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ÑÈÌÅÒÐIÉÍÀ ÐÅÄÓÊÖIß ÑÈÑÒÅÌÈ ∇ui = Fi(u1, u2), i = 1, 2 ÄÎ
ÑÈÑÒÅÌÈ ÇÂÈ×ÀÉÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ
Ïðîâåäåíà ñèìåòðiéíà ðåäóêöiÿ ñèñòåìè ∇ui = Fi(u1, u2), i = 1, 2, äî ñèñòåìè çâè÷àéíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü (ÇÄÐ) çà ïiäãðóïàìè ðîçøèðåíî�� ãðóïè Ïóàíêàðå. Îòðèìàíî ïî 29
ñèñòåì ÇÄÐ äëÿ êîæíîãî çi çíàéäåíèõ ðàíiøå çîáðàæåíü îïåðàòîðà äèëàòàöi�� D.

The symmetry reduction of the system∇ui = Fi(u1, u2), i = 1, 2, to the system of the ordinary
di�erential equations (ODE) about the subgroups of the extended Poincare group is carried. The
29 systems of the ODE for each of the 5 earlier discovered representations of the dilatation operator
D were obtained.

Ìàòåìàòèê ãðàc â ãðó, â ÿêié âií ñàì
âèíàõîäèòü ïðàâèëà, â òîé ÷àñ êîëè ôiçèê
ãðàc â ãðó, ïðàâèëà ÿêî�� ïðîïîíóc Ïðèðîäà,
îäíàê iç ïëèíîì ÷àñó ñòàc âñå î÷åâèäíiøèì,
ùî ïðàâèëà ãðè, ÿêi ìàòåìàòèê ââàæàc öiêà-
âèìè, çáiãàþòüñÿ ç òèìè, ÿêi îáðàëà Ïðèðî-
äà [1].

Â î÷àõ ôiçèêiâ-òåîðåòèêiâ ïåðåâàãó ìàc
òàêà ãàëóçü ìàòåìàòèêè, ÿêà ìàc ó ñâî��é
îñíîâi öiêàâó ãðóïó ïåðåòâîðåíü. Çíà÷åí-
íÿ ïåðåòâîðåíü ôóíäàìåíòàëüíiøå, íiæ çíà-
÷åííÿ ðiâíÿíü.

Ëiíiéíi ïåðåòâîðåííÿ, ÿêi çáåðiãàþòü ìå-
òðèêó Ìiíêîâñüêîãî dxµdxµ, óòâîðþþòü 10-
ïàðàìåòðè÷íó ãðóïó Ïóàíêàðå P (1, 3) ç ãå-
íåðàòîðàìè

Pµ = ∂µ, Iµν = qµαxα∂ν − qναxα∂µ, (1)

äå ∂µ =
∂

∂xµ

, qµν = diag(1,−1,−1,−1),
µ, ν, α = 0, 1, 2, 3.

Ñêðiçü ìàcòüñÿ íà óâàçi ñóìóâàííÿ âiä 0
äî 3 çà ïîâòîðåíèìè iíäåêñàìè.

P (1, 3) çàäàíà êîìóòàöiéíèìè ñïiââiäíî-
øåííÿìè (ÊÑ)
[Pα, Pβ] = 0, [Pα, Iβγ] = qαβPγ − qαγPβ, (2)

[Iαβ, Iµν ] = qανIβµ + qβµIαν − qαµIβν − qβνIαµ.

