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Äîñëiäæåíî êîðåêòíiñòü çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ÷àñòèííèìè ïîõiäíèìè çi çìiííèìè êîåôiöicíòàìè. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà
cäèíîñòi ðîçâ'ÿçêó ðîçãëÿäóâàíî�� çàäà÷i. Äîâåäåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ
çíàìåííèêiâ, ùî âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

The correctness of the problem with integral conditions for pseudodi�erential equations is
investigated. Òhe conditions of existence and uniqueness of the solution of the problem are establi-
shed. The metric theorems of an estimations of small denominators of the problem are proved.

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè âèâ÷àëèñü
ó ðiçíèõ àñïåêòàõ â ðîáîòàõ [1, 5, 8�11].
Çîêðåìà, â [1, 8�10] âñòàíîâëåíî êëàñè êî-
ðåêòíîñòi çàäà÷ ç iíòåãðàëüíèìè óìîâàìè
(ç ðiçíèìè âàãîâèìè ôóíêöiÿìè ïiä çíàêîì
iíòåãðàëà) çà ÷àñîâîþ çìiííîþ òà óìîâà-
ìè çðîñòàííÿ íà íåñêií÷åííîñòi çà iíøèìè
êîîðäèíàòàìè äëÿ åâîëþöiéíèõ ñèñòåì ðiâ-
íÿíü çi ñòàëèìè êîåôiöicíòàìè. Ó [5, � 7.4;
11, � 2.3] âñòàíîâëåíî, ùî äëÿ ãiïåðáîëi÷íèõ
ðiâíÿíü ðîçâ'ÿçíiñòü çàäà÷ ç iíòåãðàëüíèìè
óìîâàìè â êëàñàõ ôóíêöié, ìàéæå ïåðiîäè÷-
íèõ çà ïðîñòîðîâèìè çìiííèìè, ïîâ'ÿçàíà
iç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ; ïðè öüî-
ìó äîâåäåíî êîðåêòíiñòü òàêèõ çàäà÷ äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ,
êîìïîíåíòè ÿêèõ ñêëàäåíi ç êîåôiöicíòiâ
ðiâíÿííÿ òà ïàðàìåòðiâ îáëàñòi.

Ó äàíié ðîáîòi âñòàíîâëåíî óìîâè iñíó-
âàííÿ cäèíîãî ðîçâ'ÿçêó çàäà÷i ç iíòåãðàëü-
íèìè óìîâàìè (2) çà âèäiëåíîþ çìiííîþ
t äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü (1)
äðóãîãî ïîðÿäêó çà çìiííîþ t â êëàñàõ ïå-
ðiîäè÷íèõ çà x1, ..., xp ôóíêöié. Âïåðøå äëÿ
ðiâíÿíü çi çìiííèìè çà t êîåôiöicíòàìè âñòà-
íîâëåíî êîðåêòíiñòü ðîçãëÿäóâàíî�� çàäà÷i
äëÿ ìàéæå âñiõ (âiäíîñíî ìiðè Ëåáåãà â R)
÷èñåë t1 ∈ (0, T ], ÿêi c çíà÷åííÿìè âåðõ-
íüî�� ìåæi iíòåãðóâàííÿ â óìîâàõ (2). Ó ðîáî-
òi çàïðîïîíîâàíî ìåòîä äîâåäåííÿ ìåòðè÷-

íèõ òåîðåì ïðî îöiíêè çíèçó ìàëèõ çíàìåí-
íèêiâ, ùî âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿç-
êó çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ ðiâ-
íÿíü çi çìiííèìè çà t êîåôiöicíòàìè. Öåé
ìåòîä áàçócòüñÿ íà âñòàíîâëåíié ó ïóíêòi 5
ëåìi ïðî îöiíêè ìið ìíîæèí, íà ÿêèõ ìî-
äóëü ãëàäêî�� ôóíêöi�� îáìåæåíèé çâåðõó. Â
îñòàííüîìó ïóíêòi ðîáîòè âèäiëåíî êëàñ ðiâ-
íÿíü (1), äëÿ ÿêèõ âiäñóòíÿ ïðîáëåìà ìàëèõ
çíàìåííèêiâ ïðè äîñëiäæåííi çàäà÷i (1), (2).
Îêðåìi ðåçóëüòàòè ðîáîòè àíîíñîâàíî â [4].

1. Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åí-
íÿ: mes A � ìiðà Ëåáåãà â R âèìiðíî�� ìíî-
æèíè A ⊂ R; Ωp � p-âèìiðíèé òîð, îäåðæà-
íèé øëÿõîì îòîòîæíåííÿ ïðîòèëåæíèõ ãðà-
íåé êóáà {x ∈ Rp : 0 ≤ xj ≤ 2π, j = 1, ..., p},
Qp = (0, T ) × Ωp; x = (x1, ..., xp) ∈ Ωp,
k = (k1, ..., kp) ∈ Zp, |k| = |k1| + ... + |kp|;
(k, x) = k1x1 + ... + kpxp; G(k) : Zp → R+

� òàêà äîäàòíà ôóíêöiÿ, ùî G(k) ≥ 1,
k ∈ Zp, i äëÿ äåÿêèõ íåâiä'cìíèõ ñòàëèõ λ,
µ, ÿêi îäíî÷àñíî íå äîðiâíþþòü íóëåâi, ðÿä∑

|k|≥0

G−λ(k) exp(−µG(k)) c çáiæíèì. Çàçíà-

÷åíèì óìîâàì çàäîâîëüíÿþòü, íàïðèêëàä,
òàêi ôóíêöi��: 1) G(k) = (1 + |k|) (λ > p, µ ≥
0), 2) G(k) = ln(3 + |k|) (λ ≥ 0, µ > p).

Çà ôóíêöicþ G(k) âèçíà÷èìî ïðîñòîðè
Wα,β(G), α, β ≥ 0, îòðèìàíi â ðåçóëüòàòi
ïîïîâíåííÿ ïðîñòîðó ñêií÷åííèõ òðèãîíîìå-
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òðè÷íèõ ïîëiíîìiâ ϕ(x) =
∑

ϕk exp(ik, x)
çà íîðìîþ

‖ϕ(x); Wα,β(G)‖ =

√∑

|k≥0|
|ϕk|2w2(k; α, β),

w(k; α, β) ≡ Gα(k) exp(βG(k)).

×åðåç Cn([0, T ]; Wα,β(G)) ïîçíà÷àòèìåìî
ïðîñòið ôóíêöié u(t, x) (çi çíà÷åííÿìè iç
ïðîñòîðó Wα,β(G)) n ðàçiâ íåïåðåðâíî äèôå-
ðåíöiéîâíèõ çà t íà [0, T ]. Íîðìó â ïðîñòîði
Cn([0, T ]; Wα,β(G)) çàäàìî ôîðìóëîþ

‖u(t, x); Cn([0, T ]; Wα,β(G))‖ =

=
n∑

j=0

max
t∈[0,T ]

∥∥∥∥
∂ju(t, x)

∂tj
; Wα,β(G)

∥∥∥∥.

×åðåç Sn(G), n = 0, 1, ... ïî-
çíà÷àòèìåìî ìíîæèíó ïñåâäîäèôå-
ðåíöiàëüíèõ îïåðàöié A(t, D), D =
(−i∂/∂x1, ...,−i∂/∂xp), äiÿ ÿêèõ íà ôóíê-
öiþ u(t, x) =

∑

|k|≥0

uk(t) exp(ik, x) çàäàcòüñÿ

ôîðìóëîþ

A(t, D)u(t, x) =
∑

|k|≥0

A(t, k)uk(t) exp(ik, x),

äå A(t, k) ∈ Cn([0, T ];R),

sup
k∈Zp

{ n∑
j=0

max
t∈[0,T ]

|A(j)(t, k)|
G(k)

}
< ∞.

2. Ðîçãëÿíåìî çàäà÷ó

L

(
∂

∂t
, D

)
u(t, x) ≡ ∂2u(t, x)

∂t2
+

+A(t,D)u(t, x) = 0, (t, x) ∈ Qp, (1)

t1∫

0

u(t, x)dt = ϕ1(x),

t1∫

0

tu(t, x)dt = ϕ2(x), x ∈ Ωp,

t1 ∈ [T0, T ], T0 > 0, (2)

äå A(t,D) � ïñåâäîäèôåðåíöiàëüíà îïåðàöiÿ
ç êëàñó S0(G).

