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Ëüâiâ

ÓÇÀÃÀËÜÍÅÍÍß ÏÎËßÐÈÇÀÖIÉÍÎ�I ÔÎÐÌÓËÈ ÄËß
ÍÅÎÄÍÎÐIÄÍÈÕ ÏÎËIÍÎÌIÂ I ÀÍÀËIÒÈ×ÍÈÕ ÂIÄÎÁÐÀÆÅÍÜ

Ïðîïîíócòüñÿ óçàãàëüíåííÿ ïîëÿðèçàöiéíî�� ôîðìóëè äëÿ íåîäíîðiäíèõ ïîëiíîìiâ i àíà-
ëiòè÷íèõ ôóíêöié íà áàíàõîâèõ ïðîñòîðàõ.

It is proposed a generalization of polarization formula for nonhomogeneous polynomials and
analytic functions on Banach spaces.

1. Âñòóï i ïîïåðåäíi âiäîìîñòi. Âiäî-
áðàæåííÿ P ìiæ ëiíiéíèìè ïðîñòîðàìè
X, Y íàçèâàcòüñÿ n-îäíîðiäíèì ïîëiíî-
ìîì, ÿêùî iñíóc ñèìåòðè÷íà n-ëiíiéíà ôîð-
ìà A : Xn → Y òàêà, ùî P (x) =
A(x, . . . , x). Âêàçàíà n-ëiíiéíà ôîðìà îäíî-
çíà÷íî âèçíà÷àcòüñÿ ÷åðåç ïîëiíîì çà äîïî-
ìîãîþ ïîëÿðèçàöiéíî�� ôîðìóëè (äèâ. íèæ-
÷å), ÿêà c îäíèì iç ôóíäàìåíòàëüíèõ ðå-
çóëüòàòiâ ó òåîði�� ïîëiíîìiâ i ïîëiëiíiéíèõ
âiäîáðàæåíü. Öÿ ôîðìóëà âiäîìà ç 1930 ðî-
êó [1], àëå ïðîòÿãîì íàñòóïíèõ ðîêiâ ïî-
ñòiéíî ïåðåâiäêðèâàëàñÿ i ïóáëiêóâàëàñÿ ó
ïðàöÿõ Ìàðòiíà [2], Ìàçóðà é Îðëi÷à [3] òà
iíøèõ. Ïîëÿðèçàöiéíà ôîðìóëà ìàc ðiçíî-
ìàíiòíi çîáðàæåííÿ, çîêðåìà çà äîïîìîãîþ
óçàãàëüíåíèõ ôóíêöié Ðàäåìàõåðà.

Óçàãàëüíåíi ôóíêöi�� Ðàäåìàõåðà âïåðøå
áóëè ââåäåíi â [4]. Íàäàëi ��õ óñïiøíî çàñòî-
ñîâóâàëè äëÿ îòðèìàííÿ ïðîñòèõ äîâåäåíü
ðiçíîìàíiòíèõ îöiíîê íà íîðìè ïîëiíîìiâ
(äèâ. [5]). Ó äàíié ñòàòòi óçàãàëüíåíi ôóíêöi��
Ðàäåìàõåðà áóäóòü çàñòîñîâàíi äëÿ äîâåäåí-
íÿ àíàëîãà ïîëÿðèçàöiéíî�� ôîðìóëè äëÿ äî-
âiëüíîãî íåîäíîðiäíîãî ïîëiíîìà P íà ëiíié-
íîìó ïðîñòîði X òà äëÿ àíàëiòè÷íèõ âiäî-
áðàæåíü íà áàíàõîâîìó ïðîñòîði.