Âîíà c ìàêñèìàëüíîþ ëîêàëüíîþ ãðóïîþ
ñèìåòði�� íåëiíiéíîãî õâèëüîâîãî ðiâíÿííÿ

∇u ≡ ux0x0 −∆3u = F (u) (3)

ç äîâiëüíîþ ãëàäêîþ ôóíêöicþ F (u).
Ó ïðàöi [2] äàíî ïîâíå âèðiøåííÿ ñèìå-

òðiéíî�� êëàñèôiêàöi�� ñèñòåìè äâîõ äiéñíèõ
ðiâíÿíü

∇uj = Fj(u1, u2), j = 1, 2, (4)

ùî äîïóñêàþòü ðîçøèðåíó îïåðàòîðîì äè-
ëàòàöi�� D ãðóïó Ïóàíêàðå P̃ (1, 3), çàäàíó ÊÑ
(3) i

[D, Iαβ] = 0, [Pα, D] = Pα, α, β = 0, 3,
(5)

òà êîíôîðìíó ãðóïó C(1, 3). Êëàñèôiêàöiÿ
ïðîâåäåíà ç òî÷íiñòþ äî ëiíiéíèõ ïåðåòâî-
ðåíü çàëåæíèõ çìiííèõ

uj → u
′
j =

2∑

k=1

αjkuk + βj, j = 1, 2, (6)

äå αjk, βj, j = 1, 2 � äîâiëüíi êîíñòàíòè i

det ‖αjk‖ 6= 0.

Òåîðåìà 1 [2]. Ñèñòåìà ðiâíÿíü ó ÷à-
ñòèííèõ ïîõiäíèõ (Ð×Ï) (4) iíâàðiàíòíà
ùîäî ðîçøèðåíî�� ãðóïè Ïóàíêàðå P̃ (1, 3) òî-
äi é òiëüêè òîäi, êîëè åêâiâàëåíòíà îäíié iç
íàñòóïíèõ ñèñòåì (äëÿ âñiõ âèïàäêiâ Fj =
Fj(ω), j = 1, 2):

1. ∇u1 = F1u
b−2

b
1 , ∇u2 = F2u

a−2
b

1 , ω =
ua

1u
−b
2 , b 6= 0;
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2. ∇u1 =

{
F1 +

u1

u2

F2

}
exp

(
(a − 2)

u1

u2

)
,

∇u2 = F2 exp

(
(a− 2)

u1

u2

)
, ω = a

u1

u2

− ln u2;

3. ∇u1 = F1 exp

(
a− 2

b
u2

)
, ∇u2 =

F2 exp

(
−2

b
u2

)
, ω = au2 − b ln u1, b 6= 0;

4. ∇u1 = exp

(−2

b
arctg

u1

u2

)
{u2F1 +u1F2},

∇u2 = exp

(−2

b
arctg

u1

u2

)
{u2F2 − u1F1}, (7)

ω = b ln(u2
1 + u2

2)− 2aarctg
u1

u2

, b 6= 0;

5. ∇u1 = {F1 + u2F2} exp

(
−2

b
u2

)
, ∇u2 =

b exp

(
−2

b
u2

)
F2, ω = 2bu1 − u2

2, b 6= 0;
6. ∇u1 = 0, ∇u2 = 0, äå F1, F2 � äîâiëüíi

ãëàäêi ôóíêöi��; a, b � äîâiëüíi êîíñòàíòè,
b 6= 0.

Ñóòòcâî, ùî áàçèñíi ãåíåðàòîðè Pµ, Iµν

äàþòüñÿ ôîðìóëàìè (1), à ãåíåðàòîðè âiä-
ïîâiäíèõ ãðóï ìàñøòàáíèõ ïåðåòâîðåíü äà-
þòüñÿ íàñòóïíèìè ôîðìóëàìè:

D1 = xµ∂µ + bu1∂u1 + au2∂u2 ;

D2 = xµ∂µ + a(u1∂u1 + u2∂u2) + u2∂u1 ;

D3 = xµ∂µ + au1∂u1 + b∂u2 ; (8)

D4 = xµ∂µ+a(u1∂u1+u2∂u2)+b(u2∂u1−u1∂u2);

D5 = xµ∂µ + u2∂u1 + b∂u2 ;

D6 = xµ∂µ;