ßêùî ðiâíÿííÿ (1) îïèñóc äåÿêèé ïðî-
öåñ, à t � ÷àñîâà çìiííà, òî çàäà÷à (1), (2)
ïîëÿãàc ó çíàõîäæåííi öüîãî ïðîöåñó, êîëè
âiäîìi éîãî �óñåðåäíåíi� çíà÷åííÿ (2) íà äå-
ÿêîìó ïðîìiæêó ÷àñó [0, t1] ⊂ [0, T ].

3. Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêàcìî ó âè-
ãëÿäi ðÿäó

u(t, x) =
∑

|k|≥0

uk(t) exp(ik, x). (3)

Êîæíà ôóíêöiÿ uk(t), k ∈ Zp, c ðîçâ'ÿçêîì
òàêî�� çàäà÷i:

d2uk(t)

dt2
+ A(t, k)uk(t) = 0, (4)

t1∫

0

uk(t)dt = ϕ1,k,

t1∫

0

tuk(t)dt = ϕ2,k,

T0 ≤ t1 ≤ T, (5)

äå ϕ1,k, ϕ2,k, k ∈ Zp, � êîåôiöicíòè Ôóð'c
ôóíêöié ϕ1(x), ϕ2(x) âiäïîâiäíî.

Íåõàé {f1(t, k), f2(t, k)} � òàêà ôóíäà-
ìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ íà âiäðiçêó
[0, T ] ðiâíÿííÿ (4), ùî f

(j−1)
q (0, k) = δj,q,

j = 1, 2, äå δj,q � ñèìâîë Êðîíåêåðà; Hk(t, τ)
� ôóíêöiÿ, âèçíà÷åíà â òðèêóòíèêó {(t, τ) ∈
R2 : 0 ≤ τ ≤ t ≤ T} ðiâíiñòþ

Hk(t, τ) = f1(τ, k)f2(t, k)− f2(τ, k)f1(t, k).
(6)

Ëåãêî ïåðåâiðèòè, ùî äëÿ äîâiëüíîãî ôiêñî-
âàíîãî τ : 0 ≤ τ < t, âèêîíóþòüñÿ ñïiââiäíî-
øåííÿ:

L

(
d

dt
, k

)
Hk(t, τ) = 0, lim

t→τ+0
Hk(t, τ) = 0,

lim
t→τ+0

∂Hk(t, τ)

∂t
= 1. (7)

Òîìó ç òåîðåìè ïðî cäèíiñòü ðîçâ'ÿçêó çàäà-
÷i Êîøi [3, c.84], ôîðìóëè (7) òà îçíà÷åííÿ
ôóíêöi�� f2(t, k) âèïëèâàc, ùî

Hk(t, τ) = f2(t− τ, k), 0 ≤ τ ≤ t ≤ T. (8)
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Ðîçâ'ÿçîê çàäà÷i (4), (5) ç êëàñó C2[0, T ]
çîáðàæàcòüñÿ ôîðìóëîþ

uk(t) = Ck,1f1(t, k) + Ck,2f2(t, k), (9)

äå ñòàëi Ck,1, Ck,2 âèçíà÷àþòüñÿ iç ñèñòåìè
ðiâíÿíü

Ck,1

t1∫

0

tj−1f1(t, k)dt + Ck,2

t1∫

0

tj−1f2(t, k)dt =

= ϕj,k, j = 1, 2, (10)

âèçíà÷íèê ÿêî�� ïîçíà÷èìî ÷åðåç ∆(k, t1):

∆(k, t1) =

∣∣∣∣∣∣∣∣∣∣∣∣

t1∫

0

f1(t, k)dt

t1∫

0

f2(t, k)dt

t1∫

0

tf1(t, k)dt

t1∫

0

tf2(t, k)dt

∣∣∣∣∣∣∣∣∣∣∣∣

.

(11)
Òåîðåìà 1. Íåõàé A(t,D) ∈ S0(G). Äëÿ

cäèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) â ïðî-
ñòîði C2([0, T ]; Wα,β(G)) íåîáõiäíî i äîñèòü,
ùîá âèêîíóâàëàñü óìîâà

∀ k ∈ Zp ∆(k, t1) 6= 0. (12)

Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâå-
äåííÿ òåîðåìè 4.1 ó [5, � 4].