Äëÿ êîæíîãî íàòóðàëüíîãî n ≥ 2 óçà-
ãàëüíåíi ôóíêöi�� Ðàäåìàõåðà S

[n]
j (t) âèçíà-

÷àþòüñÿ íàñòóïíèì ÷èíîì (äèâ. [4], [5]). Íå-
õàé α1, α2, . . . , αn êîìïëåêñíi êîðåíi ñòåïå-
íÿ n ç îäèíèöi. Ïîçíà÷èìî Ij =

(
j−1
n

, j
n

)
,

j = 1, . . . , n, i Ij1j2 � âiäêðèòèé j2-

ïiäiíòåðâàë äîâæèíîþ 1
n2 iíòåðâàëó Ij1

(j1, j2 = 1, . . . , n) . Ïðîäîâæóþ÷è â òàêèé
ñïîñiá, ìè ìîæåìî âèçíà÷èòè iíòåðâàë
Ij1j2...jk

äëÿ äîâiëüíîãî k. Ôóíêöiþ S
[n]
1 :

[0, 1] → C îçíà÷ócìî, ïðèïóñêàþ÷è S
[n]
1 (t) =

αj äëÿ t ∈ Ij, 1 < j < n. Çàãàëîì, S
[n]
k (t) =

αj, ÿêùî t íàëåæèòü ïiäiíòåðâàëó Ij1j2...jk
, äå

jk = j. Óçàãàëüíåíi ôóíêöi�� Ðàäåìàõåðà âî-
ëîäiþòü íàñòóïíèìè âëàñòèâîñòÿìè, ÿêi ìè
áóäåìî çàñòîñîâóâàòè â äîâåäåííÿõ:

1. Äëÿ äîâiëüíîãî íàòóðàëüíîãî k i äëÿ
t ∈ [0, 1] ìàcìî |S[n]

k (t)| = 1.
2. ∫ 1

0

S
[n]
i1

(t) . . . S
[n]
in

(t)dt =

=

{
1, ÿêùî i1 = . . . = in,
0 â iíøîìó âèïàäêó.

3. ßêùî j1, . . . , jk � ïîïàðíî ðiçíi äîäàò-
íi öiëi ÷èñëà, òî äëÿ σ

[n]
j (t) = S

[n]
j (t) àáî

σ
[n]
j (t) = S

[n]
j (t) âèêîíócòüñÿ:

∫ 1

0

(σ
[n]
j1

)m1(t) . . . (σ
[n]
jk

)mk(t)dt =

=

{
1, ÿêùî m1 ≡ . . . ≡ mk ≡ 0(mod n)
0 â iíøîìó âèïàäêó.

2. Ïîëÿðèçàöiéíà ôîðìóëà äëÿ ïî-
ëiíîìiâ. Íåõàé X,Y � áàíàõîâi ïðîñòîðè,
÷åðåç La (nX,Y ) ïîçíà÷èìî ïðîñòið ñèìå-
òðè÷íèõ n-ëiíiéíèõ ôîðì A : X × . . . ×
X → Y. ×åðåç Pa (nX, Y ) áóäåìî ïîçíà-
÷àòè ïðîñòið n-îäíîðiäíèõ ïîëiíîìiâ P :
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X → Y. Äëÿ êîæíîãî P ∈ Pa (nX,Y ) iñíóc
cäèíèé åëåìåíò A ∈ La (nX, Y ) òàêèé, ùî
P (x) = A(x, . . . , x). Äëÿ îòðèìàííÿ A ç P
çàñòîñîâócòüñÿ ïîëÿðèçàöiéíà ôîðìóëà, ÿêó
çà äîïîìîãîþ óçàãàëüíåíèõ ôóíêöié Ðàäå-
ìàõåðà ìîæíà çàïèñàòè ó âèãëÿäi [5]:

A (xn1
1 , . . . , xnk

k ) =
n1! . . . nk!

n!
×

×
∫ 1

0

(
S

[n]
1

)n−n1

(t) . . .
(
S[n]

n

)n−nk
(t)×

×P
(
S

[n]
1 (t)x1 + . . . + S

[n]
k (t)xk

)
dt, (1)

äå n1 + . . . + nk = n, n1, . . . , nk � íåâiä'cìíi
öiëi ÷èñëà. Òóò i äàëi

A (xn1
1 , . . . , xnk

k ) := A(x1, . . . , x1︸ ︷︷ ︸
n1

, . . . , xk, . . . , xk︸ ︷︷ ︸
nk

).