âñþäè b 6= 0.
ßê äîáðå âiäîìî, çíàííÿ ñèìåòði�� ñèñòå-

ìè Ð×Ï äîçâîëÿc çâåñòè ���� äî ñèñòåìè ÇÄÐ.
Îñêiëüêè âñi çâ'ÿçíi ïiäãðóïè ðîçøèðåíî��
ãðóïè Ïóàíêàðå âiäîìi [3], ìîæíà ñêîðèñòà-
òèñÿ íèìè äëÿ ðåäóêöi�� òà ïîáóäîâè iíâàði-
àíòíèõ ðîçâ'ÿçêiâ.

Åôåêòèâíèé àëãîðèòì ñèìåòðiéíî��
ðåäóêöi�� õâèëüîâîãî ðiâíÿííÿ ∇u = F (u)
îïèñàíèé ó ïðàöÿõ [4�7].

ßê âiäîìî, I(, u) � iíâàðiàíò îïåðàòîðà

X = ξi(x, u)∂i + ηl(x, u)∂ul
,

i = 1, n, l = 1, k,

ÿêùî

ξi(x, u)
∂I(x, u)

∂xi

+ ηl(x, u)
∂I(x, u)

∂ul

= 0.

Íàâåäåíå ðiâíÿííÿ åêâiâàëåíòíå ñèñòåìi
Åéëåðà-Ëàãðàíæà

dx1

ξ1(x, u)
= ... =

dxn

ξn(x, u)
=

=
du1

η1(x, u)
= ... =

duk

ηk(x, u)
.

Òåïåð, ÿêùî

I1(x, u) = C1, ..., In+k−1(x, u) = Cn+k−1

� íåçàëåæíi ïåðøi iíòåãðàëè ñèñòåìè, òî
I(x, u) = F (I1, ..., In+k−1) � iíâàðiàíò.

Òóò ìè ïðîïîíócìî ðîçâ'ÿçàííÿ çàäà÷i
ðåäóêöi�� ñèñòåìè (4) äî ñèñòåìè ÇÄÐ, ç óðà-
õóâàííÿì ðåçóëüòàòiâ ïðàöi [2].

Òåîðåìà 2. Ñèñòåìè ÄÐ×Ï (1)�(5)
çâîäÿòüñÿ äî íàñòóïíèõ ñèñòåì ÇÄÐ:

1. ϕ̈1 · f1 + ϕ̇1(f2 + 2bf4) + ϕ1(b(b− 1)f3 +

bf5) = F1(ω0) · ϕ
b−2

b
1 ; ϕ̈2 · f1 + ϕ̇2(f2 + 2af4) +

ϕ2(a(a− 1)f3 + af5) = F2(ω0) ·ϕ
a−2

b
1 ; ω0 =

ϕb
2

ϕa
1

;
2. ϕ1 · f1 + ϕ̇1(f2 + 2af4) + aϕ1{(a− 1)f3 +

f5}+2ϕ̇2f4 +ϕ2{(2a− 1)f3 + f5} = {F1(ω0)+
ϕ1

ϕ2

F2(ω0)} · e
(a−2)

ϕ1
ϕ2 ; ϕ̈2 · f1 + ϕ̇2(f2 + 2af4) +

aϕ2{(a − 1)f3 + f5} = F2(ω0) · e
(a−2)

ϕ1
ϕ2 ; ω0 =

ϕ2e
−a

ϕ1
ϕ2 ;

3. ϕ̈1 · f1 + ϕ̇1(f2 + 2af4) + aϕ1{(a− 1)f3 +

f5} = F1(ω0)·ea−2
b

ϕ2; ϕ̈2·f1+ϕ̇2f2+b(f5−f3) =

F2(ω0) · e− 2
b
ϕ2;

ω0 = ϕ1e
−a

b
ϕ2 ; (9)