4. Íàäàëi ââàæàòèìåìî, ùî óìîâà (12)
ñïðàâäæócòüñÿ. Òîäi äëÿ âñiõ k ∈ Zp ñèñòå-
ìà (7) ìàc cäèíèé ðîçâ'ÿçîê, i íà ïiäñòàâi
(3) òà (10) îòðèìócìî ôîðìàëüíå çîáðàæåí-
íÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ó âèãëÿäi ðÿäó

u(t, x) =
∑

|k|≥0

exp(ik, x)

∆(k, t1)


ϕ2,k

t1∫

0

Hk(t, τ)dτ−

−ϕ1,k

t1∫

0

τHk(t, τ)dτ


 . (13)

Çáiæíiñòü ðÿäó (13), âçàãàëi, ïîâ'ÿçàíà
ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, îñêiëüêè
|∆(k, t1)|, áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå
íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ íå-
ñêií÷åííî�� ìíîæèíè âåêòîðiâ k ∈ Zp.

Çàóâàæåííÿ 1. ßêùî ñïðàâäæócòüñÿ
óìîâà (12), i ϕ1(x), ϕ2(x) ∈ T (T ′), (äå T ,
T ′ � ïðîñòîðè òðèãîíîìåòðè÷íèõ ïîëiíîìiâ
òà ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿäiâ âiä-
ïîâiäíî [2, ðîçäië 2, � 6.2]), òî iñíóc cäèíèé
ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé íàëåæèòü äî
êëàñó C2([0, T ]; T ) (C2([0, T ]; T ′)).

Ïîçíà÷èìî: A = sup
k∈Zp

{(1 +

max
t∈[0,T ]

|A(t, k)|2)1/2/G(k)}. Íèæ÷å â ðîáî-
òi ôiãóðóþòü äîäàòíi ñòàëi Cj, j = 1, ..., 12,
ÿêi íå çàëåæàòü âiä k.

Òåîðåìà 2. Íåõàé A(t,D) ∈ S0(G),
ñïðàâäæócòüñÿ óìîâà (12) i íåõàé äëÿ âñiõ
(êðiì ñêií÷åííî�� êiëüêîñòi) âåêòîðiâ k ∈ Zp

âèêîíócòüñÿ íåðiâíiñòü
|∆(k, t1)| > G−γ(k) exp(−δG(k)), γ, δ ∈ R.

(14)
ßêùî ϕ1(x), ϕ2(x) ∈ Wα1,β1(G), α1 ≥ α+γ +
1, β1 ≥ β+δ+AT , òî iñíóc cäèíèé ðîçâ'ÿçîê
çàäà÷i (1), (2) ç êëàñó C2([0, T ]; Wα,β(G)),
ÿêèé çîáðàæàcòüñÿ ðÿäîì (13) i íåïåðåðâíî
çàëåæèòü âiä ôóíêöié ϕ1(x), ϕ2(x).

Äîâåäåííÿ. Ç òåîðåìè ïðî îöiíêè
ðîçâ'ÿçêó çàäà÷i Êîøi [3, c.27�29] âèïëèâàc,
ùî

max
t∈[0,T ]

|f (j)
q (t, k)| ≤ C1(1 + δj,2G(k))×

× exp(ATG(k)), j = 0, 1, 2, q = 1, 2.
(15)

Ç íåðiâíîñòåé (15) òà ôîðìóëè (8)
îòðèìócìî, ùî

max
t∈[0,T ]

∣∣∣∣∣∣
dj

dtj

t1∫

0

Hk(t, τ)dτ

∣∣∣∣∣∣
≤ C2(1 + δj,2G(k))×

× exp(ATG(k)), j = 0, 1, 2, (16)

max
t∈[0,T ]

∣∣∣∣∣∣
dj

dtj

t1∫

0

τHk(t, τ)dτ

∣∣∣∣∣∣
≤ C3(1 + δj,2G(k))×

× exp(ATG(k)), j = 0, 1, 2. (17)

Ç íåðiâíîñòåé (14), (16)�(17) òà ôîðìóëè
(13) âèïëèâàc, ùî

max
t∈[0,T ]

|u(q)
k (t)| ≤ C4

2∑
j=1

|ϕj,k|w(k; γ+1, δ+2AT ),
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q = 0, 1, 2. (18)

Âðàõîâóþ÷è åëåìåíòàðíi ñïiââiäíîøåííÿ

w(k; α, β)w(k; γ + 1, δ + 2AT ) =

= w(k; α + γ + 1, β + δ + 2AT ) ≤ w(k; α1, β1)

