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ÐIÂÍßÍÜ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÓ
Äîñëiäæåíî àëãîðèòì çíàõîäæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ ìàòðè÷íèõ êâàçiïîëiíîìiâ

äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü íåéòðàëüíîãî òèïó, ùî áàçócòüñÿ íà àïðîêñèìàöi��
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ñèñòåìàìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

The approximation algorithm of nonasymptotic quasipolinomial's roots of di�erential-
di�erence equations by neutral type, which based on approximation by system of ordinary di-
�erential equations, is investigated in this article.

Âñòóï. Ðîçìiùåííÿ êîðåíiâ êâàçiïîëi-
íîìiâ ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ
ðiâíÿíü ìàc âàæëèâå çíà÷åííÿ ïðè äîñëiä-
æåííi ñòiéêîñòi òà îñöèëÿöi�� ðîçâ'ÿçêiâ, â
çàäà÷àõ ñòàáiëiçàöi�� é êåðóâàííÿ. Ñèñòåìà-
òè÷íîìó âèâ÷åííþ âëàñòèâîñòåé êâàçiïîëi-
íîìiâ ïðèñâÿ÷åíî ïðàöi [1, 2] òà iíøi. Ïðè
öüîìó äëÿ êîðåíiâ ç âåëèêèìè ìîäóëÿìè
(àñèìïòîòè÷íi êîðåíi) ïîáóäîâàíi åôåêòèâ-
íi àñèìïòîòè÷íi ôîðìóëè.

Îñíîâíèé âïëèâ íà äèíàìi÷íi âëàñòèâîñòi
êâàçiïîëiíîìiâ ìàþòü éîãî íåàñèìïòîòè÷íi
êîðåíi. Çîêðåìà, ÿêùî âñi êîðåíi êâàçiïî-
ëiíîìà ëåæàòü ó ëiâié ïiâïëîùèíi, òî öå
c íåîáõiäíîþ é äîñòàòíüîþ (çà âèíÿòêîì
âèêëþ÷íèõ âèïàäêiâ) óìîâîþ àñèìïòîòè÷-
íî�� ñòiéêîñòi íóëüîâîãî ðîçâ'ÿçêó âiäïîâiä-
íîãî äèôåðåíöiàëüíî-ðiçíèöåâîãî ðiâíÿííÿ.

Äëÿ çíàõîäæåííÿ êîðåíiâ ìíîãî÷ëåíiâ
ðîçðîáëåíî áàãàòî óíiâåðñàëüíèõ àëãîðèò-
ìiâ, ùî âêëþ÷åíi â áàçîâå ïðîãðàìíå çàáåç-
ïå÷åííÿ ñó÷àñíèõ ÅÎÌ.

Îäíàê äëÿ çíàõîäæåííÿ êîðåíiâ êâàçi-
ïîëiíîìiâ íåìàc åôåêòèâíèõ îá÷èñëþâàëü-
íèõ àëãîðèòìiâ. Ó ïðàöÿõ [3, 4] ïîáóäîâàíi
àëãîðèòìè çíàõîäæåííÿ íåàñèìïòîòè÷íèõ
êîðåíiâ ñêàëÿðíèõ êâàçiïîëiíîìiâ, â ÿêèõ
âèêîðèñòîâócòüñÿ ñõåìà àïðîêñèìàöi�� äèôå-
ðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü [5, 6] ñèñòå-
ìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Ó äàíié ïðàöi öåé ïiäõiä âèêîðèñòî-
âócòüñÿ äëÿ íàáëèæåííÿ íåàñèìïòîòè÷-

íèõ êîðåíiâ ìàòðè÷íèõ êâàçiïîëiíîìiâ äëÿ
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü íåéòðà-
ëüíîãî òèïó.

Âiäçíà÷èìî, ùî âèïàäîê äèôåðåíöiàëü-
íî-ðiçíèöåâèõ ðiâíÿíü çàïiçíþþ÷îãî òèïó
ðîçãëÿäàâñÿ â ïðàöi [7].

1. Ñõåìà àïðîêñèìàöi��. Ðîçãëÿíåìî
ëiíiéíå äèôåðåíöiàëüíî-ðiçíèöåâå ðiâíÿííÿ
íåéòðàëüíîãî òèïó

(x(t)− Cx(t− τ))′ = Ax(t) + Bx(t− τ), (1)

ç ïî÷àòêîâîþ óìîâîþ

x(t) = ϕ(t), t ∈ [−τ, 0], (2)

äå A,B, C - ñòàëi n × n ìàòðèöi, x ∈ Rn,
τ > 0, ϕ(t) � àáñîëþòíî íåïåðåðâíà íà
[−τ, 0] ôóíêöiÿ.