4. ϕ̈1 · f1 + ϕ̇1(f2 + 2af4) + ϕ1(af5 +
(a(a − 1) − b2)f3 + 2ϕ̇2bf4 + bϕ2(f5 + (2a −
1)f3) = (F1(ω0)ϕ2 + F2(ω0)ϕ1) · e

− 2
b
arctg

ϕ1
ϕ2 ;

ϕ̈2 · f1 + ϕ̇2(f2 + 2af4) + ϕ2(af5 + (a(a −
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1) − b2)f3) − 2ϕ̇1bf4 − bϕ1(f5 + (2a − 1)f3) =

{ϕ2F2(ω0)−ϕ1F1(ω0)} ·e−
2
b
arctg

ϕ1
ϕ2 ; ω2

0 = (ϕ2
1 +

ϕ2
2)e

− 2a
b

arctg
ϕ1
ϕ2 ;

5. ϕ̈1 ·f1+ ϕ̇1f2+2ϕ̇2f4+ϕ2(f5−f3)+bf3 =

e−
2
b
ϕ2{F1(ω0)+

ϕ2

b
F2(ω0)}; ϕ̈2·f1+ϕ̇2f2+b(f5−

f3) = e−
2
b
ϕ2 · F2(ω0); ω0 = ϕ1 − ϕ2

2

2b
, ïðè÷îìó

çàìiíè çìiííèõ çàäàþòüñÿ ôîðìóëàìè:
1.

u1 = ϕ1(ω)Ab; u2 = ϕ2(ω)Aa;

2.

u1 = (ϕ1(ω) + ϕ2(ω) ln A)Aa;

u2 = ϕ2(ω)Aa;

3.

u1 = ϕ1(ω)Aa; u2 = ϕ2(ω) + b ln A;

4.

u1 = ϕ1(ω)Aa cos ln Ab + ϕ2(ω)Aa sin ln Ab;

u2 = ϕ2(ω)Aa cos ln Ab − ϕ1(ω)Aa sin ln Ab;

5.

u1 = ϕ1(ω) + ϕ2(ω) ln A +
b

2
ln2 A;

u2 = ϕ2(ω) + ln Ab,

äå b 6= 0, a � äîâiëüíi ñòàëi;

f1 = ωµωµA
2; f2 = ∇ωA2;

f3 = AµAµ; f4 = ωµAµA;

f5 = A∇A;

ω � iíâàðiàíò äåÿêî�� ïiäàëãåáðè ðîçøèðåíî��
àëãåáðè Ïóàíêàðå Ã(1, 3) =< AP (1, 3), D >;
A � âèðàç, ùî âõîäèòü äî iíøîãî iíâàðiàí-
òà òic�� æ ïiäàëãåáðè.

Ïåðåëi÷åíi âèðàçè çiáðàíi â òàáëèöi 1.
Ïîçíà÷åííÿ ìàþòü òàêèé çìiñò:

G1 ≡ I0i − Ii3, i = 1, 2;

Iµν = µ∂
ν − ν∂

µ, µ = 0, 3,

òîáòî

I12 = 1∂2 − 2∂1; I13 = 1∂3 − 3∂1;

I23 = 2∂3 − 3∂2;

−I01 = 0∂1 + 1∂0; −I02 = 0∂2 + 2∂0;

−I03 = 0∂3 + 3∂0.

Òåîðåìà äîâîäèòüñÿ ïðîñòîþ ïåðåâiðêîþ.
Ïðèìiòêà. Íàâåäåìî äëÿ îäíic�� ç ïiäàë-

ãåáð òàáëèöi òà îäíîãî çi âêàçàíèõ ó òåîðå-
ìi 1 çîáðàæåíü îïåðàòîðà äèëàòàöi�� D ïðî-
öåñ ïîøóêó ïiäñòàíîâêè, ÿêà ðåäóêóc ñèñòå-
ìó (5) äî ñèñòåìè ÇÄÐ.