òà íåðiâíiñòü òðèêóòíèêà äëÿ íîðì, iç ôîð-
ìóë (3), (18) äiñòàcìî îöiíêó

‖u(t, x); C2([0, T ]; Wα,β(G))‖ ≤

≤
2∑

q=0

√∑

|k|≥0

max
t∈[0,T ]

|u(q)
k (t)|2w2(k; α, β) ≤

≤ C5

2∑
j=1

(∑

|k|≥0

|ϕj,k|2w2(k; α + γ + 1,

β + δ + 2AT )

)1/2

≤ C5

2∑
j=1

‖ϕj; Wα1,β1(G)‖,

ç ÿêî�� âèïëèâàc äîâåäåííÿ òåîðåìè.
5. Íèæ÷å íàì çíàäîáèòüñÿ òàêå äîïîìiæ-

íå òâåðäæåííÿ.
Ëåìà. Íåõàé ôóíêöiÿ f ∈ C3([a, b];R) c

òàêîþ, ùî êiëüêiñòü íóëiâ íà (a, b) ���� äðóãî��
ïîõiäíî�� f ′′(t) íå ïåðåâèùóc N , à â êîæíié
òî÷öi t ∈ [a, b] âèêîíócòüñÿ íåðiâíiñòü

max{|f ′′(t)|, |f ′′′(t)|} > δ, δ > 0. (19)

Íåõàé E(f, ε) = {t ∈ (a, b) : |f(t)| < ε}. Òîäi
äëÿ äîâiëüíîãî ε ∈ (0, δ)

mes E(f, ε) ≤ C6(N + 2) · 3

√
ε

δ
,

äå C6 � äîäàòíà ñòàëà, ùî íå çàëåæèòü
âiä f, ε, δ.

Äîâåäåííÿ. Äëÿ êîæíîãî α ∈ (0, δ)
ðîçiá'cìî (a, b) íà äâi íåïåðåòèííi ïiäìíîæè-
íè:

A(α) = {t ∈ (a, b) : |f ′′(t)| < α},
B(α) = {t ∈ (a, b) : |f ′′(t)| ≥ α}.

Iç äîâåäåííÿ ëåìè â [6] âèïëèâàc, ùî ïðè
α < δ ìíîæèíà A(α) ìîæå ñêëàäàòèñÿ ç íå
áiëüø íiæ (N +2) ïîïàðíî íåïåðåòèííèõ ií-
òåðâàëiâ Ij(α) = (ξj(α), ηj(α)), j = 1, ...,m,

m ≤ N + 2, äîâæèíà êîæíîãî ç ÿêèõ íå
ïåðåâèùóc 2α

δ
. Òîìó, mes A(α) ≤ 2(N + 2)

α

δ
,

à, îòæå, é

mes (A(α) ∩ E(f, ε)) ≤ 2(N + 2)
α

δ
, (20)

êîëè α < δ.
Çàóâàæèìî, ùî Ij(α) ∩ Ij+1(α) = ∅ äëÿ

âñiõ j = 1, ..., m − 1, êîëè α < δ. Ïðè-
ïóñòèìî ïðîòèëåæíå, òîáòî ùî äëÿ äåÿêî-
ãî j0 ïðàâèé êiíåöü ηj0(α) iíòåðâàëó Ij0(α)
ñïiâïàäàc ç ëiâèì êiíöåì ξj0+1(α) iíòåðâàëó
Ij0+1(α). Iç ìàêñèìàëüíîñòi (äèâ. äîâåäåííÿ
ëåìè â [6]) iíòåðâàëó Ij0(α) âèïëèâàc, ùî
|f ′′(ηj0)| = α. Îñêiëüêè α < δ, òî ç íåðiâ-
íîñòi (19) âèïëèâàc, ùî |f ′′′(ηj0)| > δ. Òî-
ìó â äåÿêîìó (äîñèòü ìàëîìó) îêîëi U(ηj0)
òî÷êè t = ηj0 ôóíêöiÿ |f ′′(t)| c ñòðîãî ìîíî-
òîííîþ. Òàêèì ÷èíîì, |f ′′(t)| > α äëÿ âñiõ
t ∈ U+(ηj0) = {t ∈ U(ηj0) : t > ηj0} (êîëè
|f ′′(t)| çðîñòàc) àáî |f ′′(t)| > α äëÿ âñiõ t ∈
U−(ηj0) = {t ∈ U(ηj0) : t < ηj0} (êîëè |f ′′(t)|
ñïàäàc). Îòðèìàíi íåðiâíîñòi ñóïåðå÷àòü òî-
ìó, ùî Ij0(α) ⊂ A(α), Ij0+1(α) ⊂ A(α).