Íåõàé âñi n1, . . . , nk = 1 i k = n, òîäi ôîð-
ìóëà (1) íàáóäå âèãëÿäó

A (x1, . . . , xn) =

=
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×P
(
S

[n]
1 (t)x1 + . . . + S[n]

n (t)xn

)
dt. (2)

Òåîðåìà 1. Íåõàé P = P0 + . . . + Pn �
äîâiëüíèé ïîëiíîì ñòåïåíÿ n íà X, äå P0 ≡
const i Pk � k-îäíîðiäíi ïîëiíîìè äëÿ k =
1, . . . , n. Íåõàé An � n-ëiíiéíà ñèìåòðè÷íà
ôîðìà, ÿêà ïîðîäæóc Pn. Òîäi

An (x1, . . . , xn) =

=
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×P
(
S

[n]
1 (t)x1 + . . . + S[n]

n (t)xn

)
dt (3)

Äîâåäåííÿ. Ïîêàæåìî, ùî

An (x1, . . . , xn) =

=
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×
n∑

k=0

Pk

(
S

[n]
1 (t)x1 + . . . + S[n]

n (t)xn

)
dt.

Ïîðàõócìî ïðàâó ÷àñòèíó äàíî�� ôîðìóëè.
Îñêiëüêè âñi Pk, 1 ≤ k ≤ n c k-îäíîðiäíèìè
ïîëiíîìàìè, ìè îòðèìócìî íàñòóïíå:

1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×
n∑

k=0

Pk

(
S

[n]
1 (t)x1 + . . . + S[n]

n (t)xn

)
dt =

=
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×
n∑

k=0

(
S

[n]
1 (t)x1 + . . . + S[n]

n (t)xn

)k

dt =

=
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)dt+

+
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×
n∑

m=1

S[n]
m (t)Am (x1) dt + . . .

+
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×
n∑

m1,...,mk=1

S[n]
m1

(t) . . . S [n]
mk

(t)×

×Ak (xm1 , . . . , xmk
) dt + . . .

+
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×
n∑

m1,...,mn=1

S[n]
m1

(t) . . . S [n]
mn

(t)×

×An (xm1 , . . . , xmn) dt.

Çà âëàñòèâiñòþ 3 âñi äîäàíêè îñòàííüî�� ñóìè
ïðè 0 ≤ k ≤ n − 1 ïåðåòâîðþþòüñÿ â íóëü.
Îòæå,

1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×
n∑

m1,...,mn=1

S[n]
m1

(t) . . . S [n]
mn

(t)×

×An (xm1 , . . . , xmn) dt =

142 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2004. Âèïóñê 191�192. Ìàòåìàòèêà.



=
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×Pn

(
S

[n]
1 (t)x1 + . . . + S[n]

n (t)xn

)
dt =

= An (x1, . . . , xn) ,

ùî é òðåáà áóëî äîâåñòè.
Ïîçíà÷èìî Πn (P ) (x1, . . . , xn) =

=
1

n!

∫ 1

0

(
S

[n]
1

)n−1

(t) . . .
(
S[n]

n

)n−1
(t)×

×P
(
S

[n]
1 (t)x1 + . . . + S[n]

n (t)xn

)
dt

Òåîðåìà 2. Äëÿ äîâiëüíîãî 1 ≤ k ≤ n
i ïîëiíîìà P = P0 + . . . + Pn âèêîíócòüñÿ
ðiâíiñòü

Ak (x1, . . . xk) = Πk(P )(x1, . . . , xk)−

−
∑

µ∈Jk
n

Πµk (P ) (xµ
1 , . . . , x

µ
k) ,

äå Ak(x, . . . , x) = Pk, à Jk
n � ìíîæèíà âñiõ

ïðîñòèõ ÷èñåë, ÿêi áiëüøi çà îäèíèöþ i íå
ïðåâèùóþòü n/k.