Âèçíà÷èìî ôóíêöi��

yj (t) =




y1j(t)
y2j(t)
...
ynj(t)


 ,

j = 0,m, m ∈ N,

ÿê ðîçâ'ÿçêè ñèñòåìè çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü

y′0 = Ay0 + µCym−1 + (B − µC)ym,
y′j = µ(yj−1 − yj),

(3)
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µ =
m

τ
, j = 1, ..., m , m ∈ N,

ç ïî÷àòêîâèìè óìîâàìè

yj(0) = ϕ(−jτ

m
), j = 0,m. (4)

Íàáëèæåíà çàìiíà ðiâíÿííÿ (1) ñèñòåìîþ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (3) äî-
ñëiäæóâàëàñü ó ïðàöÿõ [8, 9]. Çîêðåìà, ÿêùî
âëàñíi çíà÷åííÿ ìàòðèöi Ñ ëåæàòü â îäè-
íè÷íîìó êðóçi, òîäi çàäà÷à Êîøi (3)�(4)
àïðîêñèìóc ïî÷àòêîâó çàäà÷ó (1)�(2) i ìà-
þòü ìiñöå ñïiââiäíîøåííÿ

∣∣∣x(t− j
τ

m
)− yj(t)

∣∣∣ ≤ Qjω(x(t),
τ

m
),

t ∈ [0, T ], T > 0,

äå Qj, j = 0,m - äîäàòíi ñòàëi, à ω(x, τ
m

)
� ìîäóëü íåïåðåðâíîñòi ôóíêöi�� x(t) íà
[−τ, T ].

2.Íàáëèæåííÿ êâàçiïîëiíîìà. Êâà-
çiïîëiíîì äëÿ äèôåðåíöiàëüíî-ðiçíèöåâîãî
ðiâíÿííÿ (1) ìàc âèãëÿä

Φ(λ) = det(A− λE + Be−λτ + λCe−λτ ). (5)

Âèïèøåìî õàðàêòåðèñòè÷íèé ìíîãî÷ëåí
äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü (3)

Ψm(λ) =

= det




A− λE 0 . . . µC B − µC
µE −(µ + λ)E . . . 0 0
0 µE . . . 0 0

. . . . . . . . . . . . . . .
0 0 . . . µE −(µ + λ)E




,

(6)

Ëåìà 1. Äëÿ õàðàêòåðèñòè÷íîãî ìíîãî-
÷ëåíà àïðîêñèìóþ÷î�� ñèñòåìè (2) ìàc ìi-
ñöå ñïiââiäíîøåííÿ

Ψm(λ) = det

(
A− λE +

µm

(µ + λ)m
B+

+
µm

(µ + λ)m
λC

)
(µ + λ)mn. (7)

Äîâåäåííÿ. Ðîçiá'cìî âèçíà÷íèê Ψm(λ)
íà ÷îòèðè áëîêè A,B, C, D, ïîêëàâøè:

A = (A−λE), B = (0, 0, . . . , µC, B−µC),

C =




µE
0
0
...
0




,

Dm =




−(µ + λ)E . . . 0
µE . . . 0
. . . . . . . . .
0 . . . −(µ + λ)E


 .

Òóò A, Dm - êâàäðàòíi ìàòðèöi i, î÷å-
âèäíî, det(Dm) = (−1)mn(µ + λ)mn. Îá÷è-
ñëèìî âèçíà÷íèê Ψm, âèêîðèñòàâøè âëàñòè-
âîñòi áëî÷íèõ ìàòðèöü [10] àíàëîãi÷íî ÿê ó
âèïàäêó ðiâíÿííÿ iç çàïiçíåííÿì[5] :

Ψm(λ) = det

(
A B
C Dm

)
=

= det(A−BD−1
m C) · det(Dm), (8)

äå D−1
m - îáåðíåíà ìàòðèöÿ äî ìàòðèöi Dm.

Ïðåäñòàâèìî D−1
m ó âèãëÿäi:

D−1
m =




d11 d12 . . . d1m

d21 d22 . . . d2m

d31 d32 . . . d3m

. . . . . . . . . . . .
dm1 dm2 . . . dmm




.