Iç çðîáëåíîãî çàóâàæåííÿ âèïëèâàc, ùî
ìíîæèíà B(α) c îá'cäíàííÿì ïðîìiæêiâ
Jj(α), j = 1, ..., l, êiëüêiñòü l ÿêèõ íå
ïåðåâèùóc N + 2. Çà ëåìîþ 2 iç [7]

mes (Jj(α) ∩ E(f, ε)) ≤ C7

√
ε

α
äëÿ âñiõ j =

1, ..., l, à, îòæå,

mes (B(α) ∩ E(f, ε)) ≤ C7(N + 2)

√
ε

α
. (21)

Ç íåðiâíîñòåé (20), (21) âèïëèâàc, ùî äëÿ
äîâiëüíîãî α ∈ (0, δ)

mes E(f, ε) ≤ 2(N + 2)
α

δ
+ C7(N + 2)

√
ε

α
.

(22)

ßêùî ε < δ, òî α0 =
3
√

εδ2 ∈ (0, δ). Ïîêëà-
äàþ÷è â íåðiâíîñòi (22) α = α0, äiñòàíåìî,
ùî

mes E(f, ε) ≤ C8(N + 2) 3

√
ε

δ
, C8 = 2 + C7.

Ëåìà äîâåäåíà.
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6. Ç'ÿñócìî, íàñêiëüêè �áàãàòà� ìíîæèíà
çàäà÷, äëÿ ÿêèõ âèêîíócòüñÿ îöiíêà (14).

Òåîðåìà 3. Íåõàé A(t,D) ∈ S0(G). Äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷è-
ñåë t1 ∈ [T0, T ] íåðiâíiñòü (14) âèêîíócòüñÿ
äëÿ âñiõ (êðiì ñêií÷åííî�� êiëüêîñòi) âåêòî-
ðiâ k ∈ Zp ïðè γ ≥ 3λ + 3/2, δ ≥ 3µ + AT .

Äîâåäåííÿ. Áóäåìî ðîçãëÿäàòè âèçíà÷-
íèê ∆(k, t1) ÿê ôóíêöiþ çìiííî�� t1. Äèôå-
ðåíöiþþ÷è âèçíà÷íèê ∆(k, t1) çà t1, iç ôîð-
ìóëè (11) äiñòàíåìî, ùî

d∆(k, t1)

dt1
=

t1∫

0

(t1 − τ)f2(t1 − τ, k)dτ =

=

t1∫

0

uf2(u, k)du. (23)

Iç ðiâíîñòi (23) âèïëèâàc, ùî

d2∆(k, t1)

dt21
= t1f2(t1, k). (24)

Òîäi




f2(t1, k) =
1

t1

d2∆(k, t1)

dt21
, t1 ∈ [T0, T ],

f
′
2(t1, k) =

1

t1

d3∆(k, t1)

dt31
−

− 1

t21

d2∆(k, t1)

dt21
, t1 ∈ [T0, T ].

(25)
Çi ñïiââiäíîøåíü (25) âèïëèâàc, ùî â êîæíié
òî÷öi t1 ∈ [T0, T ] âèêîíócòüñÿ íåðiâíiñòü

max{|f2(t1, k)|, |f ′2(t1, k)|} ≤

≤ 2C9 max

{∣∣∣∣
d2∆(k, t1)

dt21

∣∣∣∣ ,

∣∣∣∣
d3∆(k, t1)

dt31

∣∣∣∣
}

,

(26)

äå C9 = max

{
1

T0

,
1

T 2
0

}
. Iç ôîðìóëè Ëióâië-

ëÿ äëÿ âðîíñêiàíà òà îöiíîê (15) îäåðæócìî,
ùî

1 = |f1(t1, k)f
′
2(t1, k)− f2(t1, k)f

′
1(t1, k)| ≤

≤ 2C1 exp(ATG(k)) max{|f2(t1, k)|, |f ′2(t1, k)|},

t1 ∈ [0, T ]. (27)

Òîäi ç íåðiâíîñòåé (26), (27) ìàcìî, ùî â
êîæíié òî÷öi t1 ∈ [T0, T ] âèêîíócòüñÿ íåðiâ-
íiñòü

max

{∣∣∣∣
d2∆(k, t1)

dt21

∣∣∣∣ ,

∣∣∣∣
d3∆(k, t1)

dt31

∣∣∣∣
}
≥

≥ C10 exp(−ATG(k)), (28)

äå C10 = (4C1C9)
−1.