Äîâåäåííÿ. Çà òåîðåìîþ 1
An (x1, . . . , xn) = Πn(P )(x1, . . . , xn).

Íåõàé P = P0 + . . . + Pn, çíàéäåìî
Ak (x1, . . . , xk) , 1 ≤ k ≤ n. Çà âëàñòè-
âiñòþ 3 óçàãàëüíåíèõ ôóíêöié Ðàäåìàõåðà
âñi Πk(Pm), 0 ≤ m ≤ k − 1, äîðiâíþþòü íó-
ëþ. Îòæå, çàëèøàcòüñÿ

Πk (P ) (x1, . . . , xk) =

=
1

k!

∫ 1

0

(
S

[k]
1

)k−1

(t) . . .
(
S

[k]
k

)k−1

(t)×

×Pk

(
S

[k]
1 (t)x1 + . . . + S

[k]
k (t)xk

)
dt + . . .

+
1

k!

∫ 1

0

(
S

[k]
1

)k−1

(t) . . .
(
S

[k]
k

)k−1

(t)×

×Pn

(
S

[k]
1 (t)x1 + . . . + S

[k]
k (t)xk

)
dt =

=
1

k!

∫ 1

0

(
S

[k]
1

)k−1

(t) . . .
(
S

[k]
k

)k−1

(t)×

×Pk

(
S

[k]
1 (t)x1 + . . . + S

[k]
k (t)xk

)
dt+

+
1

k!

∫ 1

0

(
S

[k]
1

)k−1

(t) . . .
(
S

[k]
k

)k−1

(t)×

×P2k

(
S

[k]
1 (t)x1 + . . . + S

[k]
k (t)xk

)
dt + . . .

+
1

k!

∫ 1

0

(
S

[k]
1

)k−1

(t) . . .
(
S

[k]
k

)k−1

(t)

Pmk

(
S

[k]
1 (t)x1 + . . . + S

[k]
k (t)xk

)
dt,

mk ≤ n , m(k + 1) > n. Òàêèì ÷èíîì, ìè
îòðèìàëè, ùî

Πk (P ) (x1, . . . , xk) =

= Ak (x1, . . . , xk) + A2k

(
x2

1, . . . , x
2
k

)
+ . . .

+Amk (xm
1 , . . . , xm

k ) .

Çâiäñè

Ak (x1, . . . , xk) = Πk (P ) (x1, . . . , xk)−
−A2k

(
x2

1, . . . , x
2
k

)− . . .− Amk (xm
1 , . . . , xm

k )
(4)

Ó ñâîþ ÷åðãó,

A2k

(
x2

1, . . . , x
2
k

)
= Π2k (P )

(
x2

1, . . . , x
2
k

)−
−A4k

(
x4

1, . . . , x
4
k

)− . . .− A2rk

(
x2r

1 , . . . , x2r
k

)
,

2rk ≤ n, 2r(k + 1) > n;

A3k

(
x3

1, . . . , x
3
k

)
= Π3k (P )

(
x3

1, . . . , x
3
k

)−

−A6k

(
x6

1, . . . , x
6
k

)− . . .− A3pk

(
x3p

1 , . . . , x3p
k

)
,

3pk ≤ n, 3p(k+1) > n i ò. ä. Ïiäñòàâèâøè âñi
Atk, 2 ≤ t ≤ m â (4) i ñêîðîòèâøè âiäïîâiäíi
äîäàíêè, ìè îòðèìàcìî, ùî

Ak (x1, . . . , xk) = Πk (P ) (x1, . . . , xk)−

−
∑

µ∈Jk
n

Πµk (P ) (xµ
1 , . . . , x

µ
k) .