Ïiäðàõócìî äîáóòîê ìàòðèöü:

BD−1
m C = (0, 0, . . . , µC, B − µC)×

×




d11 d12 . . . d1m

d21 d22 . . . d2m

. . . . . . . . . . . .
dm1 dm1 . . . dmm







µE
0
0
...
0




=

= (µC · dm−1,1 + (B − µC)dm1)µE =

= µ2Cdm−1,1 + µ(B − µC)dm1. (9)
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Çíàéäåìî áëîêè dm1, dm−1,1 îáåðíåíî�� ìà-
òðèöi D−1

m . Äëÿ öüîãî ðîçiá'cìî ìàòðèöþ Dm

íà ÷îòèðè áëîêè Dm−1, 0, Ci K, ââàæàþ÷è,
ùî

C =
(

0 0 0 . . . µE
)
,

K = −(µ + λ)E , 0 =




0
. . .
0


 ,

Dm =

(
Dm−1 0
C K

)
.

Òåïåð ìàcìî D−1
m =

(
D−1

m−1 0
U K−1

)
, äå

K−1 = − 1
(µ+λ)

E.
Çíàéäåìî áëîê U , âèêîðèñòàâøè ðiâíiñòü

DD−1
m =

(
E 0
CD−1

m−1 + KU E

)
=

=

(
E 0
0 E

)
.

Îòæå,

U = −K−1CD−1
m−1 =

1

(µ + λ)
ECD−1

m−1 =

=
1

(µ + λ)
(µdm−1,1 µdm−1,2 . . . µdm−1,m−1).

Ïðèðiâíþþ÷è ïåðøi êîìïîíåíòè âåêòî-
ðiâ, çíàõîäèìî, ùî

dm1 =
µ

µ + λ
dm−1,1 = ...

=
µm−1

(µ + λ)m−1
d1,1 = − µm−1

(µ + λ)m
E. (10)

Ïiäñòàâëÿþ÷è (9), (10) ó ñïiââiäíîøåííÿ
(8), îäåðæócìî

Ψm(λ) = det

(
A− λE +

µmC

(µ + λ)m−1
+

+
µm(B − µC)

(µ + λ)mn

)
(µ + λ)mn =

= det

(
A− λE +

µmB

(µ + λ)m
+

+
µm

(µ + λ)m
λC

)
(µ + λ)mn.

Ëåìà 1 äîâåäåíà.
Ëåìà 2. Äëÿ ôiêñîâàíèõ λ ∈ Z ïîñëiäîâ-

íiñòü ôóíêöié

Ψm(λ) =
Ψm(λ)

(µ + λ)mn
, m ∈ N,

çáiãàcòüñÿ ïðè m → ∞ äî êâàçiïîëiíîìà
(5).

Äîâåäåííÿ. Ðîçãëÿíåìî ôiêñîâàíå
λ ∈ Z. Òîäi λ 6= m

τ
çà ìîæëèâèì âèíÿòêîì

îäíîãî çíà÷åííÿ m. Îòæå, ôóíêöiÿ Ψm(λ)
âèçíà÷åíà äëÿ âñiõ m ∈ N çà ìîæëèâèì
âèíÿòêîì îäíîãî m ∈ N .

Âðàõîâóþ÷è ïîçíà÷åííÿ µ = m
τ
i ðiâíiñòü

(7), ìàcìî

Ψm(λ) = det
(
A− λE +

mm

(m + λτ)m
B+

+
mm

(m + λτ)m
λC

)
. (11)

Íà ïiäñòàâi âiäîìî�� ãðàíèöi

lim
m→∞

(
m

m + λτ
)m = e−λτ ,

îäåðæócìî ðiâíiñòü

lim
m→∞

(A− λE + (
m

(m + λτ)
)mB+

+(
m

(m + λτ)
)mλC) = A−λE+Be−λτ+λCe−λτ .

Îòæå, ïåðåõîäÿ÷è â ðiâíîñòi (11) äî ãðà-
íèöi ïðè m → ∞, äëÿ ôiêñîâàíîãî λ ∈ Z
îäåðæèìî

lim
m→∞

Ψm(λ) = det(A−λE +Be−λτ +λCe−λτ ).

Ëåìà 2 äîâåäåíà.
Çàóâàæåííÿ. Ôóíêöiÿ Ψm(λ), âèçíà÷å-

íà ñïiââiäíîøåííÿì (11), àïðîêñèìóc ïðè
m → ∞ êâàçiïîëiíîì (5). Öþ âëàñòèâiñòü
ìîæíà âèêîðèñòàòè äëÿ íàáëèæåíîãî çíà-
õîäæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ êâàçiïî-
ëiíîìà (5). Îñêiëüêè íóëi ôóíêöié Ψm(λ) i
Ψm(λ), çãiäíî ç ðiâíiñòþ (7), çáiãàþòüñÿ, òî
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êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ (6) ìîæ-
íà áðàòè ÿê íàáëèæåíi çíà÷åííÿ íåàñèìïòî-
òè÷íèõ êîðåíiâ êâàçiïîëiíîìà (5).
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