Iç ôîðìóëè (24) âèäíî, ùî êiëüêiñòü íó-
ëiâ ôóíêöi�� d2∆(k, t1)

dt21
íà âiäðiçêó [T0, T ]

ñïiâïàäàc ç êiëüêiñòþ íóëiâ íà öüîìó âiä-
ðiçêó ôóíêöi�� f2(t1, k). Îñêiëüêè |A(t, k)| ≤
AG(k), t ∈ [0, T ], òî çà òåîðåìîþ ïîðiâíÿí-
íÿ Øòóðìà [3] ôóíêöiÿ f2(t1, k) ìîæå ìàòè
íà [T0, T ] íå áiëüøå C11

√
G(k) íóëiâ, C11 =

C11(A, T0, T ).
Ðîçãëÿíåìî òàêi ìíîæèíè:

Eγ,δ(k) = {t1 ∈ [T0, T ] :

|∆(k, t1)| < G−γ(k) exp(−δG(k))}, k ∈ Zp.

Îñêiëüêè ∆(k, t1) ∈ C4([T0, T ];R), à
d2∆(k, t1)

dt21
ìàc íå áiëüøå C11

√
G(k) íóëiâ

íà [T0, T ], òî ç íåðiâíîñòi (28), íà ïiäñòàâi
òâåðäæåííÿ ëåìè, îòðèìócìî, ùî ïðè γ ≥
3λ + 3/2, δ ≥ 3µ + AT

mes Eγ,δ(k) ≤

≤ C12

√
G(k) 3

√
G−γ(k) exp(−δG(k))

exp(−ATG(k))
=

= C12G
3−2γ

6 (k) exp

(
AT − δ

3
G(k)

)
≤

≤ C12G
−λ(k) exp(−µG(k)), k ∈ Zp. (29)

Ç íåðiâíîñòi (29) âèïëèâàc, ùî ðÿä∑

|k|≥0

mes Eγ,δ(k) c çáiæíèì, êîëè γ ≥ 3λ+3/2,

δ ≥ 3µ + AT . Çà ëåìîþ Áîðåëÿ-Êàíòåëëi
[5, c.17] ìiðà Ëåáåãà â R ìíîæèíè òèõ ÷è-
ñåë t1, ÿêi íàëåæàòü äî íåñêií÷åííî�� êiëü-
êîñòi ìíîæèí Eγ,δ(k), k ∈ Zp, γ ≥ 3λ + 3/2,
δ ≥ 3µ + AT , äîðiâíþc íóëåâi. Òåîðåìà äî-
âåäåíà.
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Ç òåîðåì 2, 3 âèïëèâàc íàñòóïíå òâåðä-
æåííÿ ïðî ðîçâ'ÿçíiñòü çàäà÷i (1), (2) äëÿ
ìàéæå âñiõ ÷èñåë t1 ∈ [T0, T ].

Òåîðåìà 4. Íåõàé A(t,D) ∈ S0(G),
ϕ1, ϕ2 ∈ Wα+3λ+3/2,β+3µ+AT (G). Äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t1 ∈
[T0, T ] iñíóc cäèíèé ðîçâ'ÿçîê çàäà÷i (1), (2)
ç ïðîñòîðó C2([0, T ]; Wα,β(G)), ÿêèé íåïå-
ðåðâíî çàëåæèòü âiä ϕ1(x), ϕ2(x).

7. Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê çàäà-
÷i (1), (2), êîëè äëÿ âñiõ k ∈ Zp A(t, k) =
−B′(t, k) − B2(t, k), t ∈ [0, T ], äå B(t, k) ∈
C1([0, T ];R).