Íàñëiäîê. Äëÿ äîâiëüíîãî ïîëiíîìà P
ñòåïåíÿ n ç X â Y

Πk(P )(x1, . . . , xk) = Ak(x1, . . . , xk)+

+
∑

µ∈Jk
n

Aµk(x
µ
1 , . . . , x

µ
k).

3. (k,m)-ëiíiéíi ôîðìè.
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Îçíà÷åííÿ. Ñêàæåìî, ùî âiäîáðà-
æåííÿ B : Xk → Y íàçèâàcòüñÿ
(k, m)-ëiíiéíèì âiäîáðàæåííÿì, ÿêùî
B(x1, . . . , xk) c m-îäíîðiäíèì ïîëiíî-
ìîì ïî êîæíîìó îêðåìîìó àðãóìåíòó
ïðè iíøèõ ôiêñîâàíèõ. Âiäîáðàæåí-
íÿ B íàçèâàcòüñÿ ñèìåòðè÷íèì, ÿêùî
B(x1, . . . , xk) = B(xσ(1), . . . , xσ(k)) äëÿ äî-
âiëüíî�� ïiäñòàíîâêè σ.

Ëåãêî áà÷èòè, ùî äëÿ ñèìåòðè÷íîãî
(k, m)-ëiíiéíîãî âiäîáðàæåííÿ B iñíóc cäèíå
km-ëiíiéíå âiäîáðàæåííÿ A òàêå, ùî

B(x1, . . . , xk) = A(xm
1 , . . . , xm

k ).

Íåõàé òåïåð X, Y � áàíàõîâi ïðîñòîðè,
L (nX,Y ) , P (nX, Y ) � ïðîñòîðè íåïåðåðâ-
íèõ n-ëiíiéíèõ ôîðì ç Xn â Y òà íåïåðåðâ-
íèõ n-îäíîðiäíèõ ïîëiíîìiâ ç X â Y âiäïî-
âiäíî. Ïîçíà÷èìî L(k

mX, Y )�ïðîñòið (k, m)-
ëiíiéíèõ âiäîáðàæåíü. Çàóâàæèìî, ùî ïðî-
ñòîðè L(nX, Y ), L(k

mX,Y ), P (nX, Y ) c áà-
íàõîâèìè âiäíîñíî sup-íîðì íà îäèíè÷íèõ
êóëÿõ âiäïîâiäíèõ ïðîñòîðiâ. Ïîçíà÷èìî
P (X,Y ) òà L(k

∞X, Y ) ïðÿìó ñóìó ïðîñòî-
ðiâ P (nX,Y ) ïðè n → ∞ òà L(k

mX, Y ) ïðè
m →∞ ç òîïîëîãicþ ëîêàëüíî îïóêëî�� ïðÿ-
ìî�� ñóìè.

Òâåðäæåííÿ 1. Âiäîáðàæåííÿ Πk c íå-
ïåðåðâíèì ëiíiéíèì îïåðàòîðîì ç P (X, Y )
â L(k

∞X, Y ).
Äîâåäåííÿ. Îïåðàòîð Πk c ëiíiéíèì

çãiäíî ç îçíà÷åííÿì. Äîâåäåìî éîãî íåïå-
ðåðâíiñòü. Íåõàé P ∈ P (nX,Y ) äëÿ äåÿêîãî
n. ßêùî n íå äiëèòüñÿ íà k, òî Πk(P ) = 0.
Ïðèïóñòèìî, ùî n = km äëÿ äåÿêîãî m. Òî-
äi î÷åâèäíî, ùî

||P || ≤ ||Πk(P )|| ≤ ||A||,
äå A(x, . . . , x) = P (x), îñêiëüêè, çãiäíî ç íà-
ñëiäêîì, Πk(P )(x1, . . . , xk) = A(xm

1 , . . . , xm
k ).