Ðîçãëÿíåìî òðèâèìiðíó ïiäàëãåáðó A1,
óòâîðåíó îïåðàòîðàìè < D, P0, P3 >, äå

D = xµ∂µ + u2∂u1 + b∂u2 ,

P0 = ∂x0 ≡
∂

∂x0

,

P3 = ∂x3 ≡
∂

∂x3

.

Äëÿ P0 ñèñòåìà õàðàêòåðèñòè÷íèõ ðiâ-
íÿíü ìàc âèãëÿä:

dx0

1
=

dx1

0
=

dx2

0
=

dx3

0
=

du1

0
=

du2

0
→

x1, x2, x3, u1, u2 � iíâàðiàíòè < P0 >.
Äëÿ P3 ìàcìî:

dx1

0
=

dx2

0
=

dx3

1
=

du1

0
=

du2

0
→

x1, x2, u1, u2 � iíâàðiàíòè < P0, P3 >.
Äëÿ D = xµ∂µ + u2∂u1 + b∂u2 îòðèìócìî:

dx1

x1

=
dx2

x2

=
du1

u2

=
du2

b
→

ω =
x1

x2

, ϕ̃1 = 2bu1 − u2
2, ϕ2 = u2 − b ln x1

� iíâàðiàíòè < P0, P3, D >. Ïîçíà÷èìî x1 =
A i ïîêëàäåìî

u1 = ϕ1(ω) + ϕ2(ω) ln A + b
2
ln2 A;

u2 = ϕ2(ω) + ln Ab.

Àâòîð âèñëîâëþc âäÿ÷íiñòü ïðîôåñîðó
Æäàíîâó Ð.Ç. çà íåçìiííó óâàãó é ñïiâïðà-
öþ.

Äàíå äîñëiäæåííÿ ïiäòðèìàíå ôîíäîì
íàóêîâîãî ðîçâèòêó ÊIÐÓÅ.
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N Ïiäàëãåáðà ω A f1 f2 f3 f4 f5

1 < D, P0, P3 > x1/x2 x1 −(ω2 + ω4) −2ω3 -1 −ω 0
2 < D, P0 + P3, P1 > x2/(x0 − x3) x2 −ω2 0 -1 −ω 0
3 < D, P1, P3 > x0/x2 x0 ω2 − ω4 −2ω3 1 ω 0

4 < D, I12, P0 >
(x2

1 + x2
2)

1/2

x3
x3 −(1 + ω2) −(ω−1 + 2ω) -1 ω 0

5 < D, I12, P3 >
(x2

1 + x2
2)

1/2

x0
x0 ω2 − 1 2ω − ω−1 1 −ω 0

6 < D, I12, P0 + P3 >
(x2

1 + x2
2)

1/2

(x0 − x3)
x0 − x3 −1 −ω−1 0 0 0

7 < D, I03, P1 >
(x2

0 − x2
3)

1/2

x2
x2 1− ω2 ω−1 − 2ω -1 ω 0

8 < D, I12 + cI03, ln
(x0 − x3)

2

x2
1 + x2

2

+ (x2
1 + x2

2)
1/2 −4(1 + c2) 0 -1 2 -1

P0 + P3 > +2c · arctg
x1

x2

9 < D, G1, P2 >
x0 − x3

(x2
0 − x2

1 − x2
3)

1/2
x0 − x3 −ω4 −2ω3 0 −ω3 0

10 < D, I03, I12 >
x2

0 − x2
3

x2
1 + x2

2

(x2
1 + x2

2)
1/2 4ω(1− ω) 4(1− ω) -1 2ω -1

11 < D, G1, G2 > (x2
0 − x2

1 − x2
2− x0 − x3 -1 ω−1 0 ω−1 0

−x2
3)

1/2/(x0 − x3)