Òåîðåìà 5. ßêùî äëÿ âñiõ k ∈ Zp

A(t, k) = −B′(t, k) − B2(t, k), äå B(t, k) ∈
C1([0, T ];R), òî çàäà÷à (1), (2) â êëàñi
C2([0, T ]; Wα,β(G)) íå ìîæå ìàòè áiëüøå
îäíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Âðàõîâóþ÷è òåîðåìó 1, äî-
ñèòü ïîêàçàòè, ùî âèêîíócòüñÿ óìîâà (12).
Ëåãêî ïåðåâiðèòè, ùî äëÿ ôóíêöi�� f2(t, k)
ñïðàâåäëèâå íàñòóïíå çîáðàæåííÿ:

f2(t, k) = exp(b(t, k))

t∫

0

dτ

exp(2b(τ, k))
,

b(t, k) =

t∫

0

B(τ, k)dτ. (30)

Î÷åâèäíî, ùî ôóíêöiÿ (30) c äîäàòíîþ
ïðè t ∈ (0, T ]. Òîäi ç (23) ìàcìî, ùî
d∆(k, t1)

dt1
> 0 ïðè t1 ∈ (0, T ]. Îñêiëüêè

∆(k, t1)|t1=0 = 0, òî ç îñòàííüî�� íåðiâíîñòi
âèïëèâàc, ùî ∆(k, t1) > 0 ïðè t1 ∈ (0, T ].

Òåîðåìà 6. Íåõàé äëÿ âñiõ k ∈ Zp

A(t, k) = −B′(t, k) − B2(t, k), äå B(t, k) ∈
C1([0, T ];R), i íåõàé äëÿ âñiõ k ∈ Zp

max
t∈[0,T ]

B(t, k) ≤ bG(k), b ≥ 0, min
t∈[0,T ]

B(t, k) ≥
0. Òîäi äëÿ äîâiëüíîãî t1 ∈ [T0, T ], äëÿ âñiõ
k ∈ Zp âèêîíócòüñÿ íåðiâíiñòü

∆(k, t1) ≥ 1

2
T 2

0 (t1−T0)
2 exp(−bTG(k)). (31)

Äîâåäåííÿ. Äëÿ âèçíà÷íèêà ∆(k, t1) iç
ôîðìóë (11), (23) âèïëèâàc íàñòóïíå çîáðà-

æåííÿ:

∆(k, t1) =

t1∫

0

ξ∫

0

uf2(u, k)dudξ. (32)

Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ ó ïîâòîð-
íîìó iíòåãðàëi ó ôîðìóëi (32), îäåðæèìî,
ùî

∆(k, t1) =

t1∫

0

uf2(u, k)

t1∫

u

dξdu =

=

t1∫

0

u(t1 − u)f2(u, k)du. (33)

Iç ôîðìóëè (30) òà óìîâ òåîðåìè 6 âèïëèâàc,
ùî äëÿ âñiõ t ∈ [T0, T ] âèêîíócòüñÿ íåðiâ-
íiñòü

f2(t, k) ≥ T0 exp(−bTG(k)). (34)

Òîìó ç (33), (34) îòðèìócìî, ùî ïðè t1 ∈
[T0, T ]

∆(k, t1) ≥
t1∫

T0

u(t1 − u)f2(u, k)du ≥

≥ T 2
0 exp(−bTG(k))

t1∫

T0

(t1 − u)du =

=
1

2
T 2

0 (t1 − T0)
2 exp(−bTG(k)).

Òåîðåìà äîâåäåíà.
Âñòàíîâëåíà îöiíêà (31) îçíà÷àc, ùî ïðî-

áëåìà ìàëèõ çíàìåííèêiâ âiäñóòíÿ ó çàäà-
÷i ç iíòåãðàëüíèìè óìîâàìè (2) äëÿ ðiâíÿíü
(1), òàêèõ, ùî äëÿ âñiõ k ∈ Zp A(t, k) =
−B′(t, k)−B2(t, k), äå B(t, k) ∈ C1([0, T ];R),
B(t, k) ≥ 0.

Çàóâàæåííÿ 2. Ðåçóëüòàòè ðîáîòè ìîæ-
íà ïåðåíåñòè íà âèïàäîê çàäà÷i ç iíòåãðàëü-
íèìè óìîâàìè âèãëÿäó

t1∫

0

gj(t,D)u(t, x)dt = ϕj(x), j = 1, 2,
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äå gj(t,D) ∈ S2(G), j = 1, 2, � òàêi ïñåâ-
äîäèôåðåíöiàëüíi îïåðàöi��, ùî ��õíi ñèìâîëè
gj(t, k), j = 1, 2, k ∈ Zp, c ðîçâ'ÿçêàìè òàêèõ
çàäà÷ Êîøi:

g
′′
j (t, k) + B(t, k)gj(t, k) = 0, g

(q−1)
j (0, k) = δj,q,

j = 1, 2, B(t, k) ∈ C([0, T ];R).
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