Ç iíøîãî áîêó, çãiäíî ç ïîëÿðèçàöiéíîþ íå-
ðiâíiñòþ [6, ñ. 10]

||A|| ≤ nn

n!
||P ||.

Òîìó îïåðàòîð Πk îáìåæåíèé íà áàíàõîâîìó
ïðîñòîði P (nX, Y ) i, îòæå, íåïåðåðâíèé.

Îñêiëüêè êîæåí åëåìåíò ç P (X,Y ) c ñêií-
÷åííîþ ñóìîþ îäíîðiäíèõ ïîëiíîìiâ, òî Πk

c íåïåðåðâíèì íà P (X,Y ).
4. Âèïàäîê àíàëiòè÷íèõ âiäîáðà-

æåíü. Íåõàé Ω � âiäêðèòà ïiäìíîæèíà â X.
Íàãàäàéìî, ùî âiäîáðàæåííÿ F : Ω → Y
íàçèâàcòüñÿ àíàëiòè÷íèì, ÿêùî äëÿ êîæíî-
ãî x0 ∈ Ω iñíóc îêië òî÷êè x0, Vx0 ⊂ Ω òàêèé,
ùî äëÿ êîæíîãî x ∈ Vx0

F (X) =
∞∑

k=0

Fk (x) ,

äå Fk � íåïåðåðâíi k-îäíîðiäíi ïîëiíîìè i
ðÿä çáiãàcòüñÿ ðiâíîìiðíî íà Vx0 .

Òåîðåìà 3. Íåõàé Ak � k-îäíîðiäíå ñè-
ìåòðè÷íå âiäîáðàæåííÿ, ÿêå âiäïîâiäàc k-
îäíîðiäíié êîìïîíåíòi Fk àíàëiòè÷íîãî âi-
äîáðàæåííÿ F. Òîäi

Ak (x1, . . . , xk) = Πk (F ) (x1, . . . , xk)−

−
∞∑

µ∈J

Πµk (F ) (xµ
1 , . . . , x

µ
k) ,

äå J � ìíîæèíà ïðîñòèõ ÷èñåë, áiëüøèõ çà
îäèíèöþ.

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 2, äëÿ äî-
âiëüíîãî n

Ak (x1, . . . xk) = Πk

(
n∑

j=0

Fj

)
(x1, . . . , xk)−

−
∑

µ∈Jk
n

Πµk

(
n∑

j=0

Fj

)
(xµ

1 , . . . , x
µ
k) ,

äå Jk
n � ìíîæèíà ïðîñòèõ ÷èñåë, ÿêi áiëüøi

çà îäèíèöþ é íå ïåðåâèùóþòü n/k. Âçÿâøè
ãðàíèöþ âiä îáîõ ÷àñòèí ðiâíîñòi ïðè n → 0
i âðàõóâàâøè, ùî

∑

µ∈Jk
n

Πµk

(
n∑

j=0

Fj

)
=

∑
µ∈J

Πµk

(
n∑

j=0

Fj

)

îäåðæèìî
Ak (x1, . . . , xk) =

= lim
n→∞

Πk

(
n∑

j=0

Fj

)
(x1, . . . , xk)−
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−
∑
µ∈J

lim
n→∞

Πµk

(
n∑

j=0

Fj

)
(xµ

1 , . . . , x
µ
k) .

Âíàñëiäîê íåïåðåðâíîñòi Πk (òâåðäæåííÿ 1)

Ak (x1, . . . , xk) =

Πk

( ∞∑
j=0

Fj

)
(x1, . . . , xk)−

−
∑
µ∈J

Πµk

( ∞∑
j=0

Fj

)
(xµ

1 , . . . , x
µ
k) =

= Πk (F ) (x1, . . . , xk)−
∑
µ∈J

Πµk (F ) (xµ
1 , . . . , x

µ
k) .

Òåîðåìó äîâåäåíî.
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