é ìiíiìàëüíà ñè-
ñòåìà {vk}∞k=1 íàçèâàcòüñÿ áàçîþ Ðiñà â
ãiëüáåðòîâîìó ïðîñòîði H , ÿêùî iñíóc içî-
ìîðôiçì M òàêèé, ùî {Mvk}∞k=1 îðòîíîð-
ìîâàíà áàçà.
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Ùîá äîâåñòè áàçèñíiñòü Ðiñà ñèñòåìè
V (L), çãiäíî ç ôîðìóëîþ (8), äîñèòü äîâå-
ñòè îáìåæåíiñòü îïåðàòîðà R.

Íåõàé w(x, y) ∈ L2(K), òîäi
w(x, y) =

∑
m,k wk,mv0

2k,m. Ðîçãëÿíåìî:
‖Rw(x, y)‖2

L2(K) = ‖R ∑
m,k wk,mv0

2k,m‖2
L2(K) =

‖∑
m,k wk,mRv0

2k,m‖2
L2(K) = ‖∑

m,k wk,m(2x −
−1) sin(2kπx) sin(mπy)‖2

L2(K) = ‖(2x −
1)

∑
m,k wk,m sin(2kπx) sin(mπy)‖2

L2(K) ≤
‖2x−1‖2

L2(K)

∑
k,m |w2k,m|2 ≤ 1

3
‖w(x, y)‖2

L2(K).
Îòæå, îïåðàòîð R îáìåæåíèé â L2(K), à
òîìó ñèñòåìà V (L) c áàçîþ Ðiñà â L2(K).

Îçíà÷åííÿ 3. Ðîçâ'ÿçêîì çàäà÷i (3), (4)
((1), (2)) íàçèâàcòüñÿ ôóíêöiÿ u(x, y) ∈
W 2

2 (K), ùî çàäîâîëüíÿc ðiâíÿííÿ (3) ((1))
â ñåíñi ðiâíîñòi â ïðîñòîði L2(K).

Äîñëiäèìî âëàñòèâîñòi ðîçâÿçêó çàäà÷i
(3),(4).

Òåîðåìà 2. Äëÿ áóäü-ÿêî�� ôóíêöi��
f(x, y) ∈ L2(G) iñíóc cäèíèé ðîçâ'ÿçîê
çàäà÷i (3), (4) òà âèêîíócòüñÿ îöiíêà
C1 ‖f‖2

L2(K) ≤ ‖u‖2
W 2

2 (K) ≤ C2 ‖f‖2
L2(K).

Äîâåäåííÿ. Ðîçâ'ÿçîê u(x, y) çàäà÷i (3),
(4) òà ôóíêöiþ f(x, y) ðîçâèíåìî â ðÿäè
Ôóð'c çà ñèñòåìîþ V (L0)

u(x, y) =
∞∑

k,s=1

u0
s,kv

0
k,s(x, y),

f(x, y) =
∞∑

k,s=1

f 0
s,kv

0
k,s(x, y),

f 0
s,k = 2

1∫

0

1∫

0

f(x, y) sin kπy sin sπx dx dy,

Ïiäñòàâëÿþ÷è ðîçêëàäè â ðiâíÿííÿ (3)
òà âðàõîâóþ÷è áàçèñíiñòü ñèñòåìè V (L0),
îòðèìàcìî u0

s,k = λ−1
s,kf

0
s,k(s, k ∈ N),

‖u(x, y)‖2
W 2

2 (K) =

= ‖u(x, y)‖2
L2(K) + ‖∆u(x, y)‖2

L2(K) =

=
∞∑

k,s=1

| M0
s,k |2 ‖v0

k,s(x, y)‖2 +
∞∑

k,s=1

| f 0
k,s |2=

=
∞∑

k,s=1

| f 0
k,s |2 (1 + λ−2

s,k) ≤ (1 + min λ−2
s,k)×

×‖f(x, y)‖2
L2(K) = C2 ‖f‖2

L2(K) .

Îöiíèìî ‖u(x, y)‖2
W 2

2 (K)
çâåðõó:

‖u(x, y)‖2
W 2

2 (K) ≥ ‖ ∂2

∂x2
u(x, y)‖2

L2(K)+

+| ∂2

∂y2
u(x, y)‖2

L2(K) =
∞∑

k,s=1

| f 0
k,s |2 λ−2

s,k(π
4k4+

+π4s4) = C1 ‖f‖2
L2(K) .

Òåîðåìó äîâåäåíî.
Âèçíà÷èìî óìîâè iñíóâàííÿ òà cäèíîñòi

ðîçâ'ÿçêó çàäà÷i (1), (2).
Òåîðåìà 3. Äëÿ áóäü-ÿêî�� ôóíêöi��

f(x, y) ∈ L2(G) iñíóc cäèíèé ðîçâ'ÿçîê
û(x, y) çàäà÷i (1)(2) òà âèêîíócòüñÿ îöiíêà

C2 ‖f‖2
L2(K) ≤ ‖û‖2

W 2
2 (K) ≤ C3 ‖f‖2

L2(K)

Äîâåäåííÿ. Ðîçâ'ÿçîê û(x, y) çàäà÷i (1),
(2) òà ôóíêöiþ f(x, y) ðîçâèíåìî ó ðÿäè
Ôóð'c çà ñèñòåìîþ V (L)

û(x, y) =
∞∑

k,s=1

M̌s,kvk,s(x, y),

M̌s,k = (û, vs,k)L2(K),

f(x, y) =
∞∑

k,s=1

fs,kvk,s(x, y),

fs,k =

1∫

0

1∫

0

f(x, y)vk,s(x, y)dxdy,

Àíàëîãi÷íî, ÿê ó òåîðåìi 2, îòðèìócìî
Ms,k = λ−1

s,kfs,k. Îïåðàòîð L çàäà÷i (1),
(2) ìîæíà çîáðàçèòè ó âèãëÿäi L =
QL0Q

−1. Îñêiëüêè îïåðàòîðè Q−1, L−1
0 îáìå-

æåíi, òî iñíóc îïåðàòîð L−1 = QL−1
0 Q−1,

ÿêèé òàêîæ îáìåæåíèé. Òîìó ‖û‖2
W 2

2 (K) =

‖L−1f‖2
W 2

2 (K) ≤ C3 ‖f‖2
L2(K). Ó äðóãèé

áiê ‖û‖2
W 2

2 (K) = ‖û‖2
L2(K) + ‖Lû‖2

L2(K) ≥
‖Lû‖2

L2(K) = C2 ‖f‖2
L2(K) . Òåîðåìó äîâåäåíî.
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3. Âèñíîâêè. Äàíi ðåçóëüòàòè ìàþòü âà-
æëèâi àïðîêñèìàöiéíi àñïåêòè, ìîæëèâiñòü
ïîäàëüøîãî âèêîðèñòàííÿ äëÿ äîñëiäæåí-
íÿ åâîëþöiéíèõ ðiâíÿíü. Ç òî÷êè çîðó çà-
ñòîñóâàííÿ, âëàñòèâiñòü içîñïåêòðàëüíîñòi c
âàæëèâîþ â ìåòîäi îáåðíåíî�� ñïåêòðàëüíî��
çàäà÷i, òåîði�� ðîçøèðåíü äèôåðåíöiàëüíèõ
îïåðàòîðiâ.
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