12 < D, I12, I13, I23 >
(x2

1 + x2
2 + x2

3)
1/2

x0
x0 ω2 − 1 2(ω − ω−1) 1 −ω 0

13 < D, I01, I02, I12 >
(x2

0 − x2
1 − x2

2)
1/2

x3
x3 1− ω2 2(ω−1 − ω) -1 ω 0

14 < I12 + αD, 2α · arctg
x1

x2
(x2

1 + x2
2)

1/2 −4(1 + α2) 0 -1 -2 -1
P0, P3 > + ln(x2

1 + x2
2)

15 < I03 + αD,
(x0 − x3)

α−1

(x0 + x3)α+1
(x0 − x3)

α
1+α 4(1− α2)× 4(1− α2)× 0 −2α× 0

P1, P2 > ×ω
2α+3
α+1 ×ω

α+2
α+1 ×ω

α+2
α+1

16 < I03 + αD,
(x0 − x3)

α
α+1

x2
x2 −ω2 −2ω -1 ω 0

P0 + P3, P1 >

17 < G1 + D,
x1

x0 − x3
+ x0 − x3 -1 0 0 0 0

P0 + P3, P2 > + ln(x0 − x3)

18 < I03 + αD, I12+ ln
(x0 − x3)

2α

(x2
1 + x2

2)
α+1

− (x2
1 + x2

2)
1/2 −4(β2+ 0 -1 2(α + 1) -1

+βD, P0 + P3 > −2βarctg
x1

x2
+(α + 1)2)

19 < I03 + γD, (x0 − x3)
2γ/(x2

0− (x2
0 − x2

1− 4(1− γ2) −2(1 + γ) 1 -2 2
G1, P2 > −x2

1 − x2
3)

1+γ −x2
3)

1/2

20 < I03 + αD, (x0 − x3)
2α/(x2

0− (x2
0 − x2

1− 4(1− α2) −4(1 + α) 1 -2 3
G1, G2 > −x2

1 − x2
2 − x2

3)
α+1 −x2

2 − x2
3)

1/2

21 < I03 + D + P0+ x0 + x3+ (x0 − x3)
1/2 4 0 0 1 0

+P3, P1, P2 > + ln(x0 − x3)

22 < I03 −D + P0− x0 − x3− x2 -4 -2 -1 2 0
−P3, P0 + P3, −2 ln x2

P1 >

23 < I03 −D + P0− x0 − x3− (x2
1 + x2

2)
1/2 −4(1 + α2) 0 -1 2 -1

−P3, I12 + α(P0− ln(x2
1 + x2

2)−
−P3), P0 + P3 > −2α · arctg x1

x2

24 < I03 −D, I12+ x0 − x3− (x2
1 + x2

2)
1/2 -4 0 -1 0 -1

+P0 − P3, −2arctg x1
x2

P0 + P3 >

Òàáëèöÿ 1
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25 < I03 − 2D, ((x0 − x3)
2− (x0 − x3)

2− 144(eω − 1) 48 + 72ω -16 -48 0
G1 + P0 − P3, −4x1)

3/2/(6(x0 + x3)− −4x1

P2 > −6x1(x0 − x3) + (x0 − x3
3))

26 < I03 − 2D, ((x0 − x3)
2− x2 −16− ω2 −2ω -1 ω 0

G1 + P0 − P3, −4x1)/x2

P0 + P3 >

27 < I03 −D, x0 − x3 x1+ 0 0 −(ω2+ 0 0
G1 + P2, +x2(x0− +1)
P0 + P3 > −x3)

28 < I03 + D + P0+ (x2
0 − x2

1− (x0 − x3)
1/2 4 2 0 1 0

+P3, G1, P2 −x2
3)/(x0 − x3)+

+ ln(x0 − x3)

29 < I03 + D + P0+ (x2
0 − x2

1 − x2
2− (x0 − x3)

1/2 4 4 0 1 0
+P3, G1, G2 −x2

3)/(x0 − x3)+
+ ln(x0 − x3)
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